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proof, on the ground that in the same way the angles of a spherical
triangle might be proved equal to two right sngles. On the con-
trary, a similar mode of proof will show that the angles of a spherical
triangle are greater than two right angles. For we must now con-
sider the revolution of planes containing the great circles of which
the sides of the spherical triangle are arcs. Suppose, then, a plane
by revolving to coincide in turn with the three sides of a spherical
triangle. This plane in its three positions has always one point
common, that is the centre of the sphere. The result of the three
revolutions through the three spherical angles, is that the plane
coincides with its original position, but with ends reversed. Now a
plane can thus reverse its position by turning through two right
angles, only on condition that it remains, during the revolution, per-
pendicular to the same fixed plane, that is that its axis of revolution
is not subjected to tilting. Now, this is a condition that cannot be
satisfied by a plane which coincides in turn with the three sides of
a spherical triangle (except in the case when one side vanishes).
Hence the three angles of a spherical triangle are greater than two
right angles,

Ninth Meeting, July 11th, 1884,

Dr R. M. FerousoN in the Chair.

Application of the Multiplication of Matrices to prove a
Theorem in Spherical Geometry.

By Professor CHRYSTAL, University of Edinburgh.

The theorem in question is that if two of the diagonals of a
spherical quadrilateral be quadrantal arcs, the third diagonal is also
a quadrantal arc. (Fig. 31.)

Denote the direction cosines of the radius to the point 1 by
L, m,, ny, &c., and [, [, +m, m,+n,; n, by 12.

Then our conditions give 12=0, 34=0, and we have to prove
56=0,

The equation to the plane 13 is
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to the plane 24 is A, + B,y + C,2=0.

=0, say Az + By + 03z=0; and similarly the equation

Hence the direction cosines of 6 are the full minors of

Ay B, Cy
Ay By Oy
squares of these minors,
Ay By Cyy X Ay B, Cy
AII B'H C“ 'A'Zi B?S Oaa

divided by the square root of the sum of the

Hence the cosine 56 is

divided by the product of

the square roots of the sums of the squares of the full minors of the

two matrices.

Now by a double application of the multiplication of matrices

l Ay By Cp X Ay B, Cy
| Ay By Gy Ay By Cy
= | Ay Au+By; B+ Cu
Ay A+ B, B+ C,, Gy
=||tmn| x| Lhmn
by my my Lymgm,
by my my Lo
lim,n, lim,n,
=111 14 12 13
31 34 32 33
21 24 ' 22 23
41 44

Since 12=0, 34=0, 11= 33
of the last determinant
l -1314,-1323 | =0;

- 2414, - 24,23

|

Astaa'*‘BuBn"'CnCn'
Ay An+ By Bn+0u0n
Ly | 1, my my
émml Iy my 7y
2 My My ly mymy
Iy myn,

44 =1, we have for the value

which proves the proposition above stated.
The above process may be applied to the calculation of relations
connecting the cosines of the arcs connected with the spherical quadri-

lateral in general. For example

AyB, 0Oy | x | Ay By Oy

A, B,C, Ay B, C,,
/' BHCM / ' B, G, N o
J B, C,, l+&c +&e. x J B,.C, + &c. + &e.
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|11 12 13 14
41 42 43 44
| 21 22 23 24
[ 31 32 33 34

=

VA + B2+ C ) (A’ + By +Cpff) - (A4 A+ BBy +C,.0) /e,
Since Ay’ + Byl + 0.l = (5 +m?® +0°) (I8 +m + )
= (Bl+mm +nn )} =1-14%

213
and A A+ B By +C,Cx= I 12 43 l;
we get
134 12
14 13 24
57 = 23 24 13 ;
12132}{ 1314’}
1-143)(1 - 23%) - 1-12%(1 - 34%) -
/{( X ) ‘42 43 ( X ) 123 24

In the particular case of the quadrantal quadrilateral this re-
duces fo

132 - 242
57= ;

/ { (1 - 147 (1 - 257) - 132240 } { 1- (1324 - 14'23)=}
from which 56 is obtained by interchanging 1 and 2.

On the Discrimination of Conics enveloped by the rays joining
the corresponding points of two projective ranges.

By Professor CHRYSTAL.

It is evident in the first place as is pointed out by Steiner that
the conic will ba a parabola if, and cannot be a parabola unless the
point at infinity on one range correspond to the point at infinity on
the other, that is, the two ranges must be similar. This is the converse
of the well-known proposition that a movable tangent to a parabola
divides two fixed tangents similarly.

Steiner however does not take up the other cases, nor does Reye,
or any other writer on the projective geometry of conics so far as
1 am aware.

‘We may however proceed in general as follows :
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