A NOTE ON ANNIHILATOR RELATIONS
YUKITOSHI HINOHARA

In a Frobenius algebra A over a field K, there exists a linear function 2 of
A into K which does not map any proper ideal of A onto 0. Then the map

¢ x> x°, where
Mxy) = A(vx?) for all vy A,

defines an automorphism ¢ of A onto itself. This automorphism is called Naka-

yama’s automorphism. Now the following result is well known.
TueEorREM 1. For any two-sided ideal 3 of @ Frobenius algebra A, we have
r(3) =13)" =1(3?),
where 7(3) ={x|3x =0} and 1(3) = {x|x3=0}.
This result is written as follows:

7B =%, P =",
Therefore we have
CoroLLARrY. For any two-sided ideals ai, s, . . . , an of a Frobenius algebra
A, we have
Plagay « + + an) = Pla) Plas) + « - PPlan)
and

raiay - - - ap) = 7la) 7(a®) - - - 72(Qn).
Our aim, in this note, is to analyse the above relation of annihilators.

TaEOREM 2. Let A be a ring and X;,V; (i=1,...,n) the sets of A
satisfying the following relations

(X)) CI(Yy) (i=1,...,n).

Then we have
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2 This formulation of theorem is due to T. Nakayama. The writer’s original theorem
was more special.
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Xy X)) SUY:- - - Y)Y

The proof of this theorem is as follows:

xer(Xi - X)) &S (X Xa)x =0
= (X X)xSr(X) 1Y)
:}(Xz. . .Xn)xyl:o ) e e e e e e e e
=x(Y,-- Y =0=xcl(Yi---Yn.

From this fundamental theorem, we deduce directly

CoroLLARrY 1. If the sets X1, ..., X, of a ring A satisfy the following
relations

r(1(X;)) < l(v(X;)) fori=1,...,mn,
then we have

T(Z(Xl) st Z(Xn)) gl(?’(Xl) ctt 1’(Xn)). (1)

In particular, if theve holds »(I(X;)) = I(r(X;)) for each i, then we have r(1(X;)
e X)) =1 (X)) - - s 7 (Xa)). Therefore

(X)) - - - LX) =B(r(XD) - - - 7( X)) (2)

CorOLLARY 2. Let A be a ring satisfying the annihilator relation »(I(a))

=a for all two-sided ideals a in A. Then we have

7’(1(01) AR l(an)) gl(?’(ﬂl) st 7’(07;)) (3)
for any two-sided ideals ai, . .., 0n of A. Further if there hold r(l(a)) =a
=r(a))? for all two-sided ideals a in A we have
Play) -+« Plan) =L - - - an) (4)
and
7’2(01) T 'Tg(an)Zfz((h' : 'ﬂn). (5)

Proof. Since we have I(7(a)) 2 a, for any ideal a of A, we deduce (3) from
(1). The relation (4) follows from (2) if we put a; = 7(b;) for suitable ideals
b;. Similarly we have (5).
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3 This theorem is valid if A is a semi-group with zero.
9 Tt is well known that this relation holds in a quasi-Frobenius riny
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