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Abstract  We study a class of second-order nonlinear differential equations on a finite interval with
periodic boundary conditions. The nonlinearity in the equations can take negative values and may
be unbounded from below. Criteria are established for the existence of non-trivial solutions, positive
solutions and negative solutions of the problems under consideration. Applications of our results to
related eigenvalue problems are also discussed. Examples are included to illustrate some of the results.
Our analysis relies mainly on topological degree theory.
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1. Introduction

Let T be a fixed positive number. In this paper, we are concerned with the existence of
solutions of the boundary-value problem (BVP) consisting of the equation

—(pO) +qt)yu = w(t)f(t,u), te(0,T), (1.1)

and the periodic boundary condition (BC)

where
Wl (8) = p(t)ed (1)

denotes the quasi-derivative of u(t). As applications of our results, we also study the
BVP consisting of the equation

—(pt)u) + q(t)u = Mw(t) f(t,u), te(0,T), (1.3)
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and the BC (1.2), where X is a positive parameter. We assume throughout, and without
further mention, that the following conditions hold:

1
—q,w &€ L(O’T)7
b

pw>0, ¢g=>0 and ¢#0a.e. on (0,7), (H)

fec(0,T] x R).

By a solution of BVP (1.1), (1.2), we mean a function u € C'[0,T] such that p(t)u’ is
absolutely continuous on (0,7, u satisfies equation (1.1) a.e. on (0,7T), and u satisfies
BC (1.2). Moreover, if u(t) > 0 for ¢ € [0, T, then u(t) is said to be a positive solution of
BVP (1.1), (1.2). Similar definitions also apply for BVP (1.3), (1.2) as well as for negative
solutions of these problems.

BVPs with periodic BCs have been extensively studied in the literature. As examples
of recent work, we mention the papers of Atici and Guseinov [1], Graef et al. [3], Jiang et
al. [6], Lan [10], O’'Regan and Wang [11], Torres [15], Yao [19] and Zhang and Wang [21].
In particular, Atici and Guseinov [1] used Krasnosel’skii’s fixed-point theorem to obtain
sufficient conditions for the existence of positive solutions of BVPs (1.1), (1.2) and (1.3),
(1.2) when the nonlinearity f is non-negative over [0,7] x RT with RT = [0,00). In a
very nice paper, Lan [10] considered the problem (1.1), (1.2) with p(¢) = 1, ¢(¢t) = a > 0,
w(t) =1 and f(¢,x) non-negative but with a possible singularity at = 0. He obtained
sufficient conditions for the existence of one or several positive solutions. Yao [19] used
fixed-point theory in a cone to obtain the existence of one or more positive solutions of
the problem (1.1), (1.2) with p(¢¥) = 1, ¢(¢t) = 0 and w(¢) = 1. The function f(¢,z) could
be singular at = 0 here as well.

In this paper, by means of topological degree theory, we derive new criteria for the
existence of non-trivial solutions, positive solutions and negative solutions of these prob-
lems when f is a sign-changing function and not necessarily bounded from below even
over [0,7] x RT. Our existence conditions are determined by the relationship between
the behaviour of the quotient f(¢,z)/x for x near 0 and oo and the smallest eigenvalue
Ao (given in (2.2), below) of a related linear problem. Our work extends some results
in [1] (see Remarks 2.5 and 2.10).

The proofs of our results are partly motivated by a recent paper by Han and Wu [5],
where the BVP consisting of the equation

i’ = g(H)h(w), te (0,1), (1.4)
and the BC
u(0) =u(l) =0 (1.5)

is studied for the case when h is, loosely speaking, superlinear. By a topological degree
argument, conditions are given in terms of the relative behaviour of the quotient h(z)/x
for  near 0 and oo with respect to the smallest eigenvalue of a related linear problem.
Existence criteria of the kind in [5] are obtained in [2,13,14,16,17] for other different
types of BVPs.
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We now introduce some notation that will be used throughout this paper. For b > 0,
denote by ¢, and v, the unique solutions of the initial-value problems

—(p(u') + (a(t) + bw())u =0, u(0) =1, ul(0) =0,
and

—(p(t)a) + (q(t) + bw(t))u =0, w(0) =0, wull(0)=1,

respectively. Let
D = ¢y(T) + 1 (T) — 2. (1.6)

Then, by [1, Lemma 2.3], D > 0. Define H(t, s;b) by

(t,5:0) = P 06005 — 28 1yun(s)
(1] _ _
=L ) - 20 g um, 0<s<i<n,
(1.7)
(1] _ _
B L gt~ P Lo tpus), o<i<s<T
From [1, Theorem 2.5],
H(t,s;0) >0 fort,sel0,T]. (1.8)
When b = 0, we denote H(t,s;0) by G(t,s), i.e.
G(t,s) = H(t,s;0). (1.9)
Let
m= min G(t,s) and M= max G(t,s). (1.10)

t,s€[0,T t,s€[0,T]
Then M > m > 0.

Remark 1.1. For some special coefficients p and ¢, the constants m and M defined
by (1.10) can be explicitly computed. For instance, when p(t) > 0 and q(t) = p?/p(t) on
[0,T] for some p > 0, m and M are given by (see, for example, [1, p. 354])

exp{(p/2) fy ds/p(s)}y o explpfy ds/p(s)}+1
plexpip [y ds/p(s)} —1) 2p(exp{p [, ds/p(s)} = 1)

We also refer the reader to [15, Proposition 2.0.1] for general formulae to compute m
and M.

This paper is organized as follows. In §2, we state the main results and give sev-
eral examples to illustrate the significance of the results. Some preliminary lemmas are
presented in §3 and the proofs of the main results are given in § 4.
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2. Main results

It is well known that the eigenvalue problem consisting of the equation
—(pu) +q(t)u = Mw(t)u, te(0,7), (2.1)

and BC (1.2) has a countable number of eigenvalues \;, ¢ = 0, 1,2, ..., which are bounded
below and unbounded above and can be ordered to satisfy

0<X <A <A< < A3 < Aon—2 < o1 < Ao < Ao <ovv (2.2)

The reader is referred to [7, Theorem 2.1 and Corollary 2.1] and [18, Theorem 13.7] for
the proofs of these results. In some of our results we will use the first eigenvalue Ag.
We need the following assumptions.

(A1) There exist b >0, ¢ >0, @ > 1 and 0 < r < 1 such that
ft,z) +bx+clz|* >0 for (¢,2) €10,T] x [-r,0]. (2.3)
(A2) There exists b > 0 such that

z(f(t,z) +bx) 20 for (t,x) €[0,T] x R. (2.4)

(A3) There exist 0 < r; < ry < oo such that
1
ft,x) > —————x for (t,z) € [0,T] x [0,7] (2.5)
m [, w(s)ds

and

f(t,2) < 1

S mx for (¢, |z]) € [0,T7] x [ra, oc], (2.6)

where m and M are given in (1.10).

For convenience, we introduce the following notation:

t,x
fo = liminf min M and f°° = limsup max
z—0t t€[0,T] T 2|00 tE[0,T]

1t,2)|

(2.7)

We first state the results for BVP (1.1), (1.2). The first two results establish the
existence of at least one non-trivial solution.

Theorem 2.1. Assume that (A1) holds. If
[ <Ao< fo, (2.8)
then BVP (1.1), (1.2) has at least one non-trivial solution.
Corollary 2.2. Assume that (A1) and (A3) hold. Then BVP (1.1), (1.2) has at least

one non-trivial solution.
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The next two results provide sufficient conditions for the existence of multiple solutions
of BVP (1.1), (1.2).

Theorem 2.3. Assume that (A2) and (2.8) hold. Then BVP (1.1), (1.2) has at least
one positive solution and one negative solution.

Corollary 2.4. Assume that (A2) and (A3) hold. Then BVP (1.1), (1.2) has at least
one positive solution and one negative solution.

Remark 2.5. We make the following observations.

(a) In Theorem 2.1 and Corollary 2.2, to guarantee the existence of non-trivial solu-
tions, all we need is the behaviour of f for z near 0 and +ooc.

(b) Corollary 2.4 extends [1, Theorem 3.5], where only the existence of positive solu-
tions was established.

We now state the existence results for BVP (1.3), (1.2), which are immediate conse-
quences of the above results.

Theorem 2.6. Assume that (A1) holds. If

Ao Ao
— <A< =, 2.9
fo fe (29)
then BVP (1.3), (1.2) has at least one non-trivial solution.
Corollary 2.7. Assume that (A1) holds. If
1 1
<A< (2.10)

mfo fOTw(s) ds S0 M foo foTw(s) ds’
then BVP (1.3), (1.2) has at least one non-trivial solution.

Theorem 2.8. Assume that (A2) and (2.9) hold. Then BVP (1.3), (1.2) has at least
one positive solution and one negative solution.

Corollary 2.9. Assume that (A2) and (2.10) hold. Then BVP (1.3), (1.2) has at least
one positive solution and one negative solution.

Remark 2.10. Corollary 2.9 extends [1, Theorem 4.3 and Corollary 4.4], where only
the existence of positive solutions was established.

In the remainder of this section, we give three simple examples to illustrate some of
our results. To the best of our knowledge, no previous criteria can be applied to these
examples.

Example 2.11. Consider the BVP consisting of the equation
—u" +u=f(t,u), te€(0,1), (2.11)

and the BC
w(0) = u(1), ' (0)=1'(1), (2.12)
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where
—12t% + 13 + (|z|V/2 = 2)2'/3, z < —4,
ft,x) = § —t2(2? + ) + 3|z| + 1, -4 <z <0, (2.13)
1-— tx1/2, x> 0.

We claim that BVP (2.11), (2.12) has at least one non-trivial solution.

Here, T = 1 and p(t) = q(t) = w(t) = 1 on (0,7T) so (H) holds. Now with b =¢ =1
and a = 2, from (2.13), we see that (2.3) holds for any r € (0,1), and so (Al) holds.
Moreover, in view of (2.7), we have that fy = co and f°° = 0. It is well known that, for
the problem consisting of the equation

—u" =M, te€(0,1),

and BC (2.12), the first eigenvalue is 0 (see, for example, [12, p. 428]). It follows that
the first eigenvalue is A\g = 1 for the problem consisting of the equation

—u" +u=M, te(0,1),
and BC (2.12). Hence, (2.8) holds. The conclusion then follows from Theorem 2.1.
Example 2.12. Consider the BVP consisting of the equation
—u" +8u = Af(t,u), te(0,1), (2.14)
and BC (2.12), where ) is a positive parameter and
f(t,x) =z — 22z, (2.15)

We claim that, for each 0 < A < 4, BVP (2.14), (2.12) has at least one positive solution
and one negative solution.

Here, T = 1, p(t) = w(t) = 1 and ¢(t) = 8 on (0,T) so again (H) holds and, for
b = 2, from (2.15), it is clear that (A2) holds. Moreover, in view of (2.7), we have that
fo =00 and f*>° = 2. Reasoning as in Example 2.11, we see that the first eigenvalue for
the problem consisting of the equation

—u" +8u=Xu, te€(0,1),
and BC (2.12) is A\g = 8. The conclusion then follows from Theorem 2.8.

Example 2.13. Consider the BVP consisting of the equation

N -
—( 4 )+ mqu =t (), e (0,1), (2.16)
and the BC
w(0) = u(1), ' (0)=2u'(1), (2.17)
where

_(8271' + 1)2 _ 2627rt(x1/3 + 1).1:2/37 T < _17

f(t,x) = S (™ +1)2x, 1<z <1, (2.18)
e2™ +1)2 4 2e273(1 — 21/ %)z /2, > 1.
( ;
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We claim that, for each A with

A(e2™ — 1)

A(e2 — 1)
eTr(eQﬂ' + 1)2 g A<

= e27r(e27r + ]_)7

BVP (2.16), (2.17) has at least one positive solution and one negative solution.

Here, T = 1, p(t) = t> + 1, q(t) = 64/(t> + 1) and w(t) = t~/2 on (0,T). Then, (H)
holds and, with b = 2™, from (2.18), we see that (A2) holds. Moreover, in view of (2.7),
we have that fo = (2™ +1)2? and f>° = 2e". For m and M defined by (1.10), and noting
Remark 1.1, it follows that

e’ e?™ +1
= d M = —— 0.
LTI 16(c2™ — 1)
Thus,
1 432 — 1) 1 4> 1)
T T er(erm 1 1)2 and T T (e 4 1)
mfo [, w(s)ds e7(e Mfe [ w(s)ds €T"(e

The conclusion then follows from Corollary 2.9.

Examples may also be readily given to illustrate the other results. We leave this to the
interested reader.
3. Preliminary lemmas

Our first lemma follows from [1, Theorem 2.4]; it can also be verified directly.

Lemma 3.1. For any b > 0 and h € L(0,T), the BVP consisting of the equation
—(p®)u) + (q(t) + bw(t))u = h(t), te(0,T),

and BC (1.2) has a solution u(t) if and only if

T
u(t):/O H(t,s;b)h(s)ds,

where H (t, s;b) is defined by (1.7).

We refer the reader to Theorem A.3.3 (ix) and Lemma 2.5.1 in [4], respectively, for
the proofs of the following two well-known lemmas. In the rest of this paper, the bold O
denotes the zero element in any given Banach space.

Lemma 3.2. Let (2 be a bounded open set in a real Banach space X andletT : 2 — X
be compact. If there exists ug € X, ug # 0, such that

u—Tu# Tug forallu € 02 and 7 > 0,
then the Leray—Schauder degree

deg(I — T, £2,0) =0.
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Lemma 3.3. Let {2 be a bounded open set in a real Banach space X with 0 € {2 and
T : 2 — X be compact. If

Tu# Tu forallue€ d andT > 1,
then the Leray—Schauder degree
deg(I —T,1,0) = 1.

Now assume that X is a real Banach space with the norm || - ||, X* is the dual space
of X, P is a total cone in X, i.e. X = P — P, and P* is the dual cone of P, i.e.

P*={ge X" :g(u) >0 for all u € P}.

The following Krein-Rutman theorem can be found in [20, Proposition 7.26].

Lemma 3.4. Let L : X — X be a compact linear positive operator, let L* be the dual
operator of L and let vy, be the spectral radius of L. If r;, > 0, then ry, is an eigenvalue
of L and L* with eigenfunctions in P\ {0} and P*\ {0}, respectively.

Let L, L* and 7, be given as in Lemma 3.4. If r;, > 0, then, from Lemma 3.4, there
exist ¢ € P\ {0} and h € P*\ {0} such that

Lo=rrp and L*h=rph. (3.1)
Choose 6 > 0 and define
P(h,é) ={u e P: h(u) = d|ull}. (3.2)
Then P(h,d) is a cone in X.
Lemma 3.5. Assume that the following conditions hold.
(C1) There exist p € P\{0} and h € P*\ {0} such that (3.1) holds and L(P) C P(h,4).

(C2) A: X — P is a continuous operator and there exist « > 1 and K > 0 such that
[Au]| < K||ul|® for all u € X.

C3 : X — X is a bounded continuous operator and there exists r* > 0 such that
D

fu+Aue P forallu € X with |ju|| < r*.

(C4) There exist n > 0 and r** > 0 such that

Lfu>r;'(1+n)Lu for allu € X with |u| < r**.

Let T = Lf. There then exists 0 < R < min{r*,r**} such that the Leray—Schauder
degree
deg(I — T, B(0,R),0) = 0,

where B(0,R) = {u € X : ||u| < R}.
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Proof. We first claim that there exists 0 < R < min{r*,7**} such that
u—Tu#71e forallue dB(0,R) and 7 > 0. (3.3)

If this is not the case, then, for all 0 < R < min{r*,r**}, there exist u; € 9B(0, R) and
71 = 0 such that

uy — Lfuy = 1. (3.4)

Then, from (3.1) and (C4), we have
h(u1) = h(Lfur) + 11h(p)

> h(L fuy)

> 7 (L4 n)h(Lur)

=ry (L4 n)(L*h)(u)

=7 (1 +n)reh(ur)

= (1 +n)h(u).
Hence, h(u;) < 0. This, together with (3.1) and (C2), implies that

h(uy + LAuy) = h(uy) + h(LAuy)
= h(u1) + (L"h)(Auq)
< (L7h)(Auq)
< rph(Auq)
< KA ud®
= Dy, (3.5)
where Dy = rp K||h||. From (3.1) and (3.4), we see that

uy + LAuy = Lfuy + LAuy + 19
= L(fu1 + Awy) + 77, ' Lop.
In view of (C1) and (C3), we see that u; + LAuy € P(h,d). Thus, from (3.2),
h(uy + LAuy) > 6||uy + LAug|| = 6|lur|| — 6| LAuq||,
and so
lut]| < 67 h(uy + LAuy) + ||LAuy.
Hence, from (C2) and (3.5),

R = |lurll < 07 Dyflua |* + KL ua ||
= Dafjur || (3.6)
= D,R°, (3.7)
where Dy = §71D; + K]||L||. Since o > 1, (3.6) cannot hold if R is sufficiently small.
Therefore, there exists 0 < R < min{r*, r**} such that (3.3) holds. Note that the operator

T is compact. The conclusion now readily follows from Lemma 3.2, and this completes
the proof of the lemma. O
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4. Proofs of the main results

In what follows, let X = C]0,T] be the Banach space equipped with the norm |ju| =
maxyeo,7) [u(t)|. Define a total cone P in X by

P={ueX:u()=0fortel0,T]}
and operators L, f T : X — X by

/ H(t, s;b)w(s)u(s)ds, (4.1)
Fu(t) = f(t,u(t)) + bu(t), (4.2)

and
Tu(t) = Lfu(t) / H{(t, s;b)w(s) fu(s) ds, (4.3)

where b is given in (Al) or (A2) and H(t,s;b) is defined by (1.7) with this b. Then
L: X — X is compact, linear and positive, f : X — X is bounded and continuous and
T :X — X is compact. Moreover, by Lemma 3.1, u(¢) is a solution of BVP (1.1), (1.2)
if and only if it is a fixed point of T'.

Proof of Theorem 2.1. We first verify that conditions (C1)-(C4) of Lemma 3.5 are
satisfied.

From (1.8), we see that (Lv)(t) > 0 for ¢ € [0, T for any v € P with v(¢) # 0 on [0,T].
Thus, there exists d > 0 such that d(Lv)(t) = v(t) for t € [0, T]. Then, from [8, Chapter 5,
Theorem 2.1], it follows that the spectral radius, rz, of L satisfies r;, > 0. Hence, by
Lemma 3.4, there exist ¢ € P\ {0} and h € P*\ {0} such that (3.1) holds. Moreover, it
is easy to see that rgl = X\ + b, where )\ is given in (2.2). We now show that h can be
explicitly given by

T
h(u) = /0 w(t)p®ult)dt, ue X. (4.4)

In fact, from (1.7), it is clear that H(¢,s;b) = H(s,t;b) for t,s € [0,T]. Then, for u € X,
(4.4) implies that
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i.e. h satisfies the second equality in (3.1). Thus, h can be explicitly given as in (4.4).
Note that ¢(¢) > 0 on [0,T7], so there exists d; > 0 such that

o(s) > 61H(t,s;b) fort,se[0,T]. (4.5)
Let 6 = rp01. We will show that L(P) C P(h,d). For any u € P, from (4.4) and (4.5),

we have that

T
h(Lu) = ?”L/O w(t)p(s)u(s)ds

T
> rroy /0 H(t,s;b)w(s)u(s)ds
— (Lu)(2)

for ¢t € [0,T). Hence, h(Lu) = 6|/ Lu||, i.e. L(P) C P(h,d). Therefore, condition (C1) of
Lemma 3.5 holds.
Let Au(t) = clu(t)|* for u € X, where ¢ and « are given in (A1). Then, with K = ¢,
(C2) of Lemma 3.5 holds.
Let r be given in (Al). Since fo > Ag, there exist n > 0 and 0 < £; < 1 such that
ft,z)+bx>=(Ao+b)(1+n)x
=r; (1+n)x
>0 for (t,x) €[0,T] x [0,e1]. (4.6)
Let f be defined by (4.2). Now, in view of (2.3) and (4.6), we see that condition (C3) of
Lemma 3.5 holds with * = min{eq,r}.
From (2.3), it follows that
ft,z) +bx = —clz|* for (¢t,z) € [0,T] x [-r,0].
Choose 0 < g3 < min{ey, 7} to be sufficiently small that —c|z|* > r;'(1 + )z for
x € [—&32,0]. Then
ft,z)+bx =rp (1+n)ax for (t,x) €[0,T] x [—ea,0]. (4.7)
From (4.6) and (4.7), we have
ft,z) +bx =rp (L+n)x for (t,x) €[0,T] x [—ea, 2],
which clearly implies that
Lfu>r;'(14+n)Lu for all u € X with |lul| < e2.

Hence, (C4) of Lemma 3.5 holds with r** = es.
We have verified that all the conditions of Lemma 3.5 hold, so there exists R; > 0
such that
deg(I — T, B(0,R;),0) =0, (4.8)

where B(0,Rq) ={u € X : |lul]| < R1}.
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Next, since [ < Ag, there exist 0 < v < 1 and R3 > R; such that

[f(t, @) + bx| <

=r;'(1—v)|a|

(Ao +0)(1 = v)lz|

Let

L= max

ueX, Hu|\<R3 te[0,T]

Then 0 < L < oo. Choose R» sufficiently large that

for (¢,]z]) €

/Htsb (5)|Fu(s)] ds.

Ry > max{Rs3, y’lL}.

For any v € X, let

I ={tel0,T):
Iy =0, T\ I,

and

a(t) = min{|u(t)], Rs}.

Define
B(0,Ry) ={ue X:

We claim that

Tu # 7u for all u € 9B(0,R) and 7 > 1

If this is not the case, then there exist u* € 9B(0, Ry) and 7*

It follows that u* = s*Tw*, where s* = 1/7*

|u*(¢*)| for some t* € [0,T]. Then Ry =

we have

h(Rz) = h(]u*(")])
= S*h(ITU*(t*)I)

h(|Tw™ (%))

o o)
a / H(t*,s;b>w<s>|fu*<s>|ds)

= [ H sl @las) 0
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u*
12

[0,T] x (Rs3,00).

(4.11)

u(t)] > Rs},

[ull < Ra}-

H(t*, s;)w(s)| fu™(s)] ds) .

(4.12)

> 1 such that Tu* = 7*u*.
. Clearly, s* € (0,1). Assume that ||u*| =
|u*(t*)| = s*|Tu*(t*)|. For h defined by (4.4),
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Now, from (4.9), (4.10) and the second equality in (3.1), we obtain

([ m smwtatsenas) s [ Hspute e e)as)

u*
12

//\

<ry (1—y)h< H(t*, s;b)w(s )u*(s)|ds> +h</} H(t*,s;b)w(s)|fu*(s)|ds>
1) (

/ (e s @) as) o [ B s D7)

<rp' (1= v)h(L|u*(t*)]) + h(L)
= 1 (L= ) (L) ()]) + h(L)
r (1= v)rph(ju*(t)]) + h(L)
= (1 — v)h(Ry) + h(L).
Thus,

h(Rz) < (1 = v)h(Rz2) + h(L),

which implies that
(vRy — L)h(1) < 0.

In view of the fact that h(1) > 0, it follows that Ry < v~ L. This contradicts (4.11) and
5o (4.12) holds. By Lemma 3.3, we have

deg(I — T, B(0,R5),0) = 1. (4.13)
By the additivity property of the Leray—Schauder degree, (4.8) and (4.13), we obtain
deg(I - T7 B(07 RQ) \ B(Ov Rl)) =

Thus, from the solution property of the Leray—Schauder degree, T' has at least one fixed
point w in B(0, R2) \ B(0, R;). Clearly, u(t) is a non-trivial solution of BVP (1.1), (1.2),
and this completes the proof of the theorem. O

The following lemma will be used in some of our remaining proofs.
Lemma 4.1. Let Ay be given in (2.2). Then

1 1
<X < —F—,

M fOT w(s)ds m [, w(s)ds

where m and M are defined by (1.10).

Proof. Let the operator Ly be defined by (4.1) with b =0, i.e. let

Lou(t) / G(t, s)w(s)u(s) ds. (4.14)
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Now Lg is ug-positive with ug = 1 (see [9] or [20]), so there exist k;(u) > 0, i = 1,2,
such that
kl(u) -1 < Lou < kg(u) - 1.

Note that
Lyu(t / ma( < Lou(t),

so r(L1) < r(Lg), and hence
r 1
/ mw(s)ds < r(Lg) = —.
0 Ao

This proves the right-hand inequality in the lemma. The proof of the other half is similar.

(]
Proof of Corollary 2.2. Let fy and f*° be defined by (2.7). From (A3), we have
that 1 )
for ——— and fL——. (4.15)
meT w(s)ds M fOT w(s)ds
Then the conclusion follows from Theorem 2.1 and Lemma 4.1. ]

Proof of Theorem 2.3. For u € X, let

_ f(tu(t) + bu(t), u(t) =0,
Frult) = {—( £l u(t)) +bu(t)), u(t) < 0. (4.16)

In virtue of (2.4), we see that f; : X — R is continuous and non-negative. Define a
compact operator 77 : X — X by

Tyu(t) / H(t, s;b)w(s) fru(s) ds. (4.17)

Note that fiu(t) + clu(t)|* = 0 for u € X, where ¢ and « are given in (A1). Then, as in
the proof of Theorem 2.1, we see that conditions (C1)—(C4) of Lemma 3.5 hold, where
A is defined as before, f = f; and T = T;. Hence, by Lemma 3.5, there exists R; > 0
such that

deg(I—Tl,B(O,Rl),O) = 0, (418)

where B(0,R;) = {u € X : |Ju|| < R1}.
Since f*° < Ag, there exist 0 < v < 1 and R3 > R; such that
|f(t,z) +bx| < (A +b)(1 — vz
=1 (L =w)fz| for (t,|z]) € [0,T] x (Rs,00).
Let

L, = max / H(t, s;b)w(s)|fru(s)| ds.
ueX, Hu|\<R3t€ (0,71
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Then 0 < L < co. Choose R large enough that
Ry > max{R3, V_lLl}.

Define
B(0,Rs) ={ue X : ||Ju| < Ra}.

An argument similar to the one used in deriving (4.12) yields
Tyu# 7u for all u € 9B(0,Ry) and 7 > 1
Thus, by Lemma 3.3, we have
deg(I — Ty, B(0, R»),0) = 1. (4.19)
By the additivity property of the Leray—Schauder degree, (4.18), and (4.19), we obtain
deg(I — Ty, B(0, Rz) \ B(0, Ry)) =

Thus, from the solution property of the Leray—Schauder degree, T} has at least one fixed
point u in B(0, R2) \ B(0, R1). Then

T
t) = /0 H(t, s;b)w(s) fru(s)ds for ¢ € [0,T],

which, together with (1.8), implies that ui(¢t) > 0 on [0,T]. Therefore, from (4.16),
Srui(t) = f(t,u1(t)) + bui(t), and so uy(t) is a positive solution of BVP (1.1), (1.2).
For u € X, let

Foult) = {—(f(t, —u(t)) + b(—u(t))), = >0,
ft, —u(t)) + b(—u(t)), z < 0.

Then, from (2.4), we see that fo : X — R is continuous and non-negative. Define a
compact operator Ts : X — X by

(4.20)

(Tou)(t / H(t,s;b)w(s) fau(s)ds

By an argument similar to that above, we see that T5 has a fixed point v satisfying
v(t) > 0 on [0,T]. From (4.20) and the fact that

T
- /0 H(t,s;b)w(s) fov(s)ds

we obtain

/ H(t,s;0)w(s)(f(s,—v(s)) + b(—v(s)))ds.
Therefore, us(t) := is a negative solution of BVP (1.1), (1.2), and the theorem is
proved. O
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Proof of Corollary 2.4. Since (A3) implies (4.15), the conclusion then follows from
Theorem 2.3 and Lemma 4.1. (]

Finally, by virtue of Lemma 4.1, Theorems 2.6 and 2.8 and Corollaries 2.7 and 2.9
are direct applications of Theorems 2.1 and 2.3 and Corollaries 2.2 and 2.4 with f in
equation (1.1) replaced by Af. We omit the proofs here.

In conclusion, we note that it is reasonable to ask if results analogous to Theorems 2.1
and 2.3 hold if

O <N < foo,

where f9 and f.. are defined analogously to fy and f°°. The answer is ‘yes’ provided
certain changes are made in conditions (A1)—(A3) as well as in the proofs of Theorems 2.1
and 2.3. These results will appear elsewhere.

Acknowledgements. The authors thank the referee for making several valuable
suggestions to improve the results in this paper. The proof of Lemma 4.1 that appears
here was suggested by the referee as an alternative to our original.
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