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Abstract

Let R be a commutative Noetherian ring, M be a finitely generated R-module and a be an ideal of R such
that aM # M. We show among the other things that, if ¢ is a nonnegative integer such that H:(M) = 0 for
all i < c, then there is an isomorphism End(HS(M)) = Exty(HS(M), M); and if ¢ is a nonnegative integer
such that Hi (M) = 0 for all i # c, there are the following isomorphisms:

() Hy(HS(M)) = Hi'“(M) and

(i) Extp(R/b, H{(M)) = Extz “(R/b, M)

for all i € Ny and all ideals b of R with b 2 a. We also prove that if a and b are ideals of R with b 2 a and

¢ := grade(a, M), then there exists a natural homomorphism from End(H;(M)) to End(H;(M)), where
grade(a, M) is the maximum length of M-sequences in a.
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1. Introduction

Let R be a commutative Noetherian ring and M be an R-module. Let C(R) be the
category of all modules and homomorphisms over R. Also, for a nonnegative integer
n, we denote the nth local cohomology functor with support in an ideal a of R by
H(-). In addition, we denote the cohomological dimension of M with respect to a by

cd(a, M)(= supli € Z | H\(M) # 0}).

Let a be an ideal of a commutative Noetherian ring R and M be a finitely generated
R-module such that aM # M and grade(a, M) denote the maximum length of M-
sequences in a. There are some attempts to describe the module H{(M), where ¢ :=
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grade(a, M). For instance, it is well known that Assg(HS(M)) = Ass(Extx(R/a, M)).
On the other hand, an ideal a of R is called a cohomological complete intersection
if heightza =cd(a, R). Recently there have been some interesting results about the
cohomological complete intersection ideals over a Gorenstein ring (cf. [3, 4, 8]). Note
that when R is Gorenstein, a is cohomological complete intersection if grade(a, R) =
cd(a, R).

Suppose that F is an R-linear functor from C(R) to itself such that for every R-
module L, F(L) is a-torsion. For each ieN,, we use R'F(-) to denote the ith
right derived functor of F. It is natural to ask about the module R°F(M) when
¢ = grade(a, M) or ¢ = grade(a, M) = cd(a, M). In the second section of this paper we
prove, for a nonnegative integer c, that:

(i) if ¢ < grade(a, M), then ROF(Hg(M)) = RF(M); and
(i) if ¢ := cd(a, M) = grade(a, M), then R'F(HS(M)) = R+ F(M) for all i € Ny.

Whenever (R, m) is a Gorenstein local ring, Hellus and Schenzel showed in [4] that
if a is a complete intersection ideal of R in V(a)\{m}, ¢ := cd(a, R) and d := dimg R/a,
then the following conditions are equivalent:

(i) ais acohomological complete intersection;
(i) HY(HS(R)=E(R/m) and H! (HS(R)) =0 for all i #d, where E(R/m) is the

injective hull of the residue field R/m;
(ii1) dimR/mExt}?(R/m, HE(R)) =04,

(See [4, Theorems 0.1 and 3.2] for other equivalent conditions.) To do this, by using
a minimal injective resolution of a Gorenstein local ring R, they first introduced a new
complex which is called the truncation complex, and then applied spectral sequence
methods. In the third section of the present paper, by using the Cech complex, we
provide the following theorem.

THeoreM 1.1. Let a be an arbitrary ideal of a commutative Noetherian ring R and M a
finitely generated R-module such that aM + M and ¢ := cd(a, M) = grade(a, M). Then,
for every ideal b of R with b 2 a:

() Hi(HS(M) = Hi(M) and

(i) Extp(R/0, H{(M)) = Exty“(R/b, M)

foralli € Ny.

We also show that [4, Corollary 2.3 and Lemma 2.6] are consequences of
Theorem 1.1.

Whenever R is a complete local ring, Hellus and Stiickrad showed in [5] that if a
is a cohomological complete intersection with ¢ := cd(a, R), then the endomorphism
ring End(HS(R)) is isomorphic to R (see also [6, Theorem 2.7]). Schenzel [8]
gave a characterization when the endomorphism ring End(H{(R)) is isomorphic to
R. Also, he proved that if a and b are ideals of a Gorenstein local ring R such
that b 2 a and c := heightza = height,b, then there exists a natural homomorphism
End(H{(R)) — End(H{(R)). In the final section, we not only provide an improved
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form of [8, Lemma 2.3(d)] and [6, Theorem 2.7] but also prove the following theorem
which is a generalization of [8, Theorem 1.2(a)].

TueoreM 1.2. Let a and b be ideals of an arbitrary commutative Noetherian ring R and
M a finitely generated R-module such that b 2 a, aM # M and c := grade(a, M). Then:

(i)  we have a monomorphism from H;(M) to H{(M),; and
(ii)  there exists a natural homomorphism from End(Hy(M)) to End(H(M)).

We would like to give two different proofs of our results. The first of them is, in
fact, a modification of that we have exploited in [6]. The second proof, which is of a
completely different nature, is based on a special spectral sequence.

Throughout this paper, R will denote a commutative Noetherian ring with nonzero
identity, a an ideal of R and M a finitely generated R-module. We shall use Ny
(respectively, N) to denote the set of nonnegative (respectively, positive) integers.
Also, when F is a covariant R-linear functor from C(R) to itself, we adopt the
convention that, for every negative integer i, R'F(-) is the zero functor. Our
terminology follows Brodmann and Sharp’s textbook [2] on local cohomology.

2. Derived functors and Cech complex

We begin with the following lemma. Note that, for an R-module N and element
x in R, we use the notation N, for the module of fractions of N with respect to the
multiplicatively closed subset {x" | u € Ny} of R.

Lemma 2.1. Let F be a covariant (or contravariant) functor from C(R) to itself such
that, for every R-module L, F(L) is a-torsion, and let x be an arbitrary element of a.
Then, for every R-module N, R'F(N,) = 0 for all i € N,

Proor. Suppose that x € a and N is an R-module. Let g : N, — N, be the map given
by multiplication by x. It is easy to see that g is an automorphism on N,. Hence,
for all i € No, R'F(g) : RIF(N,) — RIF(N,) is again an automorphism provided by
multiplication by x. Now, since, by our assumption, for an R-module L, every element
of F(L) is annihilated by some power of x, it is routine to check that R F(N,) is zero. O

Note that, similar to the proof of Lemma ‘2. 1, one can show that if 7" is an a-torsion
R-module, then for every R-module N, Extp(7, Ny) = 0 for all i € Ny. In this regard,
the result of Lemma 2.1 holds true for the functor Homg (7, —), where T is an a-torsion

R-module.
Norarion 2.2. Let x :=xp,..., X, be a sequence of elements of R and N be an R-
module. Set b:=(xy,...,x,). Recall that the Cech complex C(x, N)* of N with

respect to x is the complex
Ll ]
0—»C' »(C'—»... >S5S0 —... 5" —0,

where C° =N and, for 1<i<n, C'is a direct sum of some copies of Ny ,..xq
where 1 <k(1) <k(2)<---<k(i)<n and C' is zero elsewhere (cf. [2, Proposition
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and Definition 5.1.5]). Also note that, by [2, Theorem 5.1.19], H'(C(x, N)*) = H.(N)
for all i € Ny. Throughout this section, we set L' := Im d' and K’ := Ker d' for all i € Z.

THEOREM 2.3 (Compare [6, Theorem 2.6], [7, Theorem 1.1(v)] and [8, Lemma 2.2(d)]).
Let F be an R-linear covariant functor from C(R) to itself such that for every R-module
L, F(L) is a-torsion. Also let c € Ny and a be an ideal of R such that oM # M and that
¢ < grade(a, M). Then

ROF(HS(M)) = REF(M).

First PrROOE. Let x :=x1, ..., X, be a sequence of elements of R which generates the
ideal a. Then, in view of [2, Corollary 3.3.3 and Theorem 6.2.7], we have that n > c.
Now, consider the Cech complex of M with respect to x as follows:

C()_(,M)‘:0—>C°£>C1—>---—>Cci>cc+1—>--.—>c"i>o,

So, we have the exact sequence
0—>K —>C—L—0 (2.1)
which, in light of Lemma 2.1, induces the isomorphism
RIF(K' = RITVF(LY, (2.2)
for all j € Ny and i # 0. Now, by [2, Theorem 5.1.19], we have the exact sequence
0— L' K — H(M)— 0, (2.3)

for all i€eNy. So, applying the long exact sequence R/F(-) on (2.3), together
with (2.2), yields the exact sequence

RIZZF(L) — RITVF(HL(M)) — RIF(L™") — RITVF(LY (2.4)

for all j € Ny and i # 0. Using (2.4) for j := 0 implies that
ROF(L)=0 forall i € Ny. (2.5)
So, using again of the exact sequence (2.4) for j:=1 and i:=c ensures the

isomorphism
ROF(HS(M)) = R'F(L™). (2.6)

On the other hand, since ¢ < grade(a, M), when ¢ # 0, 1, we have the exact sequences

0—M-—C'—L'—0

and
0L ' 50 —L—0
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forall 2 < j<c¢— 1. Hence, in view of Lemma 2.1, we have the isomorphisms

REF(M) = RVF(LY)
= REF(LY)

>~ ...

R

RZF(L672)
=RUF(L.

Now, the isomorphism (2.6) completes the proof, for all ¢ #0, 1. When ¢ =0, the
exact sequence (2.3) yields the isomorphism

ROF(HO(M)) = ROF(K"). (2.7)

Therefore (2.1), (2.5) and (2.7) ensure that ROF(HO(M)) = R°F(M) as desired. Also,
when ¢ = 1, since HS(M) =0, [2, Theorem 5.1.19] implies that L° = C® = M. So, the
result follows from the isomorphism (2.6). |

SeconDp ProOOF. Since F(L) is a-torsion for every R-module L, there is an isomorphism
of derived functors

RF=RT,-F)=R(F -T,)=RF - R[,.
Hence we have a spectral sequence
EN? = RPF(H{(M)) = RPFIF(M).

Since ¢ < grade(a, M), we have H!(M) =0 if g < c¢. Thus we obtain an isomorphism
ROF(HS(M)) = ES* = RF(M). O

The following corollary is an immediate consequence of Theorem 2.3 and [2,
Theorem 6.2.7].

CoRrOLLARY 2.4. Let a be an ideal of R such that aM # M and c := grade(a, M).

Suppose that F is an R-linear covariant functor such that for each R-module L, F(L)

is a-torsion. Then:

(i)  R/F(M)is zero for all j < c and R°F(M) = ROF(HS(M)); and

(i) if b is another ideal of R such that bM + M and F(L) is also b-torsion for
all R-modules L, then for every nonnegative integer k, provided that k <
inf{grade(a, M), grade(b, M)}, we have the isomorphism

ROF(HN (M) = ROF(HE(M)).

The following theorem is one of the main results of this paper.
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THeEOREM 2.5. Let F be an R-linear covariant functor from C(R) to itself such that for
every R-module L, F(L) is a-torsion. Suppose that a is an ideal of R and M is a finitely
generated R-module such that aM #+ M and that c := cd(a, M) = grade(a, M). Then

RF(H{(M)) = RHF(M)
foralli e N.

FirsT PrROOF. Let x := xy, ..., x,, be a sequence of elements of R which generates the
ideal a. Then, in view of [2, Corollary 3.3.3], we have that n > ¢. Now, consider the
Cech complex of M with respect to x as follows:
. 0o 4 ¢ 4 et vl d
cCx, M 0—C —>C —---—C—>C" —.---—(C"—0.
Since ¢ =cd(a, M) = grade(a, M), in light of [2, Theorems 5.1.19 and 6.2.7],
H/(C(x, M)*) = 0 for all j # c. Hence, we have the exact sequences

0 c—2
0—>COL>C1—>---—>C”_2d—>CC_1—>L”_l—>O
and 1
O—)KC—>CCL>CC+1—>"-—>Cn_1d—>cn—>0.

So, we can deduce the exact sequences
0—K' —>C°— L —0 (2.8)

and .
0— L — ' — [t —o, (2.9)

for all 0 < j <n— 1 with j# ¢ — 1. Note that L = 0 and, if ¢ # 0, we have L° = C° =
M. Now, by applying the long exact sequence R/F(—) on the exact sequence (2.9), in
conjunction with Lemma 2.1, we have the isomorphisms
RIF(LC) ~ RFIF(LCH)
~ Ri—ZF(Lc+2)
~ Ri+c—n+1F(Ln—1)
~ Ri+c—nF(Ln) =0

for all i € Ny. So, applying the functor R/F(-) on the exact sequence (2.8), together
with Lemma 2.1, ensures that

RF(K)=RF(M) whenc=0 (2.10)

and ‘
RF(K)=0 whenc#0, (2.11)
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for all i € Ny. Now, since by [2, Theorem 5.1.19], HS(M) = K¢/L", we have the exact
sequence
0— L' — K°— HY(M) — 0 (2.12)

and so, when ¢ = 0, in view of the isomorphism (2.10), for all i € Ny, one can deduce
the isomorphism
RF(H{(M)) = R'F(M),

as desired. Also, (2.11) and the exact sequence (2.12) induce the isomorphism
RF(HS(M)) = R F(L) (2.13)

when ¢ # 0. Now, in view of Lemma 2.1, by applying the long exact sequence R/F(-)
on the exact sequence (2.9), for all i € Ny, we have the isomorphisms

Ri+l F(L071 ) ~ Ri+2F(L072)
~ Ri+3F(LC—3)

~ RHC—]F(LI)
= R*F(L°)
= R*F(M).
So the result follows from (2.13). ]

SEconD PrOOF. Since ¢ = cd(a, M) = grade(a, M), we have H{(M) =R (M)|c].
Hence,

RIF(H(M)) = R F(RT(M)[c]) = R*(F - T)(M) = R*F(M).

This concludes the proof. |

3. Applications for local cohomology modules

In this section, we provide some applications of Theorem 2.5. The next result gives
interesting isomorphisms.

TueOREM 3.1. Let M be a finitely generated R-module, a be an ideal of R such that
aM # M and c := cd(a, M) = grade(a, M). Then, for every ideal b of R with b 2 a:

() H{H{(M)) = H*(M) and
(i) Exty(R/b, HS(M)) = Ext#(R/b, M)

forall i e Ny.

Proor. The results follow immediately from Theorem 2.5 when we replace the functor
F by the b-torsion functors I',(—) and Homg(R/b, —). O
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Recall that an ideal a of R is a cohomological complete intersection if heightza =
cd(a, R). In [4], M. Hellus and P. Schenzel, by applying the spectral sequence methods
on a certain truncation complex (cf. [4, Definition 2.1]) proved the following corollary.

CoroLLARY 3.2 (See [4, Corollary 2.3 and Lemma 2.6]). Let (R, m) be a Gorenstein
local ring and a be a cohomological complete intersection ideal of R. Set ¢ := cd(a, R)
and d := dimg R/a. Then:

(i)  Hu(H{(R)) = E(R/m);

(i) Ext3(R/m, HS(R)) = E(R/m); and

(i) H (HS(R)=0= Ext}}(R/m, H{(R)) foralli#d.

Proor. Since R is Gorenstein, dimg R = heightza + dimg R/a = ¢ + d. Hence HS(R) =

E(R/m) and H! (R)=0 for all i # c+ d. Also, in view of the main theorem in [1],
Extf{d(R/m, R)= E(R/m) and ExtR(R/m,R) =0 for all i #c+d. The results now
follow from Theorem 3.1. O

The following corollary was proved in the implications (i) = (ii) and (i) = (v) in
[4, Theorem 3.1].

CoroLLARY 3.3. Let a be a cohomological complete intersection ideal of a Gorenstein
local ring R. Set ¢ := cd(a, R). Then, for all v containing a:

() Hy (H (Ry)) = E(Ry/PRy),

(i) Extp”(Ry/PRy, Hiy (Ry)) = E(Ry/PRy), and

(iii) H;Rv(Hf(Rp (Ry))=0= Ext;p (Ro/pRy, Hp (Ry)) for all i # h(p),

where h(p) = dimg, R, — heightza.

4. Endomorphism rings

In this section we establish a homomorphism from End(H{(M)) to End(H{(M)),
where a and b are ideals of R such that b 2 a and ¢ := grade(a, M). To this end, we first
present an application of Theorem 2.3 which is needed later. Note that this result was
proved in [8, Lemma 2.2(d)] whenever M := R is Gorenstein local, and in [6, Theorem
2.6] whenever M := R is an arbitrary commutative Noetherian ring.

THeorEM 4.1. Let ¢ € Ny and a be an ideal of R such that aM # M and ¢ < grade(a, M).
Then for all a-torsion R-modules T, we have the isomorphism

Homg(T, HS(M)) = Ext$(T, M).

In particular,
End(Hy(M)) = Exty(Hy(M), M).

Proor. The result immediately follows from Theorem 2.3 when we replace the functor
F by the a-torsion functors Homg (7', —) and Homg(H{(M), —). O
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Let a and b be ideals of a Gorenstein local ring R such that b2a and c:=
heightza = heightzb. Schenzel [8, Theorem 1.2(a)] showed that there exists a natural
homomorphism End(H{(R)) — End(H{(R)). Here, by using Theorem 4.1, we extend
the above result as follows.

THeOREM 4.2. Let a and b be ideals of an arbitrary commutative Noetherian ring R
such that b 2 a, aM # M and c := grade(a, M). Then:

(i)  we have a monomorphism from Hg(M) to H{(M); and

(ii)  there exists a natural homomorphism from End(H;(M)) to End(H[ (M)).

Proor. (i) In light of Corollary 2.4(i), if we set F :=I'y(—), we have the isomorphism

To(HS(M)) = HY(M).
So, we have a monomorphism
0— H{(M)— Hy (M) “4.1)

as desired.

(ii) Applying the long exact sequence Exty(—, M) to (4.1) deduces the natural
homomorphism

Extp(H (M), M) — Ext,(Hy (M), M).

Now Theorem 4.1 completes the proof. m|

REmARK 4.3. By using the proofs of [8, Theorem 1.2(a)] and Theorem 4.2, it is easy
to see that if R is a Gorenstein local ring, the natural homomorphisms described in [8,
Theorem 1.2(a)] and Theorem 4.2 coincide.

Levmma 4.4. Let U be an R-linear contravariant functor from C(R) to itself. Suppose
that a is an ideal of R and M is a finitely generated R-module such that:

(i) RUM.)=0forall z€a;
(i) oM #M; and
(iii) ¢ :=cd(a, M) = grade(a, M).

Then

REU(HE(M)) = ROU(M).
Proor. First, suppose that ¢ > 1 and that {xi, . . ., x,} is a generating set of a. Consider
the Cech complex C(x, M)*® of M with respect to X := xy, ..., X,. By using a method

similar to the one we used in the first proof of Theorem 2.5, we have the exact
sequences (2.8) and (2.9). Also, by our assumption, R/U(C’) =0 for all i, j € N.
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Hence, for i € N, we have the isomorphisms
RUK) =R UL
Ri+2 U(Lc+l)

R

~ Ri+n—c U(Ln—l)
~ RiJrnfCJrl U(Ln) =0.

Thus A
RUK)=0 forallieN. 4.2)

Also, by [2, Theorem 5.1.19], H(M) = K¢/ L1, and so we have the exact sequence
0— L' — K° — HS(M) — 0. (4.3)
Whenever ¢ = 1, (4.2) and (4.3) imply the exact sequence
RUKK") — RUL") — R'UH!(M)) — 0.

Also, by applying the functor R/U(~) to the exact sequence (2.8) and (2.9), we have
the isomorphisms

RUKHY =R UWLHY =R UL =---=R'UL") =0.

Thus R'U(H!(M)) = ROU(L") = R°U(M). So we may assume that ¢ >2. Now the
exact sequences (4.3) and (2.9) in conjunction with (4.2) induce the isomorphisms

REU(H(M)) = R UL™)
~ RL‘—z U(Lc—Z)

>~

=R'UWLY.

Moreover, (2.9) implies the isomorphism R!'U(L') = ROU(L"). Thus RCU(HS(M)) =
ROU(LY) = ROU(M).

In the case where ¢ =0, by slight modifications in the first part of the above
arguments, we can show that there exist the exact sequences (2.9) and

0— HM)— M — L° — 0.
Hence we have the exact sequence
0 — RULY) — RUM) — ROUH(M)) — R'UL) (4.4)
and the isomorphisms

RULHY=RUWLY = - =RUWLHY=R'UWL" =0.
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Thus
R'UL%) =0. (4.5)

Also (2.9) implies the exact sequence
ROU(C") — ROU(L") — R'U(L").

As we have shown in the first part of the above arguments, R' U(L') = 0. Moreover, it
follows from our assumption that R°U(C') = 0. Hence R°U(L®) = 0. The result now
follows from (4.4) and (4.5). ]

TueoreM 4.5. Let ¢ € Ny and M be a finitely generated R-module. Suppose that a is an
ideal of R such that aM # M and c := cd(a, M) = grade(a, M). Then

End(H{(M)) = Homg(M, M).

Proor. Consider the functors F'(—) := Homg(H{(M), —) and U(-) := Homg(—, M). By
Theorem 2.3 and Lemma 4.4, we have the isomorphisms

End(H(M)) = R°F(M)
= RU(H;(M))
= RUM)
= Homgz(M, M).

This concludes the proof. O

Suppose that (R, m) is a Noetherian local complete ring and a a proper ideal of R
such that ¢ := grade(a, R) = cd(a, R). Let E be the injective hull of R/m. Since R is
complete, for every z € a we have the isomorphisms

Exti(R,, R) = Exti(R., Homg(E, E)) = Homg(TorR(E, R.), E) = 0.

Then, by Theorem 4.5, End(H{(R)) = R. This means that Theorem 4.5 is an improved
form of [5, Theorem 2.2].
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