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Abstract

According to the Skitovich-Darmois theorem, the independence of two linear forms of n independent
random variables implies that the random variables are Gaussian. We consider the case where independent
random variables take values in a second countable locally compact abelian group X, and coefficients of
the forms are topological automorphisms of X. We describe a wide class of groups X for which a group-
theoretic analogue of the Skitovich—-Darmois theorem holds true when n = 2.
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1. Introduction

By the classical Kac—Bernstein theorem, a Gaussian measure is characterized by the
independence of the sum &) + & and the difference £; — &, of independent random
variables &;. Let &; be independent random variables and «; and 8; be nonzero
real numbers, where j=1,2,...,n and n > 2. Consider two linear forms given
by Li=a1é1+---+ao,&, and Ly = 1€ + - - - + B,&, instead of the sum and the
difference. The Skitovich-Darmois theorem asserts that, if the linear forms L and
L, are independent, then the random variables &; are Gaussian [2, 19]. This theorem
was generalized by Ghurye and Olkin [11] to the case where the &; are independent
vectors in the space R™ and the coefficients o; and B; are nonsingular matrices (see
also [14, Ch. 3]). They proved that the independence of L and L implies that the
random vectors &; are Gaussian. In recent years, much attention has been devoted
to generalizing the Skitovich-Darmois theorem to various algebraic structures such
as locally compact abelian groups, Lie groups, and quantum groups (see [6], where
one can find further references). The research stimulated by the Skitovich—Darmois
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theorem has been also continued in the classical case [1, 15]. We also note that group
analogues of the Skitovich—-Darmois theorem are closely connected with the ‘positive
definite functions of product type’ introduced by Schmidt (see [8, 18]). This article
is devoted to a generalization of the Skitovich—Darmois theorem on locally compact
abelian groups.

Let X be a second countable locally compact abelian group, Y be its character
group X*, and (x, y) be the value of a character y € Y on an element x € X. Denote
by M'(X) the convolution semigroup of probability distributions on X. Denote by &
the characteristic function on Y of a distribution u € M'(X):

AG) = /X (x, ) du(x) Vye?.

A probability measure € M'(X) on the group X is called Gaussian (in the sense
of Parthasarathy [16, Ch. 4.6]) if its characteristic function can be represented in the
form

m(y) = (x, y)exp{—p(y)} VyeY,

for some fixed x € X, where ¢ is a continuous nonnegative function satisfying the
equation
o ~+v)+ou—v)=2[pm) +¢)] Vu,vey.

Taking into account that we will deal here only with Gaussian measures in the sense
of Parthasarathy, we will just call them Gaussian. Denote by I' (X) the set of Gaussian
measures on X. We note that the support of a Gaussian measure is a shift of a
connected subgroup of the group X. For this reason the class of Gaussian measures
on a totally disconnected group coincides with the class of degenerate distributions.
Denote by m g the normalized Haar measure of a compact subgroup K of the group X,
and by I (X) the set of shifts of such measures. Let Aut(X) be the set of topological
automorphisms of X. Suppose that L1 = o1& + o2& and Ly = B1&] + B2&2, where
aj, Bj € Aut(X) and &; are independent random variables taking values in X and with
distributions wu ; (here j =1, 2). We formulate the following general problem.

PROBLEM 1.1. Describe second countable locally compact abelian groups X with the
property that, for any linear forms L and L, the independence of L and L, implies
that each distribution w; is a convolution of a Gaussian measure and the normalized
Haar measure of a compact subgroup of X, written . ; € I'(X) * I (X). Equivalently,
describe second countable locally compact abelian groups X for which the Skitovich—
Darmois theorem holds true for two independent random variables.

Shifts by normalized Haar measures appear in a natural way in characterization
problems on abelian groups; see, for instance [7, 13, 17]. It should be noted that if
nwe M (X)and uw=y xmg, where y € I'(X), then u is K-invariant and p induces
a Gaussian measure on the factor group X/K under the natural homomorphism
X — X/K. Problem 1.1 was first solved in the class of finite abelian groups [5],
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then in the class of second countable compact totally disconnected abelian groups [9]
and discrete countable abelian groups [10].

For any natural number 7, denote by f;, : X — X the homomorphism f;(x) = nx,
and write X" for its image Im f, and X ) for its kernel Ker f,. The following
theorems hold.

THEOREM 1.2 [9]. Let & and & be independent random variables taking values in
a second countable compact totally disconnected abelian group X, with distributions
w1 and po. Let aj, Bj € Aut(X). Then the independence of the two linear forms
L1 =a1&) + &y and Lo = B1&1 + Ba&r implies that 1, no € 1(X) if and only if for
each prime p the factor group X/ X (P) is finite.

THEOREM 1.3 [10]. Let & and & be independent random variables taking values
in a discrete countable abelian group X, with distributions |11 and o, and let aj,
B; € Aut(X). Then the independence of the two linear forms Ly = a1§) + az6, and
Ly = B1&1 + B2 implies that py, uo € 1(X).

The main result of this article is the following theorem.

THEOREM 1.4. Assume that a locally compact abelian group X is of the form
X=R" x K x D, (1.1)

where m > 0; the group K is compact, totally disconnected and abelian, and the
factor group K/KP) is finite for each prime p; and D is a countable discrete
abelian group. Let & and & be independent random variables taking values in X
and with distributions | and . Let oy, ag, By, B2 € Aut(X), and define the linear
forms L1 = o1& + o€y and Ly = B1&1 + Ba&a. Then the independence of L and Lo
implies that 1, pa € I'(X) *x I (X).

The proof of Theorem 1.4 is given in Section 2. In Section 3 we construct an
example of a locally compact abelian group X that is not topologically isomorphic to
a group of the form (1.1) and for which the Skitovich-Darmois theorem holds true for
two independent random variables.

2. Proof of Theorem 1.4

To prove Theorem 1.4, we will use some structure and duality theory for locally
compact abelian groups [12]. Let X be an arbitrary second countable locally compact
abelian group. If H is a subgroup of its dual group Y, then we denote its annihilator
{xeX:(x,y)=1 for all ye H} by A(X, H). We recall that a torsion abelian
group G is called p-prime if the order of every element of G is a power of p.
For any a € Aut(X) define the conjugate automorphism & € Aut(Y) by the formula
(x, @y) = (ax, y) forall x € X and y € Y. Denote by I the identity automorphism of
a group. If A and B are subsets of X, then denote by A + B their arithmetic sum:

A+B={xeX:x=x1+x,x1 €A, xp € B}.

Denote by P the set of prime numbers.
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Let u € M'(X). Denote by o (w) the support of p. It is useful to remark that if H is
a closed subgroup of Y and zi(y) = 1 for all y € H, then the characteristic function &
is H-invariant, that is, 1(y + h) =(y) forall ye Y, h € H, and o (u) € A(X, H).
Let K be a compact subgroup of X. It should be noted that the characteristic function
of the normalized Haar measure m g is of the form

_ 1 ifyear k)
mK(y)_{o ify ¢ A®Y, K). @D

We formulate as a lemma the following simple and well-known statement.

LEMMA 2.1. Let X be a second countable locally compact abelian group. If f is a
characteristic function such that | f (y)| =1 forall y € Y, then f(y) = (x, y) for some
x e X.

For u € M1 (X), define the distribution @\e M (X) by the formula i (E) = u(—E)
for all Borel subsets E of X. Observe that i = .

We need some lemmas to prove Theorem 1.4. Let £ be a random variable taking
values in X and with distribution w. Taking into account that the characteristic
function of the distribution y is an expectation, that is, (y) = E[(§, y)], the following
statement may be proved exactly as in the classical case.

LEMMA 2.2. Let X be a second countable locally compact abelian group. Let & and
&) be independent random variables taking values in X and with distributions | and
w2. Let oy, az, B, B2 € Aut(X), and define the linear forms L= o1& + a2&;
and Ly = B1&1 + B2§2. Then the independence of L1 and Lj is equivalent to the
characteristic functions [i; satisfying the equation

1 (@ u + Bro)a@au + Brv) = [y (@ u) B2 @) 1 (B1v) iz (B2v)
forallu, veY.

LEMMA 2.3 [3]. Let Y be a second countable compact connected abelian group, and
a € Aut(Y). Then all solutions of the equation

1 (u + )i (u + av) = g @) g2 @) E (v)i2(av)  Vu, v ey, (2.2)

in the class of nonnegative characteristic functions of probability distributions, are
identically equal to 1.

LEMMA 2.4. Assume that a locally compact abelian group H is of the form F x S,
where S is a second countable compact abelian group and F is a discrete countable
torsion abelian group that satisfies condition (i): for all primes p the subgroup
{d e F:pd=0} is finite. Then for any element ho € H and any automorphism
a € Aut(H) there exists a compact subgroup Q of H, such that hg € Q anda(Q) = Q.
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PROOF. Consider a decomposition of the group F into the weak direct product of its
p-prime subgroups:
[T

peP
Note that each element d € F' can be represented in the form

dzi:d-,
j=1

ki .
where d; € Fp].. Hence p .’d.,- = 0 for some natural number k;, when j =1, 2, ..., n.
We assume that k; are minimal here. Put

k,
Bj={ceFy, :pj’c=0}.

Then
deB; x---xB,=B8B, (2.3)

and it follows from (i) that the subgroup B is finite. It is obvious that, for any finite
subset M of F, there exists a subgroup B of the form (2.3) containing M.

Denote elements of H by & or (d, k), where d € F and k € S, and define the homo-
morphism 7w : H — F by n(h) =n(d, k) =d. Fix an automorphism a € Aut(H),
and consider the subgroup S, = w(a(S)). Since the homomorphisms 7 and a are
continuous and S is compact, S, is also a compact subgroup. Taking into account the
fact that F is a discrete group, we conclude that S, is a finite group. Then

a(S) €S, x S. (2.4)

Let ho = (dp, ko) € H. Denote by B the subgroup of the form (2.3) containing the
element dp and the subgroups S, and S,-1. Then hg € B x S. We will verify that
a(B x §)=B x S. Letc € B;. Itis obvious that the elements ¢ and a(c) have equal
orders, and these orders are pz., where [ < k;. All elements of the group H of order ps.,
where [ < k;, are contained in Bj x §,andsoa(c) € B; x S. Hencea(B;) € B; x §.
This implies that

a(B)< B x S. (2.5)
Taking into account that S, C B, it follows from (2.4) and (2.5) that
aBxS)CaB)+a(S) S (B xS+ (S, x5 =BxS. (2.6)
Reasoning similarly, we find that
a ' (BxS)CTBxS. 2.7)
It follows from (2.6) and (2.7) that a(B x §) = B x S. Set Q = B x S. Then Q is the
required subgroup. O

REMARK. The statement of Lemma 2.4 is not true if we omit condition (i). Indeed,
let G be an arbitrary finite abelian group and let ®; = G, where i =0, £1, +2, .. ..
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Let F be the weak direct product

Consider F with the discrete topology. Then F is a discrete countable torsion abelian
group, and condition (i) fails for F. Let S be the direct product

o0
S=H ;.
i=0

Consider S with the product topology. Obviously, S is a second countable compact
abelian group. Put H = F x § and denote elements of the group H by h = {x;}7°__,
where x; € ®;. Note that x; =0 if i <n(h). Set a{x;}7°__ = {xiy1}72_,- Then
a € Aut(H). It is clear that the orbit {a"h}’° ) of each nonzero element h € H is
noncompact. Hence there does not exist a compact subgroup Q of H which is invariant

with respect to a.

LEMMA 2.5 [10]. Let Y be a second countable compact abelian group, and suppose
that a € Aut(Y). Then all solutions of Equation (2.2) in the class of nonnegative
characteristic functions of probability distributions are of the form

1 ifyeFE

0 ify¢E, -

() =m(y) =

where E is a subgroup of Y, and a(E) = E.

PROOF OF THEOREM 1.4. Let § € Aut(X), and pue MY (X). Tt is apparent that
nwel(X) = I(X) if and only if §u € I'(X) % I (X). Hence we can consider new
independent random variables é{ = a1 and Eé = >, and assume without loss of
generality that Ly =&; + &, and Ly = §1& + 8262, where §; € Aut(X). Moreover,
since for each § € Aut(X) the independence of the linear forms L and L is equivalent
to the independence of the linear forms L1 and §L,, we may in addition assume that
Ly =& + a&, where a € Aut(X). Puta =a.

By Lemma 2.2 the linear forms L; = &| 4+ & and Ly =& + o, are independent
precisely when the characteristic functions iz; satisfy (2.2). Put v; = u; % ji;. Then
v =|@; |2 > 0, and the characteristic functions v also satisfy Equation (2.2).

Let bx be the subgroup of X consisting of all compact elements of X, and Cy be
the connected component of zero of the group ¥ = X*. By the structure theorem
for locally compact connected abelian groups, Cy = A x B, where A =R and
B is a compact connected abelian group. It is easy to see that the restriction of
any automorphism d € Aut(Y) to the subgroup B is a topological automorphism of
the subgroup B. Hence we can consider the restriction of Equation (2.2) for the
characteristic functions v; to the subgroup B. Since B is a second countable compact
connected abelian group, by Lemma 2.3 all characteristic functions V; are equal
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to 1 on B. Therefore o(v;) € A(X, B) =R"™ x bx. Since u; is a divisor of vj,
the distributions p; can be replaced by their shifts M/J in such a way that all the
supports a(,u’j) C R™ x bx. Since the restriction of any automorphism d € Aut(Y)
to the subgroup B is an automorphism of the subgroup B, and A(X, B) =R" x by,
the restriction of any automorphism & € Aut(X) to the subgroup R™ x by is an auto-
morphism of the subgroup R” x by. From what has been said, it follows that we can
prove Theorem 1.4 assuming that D in (1.1) is a torsion group.

Put G=K x D and H=G*. Then Y =ZR" x H. To avoid introducing new
notation, we will assume that ¥ =R x H. Denote elements of Y by y or (s, i),
where s € R™ and h € H. Consider the character groups F = K* and S = D*. Since
K is a compact totally disconnected group, F is a discrete torsion group. Since D
is a discrete torsion group, S is a compact totally disconnected group. Hence the
group H = F x § is totally disconnected and consists of compact elements. Since
H is a totally disconnected group, R™ is the connected component of zero of the
group Y. Hence the restriction of any automorphism d € Aut(Y) to the subgroup R™ is
a topological automorphism of the subgroup R”. Denote this restriction by dgm. Since
H consists of all compact elements of the group Y, the restriction of any automorphism
d € Aut(Y) to the subgroup H is also a topological automorphism of the subgroup H.
Denote this restriction by dy. Hence each automorphism d € Aut(Y) can be written
in the form d (s, h) = (drms, dgh).

By Lemma 2.2, the independence of the linear forms L and L; is equivalent to the
fact that the characteristic functions jz; satisfy Equation (2.2), which in our notation
may be written in the form

wi(s +s', h+h)ia(s + agms’, h +aph’)

~ ~ e 2 2.9
=11 (s, h) 2 (s, W1 (s', kYo (arms’, aph’) 29)

for all (s, h), (s', h') € Y. Putting s = s" = 0 in (2.9), we get the equation
210, h + h)[a2(0, h 4+ agh’) = [11(0, h)[E2(0, K1 (0, K)A2(0, agh’) (2.10)

for all h, h’ € H. We solve Equation (2.10). For this purpose we consider the distri-
butions v; = p; * i ; and note that the restriction to H of the characteristic functions
V; also satisfy Equation (2.10).

It is easy to see that a compact totally disconnected abelian group K has the property
that for each prime p the factor group K /K (P) is finite if and only if its character group
F = K* satisfies condition (i) of Lemma 2.4. It follows from (1.1) that the conditions
of Lemma 2.4 are fulfilled for the group H. Let hp € H. By Lemma 2.4, there exists
a compact subgroup Q of H such that hp € Q and a(Q) = Q.

Consider the restriction of Equation (2.10) for the functions ’ﬁj to Q. We may do so
because agy (Q) = Q. It follows from Lemma 2.5 that

V1(0, h) =v2(0, h) Vhe Q,
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and the characteristic functions v; (0, -) take only values 1 and 0 on Q. This implies
that
V1(0, k) =v,(0, h) Vh e H,

and the characteristic functions ?j (0, -) take only values 1 and O on H. Put
E={heH:v(0, h) =100, h) = 1}.

We have
— - 1 ifheE
v1(0, h) =12(0, h) = 2.11
1(0, h) =v2(0, h) 0 ifh¢E. (2.11)
Note that the set where a characteristic function is equal to 1 is a subgroup, hence E is
an open subgroup of H. Put M = A(G, E). Then M is a compact subgroup of G. It
follows from the uniqueness theorem for characteristic functions, (2.1) and (2.11) that

D100, h) =2(0, h) =iy (h) Vh e H. (2.12)

Taking (2.1) and Lemma 2.1 into account, we can easily conclude from (2.12) that the
characteristic functions 7t (0, -) and 71> (0, -) have the form

10, )y =mp(h)(g1, h),  112(0, h) =mp(h)(g2. h) Vhe H, (2.13)

where g1, g2 € G. Note that M* = H/E. Replacing the distributions p; with their
shifts, we will assume that gy = go = 0 in (2.13). Then

~ — 1 ifthekE
0, h) =200, h) = 2.14
w10, h) = 2(0, h) 0 ifh¢E. (2.14)

From (2.14), the characteristic functions 711(-, ) and (-, -) are E-invariant.
Lemmas 2.4 and 2.5 imply that ay (E) = E, and we can pass from Equation (2.9)
on the group Y to the induced equation on the factor group Y/E =R" x (H/E),
putting f([y]) =%1(»), g([y]) = 2(y) and @ [y] = [ay], for all y € Y. Note that
the homomorphism @ on the factor group Y/E induced by the automorphism a is a
topological automorphism of the factor group Y/E. Put L = H/E. Obviously, the
restriction of the automorphism @ € Aut(Y/E) to L is a topological automorphism of
L. Denote this restriction by ayz,, and denote elements of the group Y/E = R™ x L by
(s, 1), where s € R™, and [ € L. In this notation, a(s, ) = (agms, apl). The equation
induced by Equation (2.9) is of the form

fls+s 1+1)g(s +arns’, I +arl’) = f(s, Dgls, Df (s, 1Nglarns’, arl’) (2.15)

for all (s, 1), (s', ') e R™ x L. It is easy to see that, for solutions of Equation (2.15),
we have
{leL:fO,)=1}={leL:g0,])=1}={0}. (2.16)
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Consider the subgroup
V={leL:al=1I}.

It follows from (2.10) that the restrictions of the characteristic functions f(O, -) and
2(0, -) to V satisfy the equation

£, 1410, 1+1") = £(0, g0, 1) £(0,1)g(0,1') VI,I'eV. (2.17)

Putting I’ = —[ in (2.17) and considering (2.14), we deduce that (0, /) = g(0,[) =1
foralll € V. Then (2.16) implies that V = {0}, that is,

Ker(I —ay) = {0}. (2.18)

Since M is a compact subgroup of G, and G is totally disconnected, M is also a
compact totally disconnected group. Hence L is a discrete torsion group. It is easy
to see that M, as a compact subgroup of G, also satisfies the condition that for each
prime p the factor group M /M P) is finite. Hence the group L satisfies condition (i) of
Lemma 2.4. It is not difficult to verify that each monomorphism of a discrete countable
torsion abelian group satisfying condition (i) of Lemma 2.4 is an automorphism. So,
it follows from (2.18) that I — @ € Aut(L).

Thus, for solutions of Equation (2.15), we have

1 ifi=0
= D= 2.1
f0,0)=g0,D) 0 if1£0 (2.19)
and
I —a;, € Aut(L). (2.20)

Put/ =1"=01in (2.15). Then by the Ghurye—Olkin theorem [11],

f(s,0) =exp{—(Ays, s) +i{t;,s)} VseR",

g(s,0) =exp{—(Azs,5) +i(t2, 5)} VseR", 221

where the A; are symmetric positive semidefinite matrices, ¢; € R™, and (., -) is the
scalar product in R™.
Putting s =0 and // = 0 in (2.15), we see that

fGs' Dglarns’, 1) = £(0,Dg(0, D) f (s, 0)g(arms’, 0) (2.22)

for all s"€R™ and all [ € L. It follows from (2.19) that the right-hand side of
Equation (2.22) vanishes when [ # 0, so that, if [ 7 0, then

f(s',Dglagms’, ) =0 Vs e R™.

Since f(s, 0) and g(s, 0) are entire functions of s, for any fixed 2 € H the functions
f (s, h) and g(s, h) are also entire functions of s [4, Ch. 2]. Hence, when [ # 0, either
f(s,)=0org(s,])=0forall s € R".
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Take an arbitrary nonzero element [y € L, and find / and !’ solving the system of
equations
I+1'=0
l+arl =l.
It follows from (2.20) that this system has a unique solution. Substituting these / and

!’ into Equation (2.15) and taking (2.21) into account, we infer that g(s, ly) = O for all
s € R™. So we have obtained the representation

5. 1) = exp{—(Azs, s) +i{t2, s)} %fs eR"andl =0 2.23)
0 if s e R™ and [ # 0.
Reasoning similarly, we obtain
F. D)= exp{—(Ays, s) +i(t1, s)} %fse]Rm and/ =0 (2.24)
0 ifs e R™and !/ #0.

Returning from the functions f and g to the characteristic functions i;, we
conclude from (2.23) and (2.24) that u; € I'(X) * 1 (X). O

REMARK. It is interesting to note that our proof of Theorem 1.4 uses the Ghurye—
Olkin theorem [11] and Theorem 1.3 (Lemma 2.5), but does not use Theorem 1.2.

REMARK. Let A, be the group of p-adic integers. The group A, is compact and
totally disconnected. It is not difficult to prove that a compact totally disconnected
abelian group is such that the factor group X/XP) is finite for each prime p if and
only if X is topologically isomorphic to the direct product

[Ty xGp. (2.25)
peP

where each n, is a nonnegative integer and G, is a finite p-prime group, and possibly
G, =1{0}.

According to Theorem 1.2, in the class of compact totally disconnected abelian
groups X, the condition that the factor group X /X is finite for each prime p is not
only sufficient but also necessary for the Skitovich—Darmois theorem to be valid for
two independent random variables.

It is interesting to remark in this connection that the groups of the form (1.1)
are not the only groups for which the Skitovich-Darmois theorem is valid for two
independent random variables. We will construct in Section 3 an example of a locally
compact abelian group X which is not topologically isomorphic to a group of the
form (1.1) and such that the independence of the linear forms L| = «1§] 4+ &2 and
Ly = B1&1 + B2&2, where j, B; € Aut(X), implies that 1, uz € I'(X) * I (X).
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3. An example

In this section, we give an example of a locally compact abelian group X which
is not topologically isomorphic to a group of the form (1.1) and for which the
Skitovich-Darmois theorem holds for two independent random variables. We need
some additional notation. Denote by N the set of natural numbers, and by p, the nth
prime number. Let p be a prime number, and define

Z(p™®) ={k/p" k=0,1,...,p"—1,n=0,1,...}.

We define the operation in Z(p®°) as addition modulo 1, then Z(p®°) is an abelian
group, which we endow with the discrete topology. Obviously, this group is
isomorphic to the multiplicative group of p’th roots of unity, where n goes through
the nonnegative integers, considered with the discrete topology. Denote by Z(p)
the subgroup {k/p:k=0,1,..., p— 1} of Z(p®°). Obviously, the group Z(p) is
isomorphic to the multiplicative group of pth roots of unity. We note that the groups
Z(p*°) and A, are the character groups of one another.

Consider the group ]_[ZOZIZ(pSO) and let Y ={y=(y1,y2,---5 Yn,...)} be a
subgroup of ]_[Zi] Z(p,?) such that y, € Z(p,) for all but finitely many numbers 7.
Put

L=T]Zpw.
n=1

Then L is a subgroup of Y. Consider the group L with the product topology.
Obviously, L is a second countable compact abelian group. The subgroup L can be
regarded as an open subgroup of Y. Then Y is transformed into a topological group.
Note that Y is a second countable locally compact abelian group, which is nondiscrete,
noncompact and totally disconnected. It is easy to see that

(o.¢]
Y/L=]T 2.
n=1

Put X = Y* and verify that the group X is not topologically isomorphic to a group
of the form (1.1). To this end, we note that Y =Y for any n € N. This implies that
X () = {0} for any n € N, that is, X is a torsion-free group.

Assume that the group X is topologically isomorphic to a group of the form (1.1).
Then, obviously, m =0. Moreover, because the group Y is nondiscrete and
noncompact, the group X is also nondiscrete and noncompact. Hence K # {0} and
D # {0} in (1.1). This implies that the group Y has a compact subgroup M as a
direct factor, which is isomorphic to D*. Since the group Y is totally disconnected,
the subgroup M is also totally disconnected. It follows from this that D is a torsion
group, in contrast to the fact that X is a torsion-free group. Hence the group X is not
topologically isomorphic to a group of the form (1.1).

Let & and & be independent random variables taking values in X and with
distributions p1 and w. Let o, B; € Aut(X). We verify that the independence of
Ly =a1& + o2& and Ly = B1&1 + P2& implies that pq, o € 1(X).
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Reasoning as in the proof of Theorem 1.4, we can assume that L =& + & and
Ly =& + a&, where @ € Aut(X) and ft; >0 when j =1,2. Put f =1, g = o,
and a =a. By Lemma 2.2, the independence of the linear forms L; and L, is
equivalent to the characteristic functions ft; satisfying (2.2), which in our notation
takes the form

fu+v)gu+av)= f(u)gu) f(v)glav) Vu,vey. 3.1
Letd e Aut(Y)and y = (y1, ¥2, ..., Yn,...) € L.
Puty(”) =01, Y2, ---5Y1,0,0,...). Then y(”) € L and y(") — . It follows from

this that dy"™ — dy. Since, obviously, dy™ e L, we conclude that dy € L. Hence
d(L) € L. This implies that the restriction of any automorphism d € Aut(Y) to L is a
topological automorphism of the subgroup L. In particular, the restriction of a to L is
a topological automorphism of the subgroup L, and we can consider the restriction of
Equation (3.1) to L. Put G = L*. It is obvious that

i *
G=[] z(pn).
n=1
Taking (2.1) into account, it follows from Lemma 2.3 that
fM =g =mkg(y) VyelL,

where K is a finite subgroup of the group G. It is easy to see that K is of the form

l
;l_[ (pn,
Set S={ny,ny,...,n},and E = A(L, K). It is obvious that

E= [] zpn.

neN/s

Since f(y) = g(y) = 1forall y € E, the functions f and g are E-invariant. Moreover,
a(E) = E by Lemma 2.5. Therefore we can pass from Equation (3.1) on the group ¥ to
the induced equation on the factor group Y/E, putting f([y]) = f(y), g([y]) = g(»)
and alyl = ay, for all y € Y. Since a(E) = E, we have @ € Aut(Y/E). Thus, the
functions f([-]) and g([-]) satisfy the equation

f(lu] + [wDg(ul +a [v]) = f(uDg(u) f(vDg(@ [v]) (3.2)

for all [u], [v] € Y/E. It is not difficult to check that

Y/E=]T z(py)

n=1
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This implies that Y/E = F*, where

o0

F=]]A.
n=1
Since F is a compact totally disconnected abelian group such that for each prime p the
factor group F/FP) is finite, the required statement follows from (3.2), Lemma 2.2,

and Theorem 1.2.

4. Comments

Let X; and X» be second countable locally compact abelian groups for which
the Skitovich-Darmois theorem holds for two independent random variables (see
Problem 1.1). A natural question arises: does the Skitovich-Darmois theorem hold
for two independent random variables for the group X = X; x X»? Unfortunately, we
do not know the answer to this question, but note that a positive answer would imply
Theorem 1.4. In connection with this question, consider the Kac—Bernstein theorem
instead of the Skitovich-Darmois theorem.

Assume that &; and & are independent random variables taking values in a second
countable locally compact abelian group X and with distributions w1 and puy. We will
say that the Kac—Bernstein theorem holds on X if the independence of & 4 & and
&1 — & implies that w1, o € I'(X) % I (X). It is known (see [7, Theorem 7.10]) that
the Kac—Bernstein theorem holds on a group X if and only if the connected component
of zero of X contains no elements of order two. Therefore, if the Kac—Bernstein
theorem holds on groups X ; when j = 1, 2, then it holds on the group X = X x X».

But if we assume in the Kac—Bernstein theorem that independent random variables
&1 and & are identically distributed, then the Kac—Bernstein theorem holds on X if
and only if the connected component of zero of X contains no more that one element
of order two [7, Theorem 9.9]. In particular, the Kac—Bernstein theorem holds for
identically distributed random variables on the circle group T, but it fails on the two-
dimensional torus T?.
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