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ON THE ISOMORPHISMS BETWEEN CERTAIN
CONGRUENCE GROUPS, II

ROBERT SOLAZZI

For integral domains of characteristic not 2, we prove here that the sym-
plectic and unitary congruence groups are not isomorphic if the Witt indices
are at least 3. This is Theorem 2.1; Theorem 3.3 describes the isomorphisms
of unitary congruence groups.

Preliminaries. Let I/ be an z-dimensional vector space over the commutative
field F of characteristic not 2. We shall assume f(x, y) is a non-degenerate
skew-hermitian form on V with respect to an involutory automorphism J of
F. We allow the possibility that J is the identity on F; in that case the form
f(x, v) is skew-symmetric. We assume throughout f(x, y) has index at least 3.

The unitary group U, (V, f ) of the skew-hermitian form f(x, y) is defined as
all the non-singular linear transformations ¢ of ¥V onto V such that f(ox, oy) =
f(x, ) for all x, y in V. Since we allow the possibility that J is the identity map
of F, we see that U,(V, f) is the symplectic group of V when J is the identity.
When J is not the identity we can multiply f(x, ¥) by a suitable scalar factor A
in F so that the resulting form Af(x, ) is hermitian. The group U,(V, f) de-
fined above is then the unitary group of the hermitian form \f(x, ).

Let U be a subspace of V. We define U* = {x € V| f(x, U) = 0}. The
radical of U, rad U, is defined by radU = U M U*. U is called non-degenerate
(or regular) if radU = 0. If U is non-degenerate, 2-dimensional, and contains
a non-zero vector x such that f(x, x) = 0 we call U a hyperbolic plane. Two
subspaces U, and Us are called orthogonal if f(U;, Us) = 0. A non-zero vector
x is called isotropic if f(x, x) = 0, and a subspace of V is called isotropic if it
contains isotropic vectors; otherwise it is called anisotropic.

For any ¢ € U,(V, f) we let R and P be the residual and fixed spaces of o;
ie., P = ker (¢ — 1) and R = P*. Note R = (¢ — 1) V. Similarly R, and P,
denote the residual and fixed spaces of any o; € U,(V,f). Note if
o1, o2 € U, (V, f), then o102 = 090y if Ry © Ry*. This follows from [4, 1.4].

For any ¢ € GL,(V) we let ¢ denote the coset of ¢ in PGL,(V); PGL,(V) is
of course the quotient group of the general linear group GL, (V) by its center F.
If S is a subset of GL, (V) we define S = {¢ € PGL,(V)|s € S}.

We now define the projective unitary group PU,(V, f) as the image of
U,(V, f) in PGL,(V) under the natural map — of GL,(V) onto PGL,(V).
We say two elements ¢; and ¢, anticommute if ¢; and 6, do commute, but
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o1 and o3 do not; i.e., 0102 = Nogo; for some scalar \ in F unequal to 0 or 1.
And if a, b, are any two elements of a group, [¢, b] denotes aba—1b~1.

Next consider an element ¢ of GL, (V) which leaves a hyperplane pointwise
invariant. Such a ¢ is called a shearing, and the corresponding element & in
PGL(V) is called a projective shearing. A shearing of determinant 1 is called
a transvection; and a non-trivial shearing in U,(V, f) which is not a trans-
vection is called a quasi-symmetry. Projective quasi-symmetries and projective
transvections are defined in the obvious way.

Itis well-known [1, p. 25] that every transvection r in U, (V, f ) has the form
7 = 71,5 Where 7,2 (x) = x + A(a, x) - x, for x € V, X being an element in F
with A = J(\) and « being an isotropic vector of V. If 7 5 1, the isotropic line
Fa is called the proper line of the transvection 7.

1. Centralizer results. In all that follows G shall denote a subgroup of
PU,(V, f) which has enough projective transvections. This means for each iso-
tropic line L of T there is a nontrivial projective transvection 7 in G with
proper line L. If X\ is any scalar, then 7 and A7 cannot be distinct transvections
and so the proper line of a projective transvection is unique.

We put

A={c€ UV, f)le € G}.

For any subspace U of V, we define E(U) = {¢ € AR C U}, where R is the
residual space of ¢; i.e. R = [ker (¢ — 1)]*.

If S is any subset of A, C(S) will denote the centralizer of Sin A. And if X is
any subset of G, C(X) will denote the centralizer of X in G.

1.1 Let ¢ € U,(V, f) and let ¢ have residual space R. Then o* = 1 if and
only if ¢]R = —1pg.

Proof. Apply [4, 1.7].

1.2 Let ¢ € A be such that dim R = 2 and ¢|R is not a scalar. Then E(R) C
CDC(0).

Proof. Proceed as in [9, 3.1], the only difference being that we are here
dealing with a skew-hermitian form f(x, v) instead of with an alternating form.

1.3 Let ¢ € A and suppose dim R = 2. Then CDC(5) C E(R).

Proof. We proceed along the lines of [9, 3.2]. Consider any element T in
CDC(g). The argument used in the first paragraph of the proof of [9, 3.2],
when applied here, will show that Z acts on all isotropic lines of P. (Here P is
the fixed space of ¢.)

Since = acts on all isotropic lines of P, we can conclude that = acts on all
hyperbolic planes in P since a hyperbolic plane is always spanned by two
isotropic lines. Now every anisotropic line in P is the intersection of two
hyperbolic planes in P (cf. [1, Lemma 3, p. 43]). Thus Z acts on all anisotropic
lines in P, and therefore 2 acts on all lines in P. Therefore, Z|P is a scalar, say
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2|P = a. So the fixed space of a~! - T contains P. Since R = P*, the residual
space of a~! - 2 is contained in R. Thus £ = a~!- 2 € E(R).

1.4 Let o € A be such that R is a hyperbolic plane, and o|R is not a scalar. Then
CDC(¢) = E(R).

Proof. Apply 1.2 and 1.3.

1.5 Let ¢ € A be such that dim R =< 2.

(@) If R is totally isotropic, CDC () is abelian.

(b) If R is a non-isotropic line, CDC(5) is abelian.

(c) If R is a hyperbolic plane and o|R is not a scalar, then CDC(&) is non-
abelian.

Proof. (a) follows from 1.3 and the fact that if ¢; and o are in U,(V, f ) and
R; € R,* then ¢; and o, commute. (b) follows from 1.3. To prove (c) observe
that 1.2 implies E(R) € CDC(5). Since R is a hyperbolic plane there are two
non-orthogonal isotropic lines L; and L. in R. If we choose two projective
transvections in G whose proper lines are L; and L,, then these two projective
transvections will be in E(R), hence in CDC(5), but will not commute.

1.6 Suppose that = € U,(V) is such that Z(Fa) # Fa for some isotropic line
Fa of V. Let 74 » be a non-trivial transvection in U, (V). Then T and 7,2 "%,
do not commute.

Proof. This follows as in [9, 2.1].

Now let V and W be two finite-dimensional vector spaces over fields F, and
Fy respectively, each field of characteristic not two. Let 77 and W each have
defined on them non-degenerate skew-hermitian forms f; and f. respectively,
each form having index at least three.

1.7 Under the assumptions above, if H is a subgroup of PU(W, f2) and G is a
subgroup of PU(V, f1) such that G and H both have enough projective transvec-
tons, then any isomorphism A of G onto H maps projective shearings to projective
shearings.

Proof. Let ¢ € G be a projective shearing with proper line L. We can assume
& # 1. Put £ = Ag; since 6 ## 1 there is an isotropic line L; in V such that
XL, # L. Let 7, be a nontrivial transvection in A with line L;. Put 7" = 7,,;
by 1.6 £ and T2-'T-! do not commute. Put A7 = T, h = [2, 7], and g =
[, 7]. Since X and 727! cannot commute, ¢ and 7o—'7~! cannot commute;
hence L # 7L and fi(L, L) # 0. So L 4+ 7L is the residual space of g by
(4, 1.2].

A simple computation shows the composition of two non-commuting
shearings cannot be a scalar when restricted to its residual space. Hence
g = o(ro~'771) satisfies the hypotheses of 1.2 and so E(L 4+ 7L) € CDC(g).
Thus

E(L + 7L) € CDC(g) € CDC(g)

CDC(g)
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since C(g) = C(g). Thus CDC(g) is non-abelian since both ¢ and 767! are
in E(L + 7L), and they do not commute.

Let us denote the residual space of & by R; & is the product of the two
transvections 727! and 7' But the proper line of 2721 is =L, and the
proper line of 7' is L,. Since ZL; # L, [4, 1.2] implies the residual space of
h = 3TZT-'is 2L, + L;. Thus R = ZL; + L,.

Since L, is isotropic, R is either a hyperbolic plane or totally degenerate
plane. But CDC(g) is non-abelian, hence CDC (%) is non-abelian. So if R were
totally degenerate, 1.5 would imply CDC (%) is abelian, a contradiction. Thus R
is a hyperbolic plane.

Now we show Ag is a projective shearing. We saw above that

§ € E(L+ L) C CDC(g) € CDC(g) = CDC(3).
So we have A € CDC(Ag) = CDC(h). By 1.3,
T = A¢ € CDC(h) C E(R);

thus we may assume the residual space of 2 is contained in R. If R is the
residual space of = and Z|R is a scalar, then since CDC (k) € E(R) we see that
T centralizes CDC (k) which contradicts the fact that ¢ ¢ CCDC(g); if R is
the residual space of = and 2|R is not a scalar, then 1.2 shows E(R) € CDC(Z)
contradicting the fact CDC(¢) is abelian. So Z has residual space a line.

For the rest of this paper let us assume the hypotheses of 1.7 are in force.
Thus, in particular, A is an isomorphism between the subgroups G and H of
PU(V, fi) and PU(W, f,) respectively, and further, G and H both have
enough projective transvections.

We will show that in fact A maps projective transvections to projective
transvections. Note that if ¢; and o5 are shearing ## 1 with residual spaces L,
and L,, then by [4, 1.4 and 1.5], o102 = 090, if and only if L, = L, or
f1(Ly, Ly) = 0. We also see that if ¢ € A is a nontrivial shearing with residual
space the line L, then CC(5) = E(L). For to prove CC(5) = E(L), note that
CC(5) € CDC(5) € E(L) by 1.3. The inclusion CC(5) D E(L) is easily
checked, and so CC(¢) = E(L).

Definition. For a subspace U of 1V let S(U) be all projective shearings in G

whose residual lines are contained in U. For a subset X of G, let C'(X) be all
projective shearings in G which commute with each element of X.

1.8. Let 1 and G2 be non-trivial commuting shearings in G with distinct residual
lines Lyand Ly. Then C'C’' (61, 32) C S(L1 + L), and C'C' (64, 2) = S(Ly + L3)
if 61 and G, are both transvections.

Proof. Clearly
C' (61, 62) 2 S((Ly 4 Lo)*) U S(Ly) U S(Ly).

Thus C'C’ (64, 62) & S(L; + L.). However if ¢; and ¢, are both transvections
then C' (51, d,) = S((L; + Lo)*) and this implies S(L1 4+ Li) = C'C’' (54, 2).
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1.9 Under the hypotheses of 1.7, if & is a projective transvection in G then A¢
is also a projective transvection.

Proof. We may suppose ¢ # 1. Let ¢ have residual line L, and choose an
isotropic line Ly in V such that fi (L, L;) = 0 and L, 3 L,. Choose a non-
trivial projective transvection ¢, in G with line L,. Let the projective shearings
A& and Ag, have lines L, and L,'.

Next note that the totally degenerate plane L; + L contains at least three
distinct pairwise orthogonal isotropic lines. Thus S(L; + L.) = C'C'(G, 2)
contains at least three distinct pairwise commuting projective transvections
with pairwise distinct double centralizers. So C'C’(As, AG2) contains at least
three distinct pairwise commuting projective shearings with pairwise distinct
double centralizers. We know that C'C’ (Ad, AG.) & S(L,) + L.’) so the plane
Ly 4+ L, contains at least three pairwise distinct lines K;, Ks, K3 such that
fo(Ky, K;) = 0if 7 ## j. This implies the plane L," 4+ L' is totally degenerate
which implies Aé is a projective transvection as desired.

Thus A in fact maps transvections in G to transvections in H.

Now for any hyperbolic plane R of V we define a second hyperbolic plane
¥ (R) of W as follows. Choose a transformation ¢ in G such that ¢ has residual
space R and such that ¢ is the product of two non-commuting transvections,
o = mir2. By 1.4, CDC(5) = E(R). But then A¢ is the product of two non-
commuting transvections so CDC(A¢) = E(¥(R)) for some hyperbolic plane
¥ (R) in W, again by 1.4. Clearly ¥ (R) depends only on R and is independent
of the particular non-commuting transvections r; and 7, chosen in E(R). If L
is an isotropic line such that L C R then L' C ¥(R), where L — L’ is the
bijection of the isotropic lines of 7 onto the isotropic lines of W obtained from
the fact that A maps transvections in G to transvections in H. It is also easy
to see that the map R — ¥ (R) of hyperbolic planes just defined is a bijection
of the hyperbolic planes of V onto the hyperbolic planes of W such that
f1(R1, R2) = 0 if and only if fo(¥(R1), ¥(R:)) = 0, for any two hyperbolic
planes R; and R; of V.

1.10 If Ry and R, are any two hyperbolic planes of V, then:
RiNRy# 0 V(R) N T(Ry) #0
where R — W (R) is the bijection of hyperbolic planes previously defined.
Before proving 1.10, we will first show how 1.10 can be used to prove the

non-isomorphism of the symplectic and unitary congruence groups.

2. The symplectic and unitary congruence groups. Now we demonstrate
our main theorem on the non-isomorphism of the symplectic and unitary con-
gruence groups; the definitions of these congruence groups will be taken as
in [10]. Under those definitions each symplectic or unitary congruence group
has enough transvections.
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THEOREM 2.1. Let S; be a symplectic congruence group whose associated vector
space has dimension at least 6 and whose associated field is of characteristic not 2.
Let Ss be a unitary congruence group whose associated hermitian form fs has index
at least 3 and whose associated field is of characteristic not 2. Then S, and Ss are
not isomorphic.

Proof. Let f; be the alternating form associated to the symplectic congruence
group Si. Define G = S; and H = S,. Then if .S; and S; were isomorphic, G and
H would be isomorphic. Now we can assume that G C PSp(V, f1) and
H C PU(W, f») where fsis a skew-hermitian form which is not skew symmetric,
and where f; is skew-symmetric. Now if A were an isomorphism from G onto H,
then we could choose hyperbolic planes ¥ (R;) and ¥ (R.) in W which intersect
in an anisotropic line of W. Then by 1.10, we see that R; M R, is a line in T,
which is necessarily an isotropic line of V. Let L = R; M Rs. Then
L' C ¥(R;) N\ ¥ (Ry) and L’ is an isotropic line of W by 1.9, since L is iso-
tropic. But this contradicts the fact ¥ (R;) M ¥(R,) is anistropic. Thus no
isomorphism A exists.

Now to complete the proof of 2.1, it only remains to establish Theorem 1.10.
Theorem 1.10 can be proved using the argument of [2, p. 87]. For convenience
we repeat that argument here, as a sequence of short lemmas. The following
proposition is easily proved.

2.2. Let Ry and R, be hyperbolic planes in V with dim (Ry + Rs) = 3. Then
(R1 + R2)* 1s the linear sum of its hyperbolic planes.

For any subspace U of 1" let U, denote the set of all hyperbolic planes con-
tained in U. And if S is any set of hyperbolic planes in T, let S* denote all
hyperbolic planes in 17 orthogonal to each hyperbolic plane in the set .S. We
denote (S*)* by S**.

2.3 Let Ry and Rs be hyperbolic planes in V with dim (Ry + Rs) = 3. Then
{Rl, Rz}** = (R1 + R2)h-

Proof. We always have (R; 4+ Rs)y © {Ri1, Ro}**. Now {R;, R.}* is the
same as the set of all hyperbolic planes in the orthogonal complement of
Ry + R,. Let R € {Ry, R}**. Then R is orthogonal to every hyperbolic plane
in the orthogonal complement of R; + R, and hence R is orthogonal to the
orthogonal complement of R; + R,. Hence R C R; + Reandso R € (Ry + Rs)s.

Thus
{R1, Ro}*™ C (Ry + Ro)s

CoroLLARY 2.3(a) If dim (Ry 4 R2) = 3, then {Rs, Ri** = {Ry, Re}** for
any two distinct hyperbolic planes Rs, Ra, in { Ry, Ra}**.

2.4. Let Ry and R be hyperbolic planes in V. If dim (R, + R,) = 4, there is
a hyperbolic plane Ry in { Ry, Ro}** such that {Ri, Rs}** # {R,, Ro}**.
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Proof. Choose a hyperbolic plane R; lying in R, + Ry with dim (R, 4+ R;) =
3. Since Ry Ry + Ry, 2.2 implies Ry ¢ {Ri, R;}**. But it always is true that
Ry € (R1+ R2)y © {Ry, Ro}™. So {Ry, Rs}™ = [ Ry, Ro}**.

Proof of 1.10. Assume R; and R, are distinct hyperbolic planes in 1" with
RN\ Ry # 0. Then dim (R; + R») = 3, s0 by 2.3(a) {R;, Ru}** = {Ry, Ro}**
for any two distinct hyperbolic planes R; and R, in {R;, R.}**. Hence, since
¥ is a bijection of the hyperbolic planes of 1 onto those of W which maps
orthogonal hyperbolic planes to orthogonal hyperbolic planes, we have

(W (Rs), W(R)P* = {W(Ry), T(Ro)}**

for any two distinct hyperbolic planes ¥ (R;3) and ¥ (R,) in {¥(R;), ¥ (R,)}**.
Thus dim (¥(R;) + ¥(Rs)) =3by2.4. So Ri N Ry # 0= ¥ (R;) NV (R,) #
0. That ¥(R,) N ¥ (Rs) # 0= Ry M Ry # 0, follows from consideration of
the inverse isomorphism A~! and the inverse bijection ¥,

3. Explicit description of the isomorphisms. Next we are going to
examine more closely the possible isomorphisms between unitary congruence
groups and give an explicit description of those isomorphisms that do exist.

3.1 Let the hypotheses be as in Theorem 1.7. Let Ry and R, be two distinct
hyperbolic planes of V such that Ry (M Ry # 0. Let R3 be any hyperbolic plane of
V. Then

R; T Ri+ Ry eV (R;) & V(Ry) + ‘I’(R2)-

Proof. Assume R; € R; + R.. By 1.10, dim (¥ (R;) 4+ ¥(R,)) = 3 since
dim (R; + R:) = 3. By 23, R; € (Ri + Ro)r = {R;, R:}**. Hence
Y (R;) € {(W(Ry), VT(R)}I** = (F(R)) + ¥(R:)), again by 2.3. Thus
¥ (R;) € ¥(R;) + ¥(R,). The converse implication follows by considering
A\

3.2 Let Ry, R, R3 be three distinct hyperbolic planes in V. Then

Proof. We need only prove = since the converse implication follows by
considering ¥~1. So assume R; M Ry M R; # 0. Note thatdim (R; + R + R3)
equals 3 or 4.

Case 1. dim (R; + Ry + R3) = 4: Then R; &€ Ry + R, and so
V(R;) € ¥(R;) + ¥(R,) by 3.1. Now by 1.10, we have ¥ (R3) N\ ¥(R,) = L,
and ¥ (R;3) N ¥(Ry) = Ly, for certain lines L, and L,. If L, 5 L,, then
V(R;) = L, + Ly C ¥(R;) + ¥(R:), a contradiction. Hence L; = L,. Thus
‘I’(Rl) M ‘I/(Rz) M ‘I’(Rs) = L.

Case 2. dim (Ry + R + R;) = 3: Let Ry M\ R: M Ry = F, - x. Since x is
in the hyperbolic plane R, there is an isotropic vector y in R; such that
fi(x, ¥) # 0. A dimension argument shows (Fux)* M (Fiy)* is not contained
in Ry + Ry + R3, and so there is an isotropic vector v in (Fux)* M (Fyy)*
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with » not in R; 4+ R, + R;. It follows that y 4 v is isotropic, and vy + v is
in neither (Fix)* nor Ry + R; + R;. Let H be the plane spanned by the vectors
x and v + v; then H is isotropic and regular and so H is a hyperbolic plane.
Also HN (Ry + Ry + R;3) = Fy-x. By Case 1, V(R) NV (R,) NV (H) =
L and ¥(R,) M ¥(R3) N ¥(H) = K for certain lines L and K. Thus L =
V(H) N\ ¥ (R;) = K. Hence ¥ (Ry) N ¥ (Ry) N V(R;) = L.

COROLLARY 3.2(a) Let {Ra} be any family of hyperbolic planes in V. Then
NR,#= 0 NY(R,) # 0.

Now for any line L in V, let { R,} be the family of all hyperbolic planes in V'
which contain L. By 3.2(a) we have that N,¥(R,) is a line in W; we will call
this line L’. It is easily verified that the map L — L’ is an orthogonality-
preserving bijection of the lines of V onto the lines of W. And for any line L
in V, we see that L is isotropic if and only if L’ is isotropic.

Now suppose we have two projective congruence groups G and H which are
subgroups of PU(V, f1) and PU(W, f5) respectively. Suppose A is an isomorph-
ism of G onto H. The proof of Theorem 2.1 shows that either f; and f, are
both skew-symmetric, or else f; and fs are both skew-hermitian but not skew-
symmetric. In the first case, dim V = dim W since the dimension of a sym-
plectic space is twice the maximum number of pairwise orthogonal hyperbolic
planes. In the second case, dim V' = dim W because the dimension of a hermi-
tian space equals the maximum number of pairwise orthogonal anisotropic
lines. Now under the bijection L — L’, two lines L; and L, are orthogonal if
and only if L, and L, are orthogonal. So the images (under L — L’) of all
the lines contained in a fixed hyperplane of 1 again lie in a hyperplane of W.
Thus the bijection L — L’ satisfies the hypotheses of the Fundamental
Theorem of Projective Geometry as given in [1, pp. 77-79]. Thus there is a
semilinear isomorphism g of V onto W such that gL = L’ for all lines L of V.
It follows that g preserves orthogonality; i.e.,

fi(Ly, Ly) = 0 fo(fL1, gL2) = 0
for any two lines, L, Ly in V. Thus by [7, Theorem 4.1] it follows that
(i) d(J1(\) = J2(¢(\)) forall N € Fy,

where ¢ is the field isomorphism associated to g. (Here J; denotes the involu-
tion of f; forz =1, 2.)

(ii) fo(gx, gy) = a-¢(filx,y)) forallx,y €V,
where « is a scalar in F» such that Jy(a) = «, and
(iii) o € U(V, f1) implies gag=! € U(W, f2).

A semilinear isomorphism g of V onto W satisfying (i) and (ii) above is
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called a unitary semi-similitude. By (iii) we can define a map A, of U(V, f1)
onto U(W, f2) by

A, (0) = gog™t, foralle € U(V,f1).

Clearly A, is an isomorphism. Therefore, A, induces an isomorphism A, of
PU(V, fi) onto PU(W, f) defined by

A,(3) = Ay(0), for all 3 € PU(V, fi).

Therefore, A,7* 0 A is a monomorphism of G into PU(V, f1) which for any
isotropic line L of 7 maps each projective transvection in G with proper line L
to a projective transvection with proper line L again. An argument similar to
the proof of [9, Proposition 4.4] shows that A,~! o A is the identity map on G,
and so A = A,|G. Thus we have proved

THEOREM 3.3. Let G and H be projective unitary congruence groups. Suppose
G C PUV, fi) and HC PU(W, fs) where V and W are finite-dimensional
vector spaces over fields Iy and F, respectively, each field of characteristic not 2.
Suppose f1 and f» both have Witt indices at least 3, and let A be an isomorphism of
G onto H. Then there is a unitary semi-similitude g of V onto W such that

A(G) = A,(6) forall G € G.

COROLLARY. Let .Sy and S; be unitary congruence groups such that S, S U(V, f1)
and S: C U(W, fs), where the hypotheses on V, W, Fi, Fs, f1, and f» are as in
Theorem 3.3. Suppose A is an 1somorphism of Sy onto Ss. Then there is a unitary
semi-similitude g of V onto W and a homomorphism x of S1 1nto the elements of I»
of norm 1 such that

A(e) = x(o) - gog=' forall ¢ € S).
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