
FINITE TOPOLOGICAL SPACES AND QUASI-UNIFORM STRUCTURES 

P . F l e t c h e r 

( rece ived March 28, 1969) 

1. In t roduct ion . In [6], H. Sharp gives a m a t r i x c h a r a c t e r i z a t i o n 
of each topology on a finite set X = {x , x , . . . , x } . The study of 

q u a s i - u n i f o r m spaces p rov ides a m o r e n a t u r a l and obviously equivalent 
c h a r a c t e r i z a t i o n of finite topological s p a c e s . With this a l t e r n a t e 
c h a r a c t e r i z a t i o n , r e s u l t s of quas i -un i fo rm theory can be used to obtain 
s imp le proofs of s o m e of the ma jo r t h e o r e m s of [1], [3] and [6]. M o r e ­
over , the c l a s s of finite topological spaces has a quas i -un i fo rm p r o p e r t y 
which is of i n t e r e s t in i ts own r igh t . All facts concern ing quas i -un i fo rm 
s p a c e s which a r e used in this paper can be found in [4] . 

2 . P r e l i m i n a r i e s . 

DEFINITION. Let X be a non-empty set and let U be a f i l ter 
b a s e on X X X such that 

i) each e l emen t of \L is a re f lex ive r e l a t i on on X ; 

ii) if U e U t h e r e ex i s t s W e U such that W o W C U . 

Then l i is a quas i -un i fo rmi ty on X . If U is a f i l te r , then *Vl is 
called a q u a s i - u n i f o r m s t r u c t u r e . 

DEFINITION. Let X be a se t and let U be a quas i -un i fo rmi ty on 
X . Let 3 = {A C X : if a e A then t h e r e ex i s t s U e U such that 

U(a) C A} . Then -T is the quas i -un i fo rm topology on X genera ted by UL. 

DEFINITION. Let (X , cT) be a topological space and let ÎJL be a 
q u a s i - u n i f o r m i t y on X . Then IX is compat ib le if rr = ^11 • 

It is shown in [5] that if (X , 3") is a topological space , then t h e r e 
ex i s t s a compa t ib le quas i -un i fo rmi ty U on X . 

3 . F in i t e topological s p a c e s . It is c l ea r that e v e r y finite topological 
space has a finite compat ib le quas i -un i fo rmi ty . Let (X , IT) be a topological 
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space with a finite compatible quasi-uniformity \L' and let |jL be the 
quasi-uniform structure generated by U 1 . Let U = O {V : V e U } . 
Then U e U . Thus there exists W G U such that W ° W C U . 
But U C U ° U C W ° W C U . Thus U is a reflexive and transitive 
r e l a t i on , and s ince U is exac t ly the co l lec t ion of a l l s u p e r s e t s of U , 
{U} is a compa t ib l e qua s i - u n i f o r m i t y . 

DEFINITION. Let (X, 3") be a topologica l space with a f inite 
compa t ib le qua s i - un i fo rmi ty I t . Let U = O {V : V G \JL} . Then 
{U} is cal led the fundamenta l q u a s i - u n i f o r m i t y of (X , U') with r e s p e c t 
to U -

THEOREM 3 . 1 . Let (X , IT) be a topologica l space with a f inite 
compa t ib l e q u a s i - u n i f o r m i t y and let XL = {U} be a compa t ib l e 
fundamenta l q u a s i - u n i f o r m i t y . Then for each x G X , U(x) is the 
s m a l l e s t open se t which conta ins x . 

P roof . Let x G X . F o r any q u a s i - u n i f o r m space it is t r u e that 

x G [U(x) ] ° . Hence U(x) C [U(x)]° . M o r e o v e r , if x e A e Î = 3" , 

then U(x) G A by def ini t ion. 

THEOREM 3 . 2 . Let (X , 3) be a topologica l space with a f ini te 
compa t ib l e q u a s i - u n i f o r m i t y and let I t = {U} be a compa t ib le fundamenta l 
q u a s i - u n i f o r m i t y . Let x , y G X with x £ y . Then (x , y) G U if arid 
only if U(y) C U(x) . 

P roof . Suppose ( x , y ) G U . Then y G U ( X ) SO that 
U(y) C U ° U(x) = U(x) . The r e v e r s e imp l i ca t i on follows f r o m the 
fact that y G U(y) . 

COROLLARY. _Let x , y G X with x # y . Then U(x) = U(y) if 
and only if y G U(X) and x G U(y) . 

THEOREM 3 . 3 . Let (X , 3") be a topologica l space and suppose 
t h e r e ex i s t s a f inite compa t ib l e q u a s i - u n i f o r m i t y W. ' . Then the q u a s i -
un i fo rm s t r u c t u r e li. g ene ra t ed by \i ' is the l a r g e s t compa t ib le q u a s i -
un i fo rm s t r u c t u r e on X . 

Proof . Let V be the u n i v e r s a l q u a s i - u n i f o r m s t r u c t u r e for (X , 3). 
By defini t ion U C Y , and *Y is the l a r g e s t compa t ib le q u a s i - u n i f o r m 
s t r u c t u r e on X . Le t V G V and let U = D {W : W G U '} . Let 
x G X . Since U(x) is a subse t of any open s e t which conta ins 

x , U(x) C [V(x)]° C V(x) . Thus U C V so that V G U . Hence I t = *Y -

COROLLARY. Let (X , 7) be a finite topologica l s p a c e . Then 
t h e r e ex i s t s exac t ly one q u a s i - u n i f o r m s t r u c t u r e which is compa t ib l e 
with ( X , S ) . 

COROLLARY. Each topologica l space with a f inite compa t ib l e 
q u a s i - u n i f o r m i t y has exact ly one compa t ib le fundamenta l q u a s i - u n i f o r m i t y . 
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COROLLARY [6]. Let X be a finite set. There is a one-to-one 
correspondence between the collection of all topologies on X and the 
collection of all reflexive, transitive relations on X . 

COROLLARY [3]. The number of topologies on a finite set X 
/ _ A \ 

with exactly n elements is less than or equal to 2 

/ _ A \ 

Proof. There are 2 subsets of X X X - A . Hence there 

are at most 2 fundamental quasi-uniformities on X . 

4. Topological properties of finite topological spaces. 

THEOREM 4 . 1 . Let (X , 3) be a finite topological space and let 
I t = {U } be the compatible fundamental quasi-uniformity. Then 
(X , 3" ) is connected if and only if {X,^ } is connected. 

U l UL l 

Proof. Let a e X . Then by [4, Theorem 1.15], 
_1 -1 

{a} = Pi {U(a) : U e U} = U (a). Thus every 3* _ j - open set 

is 3" - closed and the theorem follows. 
U 

COROLLARY [6]. Jf X is a finite set there are an even number 

of non-trivial connected topologies on X . 

The following theorem originally proved in [1] illustrates the force 
of quasi-uniform theory on finite topological spaces. All of the equivalences 
of this theorem are immediate consequences of basic theorems about 
quasi-uniform spaces. 

THEOREM 4.2. [1]. Let (X, 3") be a finite topological space and 
let *U, = {U } be the compatible fundamental quasi-uniformity. The 
following are equivalent. 

(a) U is symmetric; 

(b) (X^) is regular; 

(c) (X , 3*) is completely regular; 

(d) (X , 3") jis. 0-dimensional; 

(e) . (X,3-) is_ ft 

(f) (X.3-) is RQ. 

Proof. It is well known that a => c, c => d, and e => f . 
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b => a: [4, T h e o r e m 3.17 i i ] . 

a =» e: U(a) = U _ 1 ( a ) = n { U _ 1 ( a ) : U e U } = {T} . 

f => a: [4, T h e o r e m 3 . 8 ] . 

d => b : If U(a) is c losed , then by [4, T h e o r e m 1. 15], 

U(a) = U ° U(a) . By [4, T h e o r e m 3 . 17 i i i ] , 
(X , 3") is r e g u l a r . 

P e r h a p s the m o s t i m p o r t a n t s e p a r a t i o n ax iom in finite topologica l 
s p a c e s is the T s e p a r a t i o n a x i o m . By [4, T h e o r e m 3 .1 ] , a f inite 

topologica l space (X ,3 ) is T if and only if the m e m b e r of i ts 

fundamenta l q u a s i - u n i f o r m i t y is a n t i - s y m m e t r i c . 

5 . A q u a s i - u n i f o r m p r o p e r t y of finite topologica l s p a c e s . 

F in i t e topologica l s p a c e s have a no tewor thy q u a s i - u n i f o r m p r o p e r t y : 
namely , if (X , 3) is a f inite topologica l space then (X , 7) has a unique 
compa t ib le q u a s i - u n i f o r m s t r u c t u r e . Uni form s p a c e s having a unique 
compa t ib le un i fo rm s t r u c t u r e have been c h a r a c t e r i z e d by R. Doss [Z], 
and it is wel l known that the unique compa t ib l e un i fo rm s t r u c t u r e of a 
c o m p a c t Hausdorff space is the co l lec t ion of a l l ne ighborhoods of the 
d iagonal in X X X . On the o ther hand, it is not difficult to find c o m p a c t 
Hausdorff s p a c e s which have two d i s t inc t compa t ib le q u a s i - u n i f o r m 
s t r u c t u r e s . Such an example is given in [5] , I con jec tu re that a 
topologica l space (X , 3) a d m i t s exac t ly one compa t ib l e q u a s i - u n i f o r m 
s t r u c t u r e if and only if 3 is f in i t e . The following t h e o r e m suppor t s 
this c o n j e c t u r e . 

THEOREM 5 . 1 . Jf ( X J ) is a Tychonoff space with a unique 
compa t ib l e q u a s i - u n i f o r m s t r u c t u r e , then (X , 3) i s a finite topologica l 
s p a c e . 

P roof . The unique q u a s i - u n i f o r m s t r u c t u r e U. is the P e r v i n 
q u a s i - u n i f o r m s t r u c t u r e . Since 3 = 3" is T , 3 -i is the d i s c r e t e 

\jL l 1 \L x 

topology and s ince (X , 3") is un i fo rmizab l e 3 = 3* . Thus (X , 3". ) 

is d i s c r e t e and hence m e t r i z a b l e . It follows that XI» is comple t e and 
s ince XH is the P e r v i n q u a s i - u n i f o r m s t r u c t u r e , OX is to ta l ly bounded. 
Then (X, 3* ) is c o m p a c t and d i s c r e t e . Hence X is f in i te . 

The author w i s h e s to thank the r e f e r e e for his m a n y helpful 
s u g g e s t i o n s . 
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