A CLASS OF NON-DESARGUESIAN PROJECTIVE
PLANES

D. R. HUGHES

1. Introduction. In (7), Veblen and Wedderburn gave an example of a
non-Desarguesian projective plane of order 9; we shall show that this plane
is self-dual and can be characterized by a collineation group of order 78,
somewhat like the planes associated with difference sets. Furthermore, the
technique used in (7) will be generalized and we will construct a new non-
Desarguesian plane of order p** for every positive integer n and every odd
prime p. To do this, we need a result due to Zassenhaus (8) that there exists
a near-field which is not a field of every order p**, p an odd prime, whose
center is a field of order p". However there are some significant differences
between the case p** = 9 and all other cases, and these lead to some unsolved
problems.

Furthermore, we shall show that none of the planes constructed in this
fashion can be coordinatized by Veblen-Wedderburn systems (with either
distributive law) and that each such plane possesses a (non-linear) planar
ternary ring whose additive loop is an elementary abelian group.

2. Construction of planes. A finite left Veblen-Wedderburn system (left
V-W system) is a finite set R containing at least the two distinct elements 0
(zero) and 1 (one), together with two binary operations, addition (4) and
multiplication (-) (where we often write ab for a - b), all satisfying:

(1) R is a group under addition, with “‘identity’ 0;

(2) The non-zero elements of R form a loop under multiplication, with

identity 1;
3) 0Ox = x0 = 0,allx € R;
(4) The left distributive law is valid in R:

a(b 4+ ¢) = ab + ac, a, b, c ¢ K.

Similarly, a right V-W system satisfies the right distributive law, in place
of (4). A left (right) V-W system with associative multiplication is a /left
(right) mear-field. Throughout this paper we shall omit the term “finite,” as
all V-W systems considered will be finite; it has been shown that the addition
of any V-W system (indeed, even the infinite ones) is commutative, and
(for the finite case only) is elementary abelian. Hence R always has order
equal to a power of a prime. (See (4) for proofs.)
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Any (left or right) V-W system is a linear planar ternary ring (2; 3). If R
is a (left or right) V-W system which is not a field then the plane = coordina-
tized by R is non-Desarguesian and contains a distinguished line or point
(depending on which distributive law is present) which is moved by no
collineation; a pair of anti-isomorphic V-W systems coordinatize planes which
are duals. In (8) Zassenhaus has determined all (finite) near-fields, as well
as their automorphism groups, and in particular, has shown that for any
odd prime p and any positive integer n there is a near-field R (which is not
a field) of order p** whose center is a field of order p*. (By ‘“‘center’” we mean
here the set of all elements z € R such that 2x = xz for all x € R.)

Let R be a left near-field (which is not a field) of order p** containing a
field F of order p” as its center; let ¢ = p* 4+ p* + 1. For the sake of sim-
plicity in the argument, we introduce the set V of all ordered triples (x, v, 2)
where x, v, z are in R, and let 17y be the subset of 17 consisting of all triples
all of whose entries are in F. Then V is a left vector space over R (or over F),
and V, is a left vector space over F. Suppose 4 is a (non-singular) linear
transformation of 1, as a vector space over R, with the following additional
properties:

(l) V()A =T,
(ii) if v is in V, then vA* = kv for some k in R, k # 0,
(i) if vo is in V4, vo # (0,0, 0), and if voA™ = kv, where k is in F, k& % 0,
then m = 0 (mod g).
Then, using (i), if x, ¥, z are in R, we can write:

(1) (x,9,2)A™ = (a1x + @12y + @132, @21x + @20y + @232, @51 + @32y + @332)°

where the a;; are in F (and the a,; depend only on m, of course). Furthermore:’
if A has the form given by (1), as a linear transformation only of IV, over F,
and if A satisfies (ii) and (iii) (as they apply to V, and F), then certainly
A is a linear transformation of V" over R and satisfies (i), (ii), and (iii). So
the existence of A depends only on the existence of a linear transformation
Ay of V, over F satisfying:

(iv) if »o is in Vi, 9o # (0, 0, 0), then 9,4 " = kv, where k is in F, k 5 0,

if and only if m = 0 (mod ¢).

We shall return to the question of the existence of 4, after some discussion
of the use of 4.

Given R, F, and A as above, let us construct a set = of points and lines,
with an incidence relation (i.e., point on line or line contains point, etc.), as
follows. The points of = will be the elements of V, excepting the element
(0, 0, 0), with the identification (x,y, z) = (kx, ky, k2), for any non-zero k
in R. The lines of 7 are the formal symbols L,4™, where either t = 1 or ¢ is
in R, t not in F, and where the only identifications will be L A% = L,A™ if
k = m (mod ¢). Incidence is as follows: v = (x, y,z)ison L,ifx + yt + z = 0,
while L,A™ contains just those points 24™ such that » is on L, By simple
counting, it is seen that = contains p** + p** + 1 points and the same number
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of lines, and that each line is incident with p2 + 1 distinct points (we have
not yet shown, of course, that an arbitrary pair of distinct lines differ at all
as sets of points). Thus, from (5), if we can show that each two distinct lines
have exactly one point in common, then = will be a projective plane of
order p2".

Now the existence of 4, is assured by the work of Singer (6), since the
cyclic collineation given by him is easily seen to be nothing but a linear
transformation of the vector space V), and to satisfy (iv). Indeed, Singer
states as much, since he represents his projective plane by ‘“homogeneous”
coordinates from the field F (i.e., ordered triples with the identification we
have used above), and then, without explicitly making use of the vector
space, shows the existence of a linear transformation 4, whose ¢qth power
(and no smaller positive power) maps an element (x, vy, 2) onto an element
(kx, ky, kz), B # 0.

Thus if we succeed in showing that the set = constructed above is a pro-
jective plane, it will even contain a subplane m, of order p”, consisting exactly
of those points (x, y, 2) for which x, v, z are in F, and of the lines L;4™. (Thus
mo will be Desarguesian.) Furthermore, whether = is a projective plane or
not, each mapping A™ is a collineation of =: if the point P is on the line L,
then PA™ is on LA™. From this last remark, to show that any pair of distinct
lines intersect in exactly one point, it will be sufficient to show that any pair
of distinct lines L,4™ and L, intersect in exactly one point. In what follows,
we assume that equation (1) takes the following form for 4—":

(2) (v, 9,2)A7" = (anux 4 a2y + @132, a0 + @2y + @202, a8 + @y + a333).

[Let us consider the intersection of the distinct lines L A" and L; if (x, v, 2)
is on both lines, then (x, y,2)4A~" is on L,, so we have:

(3) (anx 4+ any + anz) + (@ax + awy + axuz)t + (anx + any + agz) =0,
) x+ys+2=0,

where each a,; is in F. Solving equation (4) for x and substituting in (3), we

have:

) yu + za + (yv + z0)t = 0,

where:

(6) U = Uy» + Adygo — ((Lll + 31)S, U = Qg2 — A219,

a = a3 + az3 — (011 + as), b = as3 — a1
Note that @, b are in F. We now have several cases.
Case 1; b # 0. Then equation (5) can be written :
(yv + 20)07'a + y(u — vb~'a) + (yv + 2zb)t = 0,
utilizing the fact that a, b~' are in the center. This becomes:

(7) (yo + 2b) (b7'a + 1) + y(u — vb~'a) = 0.
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It is easy to see that if £ = I then (5) and (4) have a unique common solution
for the point (x, ¥, ). So we assume ¢ # 1, and thus in (7), ¢ is not in F, and

hence w = b7'a 4+ ¢t # 0. So (7) becomes (yv + zb)w = — y(u — vb~la), or,
multiplying through by w~! and collecting terms,
(8) Yo 4+ (u — vb~la)w™] + 2b = 0.

Since not both the coefficients in (8) can be zero (i.e., b # 0), (8) and (4)
have a unique common solution for the point (x, v, 2).

Case 11; 6 = 0, a # 0. Then (5) becomes:

9) y(u + vt) + za = 0.

But since a # 0, (9) and (4) have also a unique common point.
Case 111; @ = b = 0. That is to say:

(10) @i+ ap = an+an,  axn = au.

But now consider the element vy = (1,0, — 1); from (10) it is immediate
that 9e4~™ = cvy, where ¢ = a;; — a;3. Necessarily ¢ # 0, since 4™ is not
singular. Thus m = 0 (mod ¢), so L,A™ = L, and then it is easy to see that
the distinct lines L, and L, have only the point (1,0, — 1) in common.

We have thus completed the proof that = is a projective plane of order
p?, and we note that 7 possesses a cyclic collineation group (generated by
A) of order ¢ = p>* + p" 4+ 1. Furthermore, the collineation 4 fixes no point
or line of =, so if we succeed in showing that = is non-Desarguesian, then it
even has the stronger property that it cannot be coordinatized by a V-W
system, in any manner whatsoever. For use in §4, we note that the line
L,A™ of = can be represented by an equation:

(11) xa + yb + zc + (xa’ + yb' + zc")t = 0,

where a, b, ¢, a’, b’, ¢/, are all in F.

3. Collineation groups. As pointed out above, = possesses a cyclic group
of collineations of order ¢ = p?* 4+ p* 4+ 1. Furthermore, if 6 is any auto-
morphism of the near-field R, and if 6 fixes every element in F, then the
mapping (x, y, 2) — (x0, ¥8, 26), L, A™— L ,,A™, is a collineation of w. The near-
field of order 9 possesses the non-abelian group of order 6 as a group of auto-
morphisms (8) and this group necessarily fixes every element in the subfield
of order three. Thus the plane has a group of collineations of order 78, which
is the direct product of the cyclic group of order 13 and the non-abelian
group of order 6. In (7) this collineation group is given explicitly, and it is
pointed out that the group is transitive and regular on the points and lines
of = which are not in the subplane o of order three (m, is mapped into itself
by all of the 78 collineations). We shall abstract from this situation before
analysing the plane of order 9 in more detail.
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Let 7 be a projective plane containing a proper subplane m, of finite order
m. Suppose G is a group of collineations of 7= such that =, is mapped into
itself by every element of G, and such that G is transitive and regular on the
points and lines of = that are not in m,. Since any line of m contains a point
P not in m, every point of = that is not in my is on exactly one line of mq;
for any point of 7, not in m, is an image of P under some element of G. Let
7 have order #; as every point of = is on at least one of the m? 4+ m 4 1 lines
of m, n is finite, for no finite set of lines carries all of the points of an infinite
plane. Each line of 7, carries # — m points not in my. So there are

n—mm4+m+1)4+m4+m+1=n>4+n-+1

points in 7. Solving this for #, and noting that n # m, it is elementary that
n = m?2 If L, and L, are lines of m, containing the points P; and P,, res-
pectively, where Py, P» ¢ m, then since Pyx = P, for some x € G, we have
Lyx = L, since L, is the only line of 7, containing P,. Thus G is transitive
on the lines, and similarly on the points, of m. The order of G is equal to
the number of points of = which are not in w; i.e., G has order m* + m?* + 1
— (m*+ m + 1) = m* — m. Let the points and lines of 7 that are not in
m be called tangent points and tangent lines. Let P, be some fixed tangent
point and let J, be some fixed tangent line; we can assume that P, is on J,.
Let K, be the unique line of 7y which contains Py, and let Q, be the unique
point of 7y which is on Jo. Let D be the subset of G consisting of all x such
that Pyx is on Jy, let E consist of all x such that Pyx is on K,, let F consist
of all x such that Jox contains Qy, and let D, consist of all x such that Qox
is on K.

We observe that E and F are subgroups of G. For if ¢ is in E, then Pye is
a point of Ky, and must lie on exactly one line of my; hence this line must be
Ky, so Koe = Ky, and E is the subgroup of G which fixes K,. Similarly, F is
the subgroup which fixes Qo. If K is any line of m, then K is fixed by some
conjugate (in G) of E, and if Q is any point of m, then Q is fixed by some
conjugate of F. Furthermore, FDyE = D,; E and F have order m?* — m, D
contains m? elements and D, contains (m 4+ 1)(m? — m) elements.

THEOREM 1. (i) If a is not in E, then a = didy™! for a unique d,, d» in D; if
aisim E, a # 1, then a # did>"! for any di, d» in D.

(it) The left cosets of F can all be represented as dF for a unique d in D, or
as do~'F for dy in Dy, but not both.

(iii) If a s notin F, then a = dids~! for dy, ds tn Do, where d1, ds are uniquely
determined up to a common right multiple by an element of E (i.e., die, dse, where
e is in E, are also in D, and a = (die) (ds¢)7Y, but a only has representations
of this form).

(iV) FD(]]': = D().
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Proof. (i) If a is not in E, then Py-Poa is a line Job for a unique b. Hence
b =dyin D, ab~! = d, in D, so a = dids"!; since b is unique, it is easy to
see that d,, ds are unique. Conversely, if a isin E, @ # 1, then the impossibility
of @ = did,;™! is easy to demonstrate.

(i1) As in (i), consideration of the point R = Jy-Joa, where ¢ is not in F,
shows that a = d,~'d, for a unique pair d;, d» in D, and if ¢ isin F, a # 1,
then a # d,~'d, for any d,, d» in D. Hence if d,, d; are in D and d,F = d,F,
then dy~'d, is in F, so d; = ds. Thus the m? cosets dF, for d in D, are all
distinct.

Consider the points Py and Qoa; the line L = Py-Qoa is a line Job if and
only if =1 is in D and Qea = Qub; i.e., if and only if ¢~ is in b~'F, where 57!
is in D. On the other hand, if L = Kb, then b is in E and ab~! is in Dy, so a
is in Dob € DyE = Dy = FDy. So a~' is in dy~'F, where dy is in D,. This
proves (ii).

(iii) Consider the line Ko = Qo-Qoa, where a is not in F. We have, as in
(1), a = dids7", where dy, d» are in Do, but di, d» are not unique: since
Ko = Koeb for any ¢ in E, it is easy to see that die, dqe (both in D,) also
represent ¢ as a = (die)(dse)™", and that all such representations are of this
form.

(iv) It has already been pointed out that (iv) is satisfied.

Now, without giving the proofs (which are straightforward but time-
consuming), we remark that the existence of a group G of order m* — m,
containing subgroups E and F of order m* — m and two subsets D and D,,
with m? and (m + 1) (m?> — m) elements respectively, all satisfying (i)-(iv)
of Theorem 1, implies the existence of the projective plane =. Points are
designated by (e) for all a in G, and (Fa) for all cosets Fa of F; lines are
[Db] for all b in G, and [Eb] for all cosets Eb of E. Incidence is given by the
rules: (a) is on [Db] if @ is in Db; (a) is on [Eb] if a is in Eb; (Fa) is on [Db]
if bisin Fa; (Fa) is on [Eb] if a is in Dgb.

Suppose such a group possesses an automorphism A\ with the properties
Ex=E, FA = F,d"\isin D if disin D, dy='\ is in Dy if dy is in D,y. Then
the mapping 7" defined below is a duality of the plane =, the simple proof of
which statement we omit.

T: (a)— [D - a\] [Db] — (b))
(Fa) — [E - a\] [Eb] — (F - bN).

In the case of the plane of order 9 given by Veblen and Wedderburn, G
can be taken as the group of order 78 mentioned above, and E = F is the
subgroup of order 6; note that E is normal in G. The subsets D and D, depend
upon our choice of P, and Jo, so we reproduce the plane below. The points
are the symbols 4, B;,...,G;, ¢ =0,1,...,12, and we give seven of the
lines; the remaining lines are found by successively adding one to the sub-
scripts, reducing modulo 13 (indeed, this operation corresponds to the
collineation 4):
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Ll . Ao A1 A3 Ag B() Co D() Eo Fo Go
L]- : A() B1 Bg D3 Du Eg E5 Es G7 Gy
L2j vz Cl Cs E; Eg F3 Fu Gz Gs Ge
Ll+]’ N A() .B7 Bg D] Dg FQ F5 Fs G'g Gll
Loys; + Ay By Bs Bg C3 Cuy Ei Eg Fi; Fy
L1+2j . Ao C'I C9 D2 Ds Ds E; En Fi Fs
L2+j . Ao Bg B]l Cz C5 Cs D7 Dg Gl Gs .

Then the group £ = F corresponds to the permutations:

I = {1, (BDG)(CEF), (BGD)(CFE), (BC)(DF)(EG),
(BE)(CD)(FG), (BF)(CG)(DE)}.

Let us choose Bs as Py and Lsyo; as Jo. Then Ky is L1A2, Qo is Ao, and:

D = {1, A%, A%, (BC)(DF)(EG)A, (BC)(DF)(EG)A®, (BE)(CD)(FG)A®,
(BE)(CD)(FG)A', (BF)(CG)(DE)A4% (BF)(CG)(DE)A™},
Dy = {A?, A% A1 A1} . E.

Every element of G can be represented in the form eA*, where ¢ is in E. Let
\ be the automorphism e4A* — eA=*; then EX = E, d"\isin D if d is in D
and d¢'\ is in D, if dy is in Dy. So (see above) the plane is self-dual.

This plane has some further interesting properties, some of which we will
mention. Each one of the following sets of three points is on a line, and it
is easy to see that the whole set of seven points, together with the seven
lines joining them, forms a subplane of order two:

A3 A9 Bo; A2y A3 Dy; Az Ay Ge; By DaGs; Az Dis Ge; A2 By D11y Ay Dy Dy

Since no element of G fixes all of the seven points, this means that there
are at least 78 distinct subplanes of order two and every point of the plane
is in at least four subplanes of order two.

The duality T given above has 22 absolute points (i.e., points on their
image line): Al, Ag, Ag, Am, BQ, B4, Bm, Cg, C4, Clo, e ey Gg, G4, GIO- The
line L,A4°% contains two absolute points 41, As, while L ;4 contains four absolute
points A, Bs, D4, Gio. Thus the duality is not ‘“‘regular,” giving a negative
answer to a question raised by Baer (1).

Finally, = contains “‘ovals’’; i.e., sets of ten points, no three of which are
on a line. An example of one is the set of points:

Af)y Aly Aﬁv A71 B'.!y CBv C97 D81 D9y El

The oval given above even has the strong property that there is another
duality of the plane (distinct from 7°) whose absolute points are exactly
the points of the oval (the duality can, in fact, be constructed from the oval).
Hence the collineation group of the plane consists of more than the 78 coll-
neations given above; for if 77 and T, are dualities of any projective plane,
then T,T, is a collineation of the plane. The author has not been able to
determine the full collineation group of the plane given above.
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4. Coordinate rings. We shall use the planar ternary ring coordinatizing a
projective plane to derive some more properties of the class of planes con-
structed in § 2; in particular, we shall show that these planes are all non-
Desarguesian, and cannot be coordinatized by Veblen-Wedderburn systems.
The particular formulation of the ternary ring will follow the lines of (3),
but we briefly review the basic idea, which differs a bit from Hall's technique
in (2). In (4) will also be found a good deal of material on these ternary
rings. R is a nonempty set containing at least the two distinct elements 0
and 1, and points are symbols (x, y), (m), («), where m, x, y € R, and « is
a symbol not in R; lines are symbols [m, k], [, (k, 0)], L., where m, & € R.
A ternary operation F is defined so that (x,y) is on [m, k] if and only if
F(m,x,y) = k; the other rules of incidence are: (x,y) is on [, (x,0)],
(m) is on [m, k] and L, () is on [, (k, 0)] and Ls. Then the ternary
function F satisfies certain axioms, which will be found in (2, 3; 4). Addition
isdefined by e + b = F(1, a, b) and multiplication by a - b = ab = F(a, b,0);
the ring is called linear if F(a,b,c) = ab + ¢ for all a, b, ¢ € R. It is well
known that every planar ternary ring for a Desarguesian plane is an associative
division ring, and, in particular, is linear.

Throughout the rest of this section let = be a projective plane of order
p?", constructed from the left near-field R, as in § 2. We shall coordinatize =
so as to construct one of its planar ternary rings, and in what follows, the
ordered triples have the same meaning as in § 2. Let () be (0,0, 1); (0) be
(1,0,0); (0,0) be (0,1,0); and let (1) be (1,0, — 1). The x-axis, y-axis,
and Ly are then all lines of the form L.4% and, in particular, they are
respectively 2 = 0, x = 0, and y = 0. The points on the y-axis are (in the
old representation) all of the form (0, 1, %), so let (0, 1,) be (0,9) in our
new coordinate system. Every line through (1), or (1,0, — 1), is a line of
the form x 4+ y¢t + z = 0. The point (v,0) on the x-axis will be the point
(u, 1, 0) which is collinear with (1,0, — 1) and (0, 1, ); but (1, 0, — 1) and
(0,1, 9) are on the line L_, if v ¢ F, whence v + 1(—9) +0 =0, or u = v.
If v € F, then it is immediate that « = v. So (7, 0) is (7, 1, 0).

The point (m) will be the point on L which is collinear with (1, 1, 0) and
(0,1, m), and will be a point (1, 0, 9). Let xa + yb 4+ z¢ + (xa’+yb"+c'2)t=0
be the line joining (1, 1, 0) and (0, 1, m). Then:

(1) a+b+ (@ +0b)=0
(2) b+ mec+ (b + mc)t = 0.
Since a, @/, b, ¥ € F, (1) implies that either { = 1 and ¢ + ¢’ = — (b 4+ b'),

ort#1landa+b=a +0 =0 If t =1, then a +a’' +v(c+ ¢') =0,
and (2) becomes
a+a + (—m)(c+ ) = 0;

thus v = —m. If ¢ 1, then a + vc + (@’ + vc’)t = 0, and (2) becomes
—a + mc+ (— a’ + mc')t =0, so again v = — m. Thus (m) is the point
1,0, — m).
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Consider the point (#,v) which lies on the line J; joining (0,0, 1) and
(#, 1,0) and on the line J, joining (1,0, 0) and (0, 1, v). Then:

(3) Ji:xa 4+ yb + zc + (xa’ + yb" + zc)t = 0,
Jooxd + ye + zf + (xd’ + ye' + zf')s = 0,

where

@) c+cdt=d+ds=ua+b+ (ua’ + )t =c¢+of + (¢ + of')s = 0.
Thus as before, t =1 and ¢ = — ¢/, or t # 1 and ¢ = ¢/ = 0; similarly,
s=landd= —d,ors#1andd=d =0.

There are four cases to check, but all of them are easy. If ¢ # 1, s # 1,
then it is a simple verification, using (4), that (# ,1, ») is on both of the lines
Jiand Jo. Ift = 1,5 # 1, then Jy is

x(a+a) 4+ ybB+0) =0,
where u(a + a') + b+ b =0, so (u, 1,v) is on Jy. The line J, becomes
ye + zf + (ve' + zf')s = 0,
where ¢ + of + (¢/ 4+ of')s = 0, so (u, l,v) is on Js. In all cases, we find
that (u, 1, 9) is on both J; and Js, so (u, v) is (u, 1, ).
So we have:

THEOREM 2. If m is coordinatized as above, then (u, v) is (u, 1,v), (m) Is
(1,0, — m) and (=) s (0,0, 1).

Now we shall investigate the ternary ring for =, where we use T'(a, b, ¢) for
the ternary operation, and leta ® b = T(1,a,b),a Ob = T(a, b, 0). In order
to find the value of T'(m, u, v), we consider the line L which contains (1, 0, —m)
and (%, 1,v), and let (0, 1, k) be the intersection of L with the y-axis; then
k= T(m,u,v). Let L be the line xa + yb + zc + (xa’ + yb' + 2zc")t = 0.

Then:
5) a—mc+ (@ —mc)t =0
(6) ua + b + vec + (ua’ + b’ + vc’)t = 0.

THEOREM 3. For all a and b, a ® b = a + b.

Proof. Let m =1 in (5). Then a —c+ (@/ — )t =0. So if t =1, we
havea + @’ = ¢ + ¢/, and (6) becomesu(a + a’) + (b + b') + v(c + ¢') =0,
or (u+9v)(@+a)+ (b+0) =0. But then the point (0, 1,% 4+ v) is on
Lysok=u®v=u+vIft#1, then a = ¢ and @’ = ¢/, and (6) becomes

(u+2)a+b+ [(u+v)a 4+ bt =0,
whence again (0,1, % 4+ v) ison L,so u ® v = u + v.
THEOREM 4. The ternary ring (R,T) is not linear.

Proof. Referring to (5) and (6), let m and u be arbitrary, # £ 0, and let v
be chosen so that & = T'(m, u,v) = 0. Then (0,1,0) ison L, so b + bt = (.
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Suppose ¢t = 1, whence b = — b’. Then (5) isa +a’ — m(c + ¢’) = 0, and
(6) is
ul@+ad)+ovic+) =0,

and this implies #~'v = — m, or um + v = 0. Suppose ¢ 3= 1, whence
b="b =0. Then (5) is a — mc + (@’ — mc’)t = 0, and (6) can be written

a+ uwtve+ (@ + uwwd')t =0,

and so again ' = — m, or um + v = 0.

Now assume that (R,T) is linear. For arbitrary m and =, u # 0, let
p=m OQu. Then m Ou @ (— p) = T'(m,u, — p) = 0, so by the above,
um + (— p) =0, or um = p =m Owu. Thus (R,T) is anti-isomorphic to
the near-field R, and so (R,T) is itself a near-field. As pointed out earlier,
a (finite) near-field plane possessing a collineation moving every point and
line is necessarily Desarguesian. But = does possess such a collineation; it is
obvious that 4 fixes no point or line of 7. Hence (R,T") is a field, so R is also
a field, and this is contradictory; thus (R,T") cannot be linear.

CoRLLOARY. The plane w is non-Desarguesian.

Proof. See the proof of Theorem 4. Or note that every ternary ring for a
Desarguesian plane is linear, whence by Theorem 4, = is not Desarguesian.

Besides the class of projective planes given in this paper, all finite planes
known at the present time are coordinatizable by ternary rings which are
(at least) V-W systems. So, in a sense, the class of planes given here are the
“weakest’’ finite planes known. Aside from having prime-power order, these
planes share a much stronger property with the V-W system planes however:
they can be coordinatized by a planar ternary ring whose addition forms an
elementary abelian group, or equivalently, there is a complete set of mutually
orthogonal latin squares associated with the plane which contains among its
squares the Cayley table of an elementary abelian group.

Other questions about the class of planes, which are answered in § 3 for
the plane of order 9, include: are the planes self-dual and does there exist
a collineation group G with the properties discussed in § 3? The automorphism
groups of the near-fields used in this paper, with the exception of the one of
order 9, are always too small to yield enough collineations to construct the
group G. The author has checked a plane of the class, of order 25, and it does
not possess such a group G of collineations. Finally, what other finite planes
possess such a collineation group G?
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