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Abstract

In this paper, some new coincidence point theorems in continuous function spaces are presented. We
show the hybrid mapping version and multivalued version of both Lou’s fixed point theorem (Proc. Amer.
Math. Soc. 127 (1999)) and de Pascale and de Pascale’s fixed point theorem (Proc. Amer. Math. Soc.
130 (2002)). Our new results encompass a number of previously known generalizations of the theorems.
Two examples are presented.
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1. Introduction

Let E be a Banach space equipped with the norm || - |g, I =[0, T] for T > 0. Here
C(I, E) denotes the Banach space consisting of all continuous mappings from /
into E with norm |ju||c = max{||lu(?)||g:t € [0, T]} foru € C(I, E). In 1999, Lou
[5, Corollary 2.1] proved a fixed point theorem in continuous function spaces. Using
the notion of K-normed spaces, de Pascale and de Pascale in [2, Corollary 2.2] proved
a similar fixed point theorem. Then, de Pascale and Zabreiko gave a generalization
result in [3]. Recently, Suzuki [6] presented simple proofs for the above theorems.

In this paper, we present some new coincidence point theorems in continuous
function spaces. These results have both a hybrid mapping version and a multivalued
version of the previous fixed point theorems in [2, 5] and encompass a number of
previously known generalizations of the theorems in [1, 5, 6]. In the final section, two
examples are presented to illustrate the effectiveness of our results.
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2. Main results

In this section, we show two generalizations of Lou’s fixed point theorem in [5] and
de Pascale and de Pascale’s result in [2]. First, we give a coincidence point theorem
for two self-mappings in continuous function spaces.

2.1. Hybrid-map version for Lou’s fixed point theorem

THEOREM 2.1. Let F be a nonempty closed subset of C(I, E)and A, B : F — F two
operators. If there exista, B € [0, 1), K > 0 such that foranyu, v € Fandt € I \ {0},

K t
[Au(t) — Av(Dllg < BlIBu(t) — Bv(Dllg + o /0 [Bu(s) — Bv(s)|lg ds. (2.1)

If BF is a closed subset of F and AF C BF, then A and B have a coincidence
point. Furthermore, if A or B is injective and AB = BA, then A and B have a unique
common fixed point.

PROOF. For any given xg € F, set yop = Bxg, since AF C BF, there is x; € F such
that Bx; = Axg, and set y; = Bxj. For x{, there is x € F such that y, = Bx, = Ax;.
We continue this process to obtain a sequence {y,} in F such that

x, € F and y,=Bx,=Ax,—1, n=1,2,.... 2.2)

Using the equivalent norm method [6], we prove that the sequence {y,} is a Cauchy
sequence with respect to norm || - || ¢. First, we choose a T € (0, T] such that

B+ Kt ™% <1

and define a decreasing function f from 7 into (0, 1] by

1 if 1 € (0, 7],
Fo= {el—f/f ifre(z, T).

Define another norm || - ||; in C(I, E) by
lullh =max{f @O lu@®llg:r€l} YueC(, E).

Then the two norms || - ||c and || - ||; are equivalent.
Next, we prove that {y,} is a Cauchy sequence with respect to the norm || - ||;. Set

an () = lyn+1(0) = yoOlle and  ap = |l ynt1 — yull1-

Following (2.1) and (2.2),

K t
ant1(t) < Ba,(t) + t_‘x /0 an(s)ds.
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If r € (0, 7], since a,(t) < a,,
FOan1(t) = an1(t) < Ban + K" %a, = (B + Kt'™")ay.

Ift € (t, T], since a, (1) < e~ '*/7q,,

t T ¢
/ an(s) ds = / an(s) ds + / an(s) ds < ‘L’e_H_t/tan,
0 0 -

Thus,
FOani1(®) =" a,1(t) < (B+ Kt a,.

Then, fort € (0, T,
fOant1(t) < (B + Kt'™a,.

This implies a,+1 < (B + Kt'™%)a,. So
a1 < (B + K77 gy,

Then {y,} is a Cauchy sequence with respect to the norm || - ||; for 8 + K o < 1.
Thus, {y,} is a Cauchy sequence with respect to the norm || - ||c. Then there is a point
y € F such that

lim Ax, = lim Bx, =y.
n—>oo n—oo

Since BF is a closed subset of F and y € BF, then there exists a u € F such that
y = Bu. We claim that y = Au. In fact, by (2.1),

K t
lAu(t) — Axp (Dl g < BlIBu(t) — Bxa (Dl E + e /o | Bu(s) — Bxn(s)llE ds

K t
= Blly(@®) — Bx,(Dlg + « /0 ly(s) — Bx,(s)|lg ds
< B+ KT |y — Bx,llc.

Thus, y = Au and u is a coincidence point of A and B.

Now we prove the uniqueness of the coincidence point. Without loss of generality,
we suppose that B is injective. If both u and v (« # v) are the coincidence points of A
and B, then Au = Bu, Av = Bv and Bu # Bv. Following (2.1),

K t
[Au(r) — Av(Dllg < Bl Bu(t) — Bv()llg + P /O |Bu(s) — Bu(s)| g ds.

Based on the above arguments, it is easy to see that
1Bu — Bulli = | Au— Avlli < (B + Kt'~*)||Bu — Bu]:.

This is impossible. Thus, the coincidence point of A and B is unique.
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Noting that y = Au = Bu and AB = BA,
Ay = ABu = BAu = By.

Thus y is also the coincidence point of A and B. Then y = u for the uniqueness.
This means
u = Au = Bu.

So u is the unique common fixed point of A and B. This completes the proof of
Theorem 2.1. O

Let I =[n, oo) for n > 0, BC(I, E) be a Banach space consisting of all bounded
continuous mappings from / into E with the norm ||u|| g = max{|u(t)||g : t € [, 00)}
foru € BC(I, E). In a similar way to Theorem 2.1, we have the following result.

THEOREM 2.2. Let F be a nonempty closed subset of BC(I, E) and A, B: F — F
two operators. If there exist a € (1, 00), B € [0, 1), K > 0 such that for any u, v € F
andt €I,

K t
[Au(r) — Av(Dllg < BllBu(t) — Bv()lle + o / |Bu(s) — Bu(s)|| g ds. (2.3)
n

If BF is a closed subset of F and AF C BF, then A and B have a coincidence
point. Furthermore, if A or B is injective and AB = BA, then A and B have a unique
common fixed point.

PROOF. Following the proof of Theorem 2.1, we choose a sequence {y,} in F such
that

xp,€F and y,=Bx,=Ax,—1, n=1,2,.... 2.4)
Next, we choose two constants 7 > 5 and ¢ > 0 such that
K
B+ —+ Kt <1
cn®
and define a nonincreasing function f; from 7 into (0, 1] by

e~ ifre(n, 1],
1) =
fi® e 7 ift e (1, ).

Define another norm || - || in BC (I, E) by
lullo =max{fi(Ollu@®)llg:t €1} YueBCU, E).

Then the two norms || - ||p and || - || are equivalent.
Set
an(t) = lyn+1@) —yaOlle and  ay = [l yn+1 — Ynll2,
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then we have .

tn1 (1) < Ban(t) + tf / an(s) ds.
n

If t € (n, T, since a, (t) < ea,,
t 1 ct
CcS €
a,(s)ds < e“a,ds < —a,.
n 1 ¢

et K K
fi®an1(t) =e “app1(t) < Ban + 4 = B+ o |4n-
cn cn

Thus,

Ift € (t, 00), since a, (1) < ea,,

t T t
/ an(s)ds = / an(s)ds —I—/ an(s)ds < <l + t)e”an.
1 ] T ¢

Thus,
. K !
f1®)an1(t) = e Tapp1(t) <e” " (ﬂan(t) +3 / an(s) dS>
n
K
< (ﬂ + —+ Ktl_"‘>an.
cn¥
Then, for ¢ € [n, 00),
K 1—«
fi®ap1(t) <|{B+— + Kz a.
cn¥
This implies a,+1 < (B + K /en® + Kt'17%a,. So
K n+1
A1 = (ﬂ + % + K‘El_a) ap.

Thus, {y,} is a Cauchy sequence with respect to the norm || - || for 8 + K/cn® +
Kt'=® < 1. Then {y,} is a Cauchy sequence with respect to the norm | - | p.
Therefore, there is a point y € F such that

lim Ax, = lim Bx, =y.
n—oo

n—o0

Similarly, we have y € BF and there exists a u € F such that y = Bu. We prove
y = Au. In fact, by (2.3),

K t
[Au(t) — Axp(Dllg < BlIIBu(t) — Bx,(t)lle + e / | Bu(s) — Bxn(s)llg ds.
n
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This implies

na—l
Thus, y = Au and u is a coincidence point of A and B.

A similar argument to that used in Theorem 2.1 shows the existence and uniqueness
of common fixed point of A and B. This completes the proof of Theorem 2.2. O

K
|Au — Axpllp < (,3+ >||y—3xn||5-

In order to investigate the existence of solutions of functional differential equations
by using fixed point theorems in continuous function spaces, we consider the Banach
space C[[—o, 0], E] for some o > 0 with supremum norm. For I =[0, T] and
¢ € C[[—o, 0], E], define a closed subset as F = {u € C[I, E] | u(0) = ¢(0)}. Then
following similar arguments as in Theorem 2.1, we obtain a useful result. We omit the
details of the proof.

THEOREM 2.3. Let F be given as above, A : F — F be an operator. Foranyu, v € F
andt € [—o, 0], define u(t) = v(t) = (t), if there exist a, B € [0, 1), K > 0 such that
fort eI\ {0},

[Au(r) — Av(Dlle < B ?upo]{llu(t +5) — vt +9)|E}
se|—o,

K [!
+—a/ lu(s) —v(s)lle ds.
* Jo

Then A has a unique fixed point.

COROLLARY 2.4 (Lou [5]). Let I =[0,T], F be a nonempty closed subset of
C(I,E) and A: F — F an operator. If there exist o, B €[0, 1), K >0 such that
foranyu,ve Fandtel\ {0},

K t
[Au(t) — Av(@)llg < Bllu@) —v®)lE + « /0 lu(s) — v(s)lle ds.

Then A has a unique fixed point.

COROLLARY 2.5 (de Pascale and de Pascale [2]). Let I =[n, 00), F' be a nonempty
closed subset of BC(I, E) and A : F — F an operator. If there exist o € [1, 00),
B €10, 1), K >0 such that forany u, v € F andt € I,

K t
[Au(t) — Av(D)llE < Bllu) —v(®OllE + pr / u(s) —v(s)llE ds.
n

Then A has a unique fixed point.

2.2. Multivalued version for Lou’s fixed point theorem Let (X, d) be a metric
space, for x € X, A C X, define D(x, A) =inf{d(x, y), y € A}. We denote C B(X)
as the class of all nonempty bounded closed subsets of X. Let H be the Hausdorff
metric with respect to d, that is, H(A, B) = max{sup,.4 D(x, B), SUp,cp D(y, A)}
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for every A, B e CB(X). Then we have the following multivalued coincidence
point theorem, which can be regarded to some extent as a multivalued version of
Lou’s theorem.

THEOREM 2.6. For I =[0, T], let F be a nonempty closed subset of C(I, E), A:
F — CB(F) amultivalued operator and B : F — F a single-valued operator. If there
exista, B €0, 1), K > 0 such that for anyu, v € F andt € I \ {0},

K t
H(Au, Av)fﬁIIBu(t)—Bv(t)llEth—a/O |Bu(s) — Bu(s)llg ds.  (2.5)

If BF is a closed subset of F and AF C BF, then A and B have a coincidence point.

PROOF. First, we choose a t € (0, T] such that 8 + Ktl=® < 1.Set) = B+ Kl
Following the method in [4], we construct a fixed point iteration sequence in F.
For any given xo € F, by virtue of AF C BF, there is an x1 € F such that y; =
Bxi € Axg. Since Axg and Ax; are closed sets and y; € Axg, we can find y, € Ax;
such that

Iyt — y2llc = H(Axo, Ax1) + A.

Using AF C BF again, for x| € F, there exists an x; such that Bx, = y, € Axy,
then we choose y3 € Ax; satisfying

ly2 — y3llc < H(Ax1, Axa) + A2,

and y3 = Bx3 for some x3 € F.
We continue this process to obtain a sequence {y,} in F such that

yn = Bx, € Axy—1 and  |lypy1 — Yullc < H(Axp—1, Axp) + A,
n=1,2,....

Let by = |[yn — ynt1ll1 and by (1) = [[ya(t) — yn41 ()£, where || - |1 has been
defined in the proof of Theorem 2.1, then

Iyn42 = Yntillc < H(AXxny1, Axy) + A"
K t
< Bb, (1) + o f bu(s) ds + A"
0
If t € (0, 7], since b, (t) < b,,
SOlynt2 = ynrillc = yn+2 — Ynrillc = (B + Kt'™%)b, 4+ A",

Ift € (t, T], since by, (1) < e 'H/7h,,

_/ by (s) ds 2/ by (s) ds + f bn(s)ds <te " 1/7p,,.
0 0 -
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Thus,

FOUnt2 = yarillc =7 ynt2 = yarillc < (B + Kt 7%)b, + 2" HL,

Then, fort € (0, T,

FOllynt2 — Yntillc < B+ Kt ™*)b, + A"
This implies
buy1 < (B+ Kt'7%b, + A" = ab, + 1"

So
bppr <X bo+n+1) Vn=0,1,2,....

It is easy to show lim,_, o, b;, = 0.
For any ¢ > 0, we choose a sufficiently large number N such that

_ 132
)»N(bo-i-N)Sw, )LN<£(1—)‘)_

- 4
Thus, for any positive integer k, we obtain
k—1 k—1 '
lyv = ynaalh <Y by <0 AN (b + N + i)
i=0 i=0
AN (bo + MWho+N) |y ;
<= t* Z i
AN (bo + N) 2AN
< <e.
1—A (1 =22
This means that {y,} is a Cauchy sequence with respect to the norm || - ||;. Thus, {y,}
is a Cauchy sequence with respect to the norm || - ||c.

Let lim,— o y» =y € F. By virtue of BF being a closed set, we have y = Bu for
some u € F. We claim that Bu € Au. Indeed, condition (2.5) implies that

H(Au, Axy) < BllBu(t) — ya(D g + tf /0 |Bu(s) — yn(s)|l £ ds
<B+KT")|Bu - yulc.
Since y,, € Ax,_1, we obtain
D(Au, yot1) < H(Au, Axy) < (B+ KT'")|Bu = yullc.

Thus, D(Au, y) = 0. This means Bu =y € Au. Hence, A and B have a coincidence
point u. This completes the proof. O
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Using the same technique as in Theorems 2.2 and 2.6, we obtain the following
multivalued coincidence point theorem.

THEOREM 2.7. For I =[n, o0) and n >0, let F be a nonempty closed subset of
BC(I, E), A: F — CB(F) amultivalued operator and B : F — F is a single-valued
operator. If there exist o > 1, B € [0, 1), K > 0 such that foranyu, v e F andt € I,

K t
H(Au, Av) < B||Bu(r) — Bv()llg + o / |Bu(s) — Bu(s)|| g ds.
n

If BF is closed subset of F and AF C BF, then A and B have a coincidence point.

Let B=1Id|r in Theorem 2.6, we obtain a generalization of the multivalued
contraction principle established by Covitz in [1].

COROLLARY 2.8. Let F be a nonempty closed subset of C(I, E) and A:F
— CB(F) a multivalued operator. If there exist a, f € [0, 1), K > 0 such that for
anyu,ve Fandtel)\ {0},

K t
H(Au, Av) < Bllut) —v(O)lE + t_“ /0 lu(s) —v(s)llE ds.
Then A has a fixed point.

3. Some applications

EXAMPLE 3.1. Consider the existence of solutions of the following differential
equations with distributed delay:

0 ! t
|:x(t) — / k(s)x(t +s) ds} = f(t, / h(t, s)x(s) ds), 3.1
. 0

where telI=[0,T] for T>0, 1>0, feC[IxR" R"], heC[Q, R"™"],
Q={(t,s)el?|0<s<t<T} and ke C[I, R"*"] with fi)r k(s)|ds =k < 1.
x(t) =¢() fort € [—7,0]and ¢ € C[[—7, O], R"].

(F1) There exists a constant R such that, for any u, v € R",

[f(t,u) — f(t, V)] < Rlu —vl.
THEOREM 3.2. Suppose that (F1) holds, then (3.1) has a unique solution on I.

PROOF. We transfer the existence of solutions of (3.1) into a fixed point problem. Let
F={ueC[l, R"]|u(0) =¢(0)}, define A: F — F by

0 0

Au(t) = ¢(0) — f k(s)p(s) ds +/ k(s)u(t +s) ds

-7 -7

t s
+ / f(s, / h(s, r)u(r) dr) ds,
0 0
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where u(t) = ¢(t) for t € [—7, 0]. Then (3.1) has the solution

S = {u(t) %ft el,
o) ifte[—r,0],

if and only if u(¢) is the fixed point of A. Furthermore, by direct computation,
t
|[Au(t) — Av(t)| <k sup {Ju(t+s)—v(E+s)|}+ Rh / lu(s) — v(s)| ds,
se[—1,0] 0

where h = max{|h(z, s)|: (¢t,s) € R}. Take «a =0, =k and K = Rh, then
Theorem 2.3 shows that A has exactly one fixed point u in C[/, R"]. Thus, (3.1)
has a unique solution S(¢). This completes the proof. O

Next we consider an example presented by Lou in [5] to see that one of the
restrictions in [5] is not necessary.

EXAMPLE 3.3. Consider the integro-differential equation of mixed type:
x'(t) = f(t,x, Tx, Sx), tel=]0,1], x(0)= xo, (3.2)

where f € C[I x R' x R' x R', R'], xo € R! and

t 1
Tx(t) = / k(t,s)x(s)ds, Sx(t)= / h(t, s)x(s)ds
0 0

withk € C[Q, Ry, Q={(t,s)eI?|0<s<t<1},heC[I x I, R4].

First, we establish the existence of minimal and maximal solution of problem (3.2)
and list Lou’s conditions [5] as follows.

(H,) There exist p, g € C[I, R'], p(t) < q(t) (¢t € I) such that
p'<ft, p,Tp,Sp), pO) <xo; ¢ >f(t,q,Tq, Sq), q0)=> xo.
(H») There exist M > 0 and Q, R > 0 such that
flt, x,u,v)— f(t, %, u,0) <—M(x —%) — R(u — ) — Q(v — 1)

for tel, pt) <x=<x=<q(t), Tp(t) <u<u=<Tq(t) and Sp(t) <v=<v
= S8q(1).
THEOREM 3.4. Suppose that (Hy) and (H>) hold. Then there exist monotone
sequences {p,), {gn} C C'[I, R'] such that
p@)=pot) =p1() < Zpp() - =Zgu(®) =+ - = q1(t) < qo(t) =q (1)

and pp(t) = x4(1), gn(t) = x*(t) as n — oo uniformly int € I, x,, x* € C'[I, R"].
Moreover, x, and x* are the minimal and maximal solutions of (3.2) on the interval
[p, q], respectively.
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PROOF. Set U ={neC[I, R']| p<n<g). For any ne U, consider the linear
equation

X)) =0@)— Mx(@) — RTx(t) — OSx(t), x(0)=xp, 3.3)

where o (t) = f(t, n(t), Tn(), Sn(t)) + Mn(t) + RTn(t) + QSn(1). Then x
e C'[1, R'] is a solution of (3.3) if and only if x € C[I, R!] is a solution of
integral equation

t
x(7) =e—Mf{xo +/ eMS (o (s) — RTx(s) — QSx(s)) ds} = Ax(1).
0

Noting that both 7 and S are linear bounded operators, we see that, for any x,
yeC(Cl[l, Rl], by direct computation,

t
|Ax (1) — Ay(t)| = ' /O eMETDIRT (y(s) — x(5)) + OS(y(s) — x(s))] ds

t
< K/ x(s) — y(s)] ds.
0

Take « = 8 =0and K = R||T| 4+ Q|| S|, by Theorem 2.1, we conclude that A has a
unique fixed point in C[/, R'], that is, (3.3) has exactly one solution in cl1, RY.
Thus, for n(¢) = p(t), then (3.3) has exactly one solution x(¢) in C1, R'], which
is the lower solution of (3.2). Set pi(¢) =x,(¢). By the comparison principle of
ordinary differential equations, we have p(¢) < p1(¢). Similarly, for n(t) = p1(¢), we
obtain the unique solution p,(¢) of (3.3) with p;(¢#) < p»2(¢). Continuing this process,
we obtain an increasing sequence {p,} C C'[1, R"] such that all pn@) (n=0,1,...)
are the lower solutions of (3.2). Similarly, starting from ¢(¢), we obtain a decreasing
sequence {g,} C C 111, R'] such that all gn(t) (n=0, 1, ...) are the upper solutions
of (3.2). Then it is easy to obtain the conclusions of Theorem 3.4. This completes
the proof. O

REMARK 3.5. In Theorem 3.4, we may remove the assumption
(Rko+ Qho)(e” — 1) <M, Qho(e™ — 1) < M,

which is necessary in [5], and ko= max{k(¢, s) | (¢, s) € 2}, ho=max{h(t, s) |
(¢, s) € I?}. Thus, our new results are more effective than the previous results.
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