Can. J. Math., Vol. XXXIV, No. 5, 1982, pp. 1047-1058

PROPERTY 4., ON SPACES WITH STRICTLY
POSITIVE MEASURE

S. ARGYROS AND N. KALAMIDAS

In this paper we study intersection properties of measurable sets with
positive measure in a probability measure space, or equivalently, inter-
section properties of open subsets on a compact space with a strictly
positive measure.

The first result in this direction is due to Erdos and it is a negative
solution to the problem of calibers on such spaces. In particular, under
C.H., Erdés proved that Stone’s space of Lebesque measurable sets of
[0, 1] modulo null sets, does not have NX;-caliber.

A statement in measure theoretic language equivalent to Erdds’ example
is the following. Under C.H. there is an uncountable family {K;, § < wt}
of closed subsets of [0, 1] with positive measure, such that for every
uncountable set I C wt there are &, ..., &, € I with

AMEeg Moo .MV Kgny) =0

Some extensions of this result under G.C.H. for cardinals of the form g+
with cf (8) = w are contained in [2]. In the same paper, also, there are some
positive results about calibers for certain cardinals. (A topological space
X has a-caliber if every family { U; : £ < a} of open non-empty subsets of
X contains a subfamily with cardinality « and with non-empty inter-
section.)

In the present paper we prove that families of measurable sets satisfy
a property weaker than the a-caliber property, namely property k&, , for
alln < wand cfa > w.

In particular, in the first section we prove that if (X, 2, u) is a prob-
ability measure space and « a cardinal with uncountable cofinality, then
for every family {A;: ¢ < &} of elements of Z with positive measure and
for every n < wthereis I, C @ with |I,| = aand forevery ¢1,...,% € I,
we have that

p(Ae, N .. N Ag) > 0.

In the last part of this section we present relations between decomposi-
tion properties of.Z *(X) (open non-empty subsets of X) and intersection
properties.
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The second section mainly contains an application of the above result
for compact topological spaces. So, starting from purely functional analytic
assumptions on C(X) we can get intersection properties for the space X.

0. Preliminaries.

0.1. Definition. Let X be a topological space, a an infinite cardinal and
n a positive integer. We say that X satisfies the property k., if for every
family { Uy, £ < a} of open subsets of X, there is a subfamily { U, £ € A4}
with |4| = « that satisfies the n-intersection property (i.e., for every
&, ..., & points of 4, it follows that Uy, M Ug, M ... M Uy, # 0).

0.2. Definition. Let X be a topological space. We say that X satisfies
the property () if the family of non-empty open subsets of X can be
written in the following way:

TH*X)=UT,
n<w
such that the subfamily 7, contains at most n pairwise disjoint open
subsets for every # < w.

0.3. Definition. Let X be a topological space and . C .7 *(X). For
F C %, F finite we set

cal (F) = max {k:3 I C F,|I| = k such that N\ I # @}.

Now we correspond to the family % the number

k(&) = inf {cal (F) JFCY,F: flmtef
|F|
and we say that the space X satisfies the property (#+) if the non-empty
open subsets of X can be written in the following way:
IT*X)=UI,

n<w

such that k() > 0 for every n < w.

0.4. THEOREM ([10]). Let X be a compact totally disconnected topological
space and F a family of open-and-closed subsets of X with k(&) = & > 0.
Then there is a regular Borel probability measure u on X with u(U) = 6 for
every U € &.

0.5. Definition. Let X be a compact topological space. We say that X
has a strictly positive measure if there is a regular Borel measure u on X
with u(U) > 0 for every U € I *(X).

0.6. Remark. It is easy to prove that the existence of a strictly positive
measure for a space X, implies the property (**). Kelley’s Theorem 0.4
now gives the equivalence of these properties about compact spaces.

https://doi.org/10.4153/CJM-1982-076-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1982-076-3

PROPERTY &, , 1049

For non-compact spaces this is not true. For example if we consider
the space

X ={p {0, 1}¢": [{i: p(1) = 1}] < w}

then X satisfies the property (*x) but there is no Borel measure that is
positive on all non-empty open subsets of X.

0.7. THEOREM (Erd6s-Rado, regular case). Let o be an infinite regular
cardinal and {Fy, £ < o} a family of finite subsets of . Then there are a
subset A C a, |A| = a and a finite set F such that F¢, N\ F¢, = F for every
£, £ € A with & # &,

0.8. THEOREM ([1], singular case). Let o be an infinite singular cardinal
and {Fy, £ < o} a family of finite subsets of a. Then there are A,, ¢ < cf «
disjoint subsets of a with |4,| = a.,

g<cfa and Za,=a and E, o < a,

o<lcla

E finite subsets of o such that
(1) For &1, & € A, & # Eathen

Feyy N\ Fy, = E, foro < cfa and
(“) For 51 E Avn 52 6 Avg, g1 # a2 then
F;l f\ ng = E fO?’ gy, 02 < cfa.

For a detailed study of known results about intersection and decompo-
sition properties on topological spaces we refer the reader to [4].

1. The main theorem.

1.1.LEMMA. Let 1 S p <o, 1 En<w,l1 = N<owuwithp=2¥ and

let 6y, 04, . . .., 0, be positive real numbers. Then
o + ... +6" (01+...+o,,>"
(a) % = 2% and
21, 1 ( 2, 1 )
— 9" >
®) ooz g (S ave

Proof. Part (a) follows from Holder’s inequality and (b) follows from

(a).

1.2. LEMMA. Let I be a non-empty set, a an uncountable cardinal with
cfa > w 8> 0, {U ¢t < a} afamily of non-empty open and closed subsets
of {0, 1} 7 such that u(Ur) = 6 for £ < a. Then thereis A C a, |4| = a
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such that

y(UElf\...f\UEﬂ);<§) for 1Sn<wéy,... €4

(where u s the usual product measure on {0, 1} 7).

Proof. Let F¢ be a finite subset of I such that U; depends on F; for
£ < a. We distinguish two cases.

Case 1. ais aregular cardinal.

By the Erdés-Rado theorem [5] there are B C o« with |B| = e and a
finite set F C I such that

FeN\Fy =F forg & € B, £ #¢.
We set

He = [y €10, 1767 (5,9) € ma(UD)
for x € {0,1}F, ¢ € B and

Ty = {x € {0, 1}7: HF > 0}
for ¢ € B, where 7, is the usual projection. Then

nrUD = U (5] XH) = U () X H) for§€ B,
z TE

z€{0,1}

Since « is regular and uncountable, there are 7" = {x,, ..., x,} C {0, 1}7
and C C B, with |C| = a such that

TE=T forEEC

We note that |T| = p < 2!¥I, Furthermore, there are A C C, with
|A| = a and positive rational numbers 6y, 6, . . ., 8, such that
w(HF) =0, forl 1= p,E€ A.

Letnowl £ n <wand &, &, ..., & € 4. Then

?
U;‘ﬂ ngn o.M Ugn = <U {x,} XHglxi X ... XHgnn>

i=1
x {0, 1} I_(FEI ..U Ff")
and hence using Lemma 1.1

(*) #(Usl N...N Uin) = 22[11” .“(Hflxi) o ,U(Hg,,“)

From this it follows that

u(Uhr\...nU&);(ﬁ).
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Case 2.  is a singular cardinal.
Let {a,, ¢ < cf a} be a family of uncountable regular cardinals with

a= ), a.

o<lcfa

By Theorem 0.8 there is a set B C «,
B = U Bar

o<lcta
|Bs| = a, for o < cfa,
BN B, =Pfore <o’ <cfa
and there are finite sets F, {E’, ¢ < cf a} such that

(1) Fi\ Fy = E°for §, 8 € B,,t # ¥, 0 < cfa,
(ii) FeN\ Fy = Ffort € B,, 8 € B,, 0 < ¢ <cfa.

We set
He = {y € {0, 1}F«F: (x,y) € mp,(Ug)} forx € {0,1}7, £ €B

and
Ty ={x€{0,1}F: HF # @} for¢c B.
Then
Tr (Ug) = EJ ({x} X H) for& € B.
x TE
Since of @ > w, there are T = {x;, ..., x:} C {0, 1}7, I C cf « with

|I| = cfaand C, C B,, with |C,| = a, for ¢ € I, such that
Ti=Tfort € Cp o€ I

We note that [T| = p < 2!FI. Furthermore, there are J C I with |[J| =
cf a, D, C C, with |D,| = a, for ¢ € J and positive rational numbers
01,0, . ..,0,such that

p(H¢) =0, forl 1= p, t€ D,,0€J.
It follows that

Y4
mr(Ue) = U (%} X H¢*) and

Mﬁ

u(Us) = '271_1«"'1'0i25 for¢ € Dy, 0 € J.

1

I
A

Finally there is, by case 1, E, C D, for ¢ € J, with |E,| = «, such that

k
#(H;f" X {0, 1} TFan . N H,Y X {0, 1) ”fk) = %
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forl =i =p,12k<wé,..., &€ Eforg € J. We set

A= U Ea;
o€J
it is clear that |4| = a. Let 1 < n < wand &, ..., & € 4. Then there
areg; < ... <o, < cfa,0q,..., 0, € Jsuch that, setting
q>]’={£ly‘~-»£n}mEoi forléjém,
we have
(&, .. &) = USU.. .. U2,
Then

UasN\Us Moo N U, =N <ﬂ Ug)

j=1 \{e®;

(im0 x T ( 0 e x 10,1779

=1 \{€®;

= U
i=1
and

P 1 m o 3
pUa N UM ... N\ Ug) = 2, oiF “<sm (H¢0, 1} 1 FE))

[¥3
i=1 2 j=1 €P;

n 8\
= 2n—1 ' 2n—1 - <Z> (f[‘Om (*)) .
The proof of the lemma is complete.

1.3. THEOREM. Let (X,.%, u) be a probability measure space, o a cardinal
number with cf & > wand {E¢, £ < o) C. with u(E¢) > 0 for ¢ < a.
Then for every 1 £ n < w, thereare A, C a, |4, = a, and 8, > 0 such that

y(Eg, f\Ehf\ .. .mEgn) = 5,, f07‘ f], fg, .. .,En € An

Proof. Let (#, \) be the measure algebra of (X,.%, u) and @ = S(%Z).
It is enough to prove that if { Vi, ¢ < a} C & with \(Ve) > O0for ¢ < a,
then for every 1 £ n < w, there are 4, C «, |4, = «, §, > 0 such that

AV N N Ve ) 26, fork, ..., & € A,

Let {p;, © < v} be the isolated elements (if any) of , and let {Q,,, m < &}
be the partition of @ given by Maharam'’s classification theorem [12].
Then since cf @ > wand ¥ + & £ o, either there is 7 < vy with |[4]| = «q,
such that p; € V¢, for ¢ € A4, in which case we are reduced to a trivial
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situation, or there is m < § and 4 C « with [4] = a such that
Ve Q, %= 0 fort € A

Then it is enough to prove that if {Bg, § € 4} is a family of Borel sets of
{0, 1}» with w,,(Bs) > O0for £ € 4, then for every 1 £ n < w, there are
A, C A4, |4, = «, §, > 0such that

N(Bflm"'man) é671 fOr Ely--~y£n€An-
Now there is 8 > 0 and B C 4 with |B| = «, such that
p(By) =6 fortc B.

Let 1 £ n < w. Since p is a regular measure there is an open and closed
subset U; of {0, 1}2= such that

1 n
w(B:AU:) < > (%) for £ € B.

Then

1(6 0
w(Us) 2 p(B: M Uy) 25—§<§> 2 fortc B.

By the previous lemma there is 4, C B with [4,| = «, such that

“(Uilm’men)g(%> forgl)"'rzneAn'

We note that
UM oo.N Ugn C By ﬂf\Bg"U B AUy, U'...UBgHAUgn

(

1(6Y"
u(Bglmme")g§(§> =5n fOl‘El,...EnEAn.

hence

>" Su@aN...NUg) SuByN\...N\B,) + Z (g)

oo

hence

The proof of the theorem is complete.

1.4, Remark. The proof of the above theorem does not need Maharam's
classification theorem in case a is a regular (uncountable) cardinal.
Indeed, it follows from the following proposition.

1.5. PROPOSITION. Let a be a regular uncountable cardinal (X,.%, u) a
probability measure space, {E¢, £ < a} C &, 8 > 0 such that

}.L(Eglm .. .mEf"_l) =6 for‘g’l, .. -ygn-l < a.

https://doi.org/10.4153/CJM-1982-076-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1982-076-3

1054 S. ARGYROS AND N. KALAMIDAS

Then there is A C a, |A| = a such that
(1) wEuMN...NEy) 206/4k fork,... €A
(where k 1s a positive number, k > 2/5).
Proof. Suppose that this is not the case. We set I'; = « and let
%, ={C:CC Ty, |E £ € C} satisfies (1)}.

Then €. # 0 and it is inductive under set inclusion. Let C; € ¥, C;
maximal. Then |C1] < a.
Forevery ¢ € Ty — Cythereareé,, ..., £ € Cisuch that

p(EeNE,, ML M Eg) < 6/4k.

Since « is regular, there are £, £, ... £® € €, and Ty C Iy with
|Ts| = a such that

;.L(Eg N Egz(x) NN Egn(l)) < 5/4}3 for £ €T

We now repeat the same argument with T'; in place of T, and we find
Co C Ty, £2e), E3), - .., Ex) € Cy, and T'y C Ty, with |T3] = a such that

pENE®MN ..M E®) <§/4k forf€ Ty

We repeat the same argument & times, and thus find elements

22(1)' 53(1)9 crey En(l)

22(’6)7 53(k)y ] gn(k)

such that, if 1 £ < m < k, then

w(Euo M. N Eg oM Egymy) < 8/4k.

We now set

m—1

Ap=Ee,w M .. .M Eg) — U EgoM o.M Eg
=1

forl<m =<k
and we note that

bAn) 28— (m—1)7 2

oo

g
4k
AN A4, =¥ forl =
a contradiction since £.6/2 > 1, and u(X) = 1.

l<m=Zk

1.6. PROPOSITION. Let X be a topological space with property (»+). Then X
has property kq , for all cardinals a withcfa > wand1 £ n < w.

https://doi.org/10.4153/CJM-1982-076-3 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1982-076-3

PROPERTY R, , 1055

Proof. From [8], for the space X there is an extremally disconnected
compact space GX and two maps:

b1 T*X) — THGX), p2:T*GX) — T*(X)
such that for Uy, ..., U, € 7 *(X),
UiN...N\U, = @implies p1(U) N ... N\ py(U,) = 0

and an analogous statement for p,.

Since X satisfies property (**) from the existence of the map p, it
follows that GX satisfies (**) and then from Kelley’'s theorem GX has a
strictly positive measure. Now from Theorem 1.3 the space GX satisfies
property k., and finally from the existence of the map p; the space X
satisfies property Rq ..

1.7. Remark. For an arbitrary topological space X and a cardinal o
with cf @ > o the following diagram holds.

*) .
) )
(**) / \“/ \ Kos
N . /
(1) is due to Gaifman [6].

(2) is a consequence of the arrow-relation a — (@, w)? of Erdos.
(3) is Proposition 1.6 (4) and is trivial.

Each of converses of the implications above is false.

(1) () = (»*). This is due to Gaifman [8].

(2) & — (*). This is due to Galvin-Hajnal (7].

(3) Ry, m < w — (). This follows from Gaifman’s example [8].
(4) £ > k,, n < w. This follows from Argyros example [3].

(5) (%) — ky, for n > 2. This follows from [3].

1.8. Remark. The case of k. . in Theorem 1.3 which follows from the
arrow-relation @ — (@, w):® was well known. In particular the case
k.+ 2 has been established by Marczewski. Also W. Comfort informed us
that K. Kunen also has given a proof of Proposition 1.5.

2.

2.1. Definitions and motations. For a compact space X we denote by
C(X) the space of all continuous real-valued functions defined on X.
By M(X) we denote the space of all regular, Borel measures on X.
We coincide this space with the conjugate of C(X), via the Riesz repre-
sentation theorem. Let o be a cardinal. We symbolize by Iz the Banach
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space of all real functions f on a that are absolutely summable with
Ifll = 2 1f@)!.
t<a

By I,” we denote the Banach space of all bounded real-valued functions
defined on « with

Il = sup {[f(&)] : & <.

Let E bea Banach space. We say that E contains isomorphically a cepy
of I} if there is an isomorphism T : [,! — E. Equivalently /,! is isomorphic
with a subspace of E if there are ¢ > 0 and a uniformly bounded sequence
{x¢, £ < a} C E such that

n
Z )\ixfi
i=1

2.2, Definition. Let X be a compact, totally disconnected topological
space, and & a base of clopen sets for its topology. For an infinite cardinal
a we say that X satisfies the property P, if for every family { Uy, £ < a} C
# of pairwise different sets, /,! embeds isomorphically into the closed
linear span of the set

{XUE) E < (X}.
2.3. THEOREM. Let X be a compact, totally disconnected space and & «
base of clopen sets for its topology. We suppose that X satisfies property P

for some infinite cardinal o with cf a > w. Then, the space X satisfies property
ko o for everyn < w.

Proof. Let {Us, £ < a} be a family of elements of & and Z the closed
linear span of the set {XUE’ £ < a}. Because of P, there is a uniformly
bounded family {f:, § < a} C Z and a constant ¢ > 0 such that

k
Z Aiffi
i=1

We approximate the elements {f;, £ < a} by finite linear combinations
with rational coefficients {g;, £ < a} of the set {xy,, £ < a} such that

Ife — &l < /2,8 <.
It is easily verified that the family {g;, £ < a} is also equivalent with the
usual basis of /,!.

Now passing to a subfamily, we find 4 C «, |4] = « and rational
numbers 74, 73, . . ., 7, such that

m
=>c ; [N;] forevery Ay, As, ..., A € R,

k
=c ; [\;|] forevery Ay, ..., A € R

g = rlXUgl + ...+ quU$<I, IS A.

We assume that « is singular. The regular case follows from similar (and
easier) arguments. We consider the sets

Fe={U& Ug? ..., U, £€ A4
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and apply Theorem 0.8. So there are sets 4,,7 < cfa, E;,j < cfaand E

such that
Ud,;| =4
i<cfa
and if &, &2 € 4, & # & then
Fee N Fy, = E;
andif & € Ay, & € Ay, j1 # jathen
Fyy N\ Fy, = E.

Now for j < cfa, let {£/7, &7}, p € A/ where £/, &7 € A4, and for p &= p’,
2 8PN {EY, &7 =0 and [4/] = |4,
We set
& = gur — gew, PEA/, j<cla
It is easy to see that the family {g,, p € 4, j < cf @} is equivalent with
the usual basis of /,!. So there is an isomorphism
T:l' = {2, p € 4,7 <cfa}) C CX).
Hence the conjugate operator
T*: M(X) -1~
is onto. Consequently there is a regular Borel measure u on X such that
T*(uw) = (1,1,...).

So u(g,) = 1,p € A/, j < cf a and hence for p there exists a set U,'®
such that u(U,*®) > 0. Now from the construction of g, it follows that
the family

{Upi(ll)’ P € Aj’vj < Cfa}

has cardinality «.
The desired result is now a simple consequence of 1.3.

2.4. Remark. Let X be an arbitrary compact space. If for every closed
subspace Z of C(X) with dim Z = «, cf @ > w, L' is isomorphic to a
subspace of Z, then with the same method it can be proved that the space
X satisfies property kg, for n < w.

2.5. Remark. From results of [1] and [9] there follows the existence of
compact spaces X with property P,. (For example for an arbitrary I the
space {0, 1} 7 satisfies property P, when cf (@) > w.) The cardinals « for
which P, holds in spaces of [1] and [9] satisfy a property stronger than
ko o; namely, these spaces have a-caliber. Recently, however, the authors
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have constructed an example of a space with P,+ property and without
caliber w*. This example shows that property k, , is the best intersection
property that can be obtained from P,.
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