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A PROBABILISTIC APPROACH TO GRADIENT ESTIMATES

M. CRANSTON

ABSTRACT.  Suppose u is a harmonic function on a domain D and x, ¥’ are in D. We
estimate |u(x) — u(x')| using two Brownian motions started at x and X’ and killed on
exiting a cube Q C D. By selecting appropriate versions of the two Brownian motions,
a classical gradient estimate for u is easily derived.

0. Introduction. This note is motivated by an idea of Lindvall, Rogers [5] on the
coupling of diffusion processes. The authors constructed two diffusions X; and X begun
at x and X/, respectively, where X and X’ share a common generator L. Their processes
are coupled, i.e., X, = X] for all ¢ after T = inf{7> 0 : X, = X}}. Those results were
concerned with the construction of a successful coupling of two diffusion processes, i.e.
one for which P(T < 00) = 1. Our work rests in estimating the probability of a coupling
being unsuccessful. These probability estimates can yield gradient estimates for the har-
monic functions for the diffusion in question. We treat the case of Brownian motion in
Euclidean space and obtain well-known basic gradient estimates for classical harmonic
functions. These gradient estimates are the starting point of the Schauder estimates.

It is also quite easy to obtain gradient estimates when the Laplacian is perturbed by a
linear first order term. For this method on manifolds, see Cranston [1] and for an appli-
cation to the Schrodinger equation, Cranston and Zhao [3].

The author would like to thank R. Durrett for the suggestion to consider coupling to
obtain gradient estimates. Also, it is a pleasure to thank T. Liggett and N. Varoupolos for
their encouragement and instruction.

1. The Couplings. For our probability space we take (2, the space of continuous
functions with values in R?. Given a generator L, (X, X’), Py will denote a pair of
diffusions X and X’ which have generator L under P**) and P**)(X, = x, Xy =x)=1.
Furthermore, setting 7 = T(X,X') = inf{t > 0 : X, = X} we will set X, = X, for
t > T, i.e. X' will couple with X at T. For arbitrary couplings, T will not be a stopping
time for X or X’ but one nice feature of the coupling of Lindvall-Rogers is that T is a
stopping time. We describe the Lindvall-Rogers coupling for diffusions on R . For o an
invertible, smooth, bounded d X d-matrix valued function of (¢, x) € [0, 00) X R¢ and b
an R ?-valued function on R ¢, X, will satisfy the s.d.e.

dX; = o(t,X,)dB; + b(X,)dt, Xp = x.
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The idea now is to construct an O(d)-valued process (O(d) = orthogonal d X d matrices)
H, = H(t,X,,X]) and X, so that if dB} = H,dB,, then B' is, of course, a d-dimensional
Brownian motion, BM(R ¢), and X/ solves

dX, = o(t,X))dB, + b(X))dt, X, = ¥

until 7(X, X") after which X] is set equal to X,. The process H, is obtained by first setting

y:y(x"x/):x_xj
)7y
xxdy= ZBX)Ty
u(t,x,x) Tty ]

and
H(t,x,xX') = I — 2u(t,x, X yu(t,x,xX)".

Then H, = H(t,X,,X,). As remarked in Lindvall-Rogers, H is reflection in the plane
orthogonal to o (,x’)~'y. Our only use of this particular coupling will be in the cases
o = 1Iand 0, = e ™ where A is a constant d X d matrix. In the first case the coupling
has the following simple description. Let P be the hyperplane perpendicular to the line
through x and ¥’ with %"i € P.Run X, = B, and then X] is simply X, reflected in P. For
this pair T(B,B') = op = inf {¢t > 0 : B, € P} is obviously a stopping time. In the
second instance, we will take 0, = e, start with

dZ, = e"dB, , Zy=x

and apply the above construction. It is interesting to observe that T = T(X,X’) is a
stopping time. Notice that since o is invertible

dB, = o~ '(X,)dX, — o " (X,)b(X,)dt.

Thus B is recovered from X and 0(B; : s < t) = o(X; : s < t) and a stopping time
for one of X or B is a stopping time for the other. Since X, X’ and therefore H(X, X’) are
predictable functionals of B, T(X,X’) is a stopping time for 0(B; : s < t). Therefore,
T(X,X') is a stopping for X and similarly for X’.

2. Harmonic functions. This section is devoted to a probabilistic derivation of clas-
sical gradient estimates for solutions of Poissons equation % A u = f in a Euclidean
domain D. The estimates also almost trivially extend to constant coefficient elliptic op-
erators.

We begin with the coupling by reflection method of Lindvall, Rogers [5]. As in the
previous paragraph, given two starting points x,¥ € R ¢ and a Brownian motion B with
By = x construct another BU(R ), B’ with B) = X' by reflecting B in the hyperplane
normal to the segment between x and x’ and half way between the two. Then with T =
inf{¢ > 0: B, = B} we have T = 0p. Also for a subset Q C R define 7o = inf {# >
0:B ¢Q},7y= inf{r>0:B; ¢Q} . Forx € DC Rdefine §, = dist (x, D) and
for a function defined on Q, ogc U= szp u— igf u.
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THEOREM 1 . Let u solve %Au = f on D. Then with

1
= N i~ Yi —6
0={y psl;sgdlx yil < 56}

we have 4 {

| 7 ux)| < 5 o(szc u+ Zéx ogcf.
If b is a vector field on D with |b(x)| < m and |b(x) — b(y)| < m|x —y| for all x,y and
%Au(x) + b(x) - Vu(x) = 0, x € D, then there is a constant ¢ = c(m) such that

[Vu@)| <2(1+c/by) ogc u.

The next Corollary is a well-known consequence of the above and Harnack’s inequal-
ity.
COROLLARY 2. There is a positive constant ¢ such that if %Au =0onDandu> 0
then ¢
|V ux)| < (S—u(x) .

PROOF (OFTHEOREM 1).  Givenx, ¥’ € D with|x—x'| < %, define the cube (slightly
different from that in the Theorem but still denoted by Q)

i, (xi +x7)
Q= {y: lrrslflsxdly, 5

Ox
|§§}o

Notice that 7p = Té. Using the Lindvall-Rogers coupling and 1t6’s formula

|ux) — u(x)| < |E& [u(BTQ) - u(B’Té)] |+ [ES [ (FBy) — FB) ds|.

In the first expectation on the right hand side, u(B,) — u(B,) # 0 only on the set
Q

{T > 7p}. Similarly, the integrand inside the second expectation is only nonzero on
{s:0< s < TA7p}. Thus,

[u(x) — u(x')| < ( osc u) PEUT > 19) + ( osc f) E*T A 1)
So it remains to prove the estimates
a) PE(T > rp) < 4l
b) ESI[T A 1] < x— X6,

These will be done by a reduction to a one-dimensional problem. Set £ = ’ﬁ'zi and
define

O0={yeQ:(y—% -(x—% >0},
L={y€dd:(y—%- (x—% =0}

o eaO\L . ETD
S={read\L:|o-9- =1 < 5)

U =090\ (SUL)
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the upper half of Q, its lower, side and upper boundary, respectively. Then
PX(T > 1g) = P“)(B, & L).
As a preparation for the case of general d, we proceed to estimate the latter probability

ind = 2. Ford = 2 then, put M = {ye O o=b=dl @} (the union of the line

y—%|[x—%]

segments from £ to the endpoints of U) and opy = inf{¢t > 0: B, € M}. Then

P*(B,, ¢ L) = P*\(B,; € U)+ P (B,, €)

and
P(B, € §) = P* (PP (B,, € S);om < 7))
< P& (PP (B, € U);om < 7))
(which holds by symmetry)
< P* (B, € V)
and so

(x.x') (x.x')
P (BTQ L) <2P (BTQ e U).

Nextput S = {y € R2:0< (y—#%) &8 < %’} the smallest slab containing 0 and

[x—%|

V= {y €ds:(y—1%)- Iizﬁl = 7‘} Then, in view of the previous inequality,

P* (B, ¢ L) < 2P(B,, € V)
_ 2=
=3

since P& )(BT_ , € V) is the probability that a one-dimensional Brownian motion started
at lx_f' leaves [0, %] at &. This proves a) ford = 2. Ford > 3,set §' = {y € R¢ :
- x) 'X fl %‘} and V = {y €05 :(y—2%)- —il < 5‘} Assume, for convenience,
that the axes are selected so thatx; = x/ for i = 2, -,d. Define A; = {B,, € V} and
for2 <i<d, A = {|(B—2%)i| exceeds é/2 before 7¢}. Then, proceeding as in the
case d = 2, we have

PW>(A)<( )/(5/2) i=1,2--.d.
Thus,
Pe(B, ¢L)<wa’(A)<d"‘6 2y
and so
PE(T > 19) < d———'xé_"jl :
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Turning to b), for any d > 3,
ESOIT A 1] = E“[rp)

< Elrs]

x| ((S_X |x—x’|)

2 2 2
where again the penultimate quantity is the expected time for a one-dimensional Brow-
nian motion to exit [0, 5—‘-] when started at P‘;—*}l That proves b).

With a) and b) proved,

o |x —X| i L .
|u(x) —u(x)| <d 5 (ogcu)+4éxlx x|(050f)

X

and consequently

d 1
| Vux)| < a ogc u+ Zb‘x 05cf.

We now show how the method also handles L = %A+b( -). Take two diffusions X and
X' with Xy = x, X, = x’ as described in Section 1. That is, take o = I, then

dX, = dB, + b(X,)dt
dX, = dB, + b(X))dt ,
where { B/} is just { B;} reflected in the hyperplane P as in the case b = 0. A short

calculation with Ito’s formula shows that there is a BM(R ), b, such that

X -Xx ,
d|X,— X;| = 2db, + { =——~ ,b(X;) — b(X)) ) dt ,
|X,—X,|

| Xo — Xo| = |x—x| .
Recall that we assume
|b(x) —b(y)| <m|x—y|, x,y EDand |b(x)| <m, x€D.

Then, to obtain a gradient estimate for a solution Lu = 0 in D, we must estimate, with Q
as in Theorem 1,

PN (T(X, X') > 1o(X) A 1o(X')) .

Notice first if 05 = inf{z > 0 : |X; — X|| = 6.}, then this probability is equal to
PEOT(X, XY > 1o(X) A To(X') A 05).
This probability is smaller than

PSO(TX,X') > 1o(X) A 05) + PP (TX, X)) > 7o(X') A 05) .

Focusing on the first term we use two one-dimensional comparison theorems applied to
|X; — X;| and | X, — x|. Since
d—1 X, —
dr4 >
2|X, — x| 1X; — x|

d|X, — x| = dw + b(X;)dt
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and in view of the equation for | X, — X]| we consider

dp, = 2db, +2mpdt , po = |x — X|
d—1

Nt

dT]t = th +

dt+mdt, no=0

where b and w are the same BM(R )s appearing in d|X; — X]| and d| X, —x
Then a.s. from one-dimensional comparison theorems

, respectively.

IXI_X;|SPI9 Vt,
|X;, —x| <m, Vi,
Consequently, if g5 (p) = inf {t >0:p 2> 61} then
T(X,X') < inf{t> 0: p, = 0} = ao(p)
To(X) > inf{t> 0: 0 > 6:/2} = 05/2(n)
and
os(p) < o5 .
Thus,
PETX,X') > 19(X) A 05) < P@V(a(p) > 05/5(n) A 05(p))

where we have used the superscript (po, 0) to indicate the starting position for (p;, 7,).
The probability on the right hand side is the probability that (p,7) at time 7 = inf{¢ >
0:p & (0,6)orn € (0,6/2)}isintheset A = {(p,n) :n =6/2,0< ¢ <
§}U{(p,n) : 0 < n <§&/2,p = &}. That is we need to estimate E*01,(p,,n,).
Consider the function

1, 0<p<é6,36/8<n<é/2,
in((n—2)%
g(p,n) = [(6—p)“i’1("2—4b—)+p]5“, 0< p<6.6/8<n<35/8,
0, 0<p<é,0<n<b/8.

Then g(p, ) > 14(p,n) 50 E*%g(p,,1,) > E#%1,(p,,7,). By Ito’s formula, writing
C;dl =2d < b,W >t7 with |Ct| S 2,

E*O%g(p. ;) =

—_—
2n "

.
1
8(po,0) +E(p°’0)/0 [ngp +2mp.g, + Egnn + 8y +Cigpn | dt.

But,g,, = 0,]g,| <1A87",|g,| <2 andg, = 0for0 < n < §/8,and|gyy| < 5,
|8pn| < %%. Thus,

. c

E®0g(pr,mr) < 8(po, 0) + 5 EMOT .

An easy comparison shows EPeDr < FErogg (p). Note u(f) = E'os(p) solves the
boundary value problem

20" + 2mei’ = —1
u)=u@)=0.
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Thus

u(t) = %'/Oteﬂgr’ [/06 eimzu2 /Ouem_gz-ds (/06 emTﬂdu)_ldu—Are#du} dr

5

mé

T pb . Also, by definition g(pg, 0) = po.

sou(p)<1-e
Thus, c
PEO(T(X, XY > m(X) A 05) < (1 + 5) P

and since py = |x — X/|
PEO(T(X, XY > mo(X) A To(X)) < 2 (1 + g) lx— x| .

Thus, if 1Au+b(-)- Vu=0inD

[Vux)| <2 (l +6%) ochu.

This completes the proof. n

REMARKS. (1) The constants d and % in Theorem 1 appear to be the correct ones
(compare with Gilbarg, Trudinger [4], p.37.)

(2) Elliptic operators L = a,-j% with constant coefficients can be easily handled
with this method. If 00! = a for a constant matrix o, then the diffusion with generator
Lis X, = o B, with B a BM(R 9). To couple X with another such diffusion X’ just couple
Band B and take X' = oB'.

(3) Higher order derivatives might be handled by coupling many particles. We give a
brief account of this for 0’u/ dx?. Let

e = — and observe that

ax,-
232“ 2
u(x + he) + u(x — he) —2u(x) = h ) +o(h”).

Take Q to be a cube with center x, diameter §, and such that the line x + te intersects the
boundary of Q in a right angle.

Begina BM(R %), X, at x+he and use the Lindvall, Rogers reflection to produce another
BM(R”), Z, beginning at x — he. For the third BM(RY), Y, begun at x, we take (Y, e) to
be a BM(R ) independent of (X, e) and for (e,f) = 0 take (Y, f) = (X,f). Then with

T=inf{t>0: X, gQorY, &€ QorZ ¢ 0}
u(x + he) + u(x — he) — 2u(x) = Elu(X;) +u(Z;) — 2u(Y;); T(X,Y) > 7,T(Y,Z) > 7]
+Elu(Xr) — u(Z); T(X,Y) 2 7,T(Y,Z2) < 7]
+Eu(Z:) —u(X: ), TX, V) < 7,T(Y,Z) > 7] .
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It is not too difficult to show that

o

PITX,Y)> 7,T(Y,Z) > 1) < 52

What is a little surprising is that by symmetry of Y in the ¢ direction, the last terms cancel
one another. Thus,

h2
|u(x + he) + u(x — he) — 2u(x)| < crgsupu
Qo

P

and consequently,
u
Fyel *x)

c
< —supu.
=52 QP

3. Operators with linear drift. In this section we derive gradient estimates for
Ornstein-Uhlenbeck operators on R “. Let A be a d x d constant matrix with eigenvalues
At - -+ Az which satisfy

Re/\1 S Re)\g S e S Re)\d.

SetL = % A +Ax - 7. The corresponding diffusion started at X, = x is given by
t
X, = e (x + /0 e‘SAdBS)

These operators were studied in Cranston-Orey-Rossler [2] and March [6] and may have
many bounded solutions Lu = 0. A coupled copy X, of X, begun at ¥’ is given by

t
X = e (xl+/(; ¢ SAdB;)
Thus T(X,X') = T(Z,Z') where Z, = x + [} e *dB,, Z, = X + [} e *"dB..
We recall the Lindvall-Rogers method for coupling in this situation. Set

o~y Y

Y=2-7,0,=¢eA U= ——,V=—.
B e (T

The idea again is that the Brownian motion driving Z' will have increments which are an
orthogonal transformation of the increments of the Brownian motion B which drives Z.
The transformation at time ¢ is given by

H, =1-2U,U = H(Z,Z)
- SO dB: - thB(.
Now, (see Lindvall-Rogers for details) simple computation shows that with

o, = 20,U,U"
then
d(Yi|) = o V,dB,.
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That is, | Y,| is a martingale with

4|72
d{|Y]) = | V,|2dt = ———adr.
(Y = |a, Vi lo,TY,|2
Since 0,7 = ",

lUfIYtIZ < e2Re)\dr'

vz -

As a result,

s < 1Y)
- dr

With the intention of time-changing, consider 7; defined by

t= ["d(|¥]),
so that W, = |Y/,, is now Brownian motion started at |x — X'| up to{ = [§°d(|Y|),. By
the bound on d(|Y]),, a.s.

2
<
Re); — <

and the upper bound now gives us,
P*NT(Z,Z) = 00) = P*) (]Y,| # 0 forall 1)
= P‘x"‘j)(Wt #0forallt <(|Wy = |x—x’|)

2
< P& (W,#Oforalltg — Wy = |x—x’])
Re)\d

2
0<I<gh

:P(“J)( sup W, < [x—X||Wy=0

= p) (‘w :

Rexg

< |x=X||Wo= O) , by reflection principle

Re)
— plxx) <|W1| < ‘;d |x——x’| |W0: 0) by scaling

Re
<4 ezdlx—x'{ .

THEOREM 2. SupposeA is a constant d X d matrix withQ < Re)y, A; the eigenvalues
of A. Then if Lu(x) = % A u(x) +Ax <7 u(x) = 0 forall x € R and u € L*°(R9) we have

This leads us to

|7u()| < v2ReAd||ullso -
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PROOF . Given x take another X' nearby and consider X, = ¢ Z, X/ = ¢Z with
Z,,Z] as above. Then T(X, X') = T(Z,Z') = T'is astopping time and applying the optional
sampling theorem at T A ¢

|ux) — u()| < |E(Xra) — u(Xyp )|
onlettingr — 00,  |u(x) — u(X)| < 2||ul|sP** (T(X,X") = 00)

< V2ReA || o

REMARK. Re),; gives the maximal rate of dispersion, so to speak, of the diffusion
X. Thus the faster particles separate (with Re), large) the bigger the gradients will be for
the corresponding “harmonic” functions.
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