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APPLICATIONS OF VARIANTS OF THE HOLDER 
INEQUALITY A N D ITS INVERSES: EXTENSIONS OF 

BARNES, MARSHALL-OLKIN, A N D NEHARI 
INEQUALITIES. 

BY 

CHUNG-LIE WANG* 

I. Introduction. The primary aim of this paper is to extend Barnes [1], 
Marshall-Olkin [6], and Nehari [8] inequalities as applications of some results 
introduced in [10] by the author. 

Since several results from various sources are adopted here, a unified 
notation is required in order to simplify our subsequent arguments. To this 
end, let Lp = LP(S, £, n), p>0 (unless otherwise stated), be the space of all pth 
power non-negative integrable functions over a given finite measure space 
(S, X, /*) (where S may be regarded as a bounded subset of real numbers). For 
feLp, we write 

U4 = {Jsf4*}1/P. 

If S = { 1 , . . . , n} for some positive integer n > 1, n is chosen to be the counting 
measure on S (see [2]). In this case, every / of Lp is a finite sequence (or a 
vector) {ay} of non-negative real numbers aj9 j = 1 , . . . , n. However, we still use 

r ï x / p 

Ml = {!«?} • 
Here and in what follows X a nd II are used to indicate £7

n=i and n?=i 
respectively, whenever confusion is unlikely to occur. 

Two theorems from [10] are cited here for later use. 

THEOREM 1.1. If fteLp andf2£Lq with 

(1.1) (l/p) + (l/q) = l/r, p,<7,r>0 

then fxf2 G Ln and 

(1-2) ll/l/Jr^H/xlUI/JL,. 

THEOREM 1.2. Under the assumptions of Theorem 1.1, 

(1.3) llAllpll/J^c^HA/Jt 
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where Cr
pq is a positive constant depending on functions f1 and f2 (see below or 

[9,10] for details). 

II. Barnes inequalities. Let / e L p [ 0 , a ] , g e L q [ 0 , a ] . If 0<||/| |P, ||g||q<«>, 
then the generalized Holder inequality (1.2) may be written 

(2.D H;q(/,g)=ii/gyi/iuig||q<i, 

where p, q, r satisfy (1.1). The quantity Hr
pq(f g) defined by (2.1) is called the 

generalized Holder quotient, while Hpq{fg) = H1
pq(f,g) is called the Holder 

quotient (see [1]). An inverse of the generalized Holder inequality gives a 
lower bound on the generalized Holder quotient for p,q^r and an upper 
bound for p,q<r. From (1.3), it follows that Hr

pq(f g)>(C p q) _ 1 . 
Nehari [8] has established some very general results, which will be discussed 

and extended later, by using the convex hull of a class of functions; while 
Barnes [1] has established results only in the case of two functions with the 
restriction of (1.1) (for r = l ) removed. In fact, their results are not quite 
comparable (see [1], p. 82). For establishing the remaining results in this 
section we also remove the restriction of (1.1). 

As in [1], we use a certain partial order " < ", defined on a class of functions, 
and say / 0 < / or equivalently / > / 0 (see [1, 3]) if 

rx rx 

/0(r)dr< f(t)dt, 0<x<a 
Jo Jo 

and 

\afo(t)dt= \af(t)dt. 
Jo Jo 

We denote by f~ the rearrangement of / into decreasing order and define 
f+(x) = f~(a — x) the rearrangement of / into increasing order (see [1,5] for 
details of the properties of / + , f~). Now, noting 

[Hr
Pq(/ig)]r = llfgrlli/llflUllgrIU 

for any p, q, r > 0 we are ready to extend Theorems 1 and 2 given on pp. 83-84 
of [1] as follows. 

THEOREM 2.1. Let fg be non-negative functions on [0, a] with 0<||/ | |p, 
||g||q<oo. Then 

(i) If f0 is increasing with f0<f+ and g0 is decreasing with g 0 > g~ then 
Hr

pq(f g)s>Hpq(/0, g0) forp,q>r; 
(ii) If /o and g0 are both increasing functions with f0 < f+ and g0 < g+ then 

HUf>g)^Hpq(f0,g0)forp,q<r. 

THEOREM 2.2. Let /, g be non-negative concave functions on [0, a] with 

0<||/Hp,||g|L,«». Then 
(i) ITJf, g) s T2(r + l)F(a)/T(2r + 2) for p,q>r. 
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Equality holds in case one of the functions /, g is ax and the other one is fi(a-x) 
with a, ]8 positive constants. 

(ii) Hr
pq(fg)<F(a)l(2r+l)1/r for -r<p, q<r. 

Equality holds in case / = a x , g = px or f=a(a-x), g = (3(a-x). Here and in 
what follows T is the usual gamma function and 

F(a) = (1 + p)1/p(l + q ) ^ a
( 1 / r ) - ( 1 / p ) - ( 1 / q ) 

Note that if ||/||p = ||g||q = a = 1, tfien 

||/g||r > P ( r +1)(1 + p)1/p (1 + qf'^mir +1) 

/or 0 < r < 1, which is an extension of a Bellman inequality (e.g. see [4, 9] for a 
detailed account). 

Proofs of Theorems 2.1 and 2.2 are similar to those of [1] and thus omitted. 

III. Marshall-Olkin inequalities. Theorem 1.1 is rewritten explicitly in the 
form of finite sums. 

THEOREM 3.1. If a/5 bt->0 for j= 1 , . . . , n with (1.1), then 

(3.1) ( !„;>;)"•*£. , )"•(!*, )". 

From (3.1), for p = r(u-w)l(u-v), q = r(u-w)/(v-w)(u>v>w>0), af = 
ppY, bf = p^fi, X,. > 0, / = 1 , . . . , n), follows 

( \ u—w / \ u— v / \v— w 

Ift*?) s(Ift*r) ( I PA") • 
This is called Lyapunov inequality (see [5,7]). For our purpose, £Pjf = 1 is 

assumed. Since the pi are probabilities, we may consider a random variable X 
with the distribution P{X=xJ) = pp j = 1 , . . . , n (see [6] for more details). 

In order to extend Theorem 3.1 given on page 506 of [6], two lemmas given 
on pp. 504-505 of [6] are listed here as Lemmas 3.1 and 3.2 with a slight 
change of symbols to suit our notation. 

LEMMA 3.1. If X is a random variable satisfying P { m ^ X < M } = l , with 
m > 0, and Z is a positive random variable, then 

(3.3) s [ E Z X s - a E Z X t - b E Z ] > 0 , for s<t, st^O, 

where 
_ Ms -ms Mlms - Msmt 

U~M'-m1' M'-m1 

and EZ (etc.) is the expectation of Z. Equality holds if and only if P{X= m} + 
P{X = M } = 1 . (Note that a>0 if and only if st>0, and b>0 if and only if 
t>0). 
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LEMMA 3.2. Under the assumptions of Lemma 3.1 with P{Z> 0} = 1, for s<t 

H 4) (EZXf) k(EZ)a/t)-(1/s) 

where 

-té 
s(8'-8s) 

s)(8*-l) 

i/i r f(5'-6 s) 

L(t-s)(«'-D. 

and 8 = M/m. Equality holds if and only if P{X= m} + P{X=M}= 1 and 
EZX, = sb[a(t-s)T1EZ. 

When (X,Z) = (VU~\ V'stf) are chosen, we obtain from (3.3) and (3.4) 
that if P{m < VU'1 < M} = 1, with m > 0, then for s < f 

(3.5) s[ELr-»-aEV ,-*-6Et/ 'V t- ,]aO, 

(3.6) (EC/ ,- ,)-1/,(EV-*)1" ̂  fc(J5L/tV-s)(1/,)-(1/s). 

To obtain (1.3) (or an extension of Theorem 3.1 of [6]), let /C=L/'~S, 
/£= V"5, /» = t/', £ = V-\ p = (t-s)r/t, q = (t-s)r/-s, t<0, and 6 = 8("s)r. A 
direct substitution in (3.5) and (3.6) yields 

THEOREM 3.1. If fxzLp and / 2 eL , with (1.1) and €<flpf^£0, then fj2e 
Lr, 

(3.7) €u«$1">(01,p ~ 1) l l / x l l ^ - 1 7 " ^ -1) | | /2 | |^ (01/r -1 ) IIA/Jt-

and 

(3-8) ll/i/J^QjI/JUI/J,,, 

REMARK 3.1. Inequalities (3.7) and (3.8) are reversed for 0 < p < r . It is also 
evident that (3.8) can be obtained by applying the geometric-arithmetic in­
equality to (3.7) (e.g. see [10]). 

IV. Nehari inequalities. In order to extend several results of [8], an elemen­
tary inequality is listed here as Lemma 4.1. Its proof is omitted, since it can be 
easily derived from a theorem given on page 76 of [5] and the fact that every 
negative function of a concave function is convex. 

LEMMA 4.1. For xy, q}f > 0, / = 1 , . . . , n with £ <?; = 1, 

(4.1) ï<V<?^(ïm) > 0 < a < l . 

We now modify two lemmas given on page 407 of [8]. 
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LEMMA 4.2 Let <t>j(t)(j' = 1 , . . . , n) be non-negative continuous convex func­
tions for f >0. Let Hj be a set of non-negative functions fj such that <f>i(fi)eL1 

and let C(Hj) denote the convex hull of Hy If the inequality 

(4.2)n £ A f <h(ft) dn^C»! Ufidii, 0< r< 1 

(Ay, Cn positive constants) holds for a/i / e #,(/ = 1 , . . . , n), then it also holds for 
f,eC(H,). 

LEMMA 4.3. Let Hj(j=l,...,n) be a subset of Lp., where p,> 1, 0 < r < 1, 
l/r = Z 1/Pj. / / f̂ e inequality 

(4.3)„ niia^Ajrm 
feoZds /or functions /j G JFJ}, fften if a/50 fioZds /or functions fj e C(Hj). 

To simplify the writing, we prove these two lemmas for n = 2. The extensions 
of the arguments to general M are routine. Establishing Lemma 4.2, it is 
sufficient to show that (4.2)2 holds for all convex combinations 

(44) F
1 = «i 1 ) / C i 1 > + - • • + «iiMm')(«tV>0,a(i1)+- • • + a»! = l , / 1 ^ H 1 ) 

F2 = a™f»+- • • + a(
m

2>Am2)«)>0,a(
1

2) + - • • + < = l,f2
k^H2) 

provided (4.2)2 holds for ff = fjk'\ fc, = 1 , . . . , m,, / = 1,2. 
By (4.4) and Jensen's inequality, we have 

(4.5) 4>,(F,)*Z < ^ ( ^ ) , 7 = 1,2. 

Hence, from (4.2)2, (4.4), (4.5) and Lemma 4.1 with I ^ i l ^ i <*%<*% = 1, 
follows 

Ax <£1(F1)dju,+A2 <f>2(F2)dn 

k1 = l fc2=i I Js -fe J 

ki k2 Js 

JS \fc2 fc2 / 

This completes the proof of Lemma 4.2. 
The proof of Lemma 4.3 is similar, except that Jensen's inequality and 
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Lemma 4.1 have been replaced by forward and backward Minkowski ine­
qualities. By (4.4) and forward Minkowski inequality, we have, for p y ^ l , 

m. 

(4-6) IfiMl « W t 7 = 1,2 

Hence, from (4.3)2, (4.4), (4.6) and backward Minkowski inequality, follows 

\mi IIF2IL ̂  z i <>«£> n .̂>iiPi n^>iu 

^D2ziaiy%\\fw>\ 
k1 k2 

< D 2 
II Id lc2 II 

= -D2l|F1F2||r, ( 0 < r < l ) 

and Lemma 4.3 is established. 
In view of Lemmas 4.2 and 4.3, we can state, without proofs, Theorems 4.1, 

4.2 and 4.3, which are extensions of Theorems 3.1, 5.1, 6.1 and 6.2 given on 
pp. 410-417 of [8]. The proofs are similar to those of [8]. 

THEOREM 4.1. Let <£y(f)(/ = 1,2) denote a function which vanishes for t = 0 
and is continuous non-decreasing and convex for t>0. If 

(4.7) 0<m y <£<M,-<oo , / = l , 2 , 

and fyifyeLi, then, for any two positive constants Al9A2 we have the 
inequality 

At [ <M/i)4* + A2f <M/2)<^<C2 f f,f2d^ 0 < r < l , 
Js h Js 

where 

C2 = max{5(m1, m2), 8(Ml9 M2), 8(Ml9 m2), 8(ml9 M2)} 

and 

8(x, y) = [A1^1(x) + A2</>2(y)]/xryr. 

THEOREM 4.2. Let fxGLp, / 2 G L q , w/iere l/r = (l/p) + (l/q), p , q > 0 , 0 < r < l 
If (4.7) is assumed, and if r\l9TJ2(0< rjx, T72< 1) are defined by 

f //d/Lt = [m, + T?i(A^.-m,.)]/Lt(S), 7 = 1,2, 

ffien 

iiAiuia^ra, 
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where 

2 {m[mr
2 + m[{Mr

2 - mr
2)r)2 +mr

2{M[ - mO^h + y(M[ - m[){Mr
2 - mr

2)Y
lr 

and 
y = max{0, i7i + i7 2 - l } . 

THEOREM 4.3. Let f t , . . . , fn be continuous non-negative concave functions in 
[0,1], and let 

• i 

/ / 
Jo 

fidx = H2, / = ! , . . . , 2 . 

l / r=Xl/P/ ,P,>0, /' = ! , . . . , n, 0 < r < l , 

then 

(4-8) I ( l + l/ft)IWIS=sQ||n/| 

and 

(4.9) nii/ i i i^AMI 

where 

n ([nr/2]!)2 r1/r 

There will be equalities in (4.8) and (4.9) respectively if fj = x for [nr/2] of the 
subscripts /, and /j = 1 — x m fhe orfter cases. 

REMARK 4.1. Theorem 4.3 is an extension of Theorem 6.1 and 6.2 given on 
pp. 414-417 of [8]. It is obvious also that (4.9) can be derived from (4.8) (see 
Remark 3.1 above). 

V. Concluding remarks. 5.1 In view of the above results, we may conclude 
that most of remarks made in [1,6,8] can be carried over to the cases 
considered here. However, we refer them to the aforementioned papers for 
details. 

5.2 Based upon all possible transliterations (say p < 0 , q<0, r > 0 , etc) of 
the standard normalized Holder inequality introduced in [10], corresponding 
variants of the inequalities of Barnes [1], Marshall-Olkin [6] and Nehari [8] 
could be established without any difficulty (perhaps with tedious notation). 
However, those will not be further exploited here. 

5.3 The above investigation convincingly reveals that variants of the Holder 
inequality provide means for wider applications than the standard one. 

7 
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