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Abstract

We show that any pseudo MV-algebra is isomorphic with an interval I'(G, u), where G is an £-group
not necessarily Abelian with a strong unit . In addition, we prove that the category of unital £-groups
is categorically equivalent with the category of pseudo MV-algebras. Since pseudo MV-algebras are a
non-commutative generalization of MV-algebras, our assertions generalize a famous result of Mundici for
a representation of MV-algebras by Abelian unital £-groups. Our methods are completely different from
those of Mundici. In addition, we show that any Archimedean pseudo MV-algebra is an MV-algebra.
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1. Introduction

Recently, Georgescu and Iorgulescu [11] introduced pseudo MV-algebras which are a
non-commutative generalization of MV-algebras introduced in 1958 by Chang [4] and
which are a generalization of a two-valued reasoning. A non-commutative general-
ization of reasoning can be found for example in psychological processes: In clinical
medicine on behalf of transplantation of human organs, an experiment was performed
in which the same two questions have been posed to two groups of interviewed peo-
ple: (1) Do you agree to donate your organs for medical transplantation after your
death? (2) Do you agree to accept organs of a donor if you need them? If the order of
questions was changed in the second group, the number of positive answers here was
much higher than in the first group.

According to [11], we say that a pseudo MV-algebra is an algebra (M; @, 7, 7,0, 1)
of type (2, 1, 1, 0, 0) such that the following axioms hold for all x, y, z € M with an
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additional binary operation © defined viay Ox = (x " ® y™)~

(Al) x(Yy®)=CxDy)Dz;
(A2) x0=08x =x;
(A3) x@l=1x=1;
(Ad) 1" =0;1"=0;
(A5) " @y ) =Ex"Dy);
(AG) xBx"Oy=y®y Ox=x0y ®y=y0x dux;
A7) xO0x " Bdy)=xdy)OYy;
(A8) (x7)" =x.
For example, if G is an £-group (not necessarily Abelian) and if u is a positive
element in it, then (I'(G, u); ®, =, 7, 0, u), where

(1.1) 'G,u:={xeG: 0<x <u},

(12) xX@y:=x+y)Au, xTi=—x+u,
xQy:=x—-u+yVvo, x i=u-—x,

is a pseudo MV-algebra.

On the other hand, Rachiinek [15] introduced non-commutative MV-algebras,
which in fact are equivalent with pseudo MV-algebras. The equivalence is given by the
fact that if (M;®, ©, ~, ™, 0, 1) is a pseudo MV-algebra, then (M;®; ', ~, ™, 0, 1),
where x @' y := y ® x, and ~ =", is a non-commutative MV-algebra. Conversely, if
(M;®,0,7,7,0,1) is a non-commutative MV-algebra, then (M;®,®’,~,~,0, 1),
where x @'y = y ©x and ~ = 7, is a pseudo MV-algebra.

1t is clear that classical M V-algebras are pseudo M V-algebras, and for them Mundici
[14] proved a crucial fact that any MV-algebra M is isomorphic with some I'(G, u),
where G is an Abelian £-group with a strong unit u (a positive element u € G is
said to be a strong unit of G if given g € G, there exists an integer n > 1 such that
—nu < g < nu). In addition, he proved the categorical equivalence of the category
of MV-algebras with the category of unital £-groups.

The aim of the present paper is to show that also any pseudo MV-algebra is
isomorphic with some unit interval I"(G, ) given with a strong unit u of an £-group
G by (1.1)—(1.2), and that the category of unital £-groups is categorically equivalent
with the category of pseudo M V-algebras. In addition, we show that any Archimedean
pseudo MV-algebra is a usual MV-algebra. Our method is completely different from
that used by Mundici, and it depends on Bosbach’s notion of a semiclan [3]. Moreover,
we give positive answers to problems formulated in [9] and [7].

2. Partial addition in pseudo MV-algebras
Throughout the paper, we assume that (M; &, ~, 7, 0, 1) is a pseudo MV-algebra.
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If we definex < yifandonly if x™ @ y = 1, then < is a partial order such that M
is a distributive lattice withx Vy =x ®x~ O y,and 0 < x < 1 (we recall that © has
a higher priority than &). For basic properties of pseudo M V-algebras see [11].

Define a partial binary operation + on M via: x +y is defined if and only if x < y~,
andinthiscasex +y :=x D y.

It is clear that x + y is defined if and only if x < y~ if and only if y < x™. The
following has been proved in [7] or in [9].

PROPOSITION 2.1. The following properties hold in any pseudo MV-algebra M.

(i) x+0=x=0+xforanyx e M.

() x+x"=1=x"+xforanyx € M.

(i) Ifx +y=1,theny =x.

(iv) Ifx+y=1theny=x"andx =y~.

(v) Letx +yand(x +y)+ z bedefinedin M. Theny + z andx + (y + z) are
definedin M, and (x + y) + z =x + (y + 2). Similarly, ify + zand x + (y + z) are
definedin M, soare x +y and (x + y) + z.

i) Ifx+b=y, thenb=x"0y.

(vi)) Ifx +y1=x + y, then y, = y.
(viii) Ifx,+y =x2+y, thenx, = x,.
(x) Ify=a+x,thena=y(Ox".
x) IfxAy =0, thenx+yandy+x aredefinedin M, andx+y =xVy =y+x.

PROPOSITION 2.2. (i) Ifa+ b, and a + b, exist in M, then a + (b, V by) is
definedin M, anda + (b v by) = (a+ by) vV (a + by).

(ii) If by + a and b, + a exist in M, then (b, v by) + a is defined in M, and
byvh)+a=(b+a)V(bh+a).

(iii) Ifa+ b, and a + b, exist in M, then a + (b, A b)) is defined in M, and
a+ (byAb)=(a+b)A(a+b).

(iv) If by + a and b, + a exist in M, then (b, A b,) + a is defined in M, and
(bi Ab) +a=(by+a)A (b, +a).

PROPOSITION 2.3. For all x, y of a pseudo MV-algebra M, we have
@ xO@xAY) " =x0y7;
b)) xOxAY) +y=x0y +y=xVy;
© xAY) Qy=x"0yxVvy=x+xAy) Oy
d xVY)OYy =xO@xAy) =x0Oy7;
() YOxVvy)=y"0x=xAy) Ox.

PROPOSITION 2.4. In any pseudo MV-algebra M we have the following cancellation
laws.
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(i) Ifa+ by <a+ b, thenb, <b,.
(ii) Ifai+b<ay+ b, thena, < a,.
(i) Ifa+ bisdefinedin M, and ifa, < a and by < b, then a, + b, is defined in
M,anda,+ b, <a+b.

The notion of a semiclan introduced by Bosbach [3] will be crucial for our reasoning.
We say that (C; A, +) is a semiclan if it is a A-semilattice and a partial groupoid
with respect to 4- such that the following axioms are satisfied:

(C1) Ifa < b, thenthereexistx,y € Csuchthatb=a+xandb=y +a.

C2) Ifa+x,a+yeC,a+x=a+y,thenx =y,andifx +a, y+a € C,
x+a=y+a,thenx =y.

(C3) Ifa+x, a+y € C,then (a+x)A(a+y) = a+(xAy),andifx+a, y+a € C,
then (x +a) A(y +a) = (x Ay) +a.

(C4) a+b, (a+b)+ce Cifandonlyif b+ ¢, a+ (b+ c) € C, and in this case
we have (a+ b)+c=a+ (b+ ¢).

(CS) If(anb)+c=candaV bexists,thena+b=avb=>b+a.

It is clear that if G is an £-group, then (G*; A, +) is a semiclan, and by Bosbach
[3, page 321], for any semiclan (C; A, +) there exists an £-group G with the positive
cone G* such that C can be embedded into some semiclan (G*; A, +) preserving +,
A, and all existing V in C. ’

PROPOSITION 2.5. Let (M;&®,~,™,0,1) be a pseudo MV-algebra and let + be
defined as above. Then (M; A, +) is a semiclan, and, in addition, there exist an
£-group Gy with the positive cone G and an injective mapping f : M — G{ such
that f preserves +, A, and V.

PROOF. Using Proposition 2.1-Proposition 2.4, we see that (M ; A, +) is a semiclan.
Using the crucial result of Bosbach [3, page 321] mentioned above, we have the
assertion in question. O

3. Embedding of pseudo MV-algebras onto I'(G, u)

In the present section, we show that any pseudo MV-algebra M is isomorphic with
some I' (G, u).

Throughout this section, let f and G, from Proposition 2.5 be fixed.

Denote by X := f (M) and X := {ELJ(‘L‘) P a,...,qn €M, n> 1}. Then
X, is a lattice which is a sublattice of GJ. We claim below that X is also a sublattice
of GJ; forx,y € X, the expression x A y € X means that x A y taken in the £-group
Gy is an element of X.
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PROPOSITION 3.1. If f(ay) + - - - + f (a,) = f (b), where a,, ... ,a,,b € M, then
a+ - -+aexistsinM,andb=a,+---+a,.

PROOF. We will argue by the mathematical induction on n. If n = 1, the statement
is evident. Assume now that the statement holds for each i < n, and let f (a,) +
-+ f(ay) + f(any1) = f(b). Because b = b O a,,, + a,41, we have f (b) =
f(bOa,,,) + f (a.+1). Using the cancellation property holding in any £-group, we
have f (@) + -+ + f (a,) = f (b ©® a;,,), and consequently, b = b © a;,, + Gpi1 =
a+--+ay+ apy. (W

PROPOSITION 3.2. If f(a;) + -+ + f (a,) < f (b), where a,, ... ,a,, b € M, then
a+---+a,existsinM,anda, +---+a, <b.

PrROOF. We will follow the mathematical induction on n. If n = 1, the statement is
evident. Assume now that the statement holds foreach i < n, and let f (a;) +--- +
f(ans1) < f(b). Then f (b) = f (b O a,,,) + f (a,41), consequently, f (a;) + - -+ +
f(a,) < f(bOa,,,), whichyieldsa,+- - -+a, < bOa,,,. Hence, there exists ay € M
suchthatay + (@, +---+a,) =bOa,,,. Inviewof f(b) = f (@) + f(a1 + - - +
a,) + f (a,4+1) and due to Proposition 3.1, wehave b = ap+ (a, +- - -+ a,) + apyy. O

PROPOSITION 3.3. Given a,,... ,a, € M, by,... ,b, € M, there exist elements
c,...,c, €EMandd,,...,d, € M such that
3.1 Y f@+d =) flew+Y fla,
i=1 j=1 k=1 i=1
and
3.2 Y F@ay+Y fE) =Y fb)+Y fd).
i=1 j=t j=l1 t=1

PROOF. (a) Leta, b € M. Then
a=a®@oOb’) " +a®b, b=bOa +anb.

By [11, Proposition 1.24],a©b~ AbOa™ = 0,anda®b~ +bOa™ = bGa +ad®b".
Then .

f@+fB)y=f@0@0b))+f@0b)+f(dOa )+ flanb)
=f@O@Ob))+fboa)+f@0b)+f(arb)
=f@O@Ob))+fboa)+f@o@rb))+flanb)
=f@O@ObL))+fboa)+f(a).
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Similarly, wehavea =a A b+ b~ Qa, b=a~" Ob+ (@~ Ob)" ©Ob.
By [11, Proposition 1.24] b~ ©aAa™ ©b = 0, so that b~ ©a and a~ © b commute,
and

f@+fB=f@rb+fB " 0a)+f@ Ob+f((a Ob)~ Ob)
=f@rb)+f@oOb+fb" 0a)+f({(a Ob)~ Ob)
=fB+fG Oa)+f((@ Ob~Ob).

(b) Using the mathematical induction, we have guaranteed the existence of {c,} in M
such that the following chain of equalities hold

f@+f®B)+--+f(bnsr)
=(f@+fb)+F B+ + f (bnt))
=)+ +fle)+f@+ )+ +f (b))
=fl)+--+flc)+ flew)+---+fla)) +f(a).

(c) Similarly,

fla)+---+ fla) +f ()
=({f(@)+ -+ f(a))+ (@) +f (D) _
=[fla)+---+f@)+fMl+F@d)+---+f(d))
=f@)+f@)+--+f@d- D)+ )+ +fd).

Combining (a)—(c), we have (3.1) and (3.2). O

PROPOSITION 3.4. Let A,B,U € X. fAAB € X, B-—(AAB) € X, and
UAB-(AAB)eX, then(U+A)ABelX.

PROOF. Since A, B, U are elements of G, we have

UAN(B—-(AAB)+(AAB)
=(U+AABYAB=(U+A)AU+B)AB=(U+A)AB,

which proves the assertion in question. O
PROPOSITION 3.5. Forallay,... ,a,be M, (fla)+---+ fla) A f(b) e X.

PROOF. The proof will follow the mathematical induction on n.

If n = 1, the statement is trivial. Suppose now that it holds for any f (a;) +

o+ f@)withl <i <nPutA=f(a)+ - +f(@u) U= f(a), and
B = f(b). By induction, A A B € X. Since A A B < f(b), we conclude by
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Proposition 3.2 that there exists an element v € M such that f (v) = A A B € X,.
Moreover, B - (A AB) = f(b) — f(v) = f(bOv) € Xo C X. Therefore,
UA (B - (A A B)) € X,. Using Proposition 3.4, (U + A) A B € X, that is,
(f @)+ +f (@) Af (b) € X. O

We now present the following form of the Riesz decomposition property.

PROPOSITION 3.6. Let f(c) < f(a)) + --- + f (a,), where c,a,,... ,a, € M.
Then there exists ¢y, ... ,¢c, € M with ¢; < a;, i = 1,... ,n, such that f (¢) =

f(cl) +-- +f(cn)

PROOF. Let us apply the induction on n. If n = 1, then ¢ < a,. Suppose now that
the assertion holds for any i with 1 < i < n. Thuslet f (¢) < f(a)) + -+ - + f (@us1)-
Definev=cObAc)- e M,b=a, A= f(a)+ -+ f(a,), and A, =
(f (@) + ---+ f(a))) A f(v). By Proposition 3.5, A; € X, and since A, < f (v),
there exists ap € M such that A, = f(ap). It is clear that ¢y < v < c¢. Put
Cnt =@y O c. Thenc = ayg+a;y Oc. Since f(a) <A =f(a)+ -+ f(an),
by the induction hypothesis there exist ¢;, ... ,¢, € M with¢; <a;,1 <i <n, and

fl)+-+f(c) =f(a) < f(a)+---+ f(a,). Then

f@)+fe)=f@Q=@A+fB)AFB)V ()
=(A+fONAF(cODb)+fD)
=A+fONAFCcOBAI)+fD)
=(AAf(cOBA)))+f(b)=f(ao) +f(b),

which by entails f (¢,41) < f (), and ¢, < b = a,y41, and the proof is finished. []

PROPOSITION 3.7. If f (¢) < f(a)) + - - - + f (a,), where ay, ... ,a,, c € M, then
f@a)+--+f@a)—f@eXad—-f@+fl@)+- -+ f(a) €X.

PROOF. Applying Proposition 3.6, we can find elements ¢y, ... , ¢, € M such that
c<a,i=1,...,nand f(c) =f(c))+- -+ f(cn). Thenf (c)) +-- -+ f (ca1) <
f@)+---+fla-)+f(@)—f(c) =f(a)+-+f(a-1)+f(a. Oc,). Using
Proposition 3.3, we can find elements x,, ... , x;, € M such that

(f(al)+"'+f(an—l))+f(anec;)
=f@x)+-+fx)+f@)+---+f(a) €X.

Successively repeating this procedure, we can prove the assertion in question. In the
same way we proceed for the second equality. O
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PROPOSITION 3.8. X is a lattice semigroup which is naturally ordered, that is, if
x,yeXandx <y, then—x+y € Xandy —x € X.

PROOF. It is clear that X is a partially ordered semigroup, and by Proposition 3.7,
X is naturally ordered.

We show that X is a lattice. By Proposition 3.5, (f (a)+-- -+ f (@) Af () e X
forall ay,...,a,, b € M. We have to prove that (f (a;) + --- + f (@) A (f (b)) +
-+ + f (b)) € X. We will apply the complete induction on k.

If kK = 1, we apply Proposition 3.5. Suppose now that the assertion holds for any
jwithl <j <k PutB=f(a)+ --+f(a)eX,A=fB)+- -+ [ (1),
U = f(b). By the induction assumption, A A B € X, and by Proposition 3.7,
B — (A A B) € X. By Proposition 3.5, U A (B — (A A B)) € X, so that by Propo-
sition3.4, (f (@) +- -+ f@NDAFB)+- -+ f (b)) =(U+A)ABeX. O

We are now ready to prove the main theorem of Section 3.

THEOREM 3.9. Let (M;®,~,~,0, 1) be a pseudo MV-algebra. Then there exists
an {-group G with strong unit u such that M and T (G, u) are isomorphic pseudo
MV-algebras.

PROOF. Let Gg and f be defined in Proposition 2.5. In Proposition 3.8 we have
proved that X is an £-semigroup of GJ, so: (i) X is left and right cancellative, (ii)
0 = £ (0) is the neutral element, (iii) if x + y =0forx,y € X thenx =0 =y. By
Proposition 3.3, x + X = X + x forx € X. Applying now the Birkhoff theorem, [10,
Theorem I1.4], we see that X is a positive cone of an £-group G. By the construction
of X, u:= f (1) is a strong unit for G. In view of Proposition 3.2, I'(G, u) = f (M).

Leta e M. Thena +a=1=a+a hence f(a )+ f(a)=u=:f(1) =
f(a)+ f (a™) which gives f (a™) = f(a)” and f (a™) = f (a)".

Leta,b € M be given. Thena® b=a+a~ ©(a® b) =a+a”~ A bsothat

f@adb)=f@+f@ rb)y=f@+fa) Af®)=f(a)®f b)),
where f (a) @ f (b) is now taken in I' (G, u). Itis clear that f (0) = 0. O

REMARK 3.10. We note that if M is a commutative pseudo MV-algebra, that is,
a®b=b®a,a,be M,then =", and M is an MV-algebra, and in Theorem 3.9
we have obtained that G is an Abelian £-group, which gives the most important part
of Mundici’s representation of MV-algebras by I'(G, u). Our proof is completely
different from Mundici’s one who used the notion of good sequences. Another proof
of such a representation of MV-algebras can be found in [8], where it was obtained in
the frame of BCK-algebras using Wyler’s [17] and Baer’s [1] technique of words.
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4. Archimedean pseudo MV-algebras

We introduce Archimedean pseudo MV-algebras which will entail the commuta-
tivity of pseudo MV-algebras.

According to [7] and [9], we say that a pseudo MV-algebra M is Archimedean if
the existence of na := a; + --- + a,, where a; = --- = a, = a for any integer
n > 1, entails that @ = 0. It is known that if M is a o-complete lattice, then M
is Archimedean, [9, Proposition 6.4.14]. In [9], it was proved that an Archimedean
pseudo MV-algebra M is commutative if (i) it is atomic, [9, Theorem 6.4.20], in
particular if M is finite, or if (ii) M is linear, [9, Theorem 6.4.23].

In the present section, we prove that any Archimedean pseudo MV-algebra is
commutative.

PROPOSITION 4.1. Let (M;®, ~, ", 0, 1) be apseudo MV-algebra. Let f and (G, u)
be those from Theorem 3.9. Then M is Archimedean if and only if G is an Archimedean
£-group. N

PROOF. Let G be Archimedean, then I'(G, ) is an Archimedean pseudo MV-
algebra, so M is Archimedean.

Conversely, let M be an Archimedean pseudo MV-algebra, then I' (G, u) is Archi-
medean.

To prove that G is Archimedean, it is sufficient to verify that if, for any n > 1,
ng <vforg >0,g,v € G, then g = 0. Indeed, the general case of g € G follows
from the simple considerations: ng* = (ng)* = (ng) v0 < v v 0 = v* which
implies g* = 0 and, therefore, g = g+ — g~ = —g~ <0.

Assume that ng < v for g, v € G* and for each n > 1. Since f (M) generates the
positive cone G*, there exist finitely many elements y,, ... , y; in M such that

k
1) v=> 0.
i=1

The proof will use the induction on £.

Case 1. Assume that v = f (y) for some y € M. Since g < f (y), according to
Theorem 3.9, there is a unique x € M such that g = f (x). Since nf (x) < f (y) for
any integer n > 1 and nf (x) € G*, applying Proposition 3.2, we conclude that nx
is defined in M for any integer n > 1. Hence nf (x) = f (nx) < f (y) which entails
nx <y for any n > 1. The hypothesis gives x = 0, and consequently g = 0.

Case 2. Suppose we have proved the problem in question for any element g € G*
and for any element v of the form (4.1), where the summation in (4.1) is over integers
< k. Assume now ng < v = Zf=lf(y,~) + f(y)forn > 1, where y = yi41 € X.
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Then ng — f (y) < Zle f (y:) for any integer n > 1. In lattice ordered groups we
have j (s v0) = (sj) vV (j = 1)sv--.vsVvOforany integer j > 1 (see [2, page 293]).
Therefore, for all n, m > 1, we have

m{(ng - f (y)) v 0]
=mng—fONVim-—Dnmg~fONVv---ving—-f»)vo
<[mng—-fMIVvIm—-ng—~fIv---ving—f@)Hvo

k k k k
<D FOIVY FOIV VI FHIVO=DF )
i=1 i=1 i=1 i=1

Since (ng — f (¥)) v 0 € G* applying the induction hypothesis, we conclude that
(ng — f (¥)) v 0 = 0 for any integer n > 1. Therefore, ng < f (y) foralln > 1. We
can now apply Case 1 to conclude g = 0. )

THEOREM 4.2. Any Archimedean pseudo MV-algebra is commutative, that is, an
MV-algebra.

PROOF. Suppose that M is isomorphic with I'(G, u), where G is an £-group with
strong unit #. According to Proposition 4.1, G is an Archimedean £-group, and the
Archimedeanicity of G is according to [10, Corollary V.20] or [2, page 317] a sufficient
condition to be G a commutative £-group. So that I'(G, u) and M are commutative
pseudo MV-algebras. a

It is well known that any poset M has the MacNeille completion by cuts, say M.
Misa complete lattice in which M can be embedded preserving all existing joins and
meets in M. By Schmidt [16], the MacNeille completion Mis (up to isomorphism) a
lattice in which M can be supremum-densely and infimum-densely embedded (that is,
for any element x € M there exist two subsets U, Qof M such thatx = \/;; ¢(U) =
Ay @(Q) (where ¢ is the embedding of M into M preserving all existing joins and
meets in M).

THEOREM 4.3. A pseudo MV-algebra M has the MacNeille completion as a pseudo
MV-algebra if and only if M is Archimedean.

PROOF. Suppose that the MacNeille completion Mofa pseudo MV-algebra M is
a pseudo MV-algebra. Therefore as it was mentioned above, M is Archimedean, and
consequently, M is Archimedean. '
Conversely, let M be an Archimedean pseudo MV-algebra. By Theorem 4.2, M is
commutative and an MV-algebra. Since an MV-algebra M is Archimedean if and only
if M is semisimple, [9], by Hohle [12, Theorem 6.3], Misa complete MV-algebra. O
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Using the Scrimger 2-group, [6, page 20], we present an example of a countable
pseudo MV-algebra which is not commutative and hence not Archimedean.

EXAMPLE4.4. Let G = (Z x Z x Z; +, (0, 0, 0), <) be the Scrimger 2-group, that
is,

(ki +my, my + ko, ny +ny) if nyisodd;

ky, my, n) + (ky, my, ny) =
: o ? 2 2) [(kl +k2,m1 + my, ny +n2) if n» is even.
Then 0 = (0, 0, 0) is the neutral element, and

—(k,m,n) = [(—m, —k,—n) if n; isodd;

(=k, —m, —n) if n,iseven,
and G is a non-Abelian £-group with the positive cone
G'=ZxZxZ,uZ*x1Z*x({0},

or equivalently, (k;, m,, ny) < (k;, my, n,) if and only if (i) n; < n,, or (ii) n; = ny,
kl < k2, m; < m,. Then

(ky, ka, my) if ny > ny;
(klaml’nl)v(stmZ’ nz) = (k] sz,ml VvV m,, n; Vnz) if n, = n,;
(kz, my, n3) if n; < n,y,

and u = (1,1, 1) is a strong unit for G. Consequently, the corresponding pseudo
MV-algebra is not Archimedean (for example, n(1,1,0) = (n,n,0) € I'(G, u) for
any n > 1) and has the form

[(G,u)=7Z*xZ*x {0} UZ, xZ, x {1},
with
k,m0) " =0—-k,1-m,1), k,m,0)" =1 -—m,1 -k, 1),
Gk,m1)y"=10~-m,1—-k,0), k,m, )" =0 -k, 1—m,0),

and :
(kl9 m, 0) @ (kZ’ ma, 0) = (kl + kZ? m;y + mj, 0)1

(ky,my,0) ® (ky, my, 1) = ((my + k)AL (my+ k) A1 D),
(klv my, 1) @ (k27 m290) = ((kl +k2) A 19 (ml +m2) A 1? l)a
(kh my, l) @ (kz» my, 1) = (l’ 1’ 1)-
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5. Universal group

We say that a partially ordered group (G;+, <, 0) with a mapping f : M — G*
is a universal group for a pseudo MV-algebra (M;©, -, ™, 0, 1) if

(i) the positive cone G* is generating for G, thatis, G = Gt — G™;

(ii) f (M) generates G* as a semigroup;

i) f(x+y)=f()+ f(y) whenever x + y existsin M, x,y € M;
(iv) for any group K and any + preserving mapping & : M — K, there is a group
homomorphism ¢ : G — K suchthath =¢o f.

The universal group, if it exists, is unique up to isomorphism, and ¢ from (iv) is a
unique group homomorphism with that property. We denote the universal group for
Mby¥ = (G, f).

In what follows, we show that if f and G are those from Theorem 3.9, then (G, f)
is a universal group for M.

Throughout the rest of this section, let f be any injective mapping from M into
the positive cone G* of an £-group G preserving + and A, and V. In other words,
f is an embedding of the semiclan (M; A, +) into the semiclan (G*; A, +), and
for it all results of the beginning of the present section are valid, too. Moreover,
f (M) =T(G', u) for u = f (1), where G’ is an £-subgroup of G.

We start with variations of the Riesz decomposition property.

PROPOSITION 5.1. Let f (a)) + f (@) = f (b)) + f (b)), ay, a2, by, b, € M. Then
there exist four elements c1, ¢y2, 1, €22 € M such that

a, =cn + c, by =cn +

a; = ¢y + Cn, by =cpp+cn.

Moreover, we may assume that c\; A ¢ = 0, and under this condition the c; are
determined uniquely.

PROOF. We define ¢;; :=a, A by, cip =67 Qar = (biAa))” Oa; =c)) Oay,
pi=a;Abyandc) i =a,0b; =a; O (@ Ab) =a O cy,.

Then a; = ¢; + ¢1; and @, = ¢;; + ¢2;. We now show thata, © b; = a; © by. Put
y=f@)+f(@)=fB)+f(b). Theny =f(b)—fb)+y=y—f(b)+
f (b)) =f(a)—f(a)+y =y—f (a)+f (a2). By the cancellation property holding
in £-groups, we have f (b;) = —f (b)) +y, f (b)) =y — f(b2), f (@) =y — [ (@),
and f (a2) = —f (1) + y.

We claim f (¢;1) = f(a; © b). Indeed, the equality avb =a+a~  Ob =
b®a +aimplies f(a) vV f(b) = f@)+f@a O0b) = f(bOa)+ f(a).
Therefore, f (b©a™ ) =0V (f(b) —f(a)),f (@ ©b) =0V (—f (a) + f (b)). Then
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fle) =f@ob)=0v(f(a)-fB)=0V(-fla)+y—y+fb)) =
0V (=f(a)+ f (b)) = f (a; ® by). This implies a, © b; = a;” © by.
By symmetry we have

bhoa, =bOai=co=MbiAa) Oa =c); Oa.

ThencpAcy = ¢, Ob AT Oa; = ¢ ©(biAa) = 0.Hence ¢+ ¢ = ¢ +¢1a,
so that f (a;) + f (@) = f(cn) + f(c2) + f(ca) + flcn) = flew) + flcn) +
flew) + f(en) =f (b)) + f (Ba).

Uniqueness. Adding the elements f (cy,) and f (cy;), respectively, to the equality
f (e A f(ca) =0, we obtain (f (¢11) + f (ci2)) A (f (cu) + f (1)) = f (cn), so
that ¢;; = a; A by, and similarly ¢; = a; A b,. Using the cancellation property, we
see that c;; and ¢;; are defined consequently in the same way as at the beginning of
the present proof. O

The last proposition can be extended as follows.

PROPOSITION 5.2. Let f (a;)+- - -+f (aw) = f (b)) +---+f (b,), wherea,, ... , a,
and by, ... , b, are elements of M. Then there exist elements c; in M for1 <i <m
and1 <j <nsuchthatforalliandj a; =cy+---+cpandb; =cj + -+ cp;.
Moreover, we may assume that

5.1 (Cipj+ - F+em)A(Cijpr+ -+ cCin) =0

foralli < mandall j < n, and under this condition the c; are uniquely determined.

PROOF. Using the classical result on the Riesz decomposition property [10, page 68]
holding in £-groups, we can find unique elements c; € G* such that f (a;)) =
cy+ -+, and f(b;) = c’lj + -+ c:"j which fulfill (5.1). Since f (a;) > dij for
any i, j, we conclude from the fact f (M) = I'(G/, f (1)) that there exists a unique
element ¢; € M (for all i and all j) such that ¢, = f (c;). Since f preserves A, we

have the assertions in question. O

THEOREM 5.3. Let (M;®,®,~, ™, 0, 1) be a pseudo MV-algebra, and f and G
those from Theorem 3.9. Then (G, f) is a universal group for M.

PROOF. Assume that h is any order and + preserving mapping from M into a
group K. We define a mapping ¢ : f (M) — K by ¢(f(a)) = h(a),a € M. If
f (a) = f (b), then a = b which entails that ¢ is a well defined mapping. In addition,
ifa=a +---+a,thengp(f(a)) =¢(f (@) +--- + ¢(f (a,)). Weextend ¢ to a
mapping ¢ : Gt > K by

S (@) + -+ f (@) =d(f (@) + -+ ¢(f (@n))
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foralla,... ,an € M.
We show that ¢ is a well defined mapping. Suppose thus that
(5.2) f@)+---+fan) =fb)+--+f(b),

where by, ... , b, € M. The proof will consists of three steps
Step 1. Let f (a;) + f (a2) = f (b)) + f (b,). By Proposition 5.1, there exist four
elements Ci1, €12, €21, €22 € M with ¢35 A ¢33 = 0 such thatf (a)) = f (c11) +f(612),
f b)) = fla)+f (ca),. f (@) = f(c2)+f (c2),and f (by) = f (c12)+f (c22). Then
S(c) Af (c) =0,s0that f (c1p) + f (c21) = f (ca) + f (¢12) and h(cyp) + h(cz) =
h(cy;) + h(cy1). Therefore,
o(f (@) +d(f (@2)) = d(f (c11)) + @ (f (c12)) + & (f (c21)) + & (f (c22))
=¢(f (1)) + ¢ (f (c21)) + O (f (c12)) + & (f (c22))
=¢(f (1) + ¢ (f (B2)).

Step 2. Let now (5.2) hold. Choose, by Proposition 5.2, unique elements c; in M,
1 <i<m,1 <j < n,such that (5.3) hold, that is,

(5.3) ZZf(c,,) = ZZf(c.,)

j=1 i=l
We assert then that

(5.4) DD U= o(f ().

1 j=1 j=l i=l

b3

If n = m = 2, by Step 1, we have (5.4). Suppose thus that the assertion is true for
integers m’ and n’ with m’ < m, n’ < n (n > 3), and write the equality (5.3) in the
form

fa)+ -+ f(an) =f b))+ +f(ba2) + (f (bat) + f (b)-

By the Riesz decomposition property holding in £-groups, there exist elements c;
imM(<i<m,]1<j<n-2)andelementsd; € G* (1 < i < m) such that

f@)=f(ca)+ -+ f(cin2) +d, fb)=f(cy)+-+f(cw)

forl <j <n-2and f(b,.)) +f(by) =d, +---+d,. Since d, < f (a;), in view
of f(M) =T (G, f (1)), there exists a unique element d; € M such that d; = f (d)),
so that (5.3) holds. By the induction hypothesis, we have

Y b () + -+ + ¢ (in-2)) + S (@)

-2
= Z [B(F (1)) + -+ S €] + [B(f (@A) + -+ + S (@n))].

]=
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Applying induction to f (b,_,)+f (b,) = f (d\)+- - -+f (d.), there exists elements c;;
inM,1 <i<m,j=n-1,n,with the property d; = ¢;y_1+Cin, bj = C1j ++ - -+ Cp;.
The induction hypothesis yields (¢jy1,; + -+ Cmi) A(Cijs1+ -+ Cina +di) =0
fori <mandj <n—2and (¢iy1n-1+ -+ + Cmn-1) A Cin = 0, respectively. Hence

S @)+ + S @) =D b(f (cin1)) + D_ S (cn)),

i=1 i=1

which entails that (5.3) and (5.4) hold, consequently ¢ is a well-defined mapping
on G*. Moreover, it is additive on G*. .

Step 3. We extend now q§ to a mapping q_S from G into K by q-S(a) =¢a)—¢a),
where a* :=a v 0and a™ := (—a) v 0. Then q_S(—a) = —¢(a) for anya € G. We
show that ¢ is a group homomorphism from G into X.

(1) Let a = a; — a, where a;, a; € G*. Then ¢(a) = ¢(a1) — ¢ (a2).

Indeed, we have

a=a—a, a —-a=a-a (@ Ara =0
—a +at=a - a,, at+a =a +a,
@)+ @) =d@)+¢@), ¢@)—¢@)=¢@)-d@)),
—¢(a) + ¢(a*) = p(a) — ¢(a), #(a) = d(ar) — ¢p(ar).

(2)If a = —by + by, where by, b, € G*, then ¢(a) = —¢(by) + ¢(b2).

Indeedat—a~ = —b,+b,,thena* = —b;+b,+a~ and b;+a* = b,+a~. Hence,
¢(b) + ¢(@*) = $(b) + p(a”) and §(a) = ¢(a*) — ¢(a”) = —p (b)) + ¢ (by).

(3)Ifa € Gand b € G*, then ¢(a + b) = ¢(a) + ¢ (b).

Indeed, (a+b) = p(a* —a~ +b) = ¢(—a~ + (a* + b)) and by (2), p(a +b) =
—¢(a) + ($(a*) + (b)) = $(a) + $(b).

4) ¢(a — b) = Pp(a) — ¢ (b) ifa € G, b e G*.

Calculate, ¢(a — b) = ¢p(a* —a~ —b) = ¢(a* — (b+a~)) andby 3), p(a — b) =
$(@*) — (@) +¢(a) = p(a) — $(b). ]

(5)Leta,b e G. Thenp(a+b) = dp((a+b*) —b") = dla+b*) —p(b™) =
#(a) +¢(b*) — ¢ (b™) = ¢(a) + ¢(b), which finally proves that (G, f) is a universal
group for M. a

THEOREM 5.4. Let u be a strong element of an ¢-group G. Then (G, id) is a uni-
versal group for the pseudo MV-algebra T' (G, u), where id is the natural embedding
of T(G, u) into G.

PROOF. It is clear that id preserves +, and I'(G, u) is generating for G*. If now
h is any mapping from I'(G, u) into a group K which preserves +, the mapping
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¢ : T'(G, u) > K defined by ¢(a) = h(a) can be in ana]ogou_s way as in the proof
of Theorem 5.3 uniquely extended to a group homomorphism ¢ from G into K such
that h(a) = ¢(a), a € I'(G, u). O

6. Categorical equivalence

In this section, we show that the category of pseudo MV-algebras is categorically
equivalent with the category of unital £-groups.

Let 2. # YV be the category of pseudo MV-algebras whose objects are pseudo
MV-algebras (M; @, ~, ~, 0, 1) and morphisms are pseudo MV-homomorphisms, that
is, any mapping f from a pseudo MV-algebra (M; ®, ~, ™, 0, 1) into (M,; &,, !, ™,
0y, 1;) which preserves @, ~, ~, 0 and 1. Denote by Z . £¥ the category of unital ¢-
groups whose objects are unital £-groups, that is pairs (G, u) where u is a distinguished
strong unit of an £-group G. Its morphisms are unital £-group homomorphisms, that
is, any mapping f from a unital £-group (G, u) into a unital £-group (H, v) such that
Dfxy)=f@)Ef)A fxVvy)=FfE)ViG)andf xAy) =f@)Af (),
and (iii) f (v) = f (v).

We define a mapping I' : LY —> P4V by: ' : (G, u) —» T'(G, u), for
any object (G, u) in Z £¥Y, where I'(G, u) is defined by (1.1), and if h is a unital
£-homomorphism from (G, u) into (H, v), then I'(h)(a) := h(a), a € T'(G, u), is a
morphism from I'(G, u) into ['(H, v). It is easy to verify that I is indeed a functor
from % LY into P.AY .

PROPOSITION 6.1. T is a faithful and full functor from the category % £¥ into the
category PMAY of pseudo MV-algebras.

PROOF. Let h and h, be two morphisms from (G, u) into (H, v) such that I'(h,) =
I"(hy). Then h;(x) = hy(x) for any x € I'(G, u). Since I'(G, u) generates G, it is
clear that h,(x) = h,(x) forany x € G. ,

To prove that I is a full functor, suppose that f is a morphism from I'(G, u) into
I'(H, v), that is, f is a pseudo MV-homomorphism from I'(G, u) into I'(H, u). Then
f preserves the partial addition + and A in I'(G, u), and + coincides with the usual
group addition taken in G. Since I'(G, u) generates G, using the same ideas as in the
proof of Theorem 5.3 for constructing the group homomorphism ¢, we can show that
f can be uniquely extended to a group homomorphism fA from G into H.

We claim that f is a unital £-group homomorphism. The proof will proceed in
several steps, and it follows mainly ideas of Section 3.

Step 1. Leta, b, uy € G*. If f (anb) = f (@) Af (b) andif f (uo A (b— (@A D))) =
f(ug) A f (b= (a A b)), then

fa+up) Ab) = f(a+u) Af(b).
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Indeed, we have

ugANb—(anb))+@nb)y=(u+anb)Ab
=(ug+a)A (ug+b) Ab=(ug+a)Ab,

which gives

f@a+u)) Ab)=f(ugA(b—(anb))+f(anb)
=[f W) A F®) — (f@AfON+ (f (@ AfB)
=[(f o) + F @ AL BN A F(B)
= (f (o) + £ (@) A (f (o) + £ (B) A £ (B) = f (a+ uo) Af (D).

Step 2. f(a Ab) = f(a) A f (b) whenever a € G* and b € T'(G, u).

Since I'(G, u) is generating for G*, a is of the form a = a;, + - - - + a, for some
a,...,a, € I'(G, u). We will use the mathematical induction on n.

If n = 1, the statement is trivial. Suppose now that the statement holds for
anyd =a,+---+a; withl <i <n Puta=a +- -+ a, up = au4.
Then there exist vy, ..., v € I'(G, u) such that b = (v{ + --- + v) + (a A D).
Sincev:i=v+---+v < bel'(G,u), v e (G u). Hence v = b — (a A b).
Sjnce f preserves meets jn (G, y), we have fA(qu/\ v) = f (uo) AAfA(v), s0 that
fluon(d—=(anb))) = fu) Af(b—(anb))=f o)A (B)—-(f(a)Af (D)),
where we have used induction hypothesis for a and b. By Step 1, f ((a + uo) A b) =
fla+u)) Af(b), thatis, f (a1 + -+ @u1) AB) = f @i+ -+ api) A f (B) for
any n.

Step 3. f(a A b) = f(a) A f (b) whenever a, b € G*.

Leta=a,+---+a,, b = by + --- + b;. The proof will follow the complete
induction on k.

If k = 1, we apply Step 2. Suppose now that the assertion holds for any j with
1<j <k PutB=a A=b+ +buo= by By Step2, f (uo A (B —
(AAB))) = f(uo) Af(B—(AAB))and f (A A B) = f (A) Af (B). Therefore the
conditions of Step 1 are satisfied, so that f ((A +ug) A B) = f (A +uo) A f (B) which
proves f (@1 +- -+ @) A (b1 +-- -+ b)) = f@+---+a) Af b+ -+ bert)
for each n and each k.

Step 4. f(a Ab) = f(a) A f (b) whenever a,b € G. Thena = a* — a~ and
b=b*-b",anda = —a~+a'*,b = —b~+b*. ByStep 3,f((a++b“)/\(a‘+b+)) =
f(a* + b") A f(a + b*). Subtracting f (b~) from the right-hand side and f (a™)
from the left-hand side, we obtain the assertion in question. O

PROPOSITION 6.2. The functor T from the category % ¥¥ into the category
PMAY is right-adjoint.
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PROOF. We show that given a pseudo MV-algebra (M;®, ~, 7,0, 1) there is a
universal arrow ((G, u), f). That is, f is a pseudo MV-homomorphism from M
into I'(G, u) such that if (H, v) is an object from % .£¥ and of & is a pseudo MV-
homomorphism from M into I'(H, v), then there exists a unique morphism f* from
(G,w)into (H,v) suchthatT'(f*) o f = h.

Due to Theorem 5.3, there is a universal group (G, f) for M such that f :
M — T'(G, u) is a pseudo MV-isomorphism. In addition, if h is a pseudo MV-
homomorphism from M into '(H, v), then h is also a mapping from M into H
preserving + in M. Due to Theorem 5.3, there is a unique group homomorphism ¢
from G into H such that ¢ (f (a)) = h(a), a € M. Using ideas of the proof of Propo-
sition 6.1, ¢ preserves also A in G so that f* = ¢ is a unital £-group homomorphism
in question. g

Now we define the converting functor ¢4 from LAY into ¥ by (M) :=
(G(M), u), where (G(M), u) is that from Theorem 3.9, and if f is a pseudo MV-
homomorphism from M into M,, then ¥ (h) is a unique £-group homomorphism
derived in the proof of Proposition 6.2. Therefore, we conclude the following state-
ment.

PROPOSITION 6.3. ¢ is a functor from the category P.#Y into the category
U L4 which is left-adjoint.

We can now prove the main statement of the present section.

THEOREM 6.4. T is a categorical equivalence of the category U LY of unital
£-groups and of the category P AV of pseudo MV-algebras.

PROOE. According to [13, Theorem IV.4.1 (i), (iii)], it is necessary to show that for
any pseudo MV-algebra (M;®, -, 7, 0, 1) there is an object (G, u) in % £¥ such
that I"'(G, u) is isomorphic to M. To show that it is sufficient to take any universal
group (G, f) of M, and take the object (G, u), where u = f (1). By Theorem 3.9, u
is a strong unit, and by Theorem 5.3, h is an isomorphism in question. a

As a corollary we have the crucial result of Mundici [ 14, 5] saying that the category
of Abelian unital £-groups &% £¥ is categorically equivalent with the category
AV of MV-algebras which is here proved by a way different of Mundici’s one.

COROLLARY 6.5. The restriction of T' on /U LY defines a categorical equiva-
lence of Abelian unital £-groups and the category MV of MV-algebras.
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