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ALGEBRAS OVER DEDEKIND DOMAINS 

JOSEPH A. WEHLEN 

Introduction. The purpose of this paper is two-fold : first, to show that 
Dedekind domains satisfy a generalization of the Wedderburn-Mal'cev 
Theorem and, secondly, to classify certain types of finitely generated projec­
tive algebras over a Dedekind domain. 

With respect to the first problem, E. C. Ingraham has shown that a Dedekind 
domain R is an inertial coefficient ring (IC-r'mg) if and only if R has zero radical 
or R is a local Hensel ring. (R is an IC-r'mg in case i^-algebras satisfy the 
Wedderburn Principal Theorem: If A is an i^-algebra, finitely generated as 
an i^-module, and A modulo its Jacobson radical is inseparable, then A is the 
sum—not necessarily direct—of that radical and some separable subalgebra 
of A.) We show that every Dedekind domain is a weak inertial coefficient ring 
(W7C-ring), i.e., any finitely generated algebra A over R with A modulo its 
Baer lower radical L(A) separable over R satisfies the condition that A con­
tains a separable subalgebra 5 such that A = 5 + L(A). The idea was 
suggested by the fact (cf.[10, Proposition 3.15]) that for a finitely generated 
algebra A over a Dedekind domain R with zero radical, the Jacobson radical 
of A equals the lower radical of A. 

In Section 1 we will deal with general properties of the lower radical of an 
algebra and in particular of separable algebras. Section 2 will develop the 
concept of the WIC-r'mg. 

Secondly, we show in Section 3 that a finitely generated, projective algebra 
A over a Dedekind domain R is a residue algebra of a less than or equal to one-
dimensional algebra if A/L(A) is ^-separable and A satisfies the idempotent 
conditions of S. U. Chase [3, Definition 4.1]. We further show that all such 
algebras are generalized triangular matrix algebras. This generalizes results 
of S. U. Chase and M. Harada. 

Conventions. All rings have an identity and all ring homomorphisms and 
modules are unitary. We say that A is a finitely generated, projective R-
algebra whenever A is an i^-algebra which is finitely generated and projective 
as a module over R. N will denote the Jacobson radical of A and L(A) will 
denote the Baer lower radical (equivalently, the prime radical) of the algebra 
A. The Hochschild dimension of the i?-algebra Af R-dim A, is the left pro­
jective dimension of A as an Ae = A ®R Aop — module. R will always denote 
a commutative ring. All ideals will be two-sided unless otherwise specified. 
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1. The lower radical of an algebra. We begin by listing several properties 
of the (Baer) lower radical £04) of a finitely generated algebra A. This in­
volves several properties of prime ideals in algebras. (We will use here the fact 
that the lower radical is the intersection of the prime ideals of the ring [6, p. 
61].) We list several general results on primes which are contained in Curtis [4]. 

THEOREM 1.1. Let A be a finitely generated, faithful algebra over a Noetherian 
ring R. Then the following are true: 

(a) If P is a prime in A, then P C\ R is a prime in R. 
(b) If p is a prime in R, then there is a prime P in A such that P C\ R = p. 
(c) Ifp is maximal in R, then any prime P such that P Pi R = p is maximal 

in A and conversely. 

The proof follows by a careful application of the fact that R is in the center 
of A to the usual proofs of the Cohen-Seidenberg theory. 

THEOREM 1.2. The lower radical of any Noetherian ring is the largest nilpotent 
ideal of the ring. 

The proof of this theorem may be found in Divinsky [6, p. 53]. This fact 
makes the lower radical of an algebra over a Noetherian ring function in a 
manner analogous to the Jacobson radical of an algebra over a field. The 
following simple example indicates one area in which this is true: (Recall that 
an i^-algebra A is inseparable if and only if i?-dim ^ 4 = 0 . ) 

PROPOSITION 1.3. Let R be a Noetherian domain. Let A be a finitely generated, 
torsion-free, separable R-algebra. Then L(A) = (0). 

Proof. Since L (A ) (x) Q is a nilpotent ideal in the separable Q-algebra 
A ®Q,L(A) = (0), where Q denotes R(0). 

PROPOSITION 1.4. Let Rbe a Noetherian ring and A be an R-algebr a. 
(a) If A is semi-prime and is faithful as an R-module, then R is semi-prime. 
(b) If R is semi-prime and A is a projective, separable, and finitely generated 

R-algebr a, then A is semi-prime. 

Proof. For (a), we merely notice that since L(R)A is a nilpotent ideal in A, 
it is contained in L(A). Since A is faithful, L(A) thus contains an isomorphic 
copy of L(R). Hence L(R) = (0). 

For (b), if one assumes that A is R-îree, then it is clear that 
L(R)A = H (p^4)- For each projective algebra A, there is a free i^-algebra B 
containing A as an i^-direct summand. Thus it follows that L(R)A = C\ (pA) 
for every finitely generated, projective i^-algebra A. 

Finally, one notices that A/pA is a finitely generated, projective (hence, 
torsion-free), separable algebra over the Noetherian domain R/p for every 
prime p of R. Hence L(A) Ç (p^4) for each prime p by 1.3 and so 
L(A) ç H (pA). 
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Hence L(A) = L(R)A; therefore L(A) = (0), and so A is semi-prime. 

It would be well to note that in 1.4(a), some condition is needed on the 
structure of A as an i£-module. For if R = Z/4Z (Z denotes the ring of 
rational integers) and A = the ring of 2 X 2-matrices over Z/2Z, then A is 
semi-prime while R has lower radical 2Z/4Z. Another sufficient hypothesis 
for A instead of faithful over R is that A be finitely generated, projective, and 
separable over R. 

THEOREM 1.5. Let A be an R-algebra. 
(a) If A is a prime ring and faithful as an R-module, then R is a prime ring 

{i.e., a domain). 
(b) If A is central separable and R is a prime ring, then so is A. 
(c) If A is a finitely generated, projective, separable R-algebra and R is a 

Noetherian integrally closed domain, then A is a finite direct sum of prime rings. 

Proof, (a) If A is a prime ring and a and b are ideals in R with ab = 0, but 
neither a nor b are zero, then ab^4 = aAbA = 0. Since this is impossible, R is 
a prime ring. 

(b) Suppose that B and C are two ideals in A such that BC = 0 but neither 
B nor C are zero. By the Morita theorems, [5, p. 54] {B C\ R) and (CPi R) 
are two non-zero ideals in R such that {B C\ R)(C C\ R) = 0 which is impos­
sible. Hence A is a prime ring. 

(c) The center of A is finitely generated, projective (hence torsion-free) and 
separable over R. Under these conditions, Janusz [13, Theorem 4.3] proves that 
this center is a direct sum of domains. Therefore A is a direct sum of central 
separable algebras over domains. By (b), each of these components is a prime 
ring. 

2. Weak inertial coefficient rings. 

Definition 2.1. (a) A subalgebra S of an .R-algebra A is called a weak inertial 
subalgebra if S is inseparable and S + L(A) = A (sum not necessarily direct). 

(b) A commutative ring R is called a weak inertial coefficient ring (a WIC-
ring) if every finitely generated i^-algebra A such that ^4/L(^4) is inseparable 
contains a weak inertial subalgebra. We say the uniqueness statement holds 
for R if, for any two weak inertial subalgebras S and Sf of a finitely generated 
i^-algebra A, there exists an w in L ( i ) such that (1 — m)S(l — m)~l = Sr. 

(The JC-uniqueness statement requires that if S and Sr are inertial sub-
algebras of A, then there is an m in the Jacobson radical of A such that 
(1 - m)S(l - m)-1 = Sf.) 

We state several results without proof as they are easy generalizations of 
results contained in [10]. 

PROPOSITION 2.2. (a) Ri 0 R2 is a WIC-ring if and only if both R± and R2 

are WIC-rings. 
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(b) If R is a WIC-ring, then any finitely generated, commutative R-algebra S 
with S/L (S) separable over R is a WIC-ring. 

(c) Any homomorphic image of a WIC-ring is a WIC-ring. 

The proof follows exactly as in [10, Propositions 3.2 and 3.3] after noting 
that for A = A1 ® A2, L{A) = L{At) ®L{A2). 

The relation between IC-r'mgs and WIC-r'mgs is given by: 

PROPOSITION 2.3. Every inertial coefficient ring for which the uniqueness state­
ment holds is a WIC-ring for which the WIC-uniqueness statement holds. Hence, 
every Dedekind domain with zero radical {e.g., every field, the rational integers) 
and every semi-local ring which is a direct sum of local Hensel rings {e.g., every 
complete semi-local ring) is a WIC-ring. 

The proof is immediate from [11, Corollary to Proposition 1] and the fact 
that L{A) is a quasi-regular ideal. 

PROPOSITION 2.4. Let A be a finitely generated R-algebra with A/L{A) projec­
tive over R. If S is a weak inertial subalgebra of A, A = S 0 L{A) as R-modules. 

Proof. A/L{A) c^S/{Sr\L{A)). Therefore S/{S C\ L{A)) is ^-projective 
and hence 5-projective [5, Proposition 2.3, p. 48]. We then have that 
S = {SnL{A)) © Tfor some left ideal Tof S. S o 5 P i L{A) is an idempotent-
generated ideal contained in the radical. Hence S C\ L{A) = 0. 

Finally, E. C. Ingraham has shown the following result in [11, Theorem A]. 

PROPOSITION 2.5. Let A be a finitely generated, commutative algebra over a 
Noetherian ring R with A/L{A) R-separable. Then A contains a weak inertial 
subalgebra which is unique. 

THEOREM 2.6. A Noetherian, integrally closed domain is a WIC-ring if and 
only if every proper homomorphic image is a WIC-ring. 

COROLLARY 2.6.1. Every Dedekind domain is a WIC-ring. 

The corollary is easily proved by noting that every proper homomorphic 
image of a Dedekind domain is a direct sum of complete local rings and then 
by appealing to 2.3. 

Before proceeding to the proof of Theorem 2.6, we must first obtain two 
lemmas. 

LEMMA 2.7. If A is a finitely generated, torsion-free algebra over a Noetherian 
domain R, then A/L{A) is torsion-free. 

Proof. Suppose ra = 0 mod L{A) and r T^ O.Then {ra) is a non-zero nilpotent 
ideal in A. But A is torsion-free. Hence (a) is nilpotent; whence a = 0 mod 
L(A). 

LEMMA 2.8. Let R be a Noetherian, integrally closed domain and let A be a 
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finitely generated R-algebra with A/L(A) separable over R. There exist mutually 
orthogonal idempotents eP and eT such that 

A = ePAeP @ePAeT @eTAeP @eTAeT. 

Proof. Let C denote the center of A/L(A), and t(C) its torsion submodule. 
Then C/t(C) is a torsion-free, finitely generated, separable i^-algebra. Hence 
C/t(C) is ^-projective by [1, Proposition 4.3]. Thus there are central idem­
potents in C, lP and eTl such that C = CeP 0 CeT and hence ^4/L(^4) = 
A/L(A)eP 0 A/L(A)eT. Then the idempotents can be lifted since L(A) is 
nilpotent. 

Proof of Theorem 2.6. Assume that every proper homomorphic image of R 
is a WIC-r'mg. 

Let A be a finitely generated algebra over the Noetherian integrally closed 
domain R with the property that A/L(A) is inseparable. By 2.8 there exist 
orthogonal idempotents eT and eP in A with eT + eP = 1, \p(eT) = eT and 
yp(eP) = eP, where \f/ is the natural homomorphism. 

Since eTAeP 0 ePAeT C L(A), we need only consider the rings eTAeT and 
ePAeP. If we denote by \f/P the homomorphism of ePAeP onto (A/L(A))eP 

induced by the restriction of \J/, then 

kernel (\//P) = L(ePAeP) = ePL(A)eP. 

The analogous statement holds for eTAeT. 
Consider ePAeP. It is a finitely generated algebra with the algebra modulo 

its lower radical isomorphic to (A/L(A))ëP [12, Proposition 1, p. 48]. 
(A/L(A))eP is separable and projective since a central separable algebra is 
projective over its center [5, Proposition 2.3] and the center is projective over 
R [1, Proposition 4.3]. Hence by [10, Theorem 3.13; 9, Proposition 6.1] ePAeP 

contains a weak inertial subalgebra SP. 
For eTAeT, we can easily see that eTAeT CI ^(^4). Hence we can consider 

eTAeT as a finitely generated i^/a-algebra where a = annih^ (t(A)) 9e 0. 
Moreover, eTAeT/eTL(A)eT is i^/a-separable. But R/&, being a proper 
homomorphic image of R, is a WIC-r'mg by hypothesis; so eTAeT contains a 
weak inertial subalgebra ST. 

It is clear that SP 0 ST = S is a weak inertial subalgebra. It only remains 
to show that the uniqueness statement holds for R. After noting that for any 
two weak inertial subalgebras SP and SP of ePAeP, L(SP) = L(SP) = 0 by 
the proof of 1.4, we will omit the proof of this statement since it is identical 
with that of [10, Proposition 3.16]. 

A minor modification in the statement and proof of [11, Theorem B] yields 
an interesting result concerning WIC-r'mgs. It gives a class of Noetherian 
WIC-rmgs which are not necessarily local, are not domains, but which are 
complete in their L(R)-adic topology. 
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THEOREM 2.9. Let R be any commutative Noetherian ring and a an ideal con­
tained in the lower radical of R. Ris a WIC-ring if and only if R/a is a WIC-ring. 

COROLLARY 2.9.1. Let R be a Noetherian ring, f(X) a separable polynomial 
in R[X], and n a natural number. R[X]/(f(X))n is a WIC-ring if and only if 
R is a WIC-ring. In particular, if R is a Dedekind domain, R[X]/(f(X))n is 
a WIC-ring for each separable polynomial f {X) and for each natural number n. 

The author knows of no Noetherian ring which is not a WIC-ring. 

3. Triangular algebras over a Dedekind domain. In this section, we 
wish to classify algebras over a Dedekind domain which satisfy the following 
definition which is a generalization of a definition given by S. U. Chase [3, 
Definition 4.1]. 

Definition 3.1. A is triangular if and only if every complete set of mutually 
orthogonal primitive idempotents e\, . . . , en can be indexed so that 
eiL(A)ej = 0 whenever i ^ j . 

The goal of this section shall be to prove the following theorem: 

MAIN THEOREM. Let R be a Dedekind domain and A be a finitely generated, 
projective R-algebra with A/L(A) separable over R. Then the following are 
equivalent: 

(a) A is triangular. 
(b) There exists a complete set of mutually orthogonal primitive idempotents 

ei, . . . , en indexed so that eiL(A)ej = 0 whenever i ^ j* 
(c) R-dim A/I < co for every ideal I such that A/I is R-projective and 

A/(L(A) + I) is R-projective. 
(d) R-dimA/L(A)2 < oo. 
(e) There is a finitely generated, projective R-algebra B such that i^-dim B ^ 1, 

A is a homomorphic image of B, and A/L(A)2 ~ B/L(B)2. 

The proof will be in stages: the first four equivalences being proved in 
Theorem 3.10 and the equivalence of (a) and (e) in Theorem 3.12. 

We begin by giving several lemmas concerning algebras over a domain R. 
Let Q denote the field of quotients of the domain R for the remainder of the 
paper. J (A) will denote the Jacobson radical of A. 

LEMMA 3.2. If A is a finitely generated, projective algebra over an integrally 
closed Noetherian domain R, then L(A (x) Q) = L(A) (x) Q. 

This lemma is an immediate consequence of Theorem 1.1 and basic proper­
ties of localization. 

LEMMA 3.3. If A/L{A) is R-separable and R-projective, where A is a finitely 
generated algebra over a Noetherian domain R, then, for every maximal ideal m 
ofR, 

J(A/mA) = L(A/mA) = (L(A) + mA)/mA. 

Auslander and Goldman have shown the following result in [2, Proposition 2.8]. 
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LEMMA 3.4. Let R be a Dedekind ring. Let A be an hereditary R-algebra which 
is finitely generated and torsion-free as an R-module. A finitely generated, pro­
jective A-module E is indecomposable if and only if E (g)R Q is a simple A ® Q-
module. 

LEMMA 3.5. Let A be a finitely generated, projective algebra over an integrally 
closed Noetherian domain R with A/L(A) separable over R. Let e\ and e2 be 
idempotents in A. e\A ~ e2A if and only if {e\ ® \)A ® Q ~ {e2 ® I) A ® Q. 

Proof. Iff : e\A o^ e2A, t h e n / (x) 1 is the desired isomorphism. On the other 
hand, if/ : (a ® l)A ® Q ~ (e2 ® I)A ® Q, set g =f~K Sincef(ex ® 1) = 
e2b ® (1/d) and g(e2 ® 1) = aa ® (1/di), we set / * f e ® 1) = e2b ® 1 
and h{e2 ® 1) = eia ® (1/ddi). Then &~l = / * . Clearly / * restricted to 
(ei ®l)A ® 1 defines an isomorphism of (ei ®1)A ® 1 with (e2 ® 1)̂ 4 ® 1. 

In order to simplify the proofs, with Chase [3, Definition 1.6], we define 

I a m i I 
^(A', S, M) = <\ \:a is in A', s is in S, and m is in M>, 

where A' and 5 are rings, and M is an (A', 5)-bimodule, to be the ring with 
the usual matrix multiplication. 

LEMMA 3.6. Let R be a Dedekind domain. Let A' be a finitely generated, pro­
jective R-algebra with lower radical L(Ar); let S be a finitely generated, projective, 
separable R-algebra; and let M be an (Ar, S)-bimodule which is R-projective. 
Suppose that A'/L(Af) is R-separable. Then A = 37~\Af, S, M) is a finitely 
generated, projective R-algebra with lower radical 

UA) = a X \: a' in L{A'), x in M>. 

If R-dim Af < oo then 

R-dim A = max {R-dim A', 1 + hdA,{M)\ S R-dim A' + 2. 

Proof. A is clearly finitely generated and ^-projective. Applying [3, Lemma 
4.1] and [16, Theorem 2.1], we have that 

R-dim A = sup {i?/m-dim ^(A'/mA', S/mS, M/mM)} 

= sup {gl dim A/mA} 

= sup {max [gl dim A''/mA'', 1 + hdA>/mA>(M/mM)]} 

= max (R-dim A', 1 + hdA,{M)) 

^ 1 + gl dim Af 

^ 2 + R-dim A'. 

where the supremum is taken over all maximal ideals m of R. The final two 
inequalities follow from [17, Theorem D]. 
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I f / ' : A' —> A'/L(A') is the canonical map, define 

Clearly, / is an epimorphism with kernel 

j£ = J K * I a' inL(A'),xinM\. 

One may easily verify that if L(A')T = 0, then Kr+1 = 0, and so K is the lower 
radical of A. 

Lemma 3.6 generalizes a result [3, Theorem 4.1] of Chase. The following 
lemma is a generalization of [13, Lemma 1]. 

LEMMA 3.7. Let A be a finitely generated, projective algebra over a Dedekind 
domain R with A/L(A) separable. Let e and e' be primitive idempotents in 
A/L(A) such that L(A)e ^ 0 and eL{A)e' ^ 0, and L(A)2 = 0. Then 
0 S hdA L(A)e < hdA L(A)ef and hence 

hdA (A/L(A))e < hdA{A/L{A))ef. 

Proof. Since A /L (A ) is separable, we know by [17, Theorem D] that A /L (A ) 
is hereditary. Hence, by Lemma 3.4, e and e' being primitive idempotents 
implies that e (x) 1 and e' (x) 1 are primitive. By Lemma 3.2, L(A) (x) Q = 
L(A ®Q)=J{A (x) Q). Thus L(,4)e ^ 0 implies that L(A) <g) <2(e (x) 1) ^ 0, 
since L(^4) is torsion-free over i^. Similarly, eL(A)e' 9^ 0 implies that 
(e (x) l ) L ( ^ ) (x) ÇO' (g) 1) 5* 0. But this implies that 

L ( 4 ) ®<2(er ® 1 ) ^ E 0 4 ®Q/L(i4) ®Q)(ea <g> 1), 

since L(^4) ® Q(er (x) 1) is a non-zero, projective 4̂ (x) <2/L(^4) (x) Q-module. 
Thus, by Lemmas 3.4 and 3.5, L(A)ef o^ £ 04/£(>l))ea. 

Since for some a, 0 (x) 1) (A (x) Q/L(A) 0 Q) (ea (x) 1) ^ 0, by [13, Lemma 
1] we have e ( x ) l ~ ^ f l (x) 1 and so by Lemma 3.5, e o^ ea. 

If (A/L(A))e is not ,4-projective, then hdA L(A) e' ^ MA(^4/L(>l))e = 
1 + hdA L(A)e ^ 1. 

If (A/L(A))e is A -projective, then Ae = L(A)e 0 / for some ideal I oî A. 
Then L(A)e = L(A)2e ®L(A)I = L(A)I Q I. Hence L(A)e = 0, contrary 
to hypothesis. Thus this case cannot occur. 

LEMMA 3.8. Let A be a finitely generated, projective algebra over a Dedekind 
domain R with A/L(A) separable. Let ei, . . . , en be a complete set of mutually 
orthogonal primitive idempotents of A. Suppose there is an s < n such that 
etL(A) = 0 for i > s, but ejL{A) 9^ 0 for j ^ 5. Set e = es+1 + . . . + en, 
ef = I — e, A' = e'Ae', S = eAe and M = e'Ae. Then eAé = 0 and A = 
T (A',S,M) with S separable over R. 
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Proof. Clearly, eL(A)e Ç eL(A) = 0. So 5 = eAe is semiprime. S is there­
fore a homomorphic image of the separable algebra A/L(A) and hence is 
separable, lij ^ s and i > s, etL(A) = 0 and ejL{A) ^ 0. Whence et ok er By 
[12, Corollary to Proposition 4, p. 51], Aet/L(A)et q£ Aej/L(A)ej. Thus by 
Lemma 3.5, A/L(A) ®Q(et ®1) c£A/L(A) ®Q{ej (x) 1). Thus 

(et ®1)A ®Q(es ®1)QL(A) ® Q. 

Therefore, eiAej Ç L(A). Hence, we have shown that eAe' C L(^4) which 
implies that eAe' Ç eL(A) = 0. An application of [3, Theorem 2.3] completes 
the proof. 

LEMMA 3.9. Let A be a finitely generated, projective algebra over a Dedekind 
domain R. Then A/L(A)n is R-projecttve. 

Proof. We will show that A/L(A)n is torsion-free. Suppose that ra is con­
tained in L(A)n, where r is in R and a is in A. Then, since L{A)n (x) Q = 
(L(A) (g)Q)n, we have that ra (x) 1 = a\ • . . . • an (x) 1 or that a (x) 1 = 
a,\ - . . . • an (x) (l/r). Thus a is already in L(^4)w; so A/L(A)n is torsion-free. 

Combining the preceding results, we obtain the first four equivalences of 
the main result. 

THEOREM 3.10. Let A be a finitely generated, projective algebra over a Dedekind 
domain R. Let A/L(A) be R-separable. The following are equivalent: 

(a) A is triangular. 
(b) There exists a complete set of mutually orthogonal primitive idempotents 

ei, . . . , en such that eiL(A)ej = 0 if i ^ j . 
(c) i^-dim A/I is finite for every ideal I of A such that A/I is R-projective and 

A/(L(A) + I) is R-projective. 
(d) i?-dim A/L(A)2 is finite. 

Proof. That (a) implies (b) is obvious. For (b) implies (c), it suffices to 
show that the result is true for A, since every homomorphic image with the 
properties of (b) contains a collection of mutually orthogonal primitive 
idempotents with the same property. Let r denote the number of isomor­
phism classes of primitive idempotents. Suppose r = 1. Then L(A) = 
J2i,j^iL(A)ej = 0. Thus A is semi-prime and hence separable by hypothesis. 
Thus R-dim ^ 4 = 0 and A is hereditary. Assume the result is true for all 
t < r. By hypothesis, there is a complete set of mutually orthogonal primitive 
idempotents such that eiL(A)ej = 0 for all i ^ j . Now 

n 

enL(A) = X) enL(A)ej = 0. 
3=1 

Thus we may assume that there is a k < n such that ek+iL(A) = . . . = 
enL(A) = 0, but etL(A) ^ 0 for k ^ i. Let e = ek+\ + . . . + en and e' = 
lj— e. Then by Lemma 3.8, eAe' = 0, S = eAe is a. separable i^-algebra, and 
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A =3T {A', S, M) where A' = e'Aef and M = e'Ae. Note that A' now 
satisfies (b) and has fewer than r isomorphism classes of primitive idempotents 
and hence has finite Hochschild dimension by the inductive hypothesis. Now 
by Lemma 3.6, A has finite Hochschild dimension. That (c) implies (d) is 
obvious. 

We must now show that (d) implies (a). Assume first that L(A)2 = 0. 
Let ei, . . . , en be any complete set of mutually orthogonal primitive idempo­
tents of A and consider At = (A/L(A))et. If eiL{A)ej ^ 0, then by Lemma 
3.7, hdA Ai < hdA Ajm Assume {et} are indexed so that hdA Ai ^ hdA Aû if 
i ^ j . Clearly eiL{A)ei = 0 for i ^ j , whence A is triangular. We now pro­
ceed to the general case. Suppose that L(A)2 ^ 0. By the above, any complete 
set of mutually orthogonal primitive idempotents can be indexed so that 
eiL(A)ej C L(A)2 for i ^ j . Suppose eiL(A)ej Ç L(A)S whenever i ^ j and 
for some s > 1. Then eiL(A)ej = etL(A)sej. This we may re-write: 

eMA)ej = eMAYej = (eMA)"1) ( Ç ekJ (L{A)e3) 

= Z (eiL(A)s-1ek)(ekL(A)ej). 
k=i 

But if i ^ k, then eiL(A)s~1ek C L(A)S. Moreover if k ^ i and k ^ j , 
ekL(A)ej C L(A)\ Thus we have that eiL{A)ei C L{A)s+\ Since L(A) is 
nilpotent, by induction we have that eiL(A)ej = 0. Hence A is triangular. 

LEMMA 3.11. If the hypotheses of Theorem 3.10 hold, then L(A) is S-isomorphic 
to P © L(A)2, where P ~ L(A)/L(A)2 and S is the weak inertial subalgebra. 

Proof. From the short exact sequence 

0 - • L(A)/L(A)2 -> A/L{A)2 -> A/L(A) -> 0, 

and from Lemma 3.9, we obtain that L(A)/L(A)2 is P-projective and hence 
S-projective [5, Proposition 2.3, p. 48]. Hence 

0 -> L(A)2 -+ L(A) -> L(A)/L(A)2 -> 0 

splits as an 5-sequence. 

THEOREM 3.12. Le/ 4̂ &e a finitely generated, projective algebra over the Dede-
kind domain R with A/L(A) separable. A is triangular if and only if there is a 
finitely generated, projective R-algebra B such that A is an epimorphic image of B 
andB/L(B)2 ^A/L(A)2. 

Proof. Suppose A is triangular. By Lemma 3.11, A = S © P @L(A)2 as 
5-modules. Set P (w) equal to the n-fold tensor product of P with itself over S. 
Then A (x) Q = (S <g) Q) © (P (x) Q) © (L(A)2 (x) Q). By induction, one 
can check that £(w) 0 Q = (P (g)Q){n) using the middle-four-interchange. 
Set B = S © P © P<2) © Since (P ® Q) ( r ) = 0 for all r greater than 
some N, B is a finitely generated, projective P-algebra and 4̂ is an epimorphic 
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image of B. L(B)2 = P™ © . . . , and so A/L(A)2 ~ £ / L ( £ ) 2 . That i?-dim 
B = 1 follows from [16, Theorem 2.1] since for each maximal ideal m of R, 
A/mA is a triangular algebra over a field [3, Definition 4.1] and B/mB is 
clearly a less than or equal to one-dimensional algebra of which A/mA is a 
homomorphic image [11, Theorem 9]. 

To complete the proof of the theorem, one needs only show that every 
one-dimensional algebra is triangular since every ^-projective homomorphic 
image of a triangular algebra is triangular. We will show that A satisfies the 
following definition due to M. Harada [8, pp. 465-6 and 472]. 

Definition 3.13. Let Ai, . . . , An be algebras over a fixed ring R and let Mtj 

be left Ar and right ^-bimodules with Mtj = 0 for i > jy and Mit = A t. 
Assume that R commutes with the Mij9 We consider a family of left A r and 
right ^-bihomomorphisms which satisfy the following properties: 

* i / : Mit®AtMtj-+Mij 

<t>itl: Mit®AtAt ^Mit 

tu1: Ai®AiMit ~Mit 

with commutative diagrams: 

idij <g) <t>jk 
Mtj ®Aj Mjt ®At Mtk > Mtj ®Aj Mjk 

Mit®AtMtk  

4>ik 
4>ik 

•»Mti 

Set 

Tn{AuMtj/R) = \ 

an m12 . 
#22 « 

mu 
m2n 

0 
au in A^ mtj in Mtj 

Tn(At; Mij/R) is an i^-algebra under the operations: 
(a) (mtj) + (m</) = (mtj + mt/) 
(b) (triij) • (m'tj) = (J^tït/fau ®m'tj)) 
(c) r(mh) = (rmtj) = {mtjr) = (mtj)r. 

We call Tn(At; Mtj/R) a generalized triangular matrix algebra over R. 
If A = Tn{Aù Mij/R) is a generalized triangular matrix algebra over R, 

then B = Tn((Ai)si; ^Ktj/R) is called the generalized triangular matrix 
algebra induced from A, where^Jéij is the st X s.,-matrices with entries from 
Mti (cf. [16, pp. 131-133]). 

LEMMA 3.14. Let A be a finitely generated, projective algebra over a Dedekind 
domain R. Then any projective A-module P is a direct sum of copies of Aet where 
the et are in some collection of mutually orthogonal primitive idempotents. 
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Proof. Clearly A can be written as a finite sum of indecomposable ideals. 
Apply [12, Proposition 2, p. 50] and the fact that a projective module is a 
summand of a free. 

LEMMA 3.15. Let A be a finitely generated, projective algebra over a Dedekind 
domain R. Let R-dim A ^ 1 and A/L(A) separable. Let n(e) denote the minimal 
power of L{A) such that L(A)n^~le ^ 0 and L(A)n^ = 0. If n(e) is minimal 
among the n(e^) as et runs through a decomposition of 1, then n(e) = 0. 

Proof. Assume that L(A)e y£ 0 and n{e) is minimal. Since R-dim ^ 4 ^ 1 , 
we have that L {A) is A -projective. This follows from Lemma 3.3, [7, Corollary 
to Theorem 3], and the fact that hdA L(A) = sup hdA/mA L(A)/mL(A) 
(cf.[16,theproofofTheorem2.1]).Hence,byLemma3.14,L(^)g ^ £ (Ad)'*. 
Then 0 = L(A)n^e = L(A)n^~1L(A)e = £ {L{A)n^-^ei)

s\ Therefore 
n(e) > n(et), a contradiction. 

LEMMA 3.16. Let A be a finitely generated, projective algebra over a Dedekind 
domain R with i^-dim ^ 4 ^ 1 . Let all of the idempotents e\, . . . , enina decomposi­
tion of 1 be pairwise non-isomorphic and indexed so thatn(et) ^ n(ei+i). Then 
etL(A)ej = 0. 

Proof. Since n(e\) is minimal, L{A)e\ = 0. Hence etL(A)ei = 0 for all i. 
Assume that eiL(A)ej = 0 for all i è j a n d j < k. Then 

L(A)ek ^ T,t<*(Aety*. 
Thus 

eMA)e*=31 (eiAet)
st. 

t<k 

But et(A/L(A) (x) Q)et = 0, for i ^ k > t. Therefore, etA/L(A)et = 0, and 
hence eiL(A)ek = 0. 

THEOREM 3.17. Let A be a finitely generated, projective algebra over a Dedekind 
domain R, R-dim ^ 4 ^ 1 and A/L(A) R-separable. 

(a) If no two idempotents in a complete set of mutually orthogonal primitive 
idempotents are isomorphic, then A = Tn{eiAeù dAe^R), where .R-dim etAei = 
0. 

(b) In general, A is isomorphic to an induced generalized triangular matrix 
algebra. 

Proof, (a) follows directly from the preceding Lemma 3.16. The general 
case (b) follows by considering the algebra eAe where e is the sum of one 
idempotent from each isomorphism class. eAe can be shown to be a generalized 
triangular matrix algebra (cf. [16, Theorem 3.6; 18]). It follows immediately 
that A is the generalized triangular matrix algebra induced from eAe. 

This concludes the proof of Theorem 3.12 and hence of the main result of 
the section. We compare the concept of an algebra being triangular with the 
concept of almost one-dimensional introduced in [18]. We show that if R is 
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a local Dedekind domain (a DVR) which is also a Hensel ring, the concepts 
of t r iangular and almost one-dimensional coincide. 

Definition 3.18. Let R be a local Hensel ring and A be a finitely generated, 
projective i^-algebra with A/N separable over R. A is a lmost one-dimensional 
if and only if every complete set of mutua l ly orthogonal primit ive idempotents 
eh . . . , en can be indexed so t h a t eiNej Ç vaA whenever i ^ j . 

T H E O R E M 3.19. Let A be a finitely generated, projective algebra over a regular 
local Hensel domain R with A/L(A) separable overR. A is almost one-dimensional 
if and only if A is triangular. 

Proof. A t r iangular implies there is a complete set of mutua l ly or thogonal 
primitive idempotents such t h a t eiL(A)ej = 0 for i ^ j . Bu t A/L(A) being 
inseparab le implies t h a t N/mA = J(A/mA) = (L(A) + mA)/mA, whence 
etNej £ tnA whenever i ^ j . By [18, Theorem 3], A is almost one-dimensional. 

On the other hand, if A is almost one-dimensional, then / {A /mA) ~L(A)/ 
m L ( i ) since A = S ®L(A). Bu t 

0 = ëi(L(A)/mL(A))ëj = eiL(A)ej/eimL(A)eJJ 

whenever i ^ j . T h u s by N a k a y a m a ' s lemma eiL(A)ej = 0, for i ^ j . Hence 
A is t r iangular . 

We conclude the paper with a generalization of a theorem of Chase [3, 
Theorem 4.2]. 

T H E O R E M 3.20. Let A be a finitely generated, projective algebra over a Dedekind 
domain with A/L{A) separable. If every principal left ideal of A is projective, 
then A is triangular. 

Proof. Le t r be the number of isomorphism classes of primit ive orthogonal 
idempotents . If r = 1, then ^4/L(^4) (x) Q—having one isomorphism class—is 
a simple ring. Bu t A/L(A) (x) Q simple implies t h a t L(A) (x) Q = 0 and 
hence L (A ) = 0 . T h u s A is separable and the result is obvious. 

Assume the result is t rue for all t < r. If A has L(A) = 0 , and hence A is 
separable by hypothesis , we are done. Suppose t h a t L(A) =̂  0, and let there be 
an x in A such t h a t xL(A) = 0. By assumption xA is projective and so by a 
theorem of Chase [3, Theorem 4.3], there is an e0 in A such t h a t e0

2 = e§\ 
xe0 = x and xa = 0 implies e0a = 0. Therefore, xL(A) = 0 implies t h a t 
e0L(A) = 0 . Wri te e0 = e + e\ where e and e\ are orthogonal and e is a primi­
tive idempotent . T h e n e = ee0. Therefore, eL{A) = ee0L(A) = 0. Le t e i , . . . , en 

be a complete set of mutua l ly orthogonal primitive idempotents indexed so t h a t 
en = e. Since enL(A) = eL(A) = 0 , we m a y assume t h a t there is some k < n 
such t h a t ek+1L(A) = . . . = enL(A) = 0, b u t etL(A) ^ 0 for i ^ k. 

Set e — ek+i + . . . + en and e' = 1 — e. By L e m m a 3.8, S = eAe is separ­
able and A = &~ (A',S, M) where A' = e'Aef and M = e'Ae. 
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Thus by [3, Lemma 4.4], every principal right ideal in A' is projective. Thus 
A' is triangular, by the inductive hypothesis. Hence it follows that A is 
triangular. 
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