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1. Introduction. In this paper we shall indicate how to generalise the concept of a
cofinite group (see [7]). We recall that any residually finite group can be made into a
topological group by taking as a basis of neighbourhoods of the identity precisely the
normal subgroups of finite index. The class of compact cofinite groups is then easily seen
to be the class of profinite groups, where a group is profinite if and only if it is an inverse
limit of finite groups. It turns out that every cofinite group can be embedded as a dense
subgroup of a profinite group. This has important consequences for the class of countable
locally finite-soluble groups with finite Sylow p-subgroups for all primes p, as shown in [7]
and [14]. .

Our generalisation is as follows. By a separating filter base N’ of a group G we shall
mean a set of normal subgroups satisfying:

(i) if NeX, G/N is a Cernikov group;

(i) if L, M e W there exists Ne N such that N=LNM;

(ii)) N{N:NeN}=1.

Thus G possesses a separating filter base if and only if G is a residually Cernikov
group. We shall call G a co-Cernikov group relative to N and regard G as a topological
space with

{Hx :x € G and there exists N € & such that N < H =< G}

as a closed sub-base. Thus the closed subsets of G are intersections of finite unions of
certain cosets of G. We shall let (G, N) denote that G is a co-Cernikov group relative to
N and the topology determined by & will be called a co-éernikog topology. Of course, G
will possess many such topologies, depending on N. By a pro-Cernikov group we shall
simply mean an inverse limit of Cernikov groups.

Thus, it is straightforward to show that a cofinite group with any of its cofinite
topologies is a co-Cernikov group with that topology. However we shall show that, in
general, co-Cernikov groups need not be topological groups.

In Section 2 we give many of the elementary properties of co-Cernikov groups. We
show that if G is a Cernikov group then G (with its unique co-Cernikov topology) is a
compact T,-space. (By a T,-space we mean a space in which points are closed.) Many
properties of cofinite groups have their analogue in the study of co-Cernikov groups, and
we exploit the very similar nature of these two classes of groups as often as possible. In
particular, in 2.8 we prove that the compact co-Cernikov groups are precisely the
pro-Cernikov groups. It is then easily seen that any co-Cernikov group can be embedded
as a dense subgroup of a compact co-Cernikov group.

In Section 3 we study more closely the Sylow theory of compact co-Cernikov groups.
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By using the methods of [7] it is relatively easy to show that the well known results of
Sylow and Hall extend to the class of compact co-Cernikov groups. However the idea of a
Sylow p-subgroup is modified so that we no longer characterise them as being the
maximal p-subgroups. Instead we define most of the new concepts via the Cernikov factor
groups.

Our proofs are fairly standard generalisations of those that occur in the analogous
case for cofinite groups. However we have been forced, much of the time, to use the
following generalisation of the theorem of Kuro§ [11] concerning the inverse limit of a
system of non-empty finite sets.

THEOREM 1.1. Let {S, ;;:i,je ,i=<j} be an inverse system of non-empty compact
topological T-spaces and closed, continuous maps. Then:

(@) S=lim §;# J;
(b) S=1lim B;(S) and the restriction of a;;: B;(S)— B:(S) is surjective;
(c) the image of the canonical projection B;:S — S; is B:(S) = «;(S;);
i=j
(d) if T< S then T=li(1_‘n B:AT) and if T<,_S then T =lm Bi(T)=li‘_r_n B:(T);
(e) S is compact.

The proof of this result can be found in [16, Theorem 2.1].

The study of the class of co-Cernikov groups is also of interest because of some of the
group classes it contains. It is straightforward to show (from 3.13 and 3.17 of [9]) that the
class X of countable locally finite-soluble groups satisfying min-p for all primes p is a
sub-class of the class of co-Cernikov groups. No applications of the results we present
here are given, but we mention some results that appear in [3]. There it was shown that
the Sylow generating bases of an X-group are locally conjugate, thus generalising a result
of Baer [1]. (Our terminology is as in [4].) However our method of proof was similar to
that of [7], where the full force of the topological arguments is seen. In [4], a more
straightforward proof of this result is given.

Furthermore, we also showed in [3] that the Carter subgroups of an X-group are
isomorphic and one way of doing this is by use of the topological methods established
here. Actually our result could be deduced from a theorem of Massey [12], but we think
the method used in [3] is of some interest.

Our notation and terminology is mostly standard. If G is a Cernikov group, G° will
denote the unique minimal subgroup of finite index in G and will be called the radicable
part of G. If K=<(G, ), a co-Cernikov group, then we shall write K=,G, K=,G and
K =,G to denote that K is a closed subgroup of G, K is an open subgroup of G and K is
a dense subgroup of G respectively. If U is a subset of a set V then €U will denote the
complement of U in V.

This paper is part of my Ph.D. thesis, and the results were obtained whilst I was a
student at the University of Warwick. I should like to thank my supervisor, Dr. S. E.
Stonehewer, for all his help and suggestions. I would also like to thank Professor B.
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Hartley for his many suggestions which made this paper possible. Finally, I should like to
thank the Science Research Council for its financial support.

2. Elementary properties of co-Cernikov groups. In this section we shall give the
basic definitions and elementary properties of co-Cernikov groups. Many of our results
are analogous to those obtained for arbitrary topological groups. However we shall give a
straightforward example to show that co-Cernikov groups are not, in general, topological
groups.

If G is a Cernikov group then we can regard G as a topological space with
{Hx:xe G, H=G} as a closed sub-base. Thus G is a co-Cernikov group relative to {1}
and every co-Cernikov topology on G gives rise to this topology. The topology defined on
G will be called the coset topology of G. It is analogous to the W '-topology, a subtopology
of the Zariski topology of an affine algebraic group, defined in [16, p. 188]. We shall show
that G, together with the coset topology, is a compact T,-space. A topological space T is
said to be Noetherian if every ascending chain of open subsets of T terminates in finitely
many steps or, equivalently, if every descending chain of closed subsets of T terminates in
finitely many steps.

LemMma 2.1. Let G be a Cernikov group with coset topology. Then:
(i) G is a Noetherian, compact, T,-space;
(i) every closed subset of G is a finite union of cosets of G.

Proof. (i) Let $={Hx:xe€ G, H=G}, a closed sub-base for the coset topology.
Clearly & is.closed under finite intersections and since G satisfies the minimum condition,
% has the minimum condition also. By a result of R. Bryant [2, Lemma 3.2], the coset
topology of G is a Noetherian topology. Hence G is compact and, from the definition, G
is a T,-space.

(ii) This follows from (i) and the laws of set theory.

This completes the proof.

T am indebted to both Professor Hartley and the referee for bringing R. Bryant’s
result to my attention.

We can now obtain some information concerning the continuity properties of
homomorphisms of Cernikov groups.

LemMA 2.2. Let G, H be Cernikov groups with coset topologies.
(i) If K=G then xK<,G, for all xeG.
(i) If $:G— G is defined by ¢(x)=x"", for all xe G, then ¢ is closed and
continuous.
(iti) If 0:G — H is a homomorphism then 6 is closed and continuous.
(iv) If ye G and a,, B,: G — G are defined by a,(x)=xy, B,(x)=yx, for all xeG,
then o, and B, are both closed and continuous.

Since (iii) can be handled by using 2.1 (i), the proof of the above result is
straightforward and is omitted.
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One might hope that a Cernikov group G with coset topology was Hausdorff also,
but even the most straightforward example shows that this is generally not the case. For
let G =C,-, the Priifer p-group, and suppose x, y € G with x# y. Suppose there exist open
sets U, V¥ such that xe U, ye Vand UNV=. Then U ULV = G. Since €U, €V
are closed they are finite unions of cosets by 2.1 (ii). It follows from [13, (4.4)] that G has
a subgroup of finite index. Hence G = €U or G = 4V, a contradiction. This example also
shows that Cernikov groups with coset topology need not be topological groups in this
topology. For, every co-Cernikov group with a co-Cernikov topology is evidently T,; but
the above example cannot be a topological group since this would contradict the
equivalence of (i) and (v) in Proposition 3(F%) of [8]. However in applications it is the
compactness that will turn out to be important.

ProrosiTioN 2.3. Let (G, ) be a co-Cemikov group and let F be the closed sub-base
determined by N. If H=G then

H=nN{HN:NeN}=N{HK:Ke% and K=G}.
In particular H=.G and if H<< G then H<_G.

Proof. If NeN, N=NH=G; so HN=<_,G by definition of (G, N). Hence H=
N{HN:NeXN}=_.G; so

He N{HN:NeN}.
Conversely, H is closed and hence
H= U Kix,
iel j=1
for some index set I, elements x; € G, subgroups K;; of G with N; =K;; (for some N; e X)

and n; eNg. Put A, = U Kix;;. Since & is a separating filter base, it follows that for each
j=1

i eI there exists N, € N such that N;=K;; for j=1,...,n,.
Now

-~

"li

U (HnK xq) U (HnKl)yU

ji=1

H

say. Here the K;; have been renumbered, if necessary, m; < n; is the number of non-empty
intersections H ﬁK iX; and y; € HN K;x;. Hence

HN, = U (HNK;)Ny; U K;Ny; € A,
i=1 i=1

for all i. Therefore N{HN:NeN}c () A; = H and the result follows. It is now clear from
Jdel

the definitions that H= N{HK :K € %, K = G}. This completes the proof.

The next corollary is an easy consequence.
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COROLLARY 2.4. If (G, N) is a co-Cemikov group then H=,G if and only if G=NH
for all Ne N.

The following extension of 2.2 is easily established.

LemMa 2.5. Let (G, N) and (H, M) be co-Cernikov groups.
(i) If K=G and there exists N € N such that N <K then, for all x € G, xK is a closed
set.
(ii) If ¢ : G — G denotes inversion then ¢ is closed and continuous.
(it)) If ey, B, : G — G are defined by a,(x)=xy and B,(x)=yx, for x,ye G, then a,
and B, are both closed and continuous.

Our immediate aim is to show that pro-Cernikov groups and compact co-Cernikov
groups are the same thing. We shall fix the following notation for the rest of this section.
Let {G,, 6;:i,je I} be an inverse system of Cernikov groups, with coset topologies, and
group homomorphisms indexed by a set I. So if i=j=k there exist homomorphisms
6, : G, — G; such that 6,; =6, °6; and 6; is the identity map on G;. Let G=1lim G;, a
pro-éernikov group, and let H =.(3 G,, the cartesian product of the G, Give G and H

their usual topologies. Let «:G — H denote the inclusion map, B;:H — G; the ith
projection map and v, =8; ca. Put M, =ker 8, N,=kery, and ¥ ={N;:iel}.
The following properties are easily verified.

LemMA 2.6. (i) Mizg G, forall iel.
j#Ei

(i) MM\NG =N, foralliel

(i) N M, =1.

iel
(ivy NN, =1.
iel
V) N=N; ifiz].
LemMma 2.7. (i) The maps «, B, v, 6, are continuous for i, je I
(ii) The left and right translation maps in G and H are continuous.
(iii) For each i=j, 6; is a closed map.
(iv) f Mi=<L=<H then L=_H for each ie L
(V) If NN<L =G then L=.G for each i€l

Proof. Parts (i), (ii) and (iii) are trivial to prove using elementary topology (see [15],
for example) and 2.2.

(iv) With the usual identifications, H =M, X G;; so L =M, X{G; N L) by Dedekind’s
law. Since G; has the coset topology and H has its usual topology, L is a cartesian product
of closed sets and so is closed.

(v) I N,=L =G then M;=M,L =<H; so ML <_H by (iv). Since G has the subspace
topology, M,L NG <_.G. By the Dedekind law and 2.6(ii), M,\L NG =L and the result
follows.
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To prove the equivalence that we seek, we shall require the theorem concerning
inverse limits of topological spaces mentioned in the introduction.

THeOREM 2.8. A group K is a pro:éernikov group if and only if, for some separating
filter base M, (K, M) is a compact co-Cernikov group.

Proof. (=>) With the notation introduced after 2.5, we may write K = G =lim G;. By

2.1(1) and 2.2(iii), the hypotheses of 1.1 are satisfied and by 1.1(b) and (c) we may assume
that the v; are sur]ectlve

Let 7 be the co-Cernikov topology induced on G by N and let o denote the natural
subspace topology on G. Then, by 1.1(e), (G, o) is a compact space. To prove the result it
now suffices to show o =7. By 2.7(v), if Ny=L =G then L =_(G, o). Hence sub-basic
closed sets in 7 are closed in ¢; so 7< 0. On the other hand if L =<G; and ge G; then
(LgXM;)N G is a sub-basic closed set in o and

N=MNG=(LxM)NG.

Thus (LXM,)NG=_.(G, 7). Since v, is surjective, 2.5(iii) implies that (LgxM,)NG
. (G, 7) and hence o =7 as required.

(&) Our proof is similar to that given in [8] for profinite groups.

Let (K, #) be a compact co-Cernikov group, for some separating filter base . Put
M ={H;:ieJ}, for some index set J, and order J via:

j=i & H<=H,

Thus for j =i there is a map ¢, : K/H; — K/H; and {K/H,, yy; : i, j € J} is an inverse system of
Cernikov groups and group homomorphisms. Put L = lim K/H; and define ¢ : K — L by:

¢(g)=(gH,)eL, foreachgek.

The map ¢ is clearly a monomorphism since  is a filter base. It now suffices to show
that ¢ is a surjection; so let (gH;)e L. If {H, :1=<j=<r} is any finite set of elements of A,
there exists H, € A such that

H.=H N...NH;

whence i, ..., i =k Also ¢;(gH;)=gH;=gH, if j=<i; so gH,cgH, for j=1,...,r.
Hence the set {g,;H; :i € J} has the finite intersection property and since (K, ) is compact
it follows that

N{gH;:iel}+ J.

If g is an element of this intersection then it is clear that ¢(g)=(gH,). Also ¢ is a
homeomorphism since ¢(H;)=L ﬂCr G/H;, which is in the filter base for L. This proves
the resuit.

We now show that a_ co-Cernikov group can always be embedded as a dense
subgroup of a compact co-Cernikov group.
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COROLLARY 2.9. Let V(K, M) be a co-Cernikov group. Then K can be embedded as a
dense subgroup of a pro-Cernikov group.
Proof. Let M ={H;:ieJ} and let J be an index set ordered by
j=i © H,=H; for ijel

Put L =lim K/H;. By 2.8, L together with a suitable separating filter base (which can

easily be written down) is a compact co-Cernikov group when, for each i, K/H; is given its
coset topology and L is given its natural topology. The map ¢:K— L given by
¢(g) =(gH;) (for ge K) is certainly an embedding of K in L, since £ is a separating filter
base; so it suffices to prove ¢(K) is dense in L.

Let U be a basic open subset of L. so that U=L ﬂCg X; with X; =, K/H; and, for all
but finitely many i, X; = K/H;. To show that ¢(K) is dense in L, we need to show that
UnNne(K)= CE X Ne(K)#+QD. If (giH.-)e_Cg X.NL and i, ..., are the indices for which
X; # K/H,, there exists k € J such that

H.=H N...NH,.

Then, for this k, (g H,;)¢€ qb(K)ﬂCg X:. Finally note that ¢(H;) = ¢(K)ﬂgr_ G/H;;s0 ¢ is
ie Lot}
closed and continuous. The result follows.

Using the notation of 2.9, let ¢, : L — K/H; be the natural projection map. If ¢ is the
embedding defined in 2.9, we can prove the following lemma in a similar manner to the
proof of that corollary.

LemMma 2.10. For each ieJ, ¢(H;) =ker ¢,.

A compact co-Cernikov group (L, %) containing a subgroup (K,.#) as a dense
subspace will be called a completion of (K, #). We shall prove in 2.20 a result analogous
to Theorem 2.1 of [7]. Before doing this we give some further elementary properties of

co-Cernikov groups. We first give two obvious methods of constructing co-Cernikov
groups from a given co-Cernikov group (K, #). f L=<=K let LNM={LNM:Me M} and
if L<K let ML/L={ML/L:MeM}.

PRrOPOSITION 2.}1. Suppose (K, M) is a co-Cernikov group and L =<K. Then
(L, . NL) is a co-Cernikov group and the co-Cernikov topology induced by M N L is the
subspace topology.

The proof is trivial and is omitted.

Prorosrrion 2.12. If (K, #) isa co-Cernikov group and L < _K then (K/L, ML/L) is a
co-Cernikouv group.

Proof. This follows since #ML/L is a separating filter base for K/L by 2.3. The
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co-Cernikov topology defined on K/L then has as a closed sub-base the set

{(F/L) - Lx : there exists M € # such that ML <F}.

This completes the proof.

It is easy see that the co-Cernikov topology defined on K/L in 2.12 is the quotient
topology. Because of 2.11 and 2.12 one might ask whether the product topology on a
cartesian product of co-Cernikov groups yields a co-Cernikov topology. An affirmative
answer would give, together with 2.11, a direct proof of the necessity of 2.8. However the
following easy example shows this is not true.

Let K=C,~, the unique infinite locally cyclic p-group. Let 7 denote the product
topology on K X K| induced by the coset topology on K and let o be the coset topology on
K XK. Then 7# 0. For let A ={(a, a):a€ K}. A is certainly o-closed but is not 7-closed.
If that were the case there would exist subgroups B;, C; of K and elements x;, y; € K such
that

A=0{{U Baxxr)u( U axcw))
nite nite
It follows from [13, 4.4] that there exists i such that either |A: A N(B;xK)|<® or
|A:AN(KxC) <. Since A is radicable it follows that either A<B;xK or A=K XC,
for this i, and hence A = K XK, a contradiction.

The following three results, although straightforward, are very important for the
applications in Section 3 and [3].

. Lemma 2.13. Let (K, M) be a co-Cernikov group and suppose L <K with K/L a
Cernikov group. Then there exists M e M such that M <L,

Proof. It M ={H;:ieJ} then by 2.3
L=\LH.

iel
But K/L has the minimal condition on subgroups and so there are subgroups

H,,...,H,eM such that L= () LH, Since A is a separating filter base there is an
Me M such that =t

M= H=L,

iD-

as required.

CoroLLary 2.14. If (K, M) is a co-Cernikov group, L <.K with K/L Cernikov and
L=M=K then M=_K.

Proof. The proof is clear from 2.13 and the definition of the co-Cernikov topology
induced on K by 4.
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LemMa 2.15. Let (K, M) be a co-Cernikov group and L =K. If (L, L NA) is compact
then L =_K.

Proof. By 2.3, L=N{LM:MecM}. If xeL then xe LM for each Me.#. Hence
LNxM# & and LNxM < L since L has the subspace topology. Moreover, since / is a
separating filter base, {L N xM : M e M} has the finite intersection property. Hence by the
compactness of L,

F+EN{LNxM:MeM}=LN{x}.
So we must have xe L and L is closed, as required.

Thus in a compact co-Cernikov group, closed subgroups and compact subgroups are
the same thing. :

We shall now prove our generalisation of 2.1 of [7]. We give some preliminary results
first, all of which are well known in the cofinite case.

Lemma 2.16. Let (K, M) be a co-Cernikov group and L =_K. Then Ng(L)=_K.
Proof. If M e M, define Ny, /M = Ng,p,(LM/M). We shall show
N(L)=N{Ny,:MeM}=_K.

If xe N{Ny: M e M} then LM = LM for all Me M. Since L, L*<_K, 2.3 implies L* = L.
Thus x € N¢(L). The reverse inclusion is obvious.

LemMma 2.17. Suppose (K, M) is a co-Cernikov group.

(i) If N<_K then the natural map o : (K, M) — (K/N, MNIN) is continuous.

@) If (L,%) is a co-Cemikov group and o:(K,M)— (L,&£) is a continuous
epimorphism then given M <_L with L/M Cerikov there exists N <, K with K/N Cernikov
and a(N)=M.

Proof. (i) This is clear from the definitions.

(ii) Let a~(M)=N. Since [ is continuous, N < K. Since a is an epimorphism,
a(N)= M and clearly K/N is a Cernikov group.

__ Lemma 2.18. Suppose (K, M) is a co-Cernikov group and A, B are subsets of K. Then
ABc AB.

Proof. For each be B, Ab< AB and Ab EXE. Thus AB < AB. Hence AB C AB.
Applying the first part of the argument to B and A now gives the result.

LEMMA 2.19. Let (K, M) be a co-Cernikov group and (K, %) a completion of K (thus
£ NK induces the same topology on K as M does).
(i) If ? ={M<_K:K/M is Cernikov} then

P={M:MeP}={M<_K:K/M is Cernikov}.
(ii) If Me P then M=MANK.
Proof. (i) Let £={L,:ieJ} be the separating filter base. If M<K and K/M is
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Cernikov there exists L, =M by 2.13. Let 2 ={L, e £:L,<M}. Then 2 is a separating
filter base for M. For if Lje&¥, L;NL, contains some L;eZ Thus L;c2. If xe
N{L, :L, €2} then xe L; and hence xe L,. Thus xe N{L,,: L, € ¥}=1and hence 2 isa
filter base.

Now N=MNK<_K and K/N is Cernikov. Also N <M. We show N = M. For each
L,€2, K=KL, by 2.4; so by the Dedekind law

M=L(MNK)=LN. (1)

Since 2 is a separating filter base for M, N=,M and hence M= N.

Suppose now N<I_K and K/N is Cernikov. Since N=_K, Nz(N)=_K. Also if gek
then N = N® < N®. Hence N=N?® and K < Nz(N). It follows, since K <,K, that N<_K.
Moreover, K has the subspace topology; so there exists i € J such that L, N K =N by 2.13.
It follows from the argument used in showing (1) that

L=(L,NK)=<N.

Thus K/N is a Cernikov group since K/L; is, and (i) follows. )
(i) Clearly N=NNK. However K has the subspace topology; so there exists C=<_K
such that CNK=N. Hence N=C and NNK=CNK = N. The result follows.

We can now prove the result we have been seeking. Our proof, as with much that has
gone before, is similar to that of Hartley [7].

Tueorem 2.20. Let (K, M) be a co-Cernikov group contained as a dense subgroup of
the compact co-Cernikov group (K, P). Let (L, £) be any compact co-Cermnikov group and
a: (K, M)— (L, ¥) a continuous homomorphism. Then:

(i) a can be uniquely extended to a continuous homomorphism a : (K, ?)— (L, £);

(i) @(K)=a(K);

(ili) @ is injective if and only if a is an algebraic and topological embedding and in that
case & is an algebraic and topological isomorphism between K and a(K).

Proof. To begin we prove that if @ is any continuous extension of a to K then
@(K)=a(K). K is compact; so @(K) is compact and hence is closed by 2.15. Thus
a(K)=a(K). Conversely, note that K<&“(a(K)) and since a(K) is closed and & is
continuous, it follows that K =a~'(a(K)). Thusai()<a(K) and &(K) = a(K). Thus (ii)
is established and we may clearly also assume a(K)=L, so a(K) is dense in L.

We now show the existence of at most one continuous extension & of a from K to K.
Let 2 be the set of closed normal subgroups M of K such that K/M is Cernikov. If ge K,

a(g)e a(gM) for all Me 2. Thus

{a(@ts N algM). ‘ ()

Me2

We show the right hand side of (2) has just a single point. For, if xe () @(gM) then

Me2
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ge ) @ '(x)M. Since @ is continuous and L is a T,-space, 2.3 and 2.19 imply
Me2

gea '(x). Hence x = @(g); so the right hand side of (2) has a single point.
Since K =KM, gMﬂK#@ and if xegMNK,

xMNK=x(MNK)=xM

by 2.19(ii). Thus xM =(gM NK). Also g(MNK)< @ '(a(gMNK)) and as shown below
N «(gMNK) has a single point. Since @(gM) = a(gM NK) < a(gM N K), it follows that
Me2

{a(gh= N a(gMNK). ©)

Me2

We have now determined & uniquely in terms of «. To show & exists, we shall show
that the right hand side of (3) is a single point for all geK.

If Me2 then 2.19(G) and K=<,K imply gMNK# & for each ge K. The set
{gMNK:Me2} therefore has the finite intersection property and hence so does the set

{a(gMNK):MeQ}. It follows, by the compactness of L, that

N «@MNK)+ .

Me2

Suppose x,ye [ a(gMNK). Since gM NK# &, there exists he K such that
Me2

gMNK=hMNK=h(MNK)=hM.

Thus x, y € a(hM) = a(h)a(M), since a is a homomorphism. Hence xy~' e a(M) for all
Me 2. However (] a(M)=1 by 2.17(ii) and 2.19(i). Hence x = y; s0 ﬂ a(gM N K) has

Me2
exactly one point, as required. Thus we define & (K, ?)— (L, £) by a(g) = ﬂ a(gMNK),
for each ge K.
If geK then a(gMNK)=a(gM)=a(g)a(M). Thus a(g)e ﬂ a(gMNK);
a(g)=a(g) and @ extends a.
We now show @& is a homomorphism. Suppose g, he K and M Q. Since « is a
homomorphism, it is clear that

a(gMNK) - a(hMNK)< a(ghM NK).

Hence, by 2.18,

a(gMNK)- - a(hMNK)<a(ghMNK).

Intersecting over all Me 2 gives {@(g)}* {a(h)}={a(gh)} and hence a(gh)=a(g)a(h) as
required.

Now we show & is continuous. Since @ is a homomorphism and because of 2.17(ii),
2.19(i) and the definition of the co-Cernikov topology on L, it is sufficient to show

aM)=<a(M) forall Me2. 4 (4)
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Suppose ge M, Ne2 and N<M. Then

a(gNNK)ca(MNK)=a(M)

by 2.19(i). Intersecting over all such N, we obtain &(g)e a(M). Hence (4) follows.

If @ is an injection, it is a closed continuous bijection between the compact spaces K
and «(K) by (ii), and hence is a topological and algebraic isomorphism. Hence « is an
algebraic and topological embedding.

Finally we suppose « is an algebraic and topological embedding. Let g € ker &. Then
by definition of a,

lea(gMNK) forall Me9.

Since « determines a topological isomorphism between K and «(K), a(gMNK)
c.a(K). Thus

a(gMNK)Na(K)=a(gMNK) foreach Mec2.

Hence 1€ a(gM N K) and since «a is injective, 1€ gM N K. Thus ge M for each Me 2; so,
intersecting over all such M and using 2.19(i), we find that g =1 and & is injective. This
completes the proof.

3. Sylow theory in pro-Cernikov groups. In this section we shall show that the
classical theorems of Sylow and Hall in finite group theory can be extended to the class of
pro-Cernikov groups. Our approach uses many of the methods of J. Parker [14] and B.
Hartley [7]. The main difference is that instead of using the theorem of Kuro§ [11] on
inverse limits of finite sets, we have been forced to use 1.1. This involves some
technicalities in ensuring that the correct topologies are induced, but these are easily
overcome.

To begin, we generalise the idea of a w-group. Let = be a set of primes. A
co-Cernikov group (G, ) will be called a generalised m-group if G/N is a w-group (in the
usual sense) for all N<9.G with G/N Cernikov. This is analogous to the concept used in
[7], although there the term ‘“‘generalised” is omitted.

Lemma 3.1. Let (G, N) be a co-Cernikov group. Then (G, N) is a generalised m-group
if and only if G/N is a w-group for all Ne N,

Proof. This follows from the definitions and 2.13.

The idea of a generalised m-group certainly depends on the filter base involved. For
example, if (g) is the infinite cyclic group it has the filter bases # ={(g*):i=1} and
N={(g*):i=1}. However, ((g), M) is a generalised 2-group and ((g), X) is a generalised
3-group. We give several elementary properties of generalised -groups. A generalised
w-group (H, ) that is a subgroup (with subspace topology) of a co-Cernikov group
(G, N) will be called a generalised m-subgroup of (G, X).
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LemMmA 3.2. Let (G, N) be a co-Cernikov group and m a set of primes.
@) If (G, N) is a generalised w-group and H=G then (H, HN\X) is a generalised
T -group.
(i) If (G, N) is a generalised w-group and K <<.H <G then (H/K, HNN)K/K) is a
generalised mw-group.
(i) If {(H, H; NN):i e} is a set of generalised m-subgroups of (G, X) totally ordered

by inclusion, then (U H, (U PL)ﬂN) is a generalised w-subgroup of (G, X).

iel iel
(iv) If (H, HO\WX) is a generalised m-subgroup of (G, N) then so is (H, HNWN).
(v) The product of every set of normal generalised m-subgroups of (G, N) is a normal
generalised -subgroup of (G, N).

Proof. (i) If Ne XN tllen H/HNN=HN/N=G/N, a w-group by hypothesis. Hence,
since (H, HNW) is a co-Cernikov group, it is a generalised w-group by 3.1.

(it) The proof is similar to (i) using 2.12 and 3.1.

(iii) Suppose L <. |J H;=M say, with M/L a Cernikov group. For each icl,

iel

LNH, < H, by 2.11. Moreover, H/H; NL is a Cernikov a-group by hypothesis. Hence
M/L is the union of the ascending chain of 7-subgroups H,L/L and so is a w-group. Thus
(U H;, (U H-)ON) is a generalised m-subgroup of (G, N).

iel iel

(iv) By 2.3, H=G. Suppose N <. H and HJN is a Cernikov group. Then HAN < H
and HHHNN is a Cernikov - group by hypothesis. Since the closure of H in H is
precisely H, 2.4 and 2.13 imply H=HN; so H/N is a m-group. Hence (H, HNWX) is a
generalised m-subgroup of (G, ).

(v) It suffices to show that if (L,LNA) and (M, MNA) are normal generalised
w-subgroups of (G, A) then so is (LM, LMNN). If Ne X then L/LNAN and M/IMNN
are m-groups. Hence (LM NLN)/LM NN and (LM NMN)/LMNN are m-groups. Thus
their product, LM/LM NN, is also a «-group and the result follows by 3.1.

A subgroup P of a co-Cernikov group (G, ) will be called a generalised Sylow
m-subgroup of (G, X) if

(i) P=.G,

(ii) PN/N €Syl G/N for all N<,G with G/N Cernikov.

We shall denote the set of generalised Sylow -subgroups of (G, &) by Syl.(G, X). It
is not immediately clear that a co-Cernikov group possesses even generalised Sylow
p-subgroups. However we shall show that a pro-Cernikov group does possess them.

By 3.2(iii) and Zorn’s lemma, the co-Cernikov group (G, N) contains maximal
generalised w-subgroups and these subgroups are closed by 3.2(iv). Let Max,(G, N)
denote the set of maximal generalised w-subgroups of (G, ). In prosoluble groups the
concept of a generalised Sylow mr-subgroup and a maximal generalised #-subgroup are
the same [7, Lemma 6.1]. We at least have the following lemma.

Lemma 3.3. Let (G, N) be a co-Cemikov group. Then Syl,.(G, N') € Max, (G, X).
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Proof. Suppose Pe Syl (G, X) and P=QeMax,.(G,¥). Then P,O=<_G and PN<
QN for all Ne . Since PN/NeSyl,G/N and QON/N is a w-group, we must have
PN = QN for all Ne . Hence, by 2.3.

P=nN{PN:NeN}=N{ON:NeN}=Q,

and the result holds.

Equality does not generally hold in 3.3. For an example of this, the reader should
consult [10, Theorem 2.1]. The example constructed there is a countable, metabelian,
residually finite group G with a normal Sylow 3-subgroup T and a Sylow 2-subgroup $
with the property that |G : ST|=2. Thus S is not a generalised Sylow 2-subgroup of G. A
similar example, due to B. Hartley, has occurred in (3, (4.13)]. As mentioned above, it has
been shown that Max_(G, X) = Syl.(G, X) for prosoluble groups. Unfortunately the proof
of that result does not readily extend to our situation, even when all the Cernikov factor
groups are soluble.

A locally finite group G is Sylow mr-integrated (for some set of primes =) if the Sylow
w-subgroups of every subgroup of G are conjugate. For co-Cernikov groups whose
Cernikov factor groups are Sylow w-integrated it is easier to check that a given subgroup
is a generalised Sylow ar-subgroup, as the following result shows.

LemMma 3.4. Suppose (G, N) is a co-Cernikov group and  is a set of primes. Suppose
that for each Ne N, GIN is Sylow m-integrated. Then P e Syl (G, N) if and only if

(i) P=.G,

(i) PN/N e Syl.G/N for each NeN.

Proof. We suppose (i) and (ii) hold and that M <G with G/M a Cernikov group. By
2.13 there exists Ne N such that N=M; so, by (ii), Py = PN/NeSyl,G/N. Now Gy =
G/N is Sylow m-integrated and Gy, = G/M = G./H, where H=M/N. Thus if Q/He
Syl.Gn/H there exists ge Gy such that Q = HP§ (by [6, Lemma 2.1], for example).
Hence PyH/H € Syl,,G\/H and PM/M € Syl,.G, (since PyH/H = PM/M) as required. The
reverse implication is clear, so the result follows.

Of course, no restrictions are needed if m={p}, a single prime, since a Cernikov
group is always Sylow p-integrated.
To generalise the results of Sylow and Hall we require some preliminary results.

LEMMA 3.5. Suppose G is a Cernikov group and H=<G. Let G have the coset topology
and let G/H denote the space of cosets of H in G with the quotient topology. Then the
natural map a:G — G/H is closed and continuous.

Proof. The map « is certainly continuous from the definition of the quotient topology
on G/H. By 2.1 every closed set in G is a finite union of cosets of G; so we need only
show that if K=G then a(xK) is closed in G/H for each xe G.

Now a(xK)={xkH :k € K} and hence a '(a(xK))=xKH. Of course, KH need not
be a subgroup but K and H possess radicable parts which we denote by K° and H°
respectively. Also K°HC is a subgroup since K°, H°< G°, the radicable part of G. If
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{x.}'L, is a left transversal to K® in K and {y;}/, is a right transversal to H° in H then
KH = |J x,K°H°;; so xKH = |J xx,K°H"y,. This set is closed in G by 2.2(iv) and the
- by

LJ s
definition of the coset topology. It follows from the definition of the quotient topology
that « is a closed map.

CoroLLARY 3.6. Suppose G is a Cerikov group and H=K =G. If G/K and G/H
denote, respectively, the quotient spaces of cosets of K and H in G, induced by the coset
topology on G, then the natural map B:G/H — G/K is closed and continuous.

Proof. Let ay: G — G/H and ak : G — G/K be the natural maps. By 3.5 these maps
are closed and continuous and since B ° ay = ak it follows that B is closed and continuous.

The following lemma is an extension of [7, Lemma 6.2] and is very useful in what
follows.

Lemma 3.7. Let (G, N) be a compact co-Cernikov group and suppose that for each
NeW, X(N) is a closed set with the property:
if M, Ne N and M = N then X(M)N = X(N). (*)
Let X=N{X(N):NeN}. Then, for all Ne N, XN = X(N).
Proof. Tt is clear that XN < X(N), for each Ne N. Let Ne X be fixed. If x € X(N)
and MeW is such that M=<N then xe X(M)N by (*). Hence xXNNXM)# . If

My, ..., M, =N with M; e ¥ then there exists M,., €N such that M, ., =M, N...NM,
By (*) X( M, OM, = X(M,) for i =1, ..., r. Therefore,

@ # ;NN XM, )€ () GNOXM)).
If £ ={MeAN:M=N}then {xNNX(M): MecH}is a set of closed subsets of (G, N)
with the finite intersection property. Since G is compact, there exists y € G such that
y e xNN(N{X(M): MeM})=xNN(N{X(M): MeN})=xNnNX.
Hence x € XN and this proves the result.
We now give our extension of Sylow’s theorem.

Tueorem 3.8. Let (G, N) be a compact co-Cernikov group. Then G possesses general-
ised Sylow p-subgroups for each prime p.

Proof. Let p be a fixed prime and for each Ne ¥ let A(N)={Sylow p-subgroups of
G/N}. Then A(N) #& and the elements of A(N) are conjugate since the Sylow
p-subgroups of a Cernikov group are conjugate.

For Nel, let Gy =G/N, give Gy its coset topology and let Pye A(N). By the
previous remark, we may put the elements of A(N) in 1-1 correspondence with the cosets
of Ng,(Py) in Gy. Suppose N=M and N, MeN. Since the Sylow p-subgroups of a
Cernikov group are homomorphism invariant, the natural map a,, : Gy — Gy, induces a

https://doi.org/10.1017/50017089500004791 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500004791

80 M. R. DIXON

map B 1 A(N) = A(M). Suppose B (Pn)= Py, and put G¥=Gp/Ng, (Py) as a top-
ological space with the quotient topology. We define a map BFn: Gi— G by:

if g€ G then B¥n((gN) NG, (Pn)) = (gM)NG,, (Py).

This map is well defined since Bun(Pn) =Py If yn: Gy— G¥ is the natural map
then clearly yaoann = Binevn. Thus, as in 3.5, By is closed and continuous. Hence,
if A(M) and A(N) are given the topologies induced from Gy and G} respectively, the
map Bun is closed and continuous. Since Gy is compact and T,, 3.5 implies that Gf; is
compact and T; and hence A(N), with its induced topology, is compact and T, for each
NeN. Our aim is to eventually use 1.1 applied to the sets A(N). However, it is first
necessary to check that we can choose the representatives Py € A(N) consistently and to
do this it suffices to show that if P, Qe A(N) then the topologies induced on A(N) by
Gn/Ng,(P) and Gu/Ng, (Q) are the same. So let 7 and o be the topologies induced by
Gn/Ng, (P) and Gu/Ng,,(Q) on A(N), respectively. We identify an element P" € (A(N), 1)
with the right coset Ng (P)h (where h e Gy). Since P and Q are conjugate in Gy, there
exists g e Gy such that P*= Q.

Let {P%:icJ} be a closed subset of (A(N),7) for some index set J. Then, by
definition, |J Ng (P)h; =, Gy. Hence, by 2.2(iv),

iel

U Nou(@g'h =g (U No, (PIh) <. G
Therefore {Q% ™ :ieJ}c (A(N), a); whence {P*:ieJ}c.(A(N), o) and T<o. It fol-
lows by symmetry that 7 =0¢ and consequently the topologies induced on A(N) are the
same.

The hypotheses of 1.1 are now satisfied for the inverse system {A(N), Baw : M, Ne N}
s0, by 1.1(a), lim A(N) #O.

Let (Py)=(Qu/N)elim A(N). If N=M, Bun(Py)=Py and QuM = Q,,. Put P=
N{Qy :NeN}. Then P=_G since Qy =,G by definition. By 3.7, PN=Qy for all Ne ¥
and hence PN/N e Syl,G/N. By 3.4 and the remark following it, P€Syl, (G, ¥) and this
completes the proof.

Let B8 denote the class of co-Cernikov groups (G, &) with the property that if Ne A
then G/N is soluble. The above proof then yields the next theorem.

THEOREM 3.9. Let (G, N) be a compact B-group. Then G possesses generalised Sylow
a-subgroups for all sets of primes .

We now obtain the conjugacy of the various generalised Sylow subgroups.

Tueorem 3.10. Let (G, N) be a compact co-Cernikov group. Then:

(i) the generalised Sylow p-subgroups of (G, N) are conjugate for all primes p;

(i) if (G, N)e W then the generalised Sylow mw-subgroups of (G, N') are conjugate, for
all sets of primes .
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Proof. Since the proofs of (i) and (ii) are essentially the same, we merely give the
proof of (i).

Let P, Qe Syl (G, X) so that, for each Ne N, PN/N, ON/N e Syl,G/N. Put X(N)=
{ge G:P*N = QN}. Then X(N)+#@® since the Sylow p-subgroups of a Cernikov group
are conjugate. Now

gheX(N) = PN=P"N = gh 'eNg(PN).

Hence X(N)= Ng(PN)g and so X(N) is closed in (G, X') by 2.5(iii) and the definition of
the co-Cernikov topology induced by N. Moreover, if M,NeXN then X(MNN)c
XM)NX(N) and so the set {X(N): Ne N} has the finite intersection property. Since
(G, N) is compact, N{X(N): Ne N} contains an element g. Hence if Ne ¥, P!N = QN
and since P%, Q=<_G, 2.3 implies

Pf=N{PEN:NeN}=N{ON:NeAN}=Q;
so P and Q are conjugate. This completes the proof.

The above method of proof is of course well known in the prosoluble group case.

By a generalised Sylow basis of a co-Cernikov group (G, ") we shall mean a complete
set of generalised Sylow p-subgroups, one for each prime p, with the property that if 7 is
a set of primes then (S, : p € ) is a generalised w-group. This is a somewhat more general
definition than that given by Parker [14], although in the prosoluble case our definition
and that of Parker coincide.

It is possible to prove the next theorem in a similar manner to 3.8.

THeorem 3.11. Let (G, N) be a compact B-group. Then (G, N') possesses generalised
Sylow bases.

The next theorem completes our survey of Hall’s results.

THEOREM 3.12. Let (G, N) be a compact L8-group. Then the generalised Sylow bases
of (G, N) are conjugate.

Proof. Let S§={S,} and T={T,} be generalised Sylow bases and for Ne X set
X(N)={ge G:SEN =T,N for all primes p}.

Because (G, N)e T, a result of Gol'berg [5] shows that the Sylow bases of G/N are
conjugate; so X(N)# . Moreover if g€ X(N) then

X(N)= 1 Ng(S,N)g;

peP

so X(N) is closed in (G,#) and the sets X(N) are easily seen to have the finite
intersection property, as in the proof of 3.10. The result then follows easily.
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