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In t roduc t ion . The m a i n object of this pape r i s to show 
that the e x i s t e n c e of a p a r t i c u l a r kind of i s o m o r p h i s m be tween 
the i n t e g r a l g roup r i n g s of two finite g roups i m p l i e s that the 
g r o u p s t h e m s e l v e s a r e i s o m o r p h i c . The proof employs c e r t a i n 
types of l inea r f o r m s which a r e f i r s t d i s c u s s e d in g e n e r a l . 
T h e s e l i n e a r f o r m s a r e in some way r e l a t e d to the b i l i n e a r f o r m s 
used by Weidmann [3] in showing that g roups with i s o m o r p h i c 
c h a r a c t e r r i n g s have the s a m e c h a r a c t e r tab le , and a s h o r t e r 
and, in a s e n s e , m o r e n a t u r a l proof of this r e s u l t i s included 
h e r e as ano the r app l i ca t ion of t h e s e l i nea r f o r m s . 

1. L inea r f o r m s on an a l g e b r a . Let R be a c o m m u t a t i v e 
r ing with unit 1, A an a s s o c i a t i v e a l g e b r a over R with unit 
e, and A* = Horn (A, R) the R - d u a l o f A as R - m o d u l e with 

R 
the u s u a l A - m o d u l e s t r u c t u r e given by the defini t ion 
(a<p)(x) = <p(xa) for a € A*, <p e A*, and x.€ A. We sha l l ca l l a 
l i nea r f o r m Xe A* r e g u l a r if {\} i s an A - b a s i s for A* and 
c e n t r a l if X(xy) - \ (yx) for al l x, y e A. 

LEMMA 1. If X,v€ A* a r e r e g u l a r then y - aX w h e r e 
ae A is i n v e r t i b l e ; m o r e o v e r , if \ and y a r e a l so c e n t r a l 
then a be longs to the c e n t r e of A. 

P roo f . One has y = a \ for su i tab le a€ A s ince 
A* = AX; then, a l so , A* = A y - AaX, and thus X - a'aX for 
su i t ab le a1 e A which i m p l i e s e = a 'a , i . e. a has a left 
i n v e r s e . By the s a m e r e a s o n i n g for X = a'v one ob ta ins a 
left i n v e r s e a" for a' , and it follows that a" = a; hence a 
i s i n v e r t i b l e . Now a s s u m e fu r the r that X and y a r e c e n t r a l ; 
for y th is m e a n s X(xya) = X(yxa) for al l x, y e A, and the 
c e n t r a l i t y of X i m p l i e s that X(yxa) = X(xay); f rom this one 
ob ta ins that (ya-ay)X = 0 and thus ya = ay for a l l ye A. 

Canad . Math . Bu l l . vo l . 10, no. 5, 1967 

635 

https://doi.org/10.4153/CMB-1967-061-0 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1967-061-0


LEMMA 2. If A h a s a f ini te b a s i s { x , | and X e A* i s 

such tha t det(X(x x )) i s i n v e r t i b l e in R then X i s r e g u l a r . 
1—k a 

Proof . F r o m aX = 0 it fol lows that 2 c . \ ( x x ) = 0 w h e r e 
k l k 

a = 2 c. x, , and th is i m p l i e s c = 0 for a l l k, i . e . a = 0. 
k k k 

Secondly, for any v c A # , the equa t ions v(x.) = 2 c , X(x.x, ) can 
l k i k 

be solved for c. in R, and for a = 2 c , x, one then h a s v = aX . 
k k k 

Le t now R = Z, and a s s u m e for the a l g e b r a A that A i s 
f in i te ly g e n e r a t e d ove r Z and A = C(g) A i s A r t i n i a n 

v> Z 
s e m i - s i m p l e . E a c h X € A* h a s a unique C - l i n e a r ex t ens ion 

X : A -*• C, and if a r e l a t i o n v = aX hold s for X, v e A* and 

s o m e a e A then a l so v - aX • A l i n e a r f o r m XeA* wi l l be 
ca l led n o r m a l if i t i s r e g u l a r , c e n t r a l and i t s ex t ens ion X 
h a s p o s i t i v e r a t i o n a l v a l u e s for the p r i m i t i v e c e n t r a l 
i d e m p o t e n t s of A . 

LEMMA 3 . T h e r e e x i s t s at m o s t one n o r m a l X e A* . 

P roo f . Le t u . . . . , u be the p r i m i t i v e c e n t r a l 
1 n 

i d e m p o t e n t s of A , and v and X n o r m a l l i nea r f o r m s on A. 

Then v = aX with an i n v e r t i b l e c e n t r a l e l e m e n t a € A, and 
a = 2 c , u, wi th c o m p l e x coef f ic ien ts c , c l e a r l y a l l n o n - z e r o , 

k k k 

Now, for e a c h i, the c o r r e s p o n d e n c e x - ^ x u . 

d e t e r m i n e s a h o m o m o r p h i s m f r o m the c e n t r e of A into C, 
and s ince A i s f in i te ly g e n e r a t e d as Z - m o d u l e the s a m e 
holds for the i m a g e of i t s c e n t r e unde r th is h o m o m o r p h i s m . 
Thus x w x u . m a p s the c e n t r e of A into the r ing of 

a l g e b r a i c i n t e g e r s , and t h e r e f o r e the coeff ic ients c of a 

a s wel l as t he i r i n v e r s e s a r e a l g e b r a i c i n t e g e r s , the l a t t e r 
- 1 - 1 

s ince a = 2 c , u, . F r o m v(u.) = X(u.a) = X(c.u.) = c.X(u.) 
k k l l l i i i 

and the g iven h y p o t h e s i s on X and v it f u r t h e r fol lows tha t 
the c. a r e p o s i t i v e r a t i o n a l , h ence a l l c = 1, a = e, and 

l l 

t h u s v = X • 

636 

https://doi.org/10.4153/CMB-1967-061-0 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1967-061-0


COROLLARY. If A and B are two rings as above, with 

normal linear forms X and y respectively, and $:A ->B is 

an isomorhpism then X = \\f$. 

Proof. Consider the linear form JJL = vo<\> on A. It is 

clearly central, and from a|a = (cj)(a)v)o § one readily obtains 

that it is regular. Now, if u , 

idempotents of A and <J> :A -

, u are the primitive central 
n 

B is the C-linear extension 

of t h en cb (u, ) , . . . , 6 (u ) are the primitive central T 1 n 

idempotents of B , and hence fji(u.) = 'v($'(u.)) is positive 

rational. This shows JJL is normal, and thus X = \i = vocfc. 

It might be added that the above considerations still hold 
if Z is replaced by an arbitrary subring of C which is 
finitely generated as Z-module. 

2. Integral group rings. On the integral group ring Z[G] 
of a finite group G one has the linear form X defined by 
X(Eh s) = h where e is now the unit of G. Since G is a 

s e 
basis of Z[G] and 

X(st) = ( 

if s 

if s i t 
- 1 

X is regular. Also, for x - Sg s and y = Sh s one has 

Q S 

s S 

X(xy) = Eg h = E h g . = X(yx), i .e . X is central. 
s s

s F
 s " 

Finally, the primit: 

are of the form [l] 

Finally, the primitive central idempotents of C® 7[G] = C[G] 

X (s" )s 

where 

& seG 

is an irreducible C-character of G and d the 
C-dimension of the representation module associated with \ . 

2 
Therefore, X(u) = (d/g)x(e) = d /g which is positive rational. 
Thus X is normal. 
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On Z[G] one has a p a r t i c u l a r involu t ion J d e t e r m i n e d by 

s for s € G, and G 
o r t h o n o r m a l in the s e n s e tha t 

_ i 
J(s) = s for s e G , and G i s a b a s i s of Z[G] which is 

1 if s = t 
X(sJ(t)) = j 

I 0 if s + t 

Th i s condi t ion p l ays the following i n t e r e s t i n g r o l e : 

LEMMA 4 . F o r any o r t h o n o r m a l b a s i s B of Z[G] which 
i s c losed with r e s p e c t to m u l t i p l i c a t i o n t h e r e e x i s t s a h o m o m o r p h i s m 
T] : G -> { 1, -1} such tha t B = {r | (s)s | s e G} . 

P roo f . It i s i m m e d i a t e tha t any o r t h o n o r m a l b a s i s of Z[G] 
i s of the type { r | ( s ) s | S € G } w h e r e n(s ) = i 1. C l o s u r e with 
r e s p e c t to m u l t i p l i c a t i o n then m e a n s tha t for any s, te G t h e r e 
e x i s t s an x e G for which r | (s)sr | ( t ) t = r)(x)x, but th i s i m p l i e s 
tha t x = st and hence r |(s)n(t) = n(x) = n ( s t ) , which shows that 
n :G -> Z i s a h o m o m o r p h i s m . 

We a r e now r e a d y to ob ta in our m a i n r e s u l t . 

PROPOSITION 1 . Let G and H be two finite g r o u p s and 
(j):Z[Gl-» Z[H] an involu t ion p r e s e r v i n g i s o m o r p h i s m , i . e . 
(|)c J = Ic (j) for the invo lu t ions J and I of Z[G] and Z[H] 
r e s p e c t i v e l y . Then, t h e r e e x i s t s an i s o m o r p h i s m <P:G -> H 
and a h o m o m o r p h i s m -q'.G -> { 1 , -1} such that cj)(s) = r | (s)^(s) 
for a l l s ç G. 

P r o o f . 6(G) i s c l e a r l y a m u l t i p l i c a t i v e l y c losed Z - b a s i s 
of Z[H] . Now, if X and JJL a r e the n o r m a l l i nea r f o r m s on 
Z[G] and Z[H] r e s p e c t i v e l y then 

u(^(s) I(^(t))) = |i(c|>(s)<|>(J(t))) = 

(|lc<|)) ( S j ( t ) ) = X ( s J ( t ) ) , 

and h e n c e 6(G) i s an o r t h o n o r m a l b a s i s of Z[H] , It fol lows 
f r o m L e m m a 4 that t h e r e ex i s t s a h o m o m o r p h i s m £:H -> { 1 , -1} 
such tha t (\)(G) - { e ( s ) s | s 6 H } . Now, the d e s i r e d i s o m o r p h i s m <p 

- 1 
is the i n v e r s e of the i s o m o r p h i s m H -> G g iven by s -•? 6 (e(s)s), 
and T) i s g iven by n(s ) = z(cp(s)), s ç G . 
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We do not know whe the r a l l i s o m o r p h i s m s be tween i n t e g r a l 
g roup r i n g s a r e involut ion p r e s e r v i n g , or whe the r the ex i s t ence 
of an i s o m o r p h i s m (j):Z[G] -*• Z[H] at l e a s t i m p l i e s the e x i s t e n c e 
of an involut ion p r e s e r v i n g i s o m o r p h i s m I | J :Z[G] -* Z[H] - ques t ions 
obvious ly r e l a t e d , in the light of the above p ropos i t i on , to the 
unsolved p r o b l e m whe the r g roups with i s o m o r p h i c i n t e g r a l g roup 
r i n g s m u s t be i s o m o r p h i c . 

The c a s e in which this is known to be so, i . e. for abe l i an 
g r o u p s , is a s imp le consequence of P r o p o s i t i o n 1; in fact , one 
has the following, m o r e de ta i led v e r s i o n of the o r i g i n a l r e s u l t 
of H i g m a n ' s [2]: 

COROLLARY: Let (fr:Z[Gl -• Z[H] be an i s o m o r p h i s m 
w h e r e G and H a r e f ini te abe l i an g r o u p s . Then t h e r e e x i s t s 
an i s o m o r p h i s m <P:G -» H and a h o m o m o r p h i s m n:G -» {1 , -1} 
such that c))(s) = n(s)ç?(s) for al l s e G . 

Proof . It c l e a r l y suffices to show that 6 i s involu t ion 
p r e s e r v i n g . F o r th is one o b s e r v e s f i r s t that the ex tens ion 

J: C[G] -> C[G] of J g iven by J (ex) = c J(x) for c ? C, x e Z [ G ] , 
l e a v e s the p r i m i t i v e c e n t r a l i d e m p o t e n t s 

u = ~ s X( s ) s 

& s 

of C[G] fixed, and that for abe l i an G this p r o p e r t y comple t e ly 
c h a r a c t e r i z e s J . It follows f rom this that the involut ion 

_ i 
(\> ^ Io cj) of Z[G], I the " n a t u r a l " involut ion of Z[H], i s equa l 
to J s ince it c l e a r l y has the s a m e p r o p e r t y . This , then, 
p r o v e s that cj)c J = Ic,§ . 

3 . C h a r a c t e r r i n g s and c h a r a c t e r t a b l e s . In this s e c t i o n 
we p r e s e n t an a l t e r n a t i v e , m o r e a l g e b r a i c a p p r o a c h to the 
r e s u l t of Weidman [3] which i s c lose ly p a r a l l e l to the above 
d i s c u s s i o n of group r i n g s . 

The c h a r a c t e r r ing ~€^ (G) of a f inite group G, i . e . the 
r i ng of c o m p l e x - v a l u e d funct ions on G gene ra t ed by the 
C - c h a r a c t e r s of G, has the i r r e d u c i b l e C - c h a r a c t e r s 
YJ, . . . , x as a b a s i s , and has the fu r the r p r o p e r t y that C ® ^ ^ ( G ) 

is i s o m o r p h i c to the ring of a l l complex -va lued funct ions on G 
which a r e cons t an t on the conjugacy c l a s s e s and hence i s 
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s e m i - s i m p l e . I d e n t i f y i n g C ®j£9"(G) w i t h t h e l a t t e r , t h e f u n c t i o n s 

of t h e t y p e 

k 
n = - S X i ( s ) X. . 

k t h e n u m b e r of e l e m e n t s i n t h e c o n j u g a c y c l a s s of s and g t h e 
o r d e r of G, a r e t h e p r i m i t i v e ( c e n t r a l ) i d e m p o t e n t s . 

N o w , o n ^ ( G ) o n e h a s t h e l i n e a r f o r m \:*5f(G) -*• Z 

d e f i n e d b y 

\(<p) = - S cp(s)-
g S € G 

X i s , of c o u r s e , c e n t r a l , and t h e o r t h o g o n a l i t y r e l a t i o n s fo r t h e 

c h a r a c t e r s x- s h o w t h a t X i s r e g u l a r . F i n a l l y , f o r a n 

i d e m p o t e n t r\ a s g i v e n a b o v e o n e h a s X(n) = k / g , and t h u s X 
i s n o r m a l . 

In a d d i t i o n , o n e a l s o h a s a n i n v o l u t i o n J o n ©"(G), g i v e n 
b y t a k i n g t h e u s u a l c o m p l e x c o n j u g a t e <p f o r <p e"&[G). T h e 

f\, *\J _ 

e x t e n s i o n J of J to C ® ^ - ( G ) d e f i n e d by J (cçp) - c J(cp), 

c ç C and cpe^ï(G), c l e a r l y l e a v e s t h e p r i m i t i v e i d e m p o t e n t s 

of C (S ^ ( G ) fixeçl , a n d t h e X- a r e o r t h o n o r m a l i n t h e s e n s e 

t h a t X(x.J(Xi )) ~ & - M o r e o v e r , t h e s e t { x . } h a s t h e p r o p e r t y 
i k i k i 

t h a t i t s a d d i t i v e c l o s u r e i s m u l t i p l i c a t i v e l y c l o s e d s i n c e 
Y Y = 2 m Y w i t h n a t u r a l n u m b e r s rn . • T h i s i s a l m o s t 
* i * k i k l * l — i k l 
a c h a r a c t e r i z i n g p r o p e r t y f o r {x -} • 

L E M M A 5 . F o r a n y o r t h o n o r m a l b a s i s {<?.) of -<&(G) 

w h o s e a d d i t i v e c l o s u r e i s m u l t i p l i c a t i v e l y c l o s e d t h e r e e x i s t s 

a n a u t o m o r p h i s m 8 of ^ " ( G ) s u c h t h a t { 6 ( x ; ) l ~ {<?•) • 

P r o o f . A g a i n , o n e h a s w = e v . , w i t h e. = + 1, after & l 1*1 I — 

s u i t a b l e r e a r r a n g e m e n t of t h e cp., a n d h e n c e <p.<p. - £.£. X-Xi ~ 
l l k i k i k 

e £ 2 m . . , Y , = Z E.E m . , I e <p , . O n t h e o t h e r h a n d , 
l k ikl- L l k i k l 1 1 

(p.(py - 2 n. , . cp . w i t h n a t u r a l n u m b e r s n . . , , and h e n c e 
l k i k l 1 i k l 
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e.e m £ = n. . T h i s i m p l i e s m . . = 1 1 . , , and t h e r e f o r e t h e 
1 k l k l 1 i k l l k l i k l 

m u l t i p l i c a t i o n t a b l e s f o r t h e x« a n ^ f o r t h e <p a r e t h e s a m e ; t h e 
1 i 

m a p p i n g X- ^> <P- n o w e x t e n d s to t h e d e s i r e d a u t o m o r p h i s m 0 o f " ^ ( G ) . 

T h e c h a r a c t e r t a b l e s of t h e g r o u p G a r e t h e m a t r i c e s 
(x . , ) f o r w h i c h x . , = y . f s , ) w h e r e t h e v . r u n o v e r t h e 

lk lk 1 k 1 
d i f f e r e n t i r r e d u c i b l e C - c h a r a c t e r s of G and t h e s, o v e r a 

k 
s e t of r e p r e s e n t a t i v e s f o r t h e c o n j u g a c y c l a s s e s of G. A n y two 
s u c h m a t r i c e s c l e a r l y d i f f e r o n l y b y p e r m u t a t i o n s of t h e r o w s 
a n d c o l u m n s and a r e t h e r e f o r e e l e m e n t a r i l y e q u i v a l e n t . 

N o w w e h a v e , a s i n [ 3 ] : 

P R O P O S I T I O N 2 . T w o f i n i t e g r o u p s w h i c h h a v e i s o m o r p h i c 
c h a r a c t e r r i n g s h a v e t h e s a m e c h a r a c t e r t a b l e s . 

P r o o f . L e t G a n d H b e t h e g r o u p s , <j>:#(G) - > ^ ( H ) a n 
i s o m o r p h i s m , X and v t h e n o r m a l l i n e a r f o r m s and J and I 
t h e u s u a l i n v o l u t i o n s o n ^ ( G ) and *^(H) r e s p e c t i v e l y . T h e n 
o n e o b t a i n s , e x a c t l y a s i n t h e p r o o f of P r o p o s i t i o n 1 and i t s 
c o r o l l a r y t h a t 

x(x.J(xk)) = vfofc.) i(+(xk))) 

f o r t h e i r r e d u c i b l e c h a r a c t e r s x« °f G, i . e . {<^>(x• )} * s a n 

o r t h o n o r m a l b a s i s of - ^ (H) . S i n c e t h e a d d i t i v e c l o s u r e of 

{ x . } i s m u l t i p l i c a t i v e l y c l o s e d t h e s a m e h o l d s f o r {^(X-)} » 

a n d t h u s b y L e m m a 5 t h e r e e x i s t s a n a u t o m o r p h i s m 0 of 

t?(H) s u c h t h a t 0 ( t . ) = *(x.)> i , . . . , £ t h e i r r e d u c i b l e 
i l l n 

C - c h a r a c t e r s of H i n s u i t a b l e a r r a n g e m e n t . Now, l e t 
- 1 «x, 

4» = 6 o <\> and \\t i t s C - l i n e a r e x t e n s i o n ; f o r t h e l a t t e r o n e 

h a s \\t (x-T), ) = Ç,.4,(Tli_)» TV t h e p r i m i t i v e i d e m p o t e n t s of 
1 K I K K 

C ® *t^(G), and p u t t i n g v.-n - x . , TI, w i t h x . , e C o n e h a s 
Z 1 'k î k k l k 

X i k ^ ( T 1 k ) = ^ ( r | k ) = Y i k ^ ^ k * ' H e r e ( y i k } i S a c h a r a c t e r 

t a b l e of H s i n c e {\J (TL )} ' i s t h e s e t of p r i m i t i v e i d e m p o t e n t s 
K 

of C® .-© /(H), a n d t h e m a t r i x , i d e n t i t y (x ) - (y ) t h e n p r o v e s 
JLI IK. IK. 

t h e a s s e r t i o n . 
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