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Uniform Linear Bound in
Chevalley’s Lemma

J. Adamus, E. Bierstone, and P. D. Milman

Abstract. 'We obtain a uniform linear bound for the Chevalley function at a point in the source of an
analytic mapping that is regular in the sense of Gabrielov. There is a version of Chevalley’s lemma also
along a fibre, or at a point of the image of a proper analytic mapping. We get a uniform linear bound
for the Chevalley function of a closed Nash (or formally Nash) subanalytic set.

1 Introduction

Chevalley’s Lemma [4] plays an important role in the solution of equations f(x) =
g(p(x)), where y = (x) is an analytic mapping in several variables. Given f(x)
analytic (or, for example, €°° in the real case), the problem is to find conditions
under which we can solve for g(y) in the same class. Chevalley’s Lemma asserts that
given x = a and k € N, there is a corresponding I = I(k) < oo such that the [-jet
of a composite g o ¢ at a determines the k-jet of g at ¢(a), modulo a formal relation
among the components of ¢ at a. The “Chevalley function” of ¢ at a is the smallest
such I(k).

In this article, we answer questions raised by works of Gabrielov, Izumi and
Bierstone—Milman on finding bounds for the Chevalley function that are linear with
respect to k or uniform with respect to a. Such bounds characterize important reg-
ularity or “tameness” properties of analytic mappings and their images [2, 3, 10]
and measure loss of differentiability in classical problems on composite differentiable
functions [3].

Such bounds are important also in commutative algebra. By way of compari-
son, the analogue of the Chevalley function for a linear analytic equation f(x) =
A(x) - g(x) (where A(x) is a matrix-valued analytic function and f(x), g(x) are vector-
valued) always has a linear bound, given by the exponent in the Artin—Rees lemma.
Uniformity of the Artin—Rees exponent has been studied in [2,5, 8].

Let us now be more precise. Let ¢: M — N denote an analytic mapping of
analytic manifolds (over K = R or €). Leta € M, and let ¢}: Oy — O, or
o 699(,1) — 0, denote the induced homorphisms of analytic local rings or their
completions, respectively. (We write O, for Op 4, and m, (or m,) for the maximal

ideal of O, (or O,).) According to Chevalley’s Lemma, there is an increasing function
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I: N — N (where N denotes the nonnegative integers) such that

31 Op) NI C Br(L),
ie,if F € ng and @ (F) vanishes to order I(k), then F vanishes to order k, modulo
an element of Ker & ([4]; cf. Lemma 3.2 below). Let L, (a, k) denote the least I(k)
satisfying Chevalley’s Lemma. We call I+ (a, k) the Chevalley function of &;.

Let x = (x1,...,%,) and ¥y = (y1,...,ys) denote local coordinate systems
for M and N at a and ¢(a), respectively. The local rings O, or 6a can be iden-
tified with the rings of convergent or formal power series K{x} = K{xi,...,x,}
or K[[x]] = Kllx1,...,xu]l, respectively. In the local coordinates, write ¢(x) =
(p1(x), ..., on(x)). Then Ker &7 is the ideal of formal relations

{F(y) € Kllyll : F(p1(x),...,pn(x)) =0}

(and Ker ¢} is the analogous ideal of analytic relations). Chevalley’s Lemma is an
analogue for such nonlinear relations of the Artin-Rees lemma. (See Remark 1.4.)
Let r} () denote the generic rank of ¢ near a, and set
0, 0,
2 : »(a) 3 : ©(a)
=d =, =d
ra($) ™ Ker o ra($) M Ker 25

a a

(where dim denotes the Krull dimension). Then rl(p) < r2(¢) < r2(p). Gabrielov
(6] proved that if rl () = r2(¢), then r2(¢) = r2(¢p), i.e., if there are enough formal
relations, then the ideal of formal relations is generated by convergent relations. The
mapping ¢ is called regular at a if r,(¢) = ri(¢). We say that ¢ is regular if it is
regular at every point of M. Izumi [10] proved that ¢ is regular at a if and only if the
Chevalley function of @} has a linear (upper) bound, i.e., there exist o, 3 € N such
that [« (a,k) < ak+ g, forall k € N. On the other hand, Bierstone and Milman [2]
proved that if ¢ is regular, then [« (a, k) has a uniform bound, i.e., for every compact
L C M, there exists I : N — N such that [« (a, k) < I (k),foralla € Landk € N. In
this article, we prove that the Chevalley function associated with a regular mapping
has a uniform linear bound.

Theorem 1.1 Suppose that o is regular. Then for every compact L C M, there exist
ar, By € N such that l,- (a, k) < agk + §p, foralla € Land k € N,

Chevalley’s Lemma can be used also to compare two notions of order of vanishing
of a real-analytic function at a point of a subanalytic set. Let X denote a closed sub-
analytic subset of R”. Let b € X and let F,(X) C R[[y — b]] denote the formal local

ideal of X at b. (See Lemma 3.6.) For all F € 6b = R[[y — b]], we define
(1.1) pixp(F) == max{l € N : |[T}F(y)| < const|y — b|', y € X},
vxp(F) :=max{l€ N: F € fﬁé + Fp(X)},

where T} F(y) denotes the Taylor polynomial of order / of F at b. Then there exists
I: N — N such that forall k € N, if F € 6;7 and pix ,(F) > I(k), then vy ,(F) > k.
(See Section 3.) For each k, let Ix(b, k) denote the least such (k). We call Ix(b, k) the
Chevalley function of X at b.
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Theorem 1.2 Suppose that X is a Nash (or formally Nash) subanalytic subset of R”.
Then the Chevalley function of X has a uniform linear bound, i.e., for every compact
K C X, there exist ag, Bk € N such that Ix(b, k) < axk+ Bk, forallb € K and k € N.

Theorems 1.1 and 1.2 are the main new results in this article. They answer ques-
tions raised in [3, 1.28].

The closed Nash subanalytic subsets X of R" are the images of regular proper real-
analytic mappings ¢: M — R". In particular, a closed semianalytic set is Nash. A
closed subanalytic subset X of R" is formally Nash if for every b € X, there is a closed
Nash subanalytic subset Y of X such that F,(X) = F,(Y) [3]. Unlike the situation of
Theorem 1.1, the converse of Theorem 1.2 is false [3, Example 12.8].

The main theorem of [3] (Theorem 1.13) asserts that if X is a closed subanalytic
subset of R”, then the existence of a uniform bound for Ix(b, k) is equivalent to several
other natural analytic and algebro-geometric conditions: for example, semicoher-
ence [3, Definition 1.2], stratification by the diagram of initial exponents of the ideal
F(X), b € X [3, Theorem 8.1], and a C*° composite function property 3, §1.5]. A
uniform bound for the Chevalley function measures loss of differentiability in a €
version of the composite function theorem. We use the techniques of [3] to prove
Theorems 1.1 and 1.2 here.

Wang [12, Theorem 1.1] used [9, Theorem 1.2] to prove that the Chevalley func-
tion associated with a regular proper real-analytic mapping ¢: M — R” has a uni-
form linear bound if and only if X = (M) has a uniform linear product estimate,
i.e., for every compact K C X, there exist ax, Ok € N such that for all b € K and
FEGe 0y,

vx, p(F - G) < ag(vx, »(F) + vx 5(G)) + Bk,

where X;, = |J; X; is a decomposition of the germ X, into finitely many irreducible
subanalytic components. We therefore obtain the following from Theorem 1.1.

Theorem 1.3 A closed Nash subanalytic subset of R" admits a uniform linear product
estimate.

Remark 1.4 The Artin—Rees lemma can be viewed as a version of Chevalley’s
Lemma for linear relations over a Noetherian ring R. Suppose that U: E — G is
a homomorphism of finitely-generated modules over R, and let F C G denote the
image of W. Let m be the maximal ideal of R. Then F N m'G C m*F if and only if
TU—1(m'G) ¢ Ker ¥ + m*E. The Artin—Rees lemma says that there exists § € N such
that FNmM?G = mF(FNm?G), for all k. In particular, there is always a linear Artin—
Rees exponent I(k) = k + (3. Uniform versions of the Artin—Rees lemma were proved
in [2, Theorem 7.4], [5,8]. A uniform Artin—Rees exponent for a homomorphism
of Op-modules, where M is a real-analytic manifold, measures loss of differentiabil-
ity in Malgrange division, in the same way that a uniform bound for the Chevalley
function relates to composite differentiable functions. (See [2].)
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2 Techniques
2.1 Linear Algebra Lemma

Let R denote a commutative ring with identity, and let E and F be R-modules. If
B € Homg(E,F) and r € N, r > 1, we define

r r+1

ad” B € Homg (F, Homg (A E, A\ F))

by the formula (ad” B)(w)(m A -+ A1) = w A By A -+ A Br,, where w € F and
M,...,n, € E, and ad’ B := idp, the identity mapping of F. Clearly, if r > rk B,
then ad" B = 0, and if r = rk B, then ad" B - B = 0. (Here rk B means the smallest r
such that /\S B=0foralls > r.) If Ris a field, then rk B = dim Im B, so we get the
following.

Lemma 2.1 ([1,§6]) Let E and F be finite-dimensional vector spaces over a field K.
If B: E — F is a linear transformation and r = 1k B, then InB = Kerad' B. In
particular, if A is another linear transformation with target F, then A + Bn = 0 (for
somen) if and only if § € Kerad' B - A.

2.2 The Diagram of Initial Exponents

Let A be a commutative ring with identity. Consider the total ordering of N”"
given by the lexicographic ordering of (n + 1)-tuples (|5], 51, ..., 84), where 8 =
(Biy...,B,) € N* and |B] = B + -+ + B, For any formal power series
F(Y) = E%Nn FgYﬁ € A[[Y]] = A[[Yy,...,Y,]], we define the support supp F :=
{B € N": F3 # 0} and the initial exponent exp F := min supp F, (where exp F := co
if F=0.)

Let I be an ideal in A[[Y]]. The diagram of initial exponents of I is defined as
N(I) :={expF: F €I\ {0}}. Clearly, 9t(I) + N" = 9(I).

Suppose that A is a field K. Then by the formal division theorem of Hironaka [7]
(see [2, Theorem 6.2]),

(2.1) K[Y] = I KIy)"®,

where K[[Y]]" is defined as {F € K[[Y]] : suppF C N"\ 9}, for any N € N" such
that M+ N* = %,

2.3 Fibred Product

Let M denote an analytic manifold over K, and lets € N, s > 1. Let o: M — N be
an analytic mapping. We denote by M, the s-fold fibred product of M with itself over
N, e,
S o _ 1 s s 1y _ S\ 1.

M'p‘_{g_(a ,...,Q)GM . 90(0)——<P(ﬂ)};
M, is a closed analytic subset of M*. There is a natural mapping p = o' M; — N
given by ¢(a) = p(a'), ie, foreachi = 1,...,s, @ = @ o p', where p': M, >
(x',...,x°) —x' € M.
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Suppose that K = IR. Let E be a closed subanalytic subset of M, and let ¢: E — R"
be a continuous subanalytic mapping. Then the fibred product E, is a closed suban-
alytic subset of M, and the canonical mapping ¢ = ¢*: E;, — R" is subanalytic.

Let Ejg denote the subset of E;, consisting ofpointsx = (x!,...,x°) € E, such that
each x' lies in a distinct connected component of the fibre @*l(g(g)). If o is proper,
then E; is a subanalytic subset of M* [3, §7].

2.4 Jets

Let N denote an analytic manifold (over K = R or C), andlet b € N. Letl € N
and let J'(b) denote 6;,/1?12“. If F € O, then J'F(b) denotes the image of F in
J'(b). Let M be an analytic manifold, and let o: M — N be an analytic mapping. If
a € ¢~ '(b), then the homomorphism &% : ) b — 6a induces a linear transformation
J'o(a): J'(b) — J'(a).

Suppose that N = K". Let y = (y1, ..., y,) denote the affine coordinates of IK".
Taylor series expansion induces an identification of O, with the ring of formal power
series K[[y—b]] = K{[y1—b1, ..., yn—b,]] (Wewrite F(y) = Z/BEN" Fg(y—b)ﬁ), and
hence an identification of J'(b) with K9, ¢ = (”;'l), with respect to which J'F(b) =
(DﬂF(b))MSl, where D” denotes 1/(3! times the formal derivative of order 3 € N.

Using a system of coordinates x = (xi,...,x,) for M in a neighbourhood of g,
we can identify J'(a) with K?, p = (’”l”). Then

Jp(a): (Fg)ip<i = (B (F)a)jal<t = (Z F@fﬁ(a))

b)
B! o<t

where L2 (a) = (01%1©% /0x*)(a)/a! and ¢ = @fl c ol (o= (01, P0).

Set Jj, == J'(b) @k Oy = @5, Klly — bll. We put J,F(y) := (DF(y)) 5<1 € Jj,
(Evaluating at b transforms ]éF to J'F(b).) The ring homomorphism @ : 6b — 6a
induces a homomorphism of K[[x — a]]-modules,

Jlo: JH(b) @k O, —  Ja) @k O,
[l [l

@ Kix — a] @ Klx — al

B1<I o<1
such that if F € 6;7, then
Jup (@5 (D E)ys1<1) = (D@ (E))jaj<i-
By evaluation at a, ]égo induces J'¢(a): J'(b) — J'(a). We can identify ]égo with the
matrix (with rows indexed by @ € N, |a| < I and columns indexed by 8 € N,

|3| < I) whose entries are the Taylor expansions at a of D*¢® = (9!*lp? /0x*) /!
for |of <L |8 < L.
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Leta = (a',...,a°) € M, and b = <p(a). Foreachi = 1,...,s, the homomor-
phism ]h = ]l(b) ®K Oh — Ji(da ) Rk O = ] over %, as defined above (using a
coordinate system x' = (xi,...,x) forMina nelghbourhood of a 1), followed by the

canonical homomorphism ]l(a ) QK Oax — J(a") ®x OM;,,Q over (p )a: 6ui — 6M;,g>
induces an O M= o-homomorphism J(b) @k 0 Mo — J(a) @K 0 M: a- We thus obtain

an Ops: 4-homomorphism
bt

]é@i J{(b) ®x GM;,Q — EB Ji(a) @k GM;,E
I I

EBOM; éEB@M

18<1 i=1 |a|<]

For any (germ at g of an) analytic subspace L of M;,, we also write

(2.2) Joo: T'(0) @k Org — @ J'(a') @k O,

i=1

for the induced O La-homomorphism. Evaluation at 4 transforms Ji¢ to
(2.3) Tol@) = (Jela),... Jip(a)): J'(b) — eB J(a).

3 Ideals of Relations and Chevalley Functions

Let M be an analytic manifold (over K = R or C), and let p = (¢1,...,p4): M —
K" be an analytic mapping. If a € M, let R, denote the ideal of formal relations

Ker &%.
Remark 3.1 R, is constant on connected components of the fibres of ¢ [3, Lemma
5.1].
Let s be a positive integer, and leta = (a!,...,a°) € M. Put
s s o A
(3.1) Ra=NRs =N Kergli C Opa.
i=1 i=1 -

If k € N, we also write

Sk+1
Ra+m (o)

TR - ]k (f(ﬂ))
1g(g)

R¥(a) =
Ifb € K, let 75 (b): 6h — J¥(b) denote the canonical projection. For I > k, let
7k (®B): J(b) — J*(b) be the projection. Set
E'(a) :=Ker J'¢(a), and E*(a) := 7"(p(2)).E'(a).
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3.1 Chevalley’s Lemma

Lemma 3.2 ([2, Lemma 8.2.2]; cf. [4, §II, Lemma7]) Leta € M}, a= (a',...,a).
For every k € N, there exists | € N such that R*(a) = E*(a), i.e., such that if F € 62@
and % (F) e mlt i =1,... s, thenF € R, + n?’;’&)

We write I(a, k) = ;- (a, k) for the least [ satisfying the conclusion of the lemma.

Proof of Lemma3.2 If k < I, < I, then R¥(a) C E"K(a) c E"*(a), and the
projection 7" (p(a)) maps N1, E'™2(q) onto N>, E'(a). Tt follows that R¥(a) =
ﬂle E*(a). Since dim ]k(f(g)) < 00, there exists I € N such that R¥(a) = E*(a).

|

3.2 Generic Chevalley Function
Leta € M, and k € N. Set

J¥(p(a))
E(a) ’

k
H, (k) := dimg Ip@) d*(a) := dimg

ifl >
@) ifl >k

(H, is the Hilbert-Samuel function of 68@ /Ra).

Remark 3.3 We have d*(a) < H,(k) since R¥(a) C E*(a). Also R¥(a) = E*(a)
(and d*(a) = H,(k)) ifand only if I > I(a, k).

Lemma 3.4 ([2, Lemma 8.3.3]) Let L be a subanalytic leaf in M, i.e., a connected
subanalytic subset of M, which is an analytic submanifold of M®. (See Remark 4.4).
Then there is a residual subset D of L such that if a,a’ € D, then H,(k) = H,/ (k) and
I(a, k) = l(a’, k), forall k € N.

Definition 3.5 We define the generic Chevalley function of L as I(L, k) := I(a, k)
(k € N), wherea € D.

Proof of Lemma 3.4 Fora € M, and I > k, write J'o(a) (2.3) (using local coordi-
nates for M® as in §2.4, in a neighbourhood of a point of L) as a block matrix

Tol@) = (8*(@), TH(@) = <fk99@ 0>

* *

corresponding to the decomposition of vectors & = (£3)senn,|5<; in the source as
¢ = (&, ™), where & = (£5) 5< and ¢ = (£5)k<|5<1- Then

E"a) = {n = mp)j5<x : S¥(@) - n € Im T"(2)}.
Thus, by Lemma 2.1, E*(a) = Ker ©%(a) and d*(a) = tk ©'(a), where

O%(a) i=ad" @ Tha) - S*(@), (@) := tk T"(a).
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Set rik(L) := maxger *(a) and dlLk(g) i=rk @lLk(g), a € L, where

Ok(a) := ad” ¥ T(a) - $*(a)
(so that ©%(a) = 0if r’*(a) < r*(L)). Let Y* := {a € L : '"(a) < '(L)}. Set

d*(L) := maxd*(a) .
acl

Clearly, dék(g) =0ifa e Y and dlL"(g) =d*a)ifacL \ Yk, Also set
ZF=y*U{aeL:df(a) <d*1)}.

Then Y* and Z* are proper closed analytic subsets of L. For alla € L\ Z*, r'*(a) =
(L) and d*(a) = dék(g) = d*(L). Put

p=10\UZ* D:= D
I>k k>1

By the Baire category theorem, the D* (and hence also D) are residual subsets of L.
Fix k € N. If g € DX, then d*(a) = d*(L), for all I > k. If, in addition, I > I(a, k),
then H, (k) = d*(L), by Remark 3.3. If a,a’ € D, then choosing [ > I(a, k) and >
I(a’, k), we get H,(k) = H,/ (k). For the second assertion of the lemma, suppose that
1> I(a,k). Then H,/ (k) = Hy(k) = d*(a) = d*(L) = d'*(a’), so that | > I(a’, k), by
Remark 3.3. In the same way, I > I(a’, k) implies that [ > I(a, k). [ |

3.3 Chevalley Function of a Subanalytic Set

Let N denote a real-analytic manifold, and let X be a closed subanalytic subset of N.
If b € X, then F;(X) or Ry C Oy denotes the formal local ideal of X at b, in the sense

of the following simple lemma.
Lemma 3.6 Letb € X. The following three definitions of ,(X) are equivalent:

(i)  Let M be a real-analytic manifold and let p: M — N be a proper real-analytic
mapping such that X = @(M). Then F(X) = ﬂa@,l(b) Ker 7.

(i) FX) = {F IS 6b : (Fo)(t) = 0 for every real-analytic arc y(t) in X such
that v(0) = b}.

(i) Fp(X) ={F € 6;7 : T{jF(y) = o]y — b|¥), where y € X, for all k € N}. Here
T}jF (y) denotes the Taylor polynomial of order k of F at b, in any local coordinate
systern.

Assume that N = R", with coordinates y = (y1,..., y,). Let b € X. Recall (1.1).
Remark 3.7 We have vy ,(F) < pxp(F), as follows. Suppose that F € ﬁé + Fp(X),

say F = G+ H, where G € m} and H € F,(X). Then |T}G(y)| < c|y — b|' and
T!H(y) = o(|y — b"), y € X, by Lemma 3.6. Hence | T} F(y)| < const |y — b|' on X.
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Definition 3.8 (Chevalley functions) Letb € X andletk € N. Set
Ix(b, k) := min{l € N: if F € O} and jux,(F) > I, then vy ,(F) > k}.

Let ¢: M — N be a proper real-analytic mapping such that X = ¢(M). Set

L= (b,k) := min{ 1 € N: if F € 0y and vpro(F5(F)) > |
foralla € ' (b), then vx(F) > k}.

Remark 3.9 Suppose that b = ¢(a), where a = (a,...,a°) € M, s > 1. By

Lemma 3.2, I,«(a,k) < oc. If a includes a point ' in every connected component
of ¢~!(b), then (_, Ker % = F;(X) (by Remark 3.1 and Lemma 3.6), so that
1 (b,0) < I, (a K).

Lemma 3.10 (see [3, Lemma6.5]) Letw: M — N bea proper real-analytic mapping
such that X = o(M). Then Ix(b,-) < l,«(b,-) forallb € X.

4 Proofs of the Main Theorems

Let ¢: M — K" be an analytic mapping from a manifold M (over K = R or C). Let
s be a positive integer. Leta = (a',...,a°) € M5, andletb = p(a).

Remark 4.1 By (2.1), the Chevalley functions l,-(a,k) and [~ (b, k) (Definition
3.8) can be defined using power series that are supported outside the diagram of
initial exponents. Set N, := N(R,) and N}, := N(R;) (¢f (3.1) and Lemma 3.6).
Then

I-(a,k) = min{l € N: if F € 0, and @5(F) € M, i = 1,....s,

at a

then F € R, + My},

I+ (b,k) = min{l € N: if F € O}* and $(F) € !, foralla € o~ '(b),

then F € R, + ms}.

(In the latter, we assume that ¢ is a proper real-analytic mapping.)

If1 € N, set J'(b)™ = {¢ = &p)ipi<i € J'(b) ZAfg = 0if 5 € N,}. Con-
sider the linear mapping ®'(a): T — @le J'(a') obtained by restriction of
Jio(a): J'(b) — @ J'(a') (2.3). Given k < I, write ®'(a) as a block matrix

?'(a) = (A"(a), B¥(2)),

where A%(a) is given by the restriction of ®!(a) to J¥(b)™a.
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Remark 4.2 If ¢ € J'(b)™, write ¢ = (1, () corresponding to this block decom-
position. Then I > [,«(a, k) if and only if A*(@)n + B*a)¢ = 0 implies n = 0
[3, Lemma 8.13].

Lemma 4.3 (cf. [3, Proposition 8.15]) Lets > 1 and consider ¢ = ¢°: M,

R". Let L be a relatively compact subanalytic leaf in M, (cf. Lemma 3.4) such that
N, = N(R,) is constant on L. Let (k) = I(L, k) denote the generic Chevalley function
of L. Then there exists p € N such that l,-(a, k) < I(k) + p, foralla € Land k € N.

Proof Set® = N, a € L. We can assume that L lies in a coordinate chart for M* as in
§2.4. Letk € Nandlet! = (k). Leta = (a',...,a) € L,and setb = p(a). Consider
the linear mapping ®'(a) = (A%(a), Blk(a)) ](b)‘Jt — EBI 1]’(61 ) as above. The
OLu -homomorphism ]ago JH(b) ®K OLu — @ - J(a') @k OLu (2.2) induces an

0 1.a-homomorphism
(Aa ,Bf;k) J'(0)" @k 6L,g — @ Ji(a') ®x aL,g;
i=1

evaluating at a transforms <I>l to ®'(a) = (A%(a), B*(a)).

Letr =rk Blk, so 7 is the generic rank of B¥(x), x € L. Let 0, =ad’ B”‘ k. Then
Ker ©, = 0 (i.e., Ker O(x) = 0 generically on L, where O(x) = ad" Blk(x) A k(x) by

Remark 4. 2). Let d = rk ©,. Then there is a nonzero minor 6, € O, of ©, of order

d; 9, is induced by a minor §(x) of order d of O(x), x € L, such that §(x) ;é Oona
residual subset of L. Since 4 is a restriction to L of an analytic function defined in a
neighbourhood of L, the order of 0y, x € L, is bounded on L, say 6, < p.

We claim that [« (a, k) < I(k) + p foralla € L. Leta = (a,...,a°) € L, and let
b = @(a). Let] = I(k) and I’ = I + p. Suppose that F € 6?} and ¢ (F) € n?il,-“
i=1,...,s Let Ea = (’ﬁu,za) denote the element of J'(b)® @k 6“ induced by

IIZ,F e Jb ) (‘)b via the pull-back. Then each component of A”‘ o+ B"‘Ca belongs

to mlL :1 (as we see by taking formal derivatives of order < [ of the 7 (F)). It follows

that each component of ©,7),, and therefore (by Cramer’s rule) each component of

+1—I—
0q - Ma> belongs to ml 1= Thus, each component of 7j, lies in mL a F=my o i€,

ng(a) =0, so that F Vanlshes to order kat b = p(a). [ |

Proof of Theorem 1.1 By [2, Theorems A,C], there is a locally finite partition of M
into relatively compact subanalytic leaves L such that the diagram of initial exponents
N, = N(R,) is constant on each L. Given L, let I(L, k) denote the generic Chevalley
function. (In particular, I(L, k) = I, (a, k), for all a in a residual subset of L.) Since
@ is regular, there exist oy, v, such that I(L, k) < ark+~;, forall k € N (by [10]). By
Lemma 4.3 (in the case s = 1), there exists p; € Nsuch thatl - (a, k) < ajk+v;+py,
for all a € L and all k. The result follows. [ |

Remark 4.4 In the case K = C, we define “subanalytic leaf” using the underlying

real structure. If ¢ is regular, then the diagram N, is, in fact, an upper-semicontin-
uous function of a, with respect to the IK-analytic Zariski topology of M (and a nat-
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ural total ordering of {9t € N": 9t + N = 9t}) [2, Theorem C], but we do not need
the more precise result here.

Lemma 4.5 Lets> landleta = (a',...,a°) € M. Suppose that  is regular at
a',...,a". Then there exist ., 3 € R such that I« (a, k) < ak + 3, for all k € N.

Proof Letb = ¢(a). Foreachi = 1,...,s, since ¢ is regular at a', there exist o', 3
such that

(4.1) l«(a' k) < o'k+ 3, forallk.

Of course, [);_, Ker 3 is the kernel of the homomorphism 0y — D._, 0, / Ker @7.
By the Artin—Rees lemma (see Remark 1.4), there exists A € N such that if F €
algﬂ +Kerp%,i=1,...,s, then

S
(4.2) F € mj + () Ker 3.
i=1

Now let F € 0, and suppose that % (F) € 1/1\1:,.1(“")*51”, i=1,...,s. Then

F e m)*1 4 Kerp%,i = 1,...,s,by (4.1), so that Fe mi 4+, Ker 3, by (4.2).
In other words, I« (a, k) < ak+3, where @ = maxa’and § = Amaxa'+max5'. H

Proof of Theorem 1.2 Suppose that ¢: M — R" is a real-analytic mapping and M
is compact. Let X = o(M). Lets > 1,a € M, b=p(a). Ifa= (a',...,a°) includes
a point @’ in every connected component of ¢! (b), then

by Remark 3.9 and Lemma 3.10.

Let L be a relatively compact subanalytic leaf in M, such that 9, = (R,) is
constant on L. Suppose that ¢ is regular at a', for all a = (a',...,a*) € L and
i=1,...,s LetI(L, k) denote the generic Chevalley function of L. By Lemma 4.5,
there exist a, 3 such that I(L,k) < ak + 3. Therefore, by Lemma 4.3, there exist
ag, By such that

(4.4) I« (a,k) < atk+ B, foralla e L.

To prove the theorem, we can assume that X is compact. Let ¢ be a mapping
as above, such that X = ¢(M). We consider first the case that X is Nash. Then
we can assume that ¢ is regular. Let s denote a bound on the number of connected
components of a fibre o1 (b), forall b € X. Then there is a finite partition of M, into
relatively compact subanalytic leaves L, such that %, = 9(R,) is constant on every L.
By (4.3) and (4.4), for each L, there exist o, 0, such that Ix(b, k) < apk + G, for all
b € (L) and all k. Therefore, Ix(b, k) has a uniform linear bound.

Finally, we consider X formally Nash. Let NR() C M denote the set of points at
which ¢ is not regular. Then NR(¢p) is a nowhere-dense closed analytic subset of M
[11, Theorem 1]. For each positive integer s, set

NR(p) := M, N Ula=(@d',...,a") € M a e NR(p)};
i=1
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then NR(y) is a closed analytic subset of M.

If b € X and a, a’ belong to the same connected component of ¢! (b), then ¢ is
regular at a if and only if ¢ is regular at a’ (cf. Remark 3.1). Let ¢ be a bound on the
number of connected components of a fibre o~ !(b), for all b € X. For each s < ¢,
define X; := {b € X : »!(b) has precisely s regular components} and Y; := {b €
X : ¢~ 1(b) has at least s regular components}. Then X; = Y; \ Y, and

Y, = o' (M, \ NR(¢"));

in particular, all the X, and Y are subanalytic (cf. §3.2).

The hypothesis of the theorem implies: (i) X = UZZIXS; (i) if b € X, and
a € (gs)’l(b) ﬂ(pr \ NR(¢*)), then R, = R,. ((ii) follows from the fact that
Fp(X) = Fy(Yy), where Yy, is some closed Nash subanalytic subset of X, and (i) from
the fact that the latter condition holds for all b € X.)

By [11, Theorem 2], for each s, there is a finite stratification L; of ij compatible
with NR(*) such that 9, = N(R,) is constant on every stratum L C M, \ NR(¢*),
L € L. Clearly,

Xx= U ewnm)nx

LEL,

LCM\NR(¢")

hence
t
X = U O (LNM).

s=1 Lel;

LCM:\NR(¢)

Again by (4.3) and (4.4), for each L, there exist o, By such that Ix(b, k) < ark + G,
forall b € p(L) and all k. The result follows. [ |
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