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1. Imtroduction

Various extensions and generalizations of Bernstein polynomials have been
considered among others by Szasz [13], Meyer-Konig and Zeller [8], Cheney and
Sharma [1], Jakimovski and Leviatan [4], Stancu [12], Pethe and Jain [11].
Bernstein polynomials are based on binomial and negative binomial distributions.
Szasz and Mirakyan [9] have defined another operator with the help of the Pois-
son distribution. The operator has approximation properties similar to those of
Bernstein operators. Meir and Sharma [7] and Jain and Pethe [3] deal with gen-
eralizations of Szasz-Mirakyan operator. As another generalization, we define
in this paper a new operator with the help of a Poisson type distribution, consider
its convergence properties and give its degree of approximation. The resuits for
the Szasz-Mirakyan operator can easily be obtained from our operator as a
particular case.

2. The operator and its convergence
The operator and its convergence are based on the following two lemmas:

LemMMA 1. For0 < a < oo, |B] < 1, let

(2.1) gk, @) = a{a+kBY e @kl k =0,1,2,- -
then
(2.2) 3 oyl o) = 1.

It may be mentioned that (2.1) is a Poisson-type distribution which has been
considered by Consul and Jain [2].
The proof of the lemma may be based upon results given by Jensen [S]. If
we start with Lagrange’s formula
271
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(23 42 =00+ 3 L Eikmm%v&wgay

and proceed by setting
#(z) = ¢ and f(z) = &
we shall get

oc

(2.9) e =Y a(at+ kB utlkl, u = ze™ P,
3]

where z and u are sufficiently small such that |fu| < e~ ! and |Bz] < 1.
By taking z = 1, the lemma in (2.2} is obvious.

LEMMA 2. Let

(2.5) S(r, o, f) = io(oc+ﬁk)"+"‘e‘(””"‘/k!, r=0,1,2,---
and -
(2.6) aS(0, «, f) = 1.
Then
(2.7) S0 ) = 3 P+ kS—1. ot kb )
ProoOF. It can easily be seen that the functions S(r, «, f#) satisfy the reduction
formula
(2-8) S(r, o, B) = aS(r—1, a, B)+BS(r, 2+ p, ).

By a repeated use of (2.8), the proof of the lemma is straightforward.
From (2.7) and (2.6) when 8 < 1 we get

29) S ) = 3§ = /(1)
and
(2.10) S(2, %, f) = Zﬁ(‘”kﬁ) LA

o (1= (1-p (1-p*

We may now define the operator as
(2.11) PY(f: ) = ¥ wplk, m)f (ki)

where 1 > B > 0 and wy(k, nx) has been defined in (2.1).

The parameter § may depend on the natural number #. It is easy to see that
for § = 0, (2.11) reduces to Szasz--Mirakyan operator [9].

The convergence property of the operator P¥)(f: x) is proved in the following
theorem:
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THEOREM (2.1). If fe C[0,0) and B — 0 as n— oo then the sequence
{PY(f: x)} converges uniformly to f(x) in [a, b], where 0 < a < b < o0.

Proor. Since PP)(f;x) is a positive linear operator for 1 > f = 0, it is
sufficient, by Korovkin’s result, to verify the uniform convergence for test func-

tions f(¢) = 1, rand 1°.
It is clear from (2.2) that

(2.12) P¥Y1;x) = 1.
Going on to f(f) = t and using (2.9) we have

(2.13) Pf,m(t; x) = xn io: M o~ xTBK) (k)
k=1 k' n
= xS(1, nx+B, ) = 1_?/;'

Proceeding to the function f(¢) = ¢2, it can easily be shown that

i (nx+ﬁk)k—1 e—(nx+ﬁk)_l_€_2_

PYY42: x) = xn
" ) k=0 k! n?

=x [S(2, nx+28, )+ S(1, n>;+lf, 8]
n

and a use of (2.9) and (2.10) yields

2 x

x
2 + 3°

(1-p)*  n(1-p)

Thus combining the results of (2.12), (2.13) and (2.14) we have

(2.14) P x) =

Lim PP(#*;x) = ", r = 0,1,2,as § - 0

n—w

and hence by Korovkin’s theorem the proof of theorem (2.1) is complete.

3. Order of approximation
THEOREM (3.1). If fe C[0, A]and 1 > f'/n 2 B = O then
[f(x)=PYAf ;5 x)| < [1+ 221 +288)F] - o(1/n?),

where w(8) = sup [f(x")—f(x")|; x’, x"" € [0, ), & being a positive number such
that |x"' —x'| < 8.

PRrooF. By using the properties of modulus of continuity

G- LF(x")=f(x)] = w(ix”"—x');
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(3.2) w(8) S (+1)w(), 7 > 0
and noting the fact that

«

Y wy(k, nx) = 1 and wy(k, nx) = 0,VYn, k

k=0

it can easily be seen, by the application of Cauchy’s inequality, that

(3.3) 1f(x)—P(S; ) < {1+ %éo'”‘(%f")'ﬂ oo | %“ w(5)
174 nx(nx+pk) 7! i _k "t
= {1+ 5 I:k;o e (x n)} }w(é).

Now by linearity of the operator and by using (2.12), (2.13) and (2.14) we have
3 XX RE)TE enn (x_ ’f)z — x2PP(1; x)— 2xPYY(1; x)+ PYUY(e2; x)
k=0 k! n
(3.4) = x*B*/(1=B) +x/n(1—B)* < ALABB/(1—B)*+1/(1—B)*Yn
S A[L+ABB')/n.
Hence using (3.4) in (3.3) and choosing 6 = 1/{/n we prove
(3.5) I/ ®)— PS5 %) = [1+ A1+ 288") Jo(1//n).

For § = 0, the expression (3.5) reduces to an inequality for the Szasz-Mirakyan
operator obtained earlier by Miiller.

THEOREM (3.2). If feC'[0,4],1 > f'/n= B =0, then the following in-
equality holds

1f()= PS5 ) < 2+ ABE P [1+24(1+ 26 Too,(1/3/m)]/m,
where w,(8) is the modulus of continuity of f'.

Proor. For definiteness, we prove the theorem for f’(x) = 0 but it also
applies to f'(x) < 0. By the mean value theorem of differential calculus, it is
known that

£()-1 (—’3) - (- —’5) 110,

where ¢ = &, ,(x) is an interior point of the interval determined by x and k/n.
Now
X k

F)—f (f) < (x-S U@-r@l+ [q - 2] 1
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Multiplying both sides of the inequality by xn(xn+ k)t~ 'e™ "+ k1 sum-
ming over k and using (2.13) we get
_k

n

@

G6) f(x)-P/:0l £}

k=0

nx(nx + k)= 1o (x+ 80

o (@)= ().

But by (3.1) and (3.2)
, , 1
1 ©) -1 ()] £ wy(lE—x]) < (1+ = |a—x|) 4(5)
(1+ i}k —X
o in

where § is a positive number not depending on k.
A use of this in (3.6) gives

IA

) 10

k nx(nx + Bk)* ! o (1 + 80

U)-PP( 0l | § | & mrlext

12 k\? nx(nx+ pk)‘~* _("x+,,k)}
" 3 kgo (x— ;) k! ¢ 1(9).

X

Hence by applications of Cauchy’s inequality and (3.4)
4 1 "Nt 3 A
6T UE-PIs s t 166 [14+7 (Le5p) | o
n

Choosing § = 1//n, theorem (3.2) is proved.
Wemayputf = 0,5 = 1//nin (3.7) to get the expression for Szasz-Mirakyan
operator. The substitutions reduce (3.7) to

1F()—PPYf s )] < ﬁ (h+ oy (1//n); x € [0 4]

in agreement with Stancu [12].
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