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Abstract  Under certain assumptions on g(z), we obtain an asymptotic formula for computing integrals
of the form

Fle) = [ g(t)ae)q)(,

J —oo

/tg@)ds)dt, a€R,

as |z| — oo. We use this formula to study the properties (as |z| — oco) of the solutions of the correctly
solvable equations in Ly (R), p € [1,00],

-y’ (@) +q(@)y(z) = f(x), z€R, (1)

where 0 < ¢ € LI°°(R), and f € Lp(R). (Equation (1) is called correctly solvable in a given space Lp(R)
if for any function f € L,(R) it has a unique solution y € Lp(R) and if the following inequality holds
with an absolute constraint ¢, € (0,00): |yllL,®) < cP)|IfllL,®), Vf € Lp(R).)
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1. Introduction

This paper continues the authors’ work in [2,3,5]. We consider the equation
~y"(z) + a(@)y(x) = f(2), ER, (L1)
where f € L,(R), p € [1,00] (Loo(R) %' C(R)) and
0 < qe LY(R). (1.2)

By a solution of equation (1.1), we mean any function y such that y, ' € AC'°(R) and
equality (1.1) hold almost everywhere in R. We also assume that (1.1) is correctly solvable
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in L,(R). This means (see [6, Chapter III, § 6, no. 2]) that the following assumptions both
hold:

(I) for a fixed p € [1,00], for any function f € L,(R) there is a unique solution
y € Ly(R) of equation (1.1);

(IT) there is an absolute positive constant c(p) such that the solution y € L,(R) of
equation (1.1) satisfies the inequality

19llp < @ fllp, VS € Lp(R). (1.3)

Throughout the paper we assume that the above conditions hold. We always denote by
f an arbitrary function from L,(R), p € [1,00], and by y the solution of (1.1) mentioned
in (I) and (II). We denote by ¢, ¢(-) absolute positive constants which are not essential
for exposition and may differ even within a single chain of computations. Finally, see §2
for criteria under which (I) and (II) hold.

Our general goal is to study bounds for the solutions of (1.1) as |z| — oco. To state the
problem more precisely, denote by D, the set of solutions of (1.1) with f running over
the surface of the unit sphere S, = {f : ||f|l, = 1} in L,(R), p € [1,00], and introduce
the following definition.

Definition 1.1. Suppose that equation (1.1) is correctly solvable in L,(R), p € [1, 0].
A continuous, positive function s, (x) for € R is called an asymptotic majorant for the
set D, of the solutions of (1.1) if the following conditions hold:

(1) for any > 1 there exists a ¢(v) such that for all |z| > ¢(y) the inequality

ly(z)] < ys5p(x) (1.4)
holds regardless of the choice of a solution y € Dp;

(2) for any v € (0,1) and any c, as large as we wish, there is a solution y € D, and a
point |zg| > ¢ such that |y(zo)| > v (20).

Thus, our goal is as follows: given p € [1, 00|, for a correctly solvable equation (1.1) in
L,(R), find an asymptotic majorant s,(z) for the set D, of the solutions of (1.1). For
brevity, the function s, (z) is called an asymptotic majorant for the solutions of (1.1).

Note that this problem seems to be new. It can be viewed as a next step after the
study of a natural problem of estimating the solutions y € D,, in the uniform metric on
the whole real axis (see §2). The difference between the two problems is clear: the new
setting requires a more detailed study of the uniform estimates of the solutions of (1.1)
at infinity. The ultimate goal of such a study of the asymptotic majorant s, (x) allows
one to find bounds, as sharp as possible (in the sense of Definition 1.1), containing all
integral curves of the set D, as |x| — co. We believe that such a priori information
on the asymptotic behaviour at infinity of all solutions from the set D, may be useful,
for example, for the analysis of computational algorithms for the numerical solution of
equation (1.1).
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We now give a general description of the results of the paper (see §3 for the precise
statements). Let H be a given set of coefficients ¢ of equation (1.1). The set H is char-
acterized by the condition that its elements satisfy certain local requirements of integral
type together with (1.2) (see §3). We also need the Otelbaev average ¢* of the function
¢ (this is a special case of the Steklov average (see §2)). With this notation, our main
result is the following equality (see Theorem 3.3):

lim sup ¢*(2)' "/ |y(x)| = L(p), pe[l,00], (1.5)

|z|—o00 yED,

which holds for all ¢ € H. Here

% ifp=1,
o(p) = Ly €(1,00), p = - (1.6)
p (pl)l/plzl/p p ) ) p - p_ 17 *
1 if p = 0.

We emphasize that the relations (1.5) and (1.6) remain true regardless of the actual
choice of ¢ € H, although the class of coefficients H is sufficiently large and contains,
for example, non-differentiable, slowly and rapidly increasing, oscillating functions. From
(1.5) and (1.6) it immediately follows that the asymptotic majorant s¢,(x) is given by
the following equality:

_ lp)
P(x) - q*(x)l_l/va

x €R, pel, o], (1.7)
which represents a full solution of the initial problem for equation (1.1) with ¢ € H.
This solution can be viewed in the following as the final one, or as a subject for
further investigation, depending on the goal of the application of (1.7). This uncertainty
arises because ¢* in (1.7) is given as an implicit function (see §2). Therefore, if one
needs more detailed information on sz,(x), one must carry out a separate study of the
function ¢* which assumes the conditions on ¢ be independent of the initial problem on
an asymptotic majorant for the solutions of (1.1). For example, for ¢ € H one can apply
formula (1.7), without any additional restrictions on ¢, to the study of general properties
of the solutions of (1.1), because usually one does not need any explicit expression for
q* (see [5]). However, if, given equation (1.1) with ¢ € H, one has to find a concrete
expression for s, (z), then formula (1.7) is not very helpful. It only works in particular
cases where, given the initial function ¢, one can find the explicit value of ¢*. Note that
a continuous and positive function 3,(x) for z € R is an asymptotic majorant of the
solutions of (1.1) provided
im 228 (1.8)

|| =00 34, ()

and s, (x) is an asymptotic majorant of the solutions of (1.1) (see Lemma, 7.3).
The above conclusion allows us to rehabilitate formula (1.7). Indeed, according to (1.8),
in order to find an asymptotic majorant 3, (x), it suffices to replace ¢*(z) in (1.7) with the
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principal part of its asymptotic expansion at infinity. Thus, we can find an explicit form
of an asymptotic majorant for the solutions of (1.1) under some requirements on ¢ (in
addition to the condition ¢ € H ). These requirements arise from any conditions under
which one can solve the technical problem of the proof of the asymptotic formula for
q*(x) as |z| — oo. Such a problem was considered in [3] for the case 1 < q € LI°°(R).
In §6 we extend its solution given in [3] to the case (1.2) under new conditions that
are more convenient for practical verification (see Theorem 3.4). See §7 for technical
details concerning application of Theorems 3.3 and 3.4. In particular, in § 7 we show that
equation (1.1) with the coefficient

q(z) = exp(a?) + exp(z?) cos(exp(z?)) (1.9)

is correctly solvable in L, (R) for p € [1, c0] and we find an explicit form for the asymptotic
majorant s, (x) of its solutions for all p € [1, o0].

Let us now briefly describe the methods of the present paper. The main roles in the
proof of equality (1.5) are played by

(1) the Davies-Harrell representation for the Green function G(z,t) of equation (1.1)

via its diagonal values p(x) def G(z,t)|s=t, x € R (see §2),
(2) a priori, sharp-by-order, two-sided estimates for p(x) due to Otelbaev (see §2),
(3) an asymptotic formula for p(x) as |z| — oo (see §2),

(4) a new asymptotic formula for computing integrals of the form
Gol(z) déf/ G(z,t)*dt, a>0, z€R, (1.10)

as |z| — oo (see Theorem 3.1); this formula, which plays an auxiliary role in the
present paper, is stated as a separate assertion which is a result that may be of
independent interest.

2. Preliminaries

In this section, we give a summary of results used in the proofs.

Theorem 2.1 (Chernyavskaya and Shuster [5]). Let p € [1, 0] be given. Equa-
tion (1.1) is correctly solvable in L,(R) if and only if there is a € (0, 00) such that

r+a
go(a) >0, qo(a) wof inf/ q(t) dt. (2.1)

z€R Jo_4
In particular, one of the following assertions holds:
(A) for all p € [1, 00] equation (1.1) is correctly solvable in L,(R);

(B) for any p € [1, 0] equation (1.1) is not correctly solvable in L,(R).
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Let us introduce Otelbaev’s functions d and ¢* (see [10]). Assume that, together
with (1.2), the following assertion holds:

/ q(t)dt > 0, / q(t)dt >0 for any z € R. (2.2)

— 00

For a given x € R, consider an equation in d > 0:

d/”dq(t) dt = 2. (2.3)

—d
Equation (2.3) has a unique positive solution d(x) (see [2]). Set ¢*(x) e d(x)~2. The
equalities
1 1 z+d(x) 1 z+h
@) = o= g [ ade= oo [ g
d(z)?  2d(z) Jo—q(a) 2h Jon h=d(z)

show that ¢*(z) is Steklov’s average (see [12]) of ¢ with special average step h = d(z).

Theorem 2.2 (Chernyavskaya and Shuster [5]). Let p € [1,00] be given. Equa-
tion (1.1) is correctly solvable in L, (R) if and only if conditions (2.2) and

* x def . *
6% >0, ¢ = inf () (2.4)

both hold.
Remark 2.3. From the definition of ¢*(z) it follows that the condition ¢f > 0 is

equivalent to the condition

dyp < 00, dy o sup d(z). (2.5)
z€R

Since, under condition (2.1), requirement (2.2) holds automatically, we obtain the
following conclusion (see [5]).

Lemma 2.4. Under conditions (1.2) and (2.1), we have dy < 0.

Lemma 2.5 (Chernyavskaya and Shuster [2]). Suppose that conditions (1.2)
and (2.2) hold. Then there is a fundamental system of solutions (FSS) {u,v} of equa-
tion (2.6),

2" (x) = q(x)z(z), =€R, (2.6)

for which the following relations hold:

w@) >0, wv(z)>0, u(zr)<0, v (x)>0 forzeR, (2.7)
V(x)u(z) —u(z)v(x) =1 for x € R,
lim > 2) = lim u(z) =0 (2.9)
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Below, the symbols {u, v} stand for an FSS of (2.6) with properties (2.7)—(2.9). Intro-
duce the Green function G(z,t) of equation (1.1):

Gla.t) = {u(x)v(t) if x

21t 2.10
u(t)v(z) fax<t (2:10)

Definition 2.6 (Chernyavskaya and Shuster [4]). Let p € [1,00] be given. The
inversion problem for equation (1.1) in L,(R) is called regular if, together with require-
ments (I) and (II) (see §1), the following holds:

(II) for any f € L,(R) the solution y € L,(R) of equation (1.1) is of the form
y(z) = / Gz, f(H)dt, = cR. (2.11)

Theorem 2.7 (Chernyavskaya and Shuster [4]). Suppose that conditions (1.2)
and (2.2) hold. Then, for any p € [1,00], the inversion problem for (1.1) is regular in
L,(R) if and only if dy < oo (see (2.5)).

Thus, we obtain the following conclusion.

Lemma 2.8. Let p € [1,00]. If equation (1.1) is correctly solvable in L,(R), then, for
any f € L,(R), the solution y € L,(R) of (1.1) is of the form (2.11).

In connection with Lemma 2.8, note that the following two assertions play the main
role in the study of the properties of the solutions of equation (1.1).

Theorem 2.9 (Davies and Harrell [7]). Suppose that conditions (1.2) and (2.2)
hold. Then, for xz,t € R, the Green function G(x,t) of equation (1.1) admits the Davies—
Harrell representation

Glo) = VoD~ [ p(i)D o) " G ) me = ulxu(e).  (212)

Theorem 2.10 (Chernyavskaya and Shuster [2]). Suppose that conditions (1.2)
and (2.2) hold. Then the diagonal value p(x) of the Green function G(z,t) of equa-
tion (1.1) satisfies Otelbaev’s inequalities:

d(z) < p(z) < 2d(z), z€eR. (2.13)

Remark 2.11. We call relations (2.13) ‘Otelbaev’s inequalities’ because the estimates
of this type were first obtained in [11]. In [11] stronger requirements than (1.2) and (2.2)
were imposed on ¢, and another more complicated auxiliary function was used instead
of d.
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Let us give an example of a direct application of Theorems 2.9 and 2.10.

Lemma 2.12. Suppose that equation (1.1) is correctly solvable in L,(R), p € [1, o0].
Then the set D, of solutions of (1.1) is uniformly bounded on the whole axis:

sup ly(x)| < ¢(p) < oo for all y € D,,. (2.14)
rz€R

Proof. From (2.5) and (2.13) it follows that
plr) < 3d(x) < 3dy, 2€R = L>i forx € R

Hence, from (2.12), (2.5) and (2.13) we get

Glz,t) = Wexp(—;’ /: pi)‘) < 3do eXp(—'t?;iOx'), z,teR. (2.15)

By Lemma 2.8, estimate (2.15) and Hoélder’s inequality for p € (1,00), p =1 and p = oo,
we now obtain, respectively,

vl < [ o; Gla, 1) (1)] dt < ( / Z G, )" dt)l/pﬁfnp

[e'S) /4 1/p’
< c</ exp <p|:t))dfﬂ|> dt) =c(p) = (2.14);
— 00 0

ly(z)] < /_OO G, fOldt <ellfly = (2.14);

vl < [ caolsolas [~ aoaifios < [ oo~

=c = (2.14).

Definition 2.13 (Chernyavskaya and Shuster [3]). Suppose that conditions (1.2)
and (2.1) hold. We say that a function ¢ belongs to the class H (and write ¢ € H) if
there is a continuous function k(x) such that, for € R, the following relations hold:

(1) k(z) =2 for z € R, k(x) = o0 as |z]| = oo;
(2) there is an absolute constant a € [1,00) such that, for z € R, the inequalities
a tk(z) < k(t) < ak(z) fort € [x — k(z)d(x),z + k(x)d(z))] (2.16)

hold;
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(3) for x € R, the inequality

&(x) = k(x)d(x) sup

zEw(x)

Az[q(x—kt) —g(z—t)]dt| < c < o0 (2.17)

holds; here w(z) = [0, k(z)d(z)], = € R.

Theorem 2.14 (Chernyavskaya and Shuster [3]). Suppose that conditions (1.2)
and (2.1) hold, q € H, and k(x) is the function from Definition 2.13. Then, for all |z| > 1,
we have

: (2.18)

(2.19)

Remark 2.15. In [3], Definition 2.13 and Theorem 2.14 are given for the case
1< qe LP(R). (2.20)

Minor technical changes in the proof allow one to keep the results of [3] when con-
dition (2.20) is replaced by conditions (1.2) and (2.1). These changes arise when the
inequality do < 1, which follows from (2.20) (see [3]), is replaced with a more general
inequality, (2.5) (see Lemma 2.4).

Lemma 2.16 (Chernyavskaya and Shuster [5]). Suppose that (1.2) and (2.2)
hold. Then the functions d(x) and ¢*(z) are continuous for x € R.

Theorem 2.17. Assume that one can represent q in the form q¢ = q1 + q2, where ¢ (x)
is continuous for x € R, qi(x) > 0 for x € R, go € LY°(R). Let A(z) = [0,2q1(z)~/?].
Consider the functions

1 ¢
hi(z) = o) tesz%)x) /0 [q1(z + s) — 2q1(x) + q1(z — s)] ds|, (2.21)
1 z+t
ha(x) = e tesz%)x) L_t g2(s) ds|. (2.22)
If hy(z) = 0, ho(x) — 0 as |z| — oo, then
d(z) = 1—;16((;5)), le(z)| < e(hi(x) + ha(x)). (2.23)

Remark 2.18. This result has been obtained in [3] under the additional condition
¢1 = 1. The same proof given there (see [3]) is also valid here for Theorem 2.17.
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3. Statement of results

In this section, we present the main results of this paper. The following theorem contains
an asymptotic formula for computing integrals of the form

F(z,a) ¥ /O:O g(t)* exp<—‘ /:g(f) ng dt, a€R, (3.1)

as |z| — oo.

Theorem 3.1. Let g(x) be positive and differentiable for x € R, and suppose that
there is a function s(x) with the following properties:

(a) s(z) is continuous and positive for x € R, and s(xz) — oo as |z| — oo;

(b) the equality
s(z)

lim =0 3.2
|z| =00 zg(x) (32)
holds;
(¢) for all |z| > 1, we have
1 /

s(z) = g(x)?”
(d) there is v € [1,00) such that, for all |x| > 1, we have

% < j((;)) <v forte Alx) =[A(2), AT(2)] & {z _s@) s (3.4)

Then the following assertions hold:
(A)
0 [eS)
/ g(t) dt = oo, / g(t) dt = oo; (3.5)
0

— 00

(B) for all |z| > 1 and « € R, we have

Flz,a) = 2g(x)* (1 +e(2)), |e(@)] < Ci’&‘;‘), (3.6)
le(v, )] <54 2v|ja—1]; (3.7)

(C) for x € R, we have
Fz,1) =2. (3.8)

Definition 3.2. Suppose that (1.2) and (2.1) hold, and ¢ € H. Let K be the set of
functions k(z) each of which satisfies all the hypotheses of Definition 2.13. We say that ¢
belongs to the class H (and write ¢ € H) if there is at least one function k(x) € K such
that

=0. (3.9)

lim
|z]| =00 T
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Theorem 3.3. Suppose that (1.2) and (2.1) hold, and q € H. Then for all p € [1, ],
equation (1.1) is correctly solvable in L,(R) and, in addition, equality (1.5) holds. For
each p € [1, 00|, an asymptotic majorant »,(x) for the set D, of the solutions of (1.1) is
given by equality (1.7).

The following technical assertion gives a practical device which simplifies the verifica-
tion of condition (2.1) for correct solvability of equation (1.1) in L,(R), p € [1,00], and
allows one to find an asymptotic for the function d(z) as |#| — oo. This information is
usually sufficient to check whether ¢ € H and, if this is the case, to find an asymptotic
majorant for the solutions of (1.1) in an explicit form (see Example 7.2).

Theorem 3.4. Suppose that condition (1.2) holds and that ¢ can be represented in

the form
q4=q1+ g, (3.10)
where qi () is a positive doubly differentiable function for x € R, and go € LY°(R).
Define
2
Alz) & {o, ] z €R, (3.11)
@ (x)
R I GI (312)
q(x) / teA(z) | Jo—t
5 def 1 vt
ho(x) = sup / 2(8)dg|, =z e€R. (3.13)
Va (x) tea@) | Jo—t
Then, if
hi(z) =0, hy(z) =0 as|z] = oo, (3.14)
then for every x € R equation (2.3) has a unique positive solution d(x). Moreover, we
have
1 A .
d(z) = ;ix))7 le(z)] < 2(h1(x) + ho(x)) for |x| > 1, (3.15)
qi\r
c ! c
<d(z) € for z € R. (3.16)
¢ () q\r

In addition, for p € [1,00] equation (1.1) is correctly solvable in L,(R) if and only if

igﬂf@qﬂx) > 0. (3.17)

4. Proof of the asymptotic formula for computing integrals of special type
at infinity

In this section we prove Theorem 3.1. In the following we assume that its conditions are
satisfied and do not include them in the statements of the auxiliary assertions.
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Proof of assertion (A) of Theorem 3.1. Both equalities of (3.5) are checked in a
similar way. Let us prove, for example, the second one. We need the following lemmas.

Lemma 4.1. Consider the segments

U$:$U+$d§f$$ S(x) (0.¢] x
@) = @) [ro 0 L] ve 0o ek @)

There exists v € (0,00) such that, for all |x| > 1, the following relations hold:
o(x) C A(z) (see (3.4)), (4.2)
271g(z) < g(t) < 29(x) fort e o(x).
Proof. Condition (a) of the theorem implies that

=i . 4.4
s0 >0, so irelﬂf{s(x) (4.4)

Set v = (2v) /50 (see (3.4)). Then inclusion (4.2) can be checked directly. Furthermore,
using (3.3), (4.2) and (3.4) for |z| > 1 and t € o(x), we get

[ e

tﬁ V(t—as s(x)
</ 5O S s Ss@ ) @)

1 S0 1 < 1

‘1 _ 1
g(t)  g(z)

O

Let v be chosen as in Lemma 4.1. For a given x € R, we construct the sequence of
points {z;}72, and segments {0} }72 ; as follows:

s(x)
g(zx)

Lemma 4.2. Let x € R and let {04}, be the segments constructed by (4.5). Then
the following relations hold:

vy =2, Tpy =0 (vp) =28+ o =o(zk), k€N. (4.5)

0k NOky1 = Tiy1, k€ N; .’IJ OO U (46)

Proof. The first equality of (4.6) immediately follows from (4.5). We prove the second
assertion of (4.6) ad absurdum. Assume that it does not hold. Then there is zg € (z, 00)
such that z, < o for all k € N. Since, by construction, the sequence {xy}72 ; is monotone
increasing, it converges to some z < zg. Hence,

- — _/s(z1) (k)
o< Tog—T = T — ) = — lim =0.
’ ,;( 41~ 0) ;7 9(xk) koo g(xk)
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But since the functions s(z) and g(z) are continuous for z € R, we conclude that

Vi) V50 L,

0= lim = a contradiction.
k—oo  g(wr) 9(2)
O
Lemma 4.3. We have -
/ 9O 4e = o0, (4.7)
o vs(é)

Proof. Let xg > 1, suppose that for x > xg the assertion of Lemma 4.1 holds, and
let {o4}72, be the segments constructed by (4.5) for z; = x¢. Then, using Lemma 4.2,
(4.3) and (3.4), we get

® g dé & g(xr) S(ﬂfk)
/xo © 2 Z/ Sveenk 4

k=1

Z \/7);0 degl;zjﬁoo —  (47).

O
We now obtain (3.5) from (4.7) and (4.4):
T 9©) e o
oz ), woa [ e
O

Proof of assertion (C) of Theorem 3.1. Equality (3.8) is an immediate conse-
quence of equalities (3.5). O

Proof of assertion (B) of Theorem 3.1. The proof of equality (3.6) is based on
the study of integrals (4.8) and (4.9) for |z| — occ:

Ji(z,0) = / () exp (— / "o d§> dt, z€R, acR, (4.8)

Jo(z, @) = /m g(t)o‘exp< /tzg(f) dg) dt, z€R, acR (4.9)

— 00
We need some auxiliary assertions.

Lemma 4.4. There exists an m > 1 such that, for |z| > m, the following inequalities
hold:
Ji(5,0) <39, Jalr,0) < 3g(a)* . (4.10)
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Proof. Both inequalities are checked in a similar way. Let us prove the first estimate.
Condition (a) of the theorem implies that there exists an x¢ > 1 such that the following
inequality holds:

o — 1]

< % for |z| > xo, 5(x) = inf s(t). 4.11
<3 forlel >, @) = inf s (.11)
Denote . .

W(a, b) %! / g(t)o‘exp<— / g(g)dg) dt, b> xR (4.12)

Let b > x© > x¢. Integrating by parts, we get

b

W, b) = g(a)™" — g(b)"! exp(— NG ds)

+(a—1) ng’(t)g(t)“‘2exp(— /:9(5) df) dt. (4.13)

From (4.13), (3.3) and (4.11) it follows that

b / t
W(rh) < g +la—1] | lg “Z'gm“exp( / g(f)d5> at (4.14)

g(t)
<ot a1l [ U oxp((- [ ate)ac) ar
<) + |O;(;)1|W(w,b) (4.15)
< g(z)* !+ W (z,b). (4.16)
Then from (4.16), we get
W(x,b) < 2¢g(z)*! forb >z > x0. (4.17)

Thus, the integral J;(z, ) converges, and we have the following estimate:
Ji(z, o) = blim W(z,b) <2¢g(x)* Y, 2> . (4.18)
— 00

Furthermore, repeating the proof of (4.17) for x < —zq, we get

Wi, —a0) < gla)" 1+ 12

Wz, —x0) < 2g(z)* " for x < —m. (4.19)

Wz, —xo) < g(:c)o‘f1 + %W(x, —x9) =

Below, we will need estimates for g(x)®~! for x < —x. To obtain them, we use (3.3).
Let £ € [z, —x0]. Then

9&) _ g€ _ 9(©)

< ==L =

s(€) ~ g(&) ~ s()

(4.20)
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Denote
c1(wg) = max{g(—wo) 17!, g(—wo)l* 11} (4.21)
From (4.20) and (4.21), it follows that

(o) exp(—|a ST dg) <gle)t < Cl(ffo)exp<|a -y [ dg),
< —xzp. (4.22)

The required inequalities for g(z)*~! now follow from (4.22) and (4.23):

) e (<5 [ a0a6) < g0t <aten(} [ a0d). o<
(4.23)

In the next estimate of Ji(x,d) for x < —zg, we use (4.18) and (4.19):

niea) = [ es(~ [a@ac)ars [7 st e(- [ aeae)a
+/: g()* exp(— /:9(6) df) dt
=W(z, Io)+exp< /Izog(i) df) /jog(t)”‘ exp( /IZ 9(&) df) dt

T exp (— | at© d§> Ji(w0, )

—x0

< 29(z)* "t + eXP(—/x 9(&) df)

X [/_Zg(t)a exp(— /l:g(f) dé‘) dt+29(xo)”“lexp(— /_zg(f) dé“)}

(4.24)

Denote by ca(xg) the constant in brackets from (4.24) and set c¢(xg) = c1(xo)ce(xo)
(see (4.21)). From (4.24) and (4.23), for x < —z¢, we now get

nie.) < g {2+ camen(-3 [ a@a) ) o<n  a
According to (3.5), there exists m > zg such that
L[
clanyexp( -3 [ ateac) <1. (4.26)

Therefore, for © < —m, using (4.25) and (4.26), we get

—m

—x0

9(8) df)} < 3g(x)*

Since (4.18) obviously holds for x > m > xg, the lemma is proved. O
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Corollary 4.5. For x € R, the following estimate holds:
Ji(z,a) < cla)g(x)*™ !, acR. (4.27)

Proof. Let m be chosen as in Lemma 4.4. The functions J;(z,«) and g(z)®~! are
continuous and positive for € R, and therefore the function J; (x, a)g(x)! =% attains its
maximum M on the segment [—m, m]. Then by (4.10) we conclude that (4.27) holds for
c(o) = max{3, M }. O

Lemma 4.6. Let |z| > 1, t € [z, AT(x)]. Then (see (3.4))

exp (3&«) / 9(e) ds) < gg((i_)) < exp(sfx) / tg(f)d§>- (4.28)
Proof. From (3.2), we get
At (z) =z + Zg; =z [1 4 ;g(g)] — {iooo ji : iooo (4.29)

Therefore, for all |z| > 1 for £ € [z, A*(z)], we can apply (3.3) and (3.4):

v . 9&) 9 9 _ 9(O
s) S T5© S 9o S s
v [ L9 v
& [eoasm® < L [ — @),
0
Lemma 4.7. For |x| > 1, the following inequality holds (see (3.4)):
AT s(2)
/ oz > "D in(1 +0). (4.30)
Proof. For ¢ € [z, AT (z)], using (4.28) we get
g(x) _ vy(t) v [
A < ool [o0e) =
_ @At @) —a) _ (Pt ([ rg(©)
o= MR [ e ([ ae)
L AT@
—ew(sf [ a0a) -1 —
L [AT@
p(s(x)/ g({)d§)>u+1 = (4.30).
0
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In the next lemma we consider the integral

AT (z) t
D™ [ g(t)“exp< / g(f)ds)dt, reR

Lemma 4.8. For all |x| > 1, the following relations hold:

Ji(z, ) = g(x)* 711 + 6(x)), (4.31)
|6(z)] < C(SZZEC;), c(v,a) <14 2v|a—1]. (4.32)

Proof. According to (4.28), for [z| > 1 and ¢ € [z, A*(z)] we have

exp(—”'j(;)” :g(adg) < (gg((gf_l<exp<”'j(;)l :g(é)df) (433)

Furthermore, for all |z| > 1, obviously the following inequalities hold:

1+ v|ja—1|
I1>- - - > 4. .
2 = S(Z‘) ) S(:I;) /4 (4: 34)

Therefore, from (4.33) and (4.34) it follows that

/A+(r ( i)_lg(t)exp(—/;g(f)dg) dt

- 1/““ e (~ (1-1221) [ gieyae) a
oo - en( - 552) )
(1 V|a1|>
o

2”‘“ — 1'} (4.35)

Ji(z, a)

a 1

Similarly, using (4.33), (4.34), (4.30) and well-known elementary inequalities (see [1,
Chapter 4, §14], we get

Ife.0) =gt [ e (géz)alg@) (- [ G ac) a

g(w)“‘l/:+(x)g(t) exp(— <1+ V'j(;)”) /;g(ﬁ) d£> dt

WV
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(o) e 255) [ )
o {oe ) b

>g(:c)“1<1+ V|?(w) |>_1<1 B s<1rc>)

> (1 - W)g(m)o‘_l. (4.36)

Relations (4.31) and (4.32) follow from estimates (4.35) and (4.36). O
Lemma 4.9. For all |z| > 1, the following relations hold:

Sz, a) = g(2)* (1L + &1 (@), (4.37)

le1(z)] < C(SZ;C‘;‘), (v, ) <5+ 2wja—1]. (4.38)

Proof. The following inequalities, where |z| > 1, are based on Lemma 4.9:

nia)= [ aterew(- [ () ac)
> /IN(I)g(t)“ eXP<— /;g(f) d§> dt

= Ji(z,a)

= g(z)* (1 + 6(x)). (4.39)

Furthermore, to prove the upper estimate of J;(z, ), we use relations (4.31), (4.32),
(4.27), (4.33) and (4.34):

AT ()

Ji(,0) = () + exp(— JC ds) 1A% (2), )

At (a)

< g@)* (14 5(2)) + cl)g(A* () exp<— [ df)

= o) [1480) + e (L5 10) )))_1exp< /zy(x)g(g)ds)}

<o)t |1+ 6(a) + ¢ exp(( ”""1) /f@)g(g)dz)]

<oty [0 +etresn( 4 [ . s(6)dc )| (4.40)

From (4.30), it follows that, for |x| > 1, the following inequality holds:

e~ 77 g0ac) <1 (@41
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Therefore, using (4.41) and (4.30) for |z| > 1, one can continue estimate (4.40):

Ti(z,0) < glz)*~! :1 +8(x) + exp<j1 /zM 9(9) d§>]

a—1 [ 1
< g(x) _1 +d(x) + 7(1 )@

a—1 [ i
< g(x) _1 +6(x) + s(m)}

_ 54+ 2vja —1|
< el 1), 4.42
gty (14 22202 (1.42)
The assertion of the lemma follows from (4.39) and (4.42). O

Remark 4.10. For x — co, Lemma 4.9 follows from the assertions given in [8, Chap-
ter 1T, § 2, no. 4]. The proof of (4.37) given above works both for z — oo and for x — —ooc.

To prove assertion (B) of Theorem 3.1, note that one can prove the following lemma
in a similar way to Lemma 4.9,

Lemma 4.11. For all |z| > 1, the following relations hold (see (4.9)):
Jo(w,0) = g(2)* 7 (1 + ea(2)), (4.43)
c(v, a)
s(z)

From Lemmas 4.9 and 4.11 and the obvious equality (see (3.11)),

lea(z)] < c(v,a) <54 2v|a—1]. (4.44)

F(.’,E,Oé)Zjl(I,Oé)+J2(I’,OZ), I’ER,

we get assertion (B). The theorem is proved. ]

5. Proof of the theorem on an asymptotic majorant

In this section we prove Theorem 3.3. From now on we assume that its hypotheses
are fulfilled and we do not include them in the statements of the auxiliary assertions.
Without additional comments, we denote by k(x) a function satisfying the requirements
of Definition 3.2. To prove equality (1.5), we need the following lemma.

Lemma 5.1. For any o > 0, for all |x| > 1, the following relations hold:

Gola) % /oo G.nrd = 2D L), (5.1)

a20—1
VEk(@)|e(x)] < e(w). (5.2)
Proof. From (2.1), for G, (z) we get

(07

t
p(t)/? exp (—2 / de dt, zeR. (5.3)

z) = p(x)*/? h
Gala) = pla)” [ o

— 00
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By (2.18), in order to prove (5.1), (

5.2), it suffices to obtain an asymptotic formula for
computing the integral F(z,a) (see (3.1

)) with the following value of g(x):
a 1
glx)==———, xR 5.4
@ =50 (5.4)

Let us verify that in this case one can apply Theorem 3.1. From (5.4) and (2.19), we get,
for all |x| > 1,
g'(z)| _ 2 2¢ 1

=2 (x) < = ) 5.5
SR = 2l < s (55)
Therefore, in connection with Theorem 3.1, we set
VK
s(z) ef OLT(I), xR (5.6)

Clearly, according to Definitions 3.2 and 2.13, the function s(z) satisfies condition (a) of
Theorem 3.1, and by (5.5) and (5.6) condition (c) also holds. Let us prove that condi-
tions (b) and (d) also hold. Condition (b) is checked with the help of (5.4), (5.6), (2.13)
and (3.9):

0< = <
|z]g(x) clz| 2¢

=0 as|z| 5200 = (b).

s(@) _ VK@)p(z) _ 3o v/k(z)d(z)
]

To check condition (d), note that from (2.13) and Definition 2.13 (1) it follows that, for
all |z| > 1, we have the inclusions

[, s st
Aw) = |z =255, +g(x)]
[ VE@R@) Mpu)}
C _x—i\/%d(x),er;c\/%d(x)]

C [z = k(z)d(z), z + k(z)d(z)].

Therefore, using (2.16) we conclude that, for all || > 1 and ¢ € A(x), the following

inequalities hold:
1 k(t) _ s(t) m
va < \/ k(z) \/ s() Ve = (@

Thus, all the hypotheses of Theorem 3.1 are satisfied. Hence, by (5.3), (5.4), (3.6)
_ a/2 * a/2 g
Galo) = o@)"? [~ gt 2 ex -

and (2.18), we have (see (5.4))
. 2 /ﬁ)‘) &

— o) [~ (‘;g(lt))m (| | 0(©) ae| )
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:2(3) pla)* ()~ (/) (”O(s<1z>>)
= (140 )
(4] ool )

_de aH(l—s—O )

W

o

o201
g
Let us now check (1.5). By Lemma 2.8 for p € [1,00] and f € L,(R), the solution

y € L,(R) of (1.1) is of the form (2.11). Fix ¢ € R. Then y(z) = (T'f)(x), where T is the
linear functional defined on L,(R) according to (2.11):

y(z) = (Tf)(x) < / T G f@)dl, e Ly(R). (5.7)

From Lemma 2.12, It follows that the functional T" is continuous. Therefore, according
to general statements on the properties of linear continuous functionals defined on L,(R)
(see [9, Chapter V, §§2.2, 2.3, Chapter VI, §2]), we get

ess sup G(z, t), forp=1,
teR
1/p P
sup (o) = 71 = 3 ([ Gt dt) C = tepex), (63)
y€Dy p
/ G(z,t)d for p = oo.

From Lemma 5.1 and (5.8) for p € (1,00) and |x| > 1, it follows that

oo , 1/p
sup ol = 17 = (|~ 6 at)
y€D, —o00

[ ol )
()

- (p )1/17 21/p (1 +0

(
- (5)(1 .- ( (\/kli)> —  15). (5.9)
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Let now p = 1. First note that according to (2.10) and Lemma 2.5, the following relations

hold:
Glot) = {u(x)v(t), x >t
u(t)v(z), =<t
W
= p(x) ey 57
M <t
u(zr)
<plx), ze€R = esssupG(z,t) =p(x), zeR. (5.10)

teR

Then (1.5) follows from (5.7), (5.8), (5.10) and (2.18). To prove (1.5) for p = oo, we have
(according to (5.8)) to repeat the chain of computation (5.9) with p’ = 1. Equation (1.5)
is thus proved. The assertion of the theorem on the representation of the asymptotic
majorant s,(z) of solutions of (1.1) in the form (1.7) is a standard consequence of
equality (1.5) and the definitions of limit and supremum. O

6. Proof of the asymptotic formula for computing Otelbaev’s function for
|z| = oo
Below we prove Theorem 3.4. We need the following lemma.
Lemma 6.1. Under the conditions of Theorem 3.4, we have (see (2.21) and (3.12))
hi(z) < 2hy(z), z€R. (6.1)

Proof. The following relations are based only on the definition of hy(x) (see (2.21)),

t
hi(e) = ——— sup /( 1(# +5) = 2q1(z) + 1z — s)) ds
CI1( ) teA(z)
T)drd¢d
(J1 tEA(x) // / Tdds
1
T : d¢d
71 () Eeszl(jw) /z£ ql 4 tes}axlgg)// $ds
:2iL1($).

Equality (3.15) is implied now from (6.1) and Theorem 2.17. To prove (3.16), we note
that these inequalities hold when = ¢ [—¢,¢], ¢ > 1 (see (3.15)). The function

fla) € d(@)q(z), =€ [-ed,

is continuous and positive for x € [—c,¢] (see Lemma 2.16). Hence, its minimum
m and maximum M on the segment [—c,c| are finite positive numbers. Let ¢; =

https://doi.org/10.1017/5001309150500074X Published online by Cambridge University Press


https://doi.org/10.1017/S001309150500074X

108 N. A. Chernyavskaya and L. A. Shuster

max{c,m~', M}. Then ¢;' < d(z)q1(z) < ¢ for € R. Finally, criterion (3.17) for
correct solvability of equation (1.1) in the spaces L,(R), p € [1,00], follows from (3.6)
and Theorem 2.2. O

7. Examples
In this section, we give examples of applications of Theorems 3.1, 3.3 and 3.4.

Example 7.1. Using Theorem 3.1, we find an estimate (for |z| — c0) of the integral
F(x,a) with g(z) = exp(2?) , z € R, a € R (see (3.1)). In this case the function g(z) is
positive and differentiable for x € R and, in addition,

/!
2
lg' ()| _ \ffil7 s ER. (71)
g(x)*  e*
Let us verify that the function
x2
s(x) = S e R,

8v1+ a2’

satisfies conditions (a)—(d) of Theorem 3.1. Indeed, s(z) is continuous and positive for
x €R, s(xz) = oo as |s| = oo, and

im 20 o L
11m = 1im =
|z|— o0 xg(x) |z|—=oc0 82V 1 + 2

1 81422 < 2z |g'(x)]

s(z) et T e g(a)?”

e R.

Hence, conditions (a)—(c) of the theorem hold and it remains to check that condition (d)
holds. Let us find A(z) (see (3.4)):

[, os@ L s@) [ 1 1
A@ =T Sy +g(acﬂ [ it e @Y

Let t € A(x). Then, by Lagrange’s formula, we have
s(t) =s(x)+ s (€)(t—xz), z€eR, (7.3)
where £ lies between ¢ and z. Let

s(t s(t)
M(z) = A8 — min 22 7.4
() ténAa(};) s(x)’ m(z) ténAl(r;c) s(z) (74)

Furthermore, with our choice of s(z) we get

|s"(2))]

(@) = |2x —

<2z, zeR. (7.5)

T _| |2 1
1+ 22 - 1+ 22
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Therefore, from (7.3)—(7.5) it follows that

SO,
o)

(O] 5(8) 1

M(z) = max |1+
te A(x)

<1+ max . .
teA(z) s(&)  s(x) 81 + 22
M(z)
<1+ —2%— max 2
8V1 + 2 tcA(w) €]

4%%2 [le ! wﬁ}

<1+

M L]
B 4 [V1i+a22 8(1+2?)
<1+M<x)(1+l)—1+iM(x) = M(@)<2 2cR (7.6)
S 4 8) = 32 S 23 : :
Let us now use (7.6) to estimate m(x):
L )
- 1 t—
m(z) temAl(r:lx:) * s(x) (t—2)
!/
s o [1- 050
te A(x) s(&)  s(x)
M{(x)
>1- = max 2
8v/1 + z? EGA()HCC) €l
8 |z] 1
21—
23 [ﬁ el 8<1+x2>]
>1-2(1+3)=58>1 zeR (7.7)
Thus, using (7.6) and (7.7), we get
1 s(t)
5 <m(r) < -5 < M(r) <2, teAx), zeR (7.8)

s(x)

Since all the hypotheses of Theorem 3.1 are satisfied, we conclude that, for &« € R and
all |z| > 1, the following equality holds:

Pz, 0) = /Oo exp(at?) exp (— ‘ /: exp(€2) dg') at

— 00

= 2exp((a — 1)2?)(1 + O(z exp(—z?))). (7.9)
We emphasize that the constant in the symbol O(-) depends only on « and is absolute.

Example 7.2. Using Theorems 3.3 and 3.4, we find an asymptotic majorant s,(x)
for solutions of equation (1.1) with coefficient

2

q(z) = e +e* cose”, xzeR (7.10)
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Let us first establish correct solvability of this equation in L,(R), p € [1,00]. To do this,
let us find asymptotic estimates of d(z) for |z| — oo. According to (3.10), set

x

¢1(z)=¢e", @qx)=e ’ cose””2, x €R. (7.11)

Below we repeatedly use the following inequalities:

t #” -
< 31((33)) = 2? <c for t € A(x), =z € R, (7.12)
1
" 2 4t
o qi(t)  1+2t% e ~
t ~
ct |:c| <c for t € A(x), |z| > 1, (7.14)
o 1+42 .
¢ < 1.2 <c for t € A(x), x € R. (7.15)
Here
X 4(1 4 22 4(1 4 22
Aa) = [o- 2D o AT e

er?/2 X er?/2 ’

Elementary inequalities (7.12)—(7.15) are checked for || > 1 in the same way as (7.8),
and, on every infinite interval, estimates (7.12), (7.13) and (7.15) follow from continuity
and positivity for z € R of the functions under consideration. According to Theorem 3.4,
we estimate hy(z) and hy(x) for |z] — co. We have (see (7.13))

() = —— swp | [ e d&‘
! q1 ()3 teA(z) | Jo—t !
2 o+ (1 4 2¢2)ef” 2
- - Ao PSS TP (149222 d
o 20 | [ (a1 + 270
1422 . 14 2
ch,:c, reR = h(z)<c —1-230’ z € R.
er er

Below, in order to estimate ha(z) for |z| > 1, we use the second main theorem (see [13,
Chapter 12, §12, no. 3] and (7.14):

ha(x) ! sup
2 =
V() tea)
1 /“‘t 25652 cos s’ d¢

N 612 /2 r—t 25

B 2 2
/ 2¢eS coset df‘

/ e d&]

x—t

sup
teA(x)

sup
[a,8]CA(x)

<
= |x|ex2/2
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c
= sup / d( sme
\$|e [a[}CA(z)
c c
< e —  ha(r) < e |z| > 1.

Thus, hi(z) — 0, ha(2) — 0 as || — oo, and therefore by Theorem 3.4, we get

14 ¢e(x) c
d(x) = T2 |€((E)| < W for |£L’| > 1, (716)
1l ) < =S eR 7.17
op Sd@) < 5, vER (7.17)

In addition, since ¢(x) = e >1forz € R, in this case equation (1.1) is correctly
solvable in L,(R) for p € [1,00] (see (3.17)). )
In order to apply Theorem 3.3, we now establish that ¢ € H. Set (see Definitions 2.13

and 3.2)
def

k(r) = 2(1+27%), zeR. (7.18)

Let us check that with such a choice of k(z) all requirements of Definition 2.13 are

satisfied. Clearly, condition (1) of this definition is satisfied by the definition of k(x), and

condition (2) is satisfied because of (7.15)—(7.17). It remains to check inequalities (2.17).
Denote

&1 (z) = k(x)d(x) sup

/0 g1z +€) — (e — €)]de]. vER,  (7.19)

tew(x)
xT x4+t
bo(z) = k(m)d(x)[ su(p) / q2(& df‘ + sup q2(8) }, zeR, (7.20)
tew(x T—t tew(x) T

where, as in (2.17), w(z) = [0, k(z)d(z)], x € R. Then for x € R, the following obvious
inequality holds:

&(x) = k(z)d(x) sup

tew(x)

[+ -aw-9 dg\ (@) + Bae),  (7.21)

and to prove (2.17) it is sufficient to show that the functions @;(x) and P2(x) are uni-
formly bounded for z € R. The following relations hold for |z| > 1 because of inequali-
ties (7.12), (7.14) and (7.16):

2 t
<O s | [ o - a6-ola

tew(x)

1 2
:C(%/j) sup / / dsdi‘
€ tew(x) r—&

1 2 ot
= c(%/;v) sup / / 2se” ds df‘
€ tew(z) | JO Jxz—¢

P ()
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/Ot /ﬂ:j dsdf’

<e(l+ x2)|x|em2/2 sup
tew(x)

_clx|(1+ x2)3
- er?/2

<e<oo, |z/>1. (7.22)

Let us now estimate the first summand in (7.19). (The second one is estimated in a
similar way.) Now, for |z| > 1, we use the second mean theorem and (7.16):

vwa) s | [ mie)ag

tew(x)
(14 2?) sup /I 2¢e€” cose€” de¢
e®*/2 tew(x) —t 25
1+ 22 Ao e >
< C(;xfm) sup / 266t coset de ’
21672 o pic Ay | a
1 2 B8
= 6(;3623;2) sup / d(sineg)’
216”2 (o picd(e) | Ja
c(1+ 2?) c(1+2?)

— Qg(x) <

<~y <c<oo, [|z[>1. (7.23)
|z|ex?/

Thus, according to (7.21)—(7.23), there exists ¢ > 1 such that ¢(x) < ¢ < oo for |z| > c.
Since the function @(z) is continuous for z € R (see Lemma 2.16), ¢(x) is bounded on
the segment [—c, ¢] and is hence uniformly bounded for « € R. Hence, ¢ € H. From (7.16)
we conclude that (3.9) holds,
k(x)d(zx) . 21 + 22)(1 4 &(x))
lim

lim +Y————= =
2
|| =00 x || =00 zrer?/2

=0,
and therefore q € H. According to Theorem 3.3, the asymptotic majorant s, (z) of solu-
tions of (1.1) is given by (1.7) for all p € [1, o¢].

We now need the following simple assertion.

Lemma 7.3. Suppose that for p € [1, 0] equation (1.1) is correctly solvable in L,(R)
and the function s, (x) is an asymptotic majorant of its solutions. Then, if a positive
and continuous function 5, (x) for x € R satisfies condition (1.8), it is also an asymptotic
majorant of solutions of (1.1).

Proof. Let v > 1. Choose € > 0 so small that
n=71+e7">1.
From (1.8) it follows that there exists ¢;(¢) such that

p(x) < (L +€)igy(x) for |z| > c1(e).
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From Definition 1.1, we find that there exists co(71) such that, for all |z| > c2(y1), regard-
less of y € D,, the following inequality holds:

ly(@)| < M2 ().
Let ¢(y) = max{ci(g), ca(y1)}. Then, for |x| = c(v), we get

y(@)| < Mg (2) < (1 +e)5(x) =135 (2), y e Dy,

i.e. condition (1) of Definition 1.1 is satisfied.
Consider condition (2) of this definition for 3, (z). Suppose it is not satisfied. Then
there exists 7o € (0, 1) such that, for all |z| > ¢1(y0) > 1, the following inequality holds:

ly(z)| < yo3ep(x) for y € D,,. (7.24)

Choose € > 0 so small that v; = (1 4+ ¢)y9 < 1. From (1.8) it follows that there exists a
cz(g) such that
sp(x) < (L +€)sp(x) for all x| = e1(e). (7.25)

Let (o) = max{ci(70), c2(€)}. Then, from (7.23) and (7.24), for all |x| > ¢(70), regard-
less of y € D,, we get

ly(z)| < o3 (x) < (1 +€)sp(x) = M136p(x) = a contradiction.

Condition (2) of Definition 1.1 is also satisfied, and therefore ,(z) is an asymptotic
majorant of the solutions of (1.1). O

From Lemma 7.3, (7.16) and (1.7), we conclude that the function (see (1.6))

t(p)
() = A aeme L€ R, p € [1, 0],

is an asymptotic majorant of the solutions of equations of (1.1) in the case (7.10).
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