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NORMAL APPROXIMATION FOR RANDOM SUMS
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Abstract

In this paper, we adapt the very effective Berry—Esseen theorems of Chen and Shao
(2004), which apply to sums of locally dependent random variables, for use with randomly
indexed sums. Our particular interest is in random variables resulting from integrating
a random field with respect to a point process. We illustrate the use of our theorems
in three examples: in a rather general model of the insurance collective; in problems in
geometrical probability involving stabilizing functionals; and in counting the maximal
points in a two-dimensional region.
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1. Introduction

Of the techniques available for establishing the accuracy of approximation in the central
limit theorem for sums of dependent random variables, Stein’s (1972) method has become
one of the most popular. It readily delivers error bounds which are often of or close to the
correct asymptotic order, when the distance between distributions is measured with respect
to the (bounded) Wasserstein distance; see, for example, Erickson (1974) and Barbour et
al. (1989). If a bound for the error in Kolmogorov distance, dk, is preferred (where, for
two probability measures P and Q on R, dx (P, Q) := sup, |P(—o0, x] — Q(—00, x]|), the
arguments needed are more involved, but there have nonetheless been notable successes, such
as Bolthausen’s (1984) Berry—Esseen bound for the combinatorial central limit theorem. More
recently, Baldi and Rinott (1989) used a theorem of Stein (1986, p. 35) to establish rates of
convergence for sums of dependent random variables in terms of properties of an associated
dependency graph. Even though the rates obtained were not optimal, even for bounded
summands, their theorem has proved extremely useful. This approach has been substantially
refined, for example in Dembo and Rinott (1996) and, for multivariate random variables, Rinott
and Rotar (1996); however, except for bounded summands, the correct rate of convergence
could not usually be attained.

In a recent paper, Chen and Shao (2004) have used the concentration inequality approach to
Stein’s method to establish accurate Berry—Esseen bounds for sums, W = Z?:] X;, of centred
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random variables, under a variety of local dependence assumptions. In particular, in their
Theorem 2.4, the error bound is expressed very simply in Lyapounov form, being of order

n
0</<P‘ > E|X;|? (var W)P/Z)

i=1

for 2 < p < 3. Here, k := max; card(N (C;)) for an index set, N(C;), corresponding to an
extended dependence neighbourhood of X;; see condition (LD4) below. Their bound promises
to find wide application.

In this paper, we are concerned with modifying the theory of Chen and Shao (2004) in order
to apply it to randomly indexed sums. The topic of randomly stopped (partial sum) processes
can be traced back to Anscombe (1952) and Rényi (1960), and there is now a substantial theory
(see, for example, Gnedenko and Korolev (1996), Silvestrov (2004), and Kldver and Schmitz
(2006)). Our interest is rather in having as random index set the points of a point process,
which may also (locally) influence the values of the summands. (In the literature, the term
‘point field’ is also occasionally used instead of point process; see Stoyan and Stoyan (1994).)
More precisely, we wish to re-express the theorems of Chen and Shao (2004) in such a way
that they can be directly applied to random variables of the form W = fr F,H(da), where H
is a point process on a locally compact, second-countable Hausdorff topological space I with
locally finite mean measure, Fy is arandom field, and the signed measure with density F, H (do)
satisfies some local dependence hypotheses. (A measure is locally finite if it has finite measure
on every relatively compact set.) For example, H might be a Poisson process and we might
have Fy = 1{H(B(,p)\[a}))=0) for some p > 0, where B(a, p) denotes the closed ball around o
with radius p; in this case, W counts the p-isolated points of H (cf. the Matérn hard core
process (Matérn (1986, p. 37))). Now, for such a W, dependence neighbourhoods of X, are
often more naturally expressed geometrically, as subsets of I' (in the example above, we would
take N(Cy) = B(a, 10p)), and the number, H (N (Cy)), of random variables F), with indices
in N(Cy) is random and, in principle, unbounded, implying that x = oo. Furthermore, to
match the setting of Chen and Shao (2004), the random variables F, would need to be centred.
However, it is often more natural to take arbitrary F;, and to centre W by its expectation,
fr E{FyH (da)}, thus fully incorporating into W the randomness arising as a result of the
random number of summands. Although these differences can in principle be circumvented by
special arguments in particular applications — such as, for example, by discretization and the
introduction of a dependency graph, as in Penrose and Yukich (2005) — it is tedious to have to
do so and the essential argument becomes obscured. In contrast, our Corollary 2.2 furnishes
an analogue of Theorem 2.4 of Chen and Shao (2004) which is easy to apply and gives good
results.

Our setting is described and the main theorems stated in Section 2. As far as possible, to
facilitate comparison, we follow the presentation of Chen and Shao (2004). In Section 3, we
give three applications, one from insurance mathematics and two from geometrical probability,
exhibiting some improvement over previously known results. The proofs of the main theorems
are given in Section 4.

2. Main theorems

LetI" be alocally compact, second-countable Hausdorff topological space with separable and
complete metric d (Kallenberg (1983, p. 11)) and Borel o-field 8 (I"), and let # denote the space
of all finite, nonnegative, integer-valued measures on I' with o-field B(#) generated by the
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weak topology. (§, € # tendsto& in the weak topology on # if and only if fr fd&, — fr fdé&
for all bounded, continuous functions f on I' (Kallenberg (1983, p. 169)).) Throughout the
section, we assume that X = {X,, o € I'} is a random field on I" and that H is a point process
on I' with locally finite mean measure w; that is,

X:TxQ80) xF)— R, BR) and H: (Q,F)— (K, B(H))

are measurable mappings from an underlying probability space (2, £, P). We also define X
to be the space of all signed measures v such that v and v~ are finite measures on I', and use
B(X) to stand for the o-field generated by the weak topology. For each set B € B(I"), we use
&|p to stand for the signed measure of & restricted to B; that is,

E|p(C)=&(BNC) foral C e B(I).

We say that {Dy, o € T'} is a measurable system of neighbourhoods if, for each « € T,
D, € B(I) is a closed set containing o and the mapping (o, &, x) — (@, &|p,,x) is a
measurable mapping from (I' x X x R, B(I") x B(X) x B(R)) into itself. A sufficient
condition for the measurability condition to hold is that D = {(«, 8): B € Dy, @ € T'}isa
measurable subset of the product space I'2:=T x I' (Chen and Xia (2004)).

Let {Ny, o € I'} be a measurable system of neighbourhoods and f a measurable function
onI" x X x R such that {F, := f(«, Hi|n,, Xo), @ € I'} is a random field satisfying

2
E[/rlf(a, H1|NaaXa)|H(da)] < o0, 2.0

where Hy(dB) := XgH (dB). Our main object of interest is the random variable

W::/FQH(da),
r

the measurability of which can be proved by first considering F, which are indicator functions
of rectangular sets in B(I") x ¥ and then extending to general random fields using the usual
measure-theoretic techniques.

We now write Hp(dp) := FgH (dp), so that W can be expressed as H>(I"), and define the
mean (signed) measure of H by u2(A) = E f 4 Fo H (da), for a generic set A. It is a standard
exercise to show that 5 is absolutely continuous with respect to ©; hence, we can define

_ d
F, = ﬂ(o{), p-almost surely
du

(Kallenberg (1983, pp. 83-84)). When H is a simple point process (Kallenberg (1983, p. 5)),
F,, can be intuitively interpreted as the conditional expectation of F,, given that there is a point
of H at . It then follows from the definition of F that u>(df) = F, s (dB). Now, for later
use, define

92 = var W, G(da) = |Fy|H(da) + |Fylpu(da),
Hy(da) := 0 [FyH(da) — Fyp(da)].

Thus, the standardized version W := 9~ (W —E W) can be expressed as Hy(D). Finally, note
that if we take I' = {1,2,...,n}, H(da) = 8y, and F, = X, — E X, then we recover the
setting of Chen and Shao (2004).

https://doi.org/10.1239/aap/1158684998 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1158684998

696 A.D. BARBOUR AND A. XIA

Our interest is in studying normal approximation to the distribution L£(W) of W under
various assumptions of local dependence, parallel to those in Chen and Shao (2004). With
B(o,r) ={y : d(y, «) <r}, these can be expressed as follows.

(LD1) There exist a sequence, r, | 0, and a measurable system of neighbourhoods, {Ag. ,,
o € I'}, such that

(@) Ag.n | Aq and Hz|p(a,r,) is independent of Ha|ag 3
(b) if B(ot, 1) C B(B,rm) then Ay, C Ag .
(LD2) Condition (LDT1) holds and

(c) there exists a measurable system of neighbourhoods, {B,, « € I'}, such that, for
eacha € I', By D Ay and H |4, is independent of Hy|pe.

(LD3) Condition (LD2) holds and

(d) there exists a measurable system of neighbourhoods, {C,, o € I'}, such that, for
eacha € I', Cy D By and Ha|p, is independent of Hy|ce.

Remark 2.1. Local dependence can also be defined in terms of Palm distributions, as in Chen
and Xia (2004), resulting in the same condition as (LD1).

To state the theorems, we also define the following notation:

Yo = : Hy(dB) = Ha(Aw),  Zo = Ha(By), Uy = Hy(Cq).

We write |Ha|(A) = fA | H>(do)| for a generic set A, and set

K(t,do) = {(1_y, <0 — Lo=i=—v, )} H2(do), K (1) = / K(t.dw), K@) =EK(@,
r

where 1y, is the indicator function. We then define the set
B* :={(a, B): Ay N Bg # @ and B, N Ag # &};
thus, Y, and Yg are independent if (o, 8) ¢ B*. Finally, for any B C I" we define
N(B):={Bel': BgNB # J}.
Throughout the paper, we use ﬁz* to stand for an independent copy of H», and Yy, Zy, and G*

are defined in terms of FIZ* in the same way that Yy, Zy, and G are defined in terms of H>.

Our first theorem is then a rather direct counterpart to Theorem 2.1 of Chen and
Shao (2004).

Theorem 2.1. Under condition (LD1), we have

dg (LYW —EW)), N(0, 1)) < ry +4ry + 83 + r4 + 4.5r5 + 1.5r6,
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where
" =E/Yaﬁz<da>—1~:/ Yo (o), r2=E/ Yol Ly, o1y | Ba(da)],
I I I
r3 =E/{Y§A 1} H(da), r4 =E{|Hz(r>|/{Y5A 1}|F12(da>|},
r r

rs = f var(K (1)) dt
lr]<1
- E{// F>(der) F () Ly, vy 0) (Yl A 175] A 1)
r
- [[, s s s 1o ara A 1A D |
re = f |t| var(K (1)) dt
lr]<1
1 N .
=3 E{ | fxe) @) Ly 43 4 7 4 1)
r
— //2 Ho(do) H3 (B) iy, vs-0)(Yg A V5D A 1)}.
r
Our second theorem differs from its counterpart in Chen and Shao (2004), because the sums

Y i 1Yil4, forg = p and ¢ = p3 := min{p, 3}, appearing there do not seem natural in our
context. Instead, we prove the following variant.

Theorem 2.2. If condition (LD2) holds and 2 < p < 4, then

11 342
dg (LT (W —EW)), N0, D) < 1571(p3) + —Fa(p3) + (1 + ij)ﬁz(m,
where p3 := min{p, 3} and
~ -1, 7 1 -1
1@ = [ 1%l )] < 52 E [ 60 G,
r ve - Jr

Fa(q) = E//B |Yal 72| (o) [{| H2(dB)] + | H5 (dB)]}

< % E / G (A" [G(N(Ax) + G*(N(A))G (dar).

r

The next theorem also differs a little from its counterpart, Theorem 2.3, in Chen and
Shao (2004). Their error terms r7 and rj; have disappeared from the upper bound at the
cost of some minor modification of rg and r9. The term ré is needed because our setting is
more general than theirs. The other extra terms appear because our concentration inequality in
Proposition 4.1 is slightly different; we were unable to reproduce their proof in full detail.

Theorem 2.3. Suppose that condition (LD3) is satisfied. Then

dx (LW —EW)), N (0, 1))
<4ry+ G +riz)rs + Q1+ ra)rg + (L1 + 2rz)rg +ro + 2ri0 + 112 + 114 (2.2)
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and
dg (LOTIW —EW)), N0, 1)) < 4ry +4ry +3rg + 2rg +r9 4+ 2r10 + 112 + 113, (2.3)

where

rs =E/F<|Ya|A DI Ze| |Ha(da)|, 7§ :E/r |Za (1Y) A DIHS (da)],
rngfF|Hz<r)|<|Za|A1)(|Ya|A1>|ﬁz<da>|,

o =E [ (0751 A 1Yl A DIR@B)1Fr(ae)
+ (1Y, | AYS | A DIHABD)| | Hy (dB2)1).

r = E/F(Iﬁ2(F)| + D(UZal A DAYZ] A DIAS da)],

i = supEf |Ha(dB)I,
N(Cqy)

ael

r14=supE/ (Y51 A DIFLAB)!.
N(Cy)

ael
The statement of the next theorem is agreeably compact.

Theorem 2.4. Suppose that condition (LD3) is satisfied and that 2 < p < 3. Then
dx (L' (W —EW)), N0, 1)) <1651 + 812 + " supE G(N(Co)),
o

where
n = 1971’]5/‘ G(N(Ce)’~'G(da),
r
= ﬁ_pEf G(N(Co))P"2G*(N(Co))G(dar).
r

Now let R(dw) := |Fy|H (do), whence G(do) < R(do) +E R(da); in practice R is usually
the easiest quantity to work with. Define the following measures of smallness:

e1(q) =9 1E / R(N(Ae)? ™' R(dw),

ael

ex(q) =071 / ER(N(Ax)? " ER(dw),
ael
£ = z?’PE/ R(N(Cy)?"'R(dw),
aell

£4 = 19—1’/ ER(N(Cy))” 'E R(dw),
ael

g5 := 0" supE R(N(Cy)).

ael

We can then bound the errors in Theorems 2.2 and 2.4 in terms of these quantities. It follows,
after some calculation, that, for g > 2,

Fi(q) <277%e1(g) +3e2(q)},  Falq) < 6 x 29I+ (g1 (q) + 3e2(q)),
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and that, for2 < p < 3,
n < 2(e3 + 3&4), N2 < 2(e3 + 4e4).

This leads to the following corollaries.

Corollary 2.1. Under the conditions of Theorem 2.2, for2 < p < 4 and with p3 := min{p, 3}
we have

dg (LT (W —EW)), N (0, 1)) < 63{e1(p3) + 3e2(p3)} + 8v/e1(p) + 3e2(p).
Corollary 2.2. Under the conditions of Theorem 2.4, for 2 < p < 3 we have
dg (LOIW —EW)), N0, 1)) < 483 + 1604 + 2¢5.

3. Applications

3.1. An insurance model

A simple model in insurance assumes that each of a large number of insured risks has a small
probability of resulting in a claim, independently of the others, and that the claim amounts
are independent and identically distributed random variables which are also independent of
the number of claims. Hence, the total number of claims approximately follows a Poisson
distribution, leading to a compound Poisson model for the total amount of the claims. Goovaerts
and Dhaene (1996) showed that a compound Poisson distribution is still a valid approximation
for the total claim amount, even if the occurrences of the claims are weakly dependent, as long
as the claim amounts are still independent and identically distributed random variables which
are also independent of the number of claims.

When the time scale is taken into consideration, the total sum of the claims on an insurance
portfolio is classically modelled as

N(t) =0,

SH=S =1,
() N() &+ +é&vp, N@) =1,

—_ Y

where {&;, i > 1} are independent and identically distributed random variables representing
the amounts of the claims and the claim number process {N(¢), ¢ > 0}, which records the
numbers and times of the insurance claims, is a counting process independent of {§;, i > 1}
(Embrechts et al. (1997, pp. 96-111)). When {N(¢), t > 0} is a renewal process, the process
{S(#), t = 0} is the well-known Cramér-Lundberg model (Embrechts er al. (1997, p. 22)).
While this model has been extensively studied and used, it may seem unnatural to assume that
the claim sizes are independent and identically distributed, or that the claims occur in a renewal
process; natural disasters, for instance, could induce local temporal dependence in both the
sizes and the numbers of claims. There have been numerous attempts to address the issue as
regards the claim number process, by assuming it variously to be a stationary point process, a
process with independent increments, a mixed Poisson process, a negative binomial process,
or a pure-birth Markov process (see Rolski et al. (1999) or Embrechts et al. (1997) for details),
but relatively little work addresses the interdependence of claim sizes.

In what follows, we let {Y;, t+ > 0} be a strictly stationary process representing a random
process describing the claim environment over time, and let H be a simple point process on
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I' := [0, T] x N recording the times and sizes of clusters of claims. We do not necessarily
require that

H(ds, N) := Z H(ds, n)

n>1

should be absolutely continuous with respect to Lebesgue measure, as this facilitates application
to daily aggregated data. If H{«} = 1 for o = (z, n) then the total claim amount X, is assumed,
conditionally on the value, y, of Y3, to be a sum of n independent, identically distributed random
variables Zl.(t) with distribution Q©), depending only on y, having mean m (y), variance v(y),
and finite third absolute moment m; (y). We also write

— 0
m3(y) == E{1Z” —Em (Yo)P? | Yo = y},

and write X,, for the precentred claim amount X, — n Em(Yp).

In order to have only local dependence, we assume that {Y;, ¢ > 0} is independent of H and
that there exists an 4o > O such that, foralla and b, 0 < a < b < 00, Y|[4,p] is independent of
Y|R\(a—ho,b-+ho) and H |[4 p]xN is independent of H |(R\(a—hg,b+h¢))xN- Then, in order to obtain
explicit bounds, we assume that there exist a positive constant 8, probabilities {p;, j > 1},
and a measure, u*, on (0, T'] such that, for o; = (¢;,n;), 1 <i <3,

E H(day) < py,p*(dt), (3.1
E{H (da1)H (da2)} < Bpn, Prop™ (dt) ™ (drp)  if 11 and 1, are distinct, (3.2)

E{H (dory) H (de2) H (dot3)} < B% Py Py Py i (di) * (di2) * (d13)
if t1, t», and 3 are distinct. (3.3)

Thus, w*(ds) > E H(ds, N) can be thought of as determining a typical maximal rate of
occurrence of clusters of claims, the p; as controlling the sizes of the clusters, and 8 as a factor
reflecting the extra intensity of clusters of claims at time ¢, if it is known that a cluster has already
occurred within the interval [t — hg, t 4+ hg]. We shall further assume that w*(s, s + h] < u4h
for some ©4 < oo, whenever & > hy. We also define

m3y :=Emj(Yo),  m3=Emi(Yo), n}:=) np,

n>1

T T
Q= T_I/ E H (dt, N), = T_lf > n’EHt, n).
0 0

n>1

Here m3 and m3 are respectively generous measures of the typical individual claim size and its
deviation from its mean, and /& and 7 are respectively measures of the typical rate of occurrence
and size of a cluster of claims. To make our estimates of approximation error useful, we assume
that all of these quantities are finite.

We investigate normal approximations to two versions of the total claim amount in the
interval [0, T'] considered previously in~ the literature: the natural version, W := f r XaH (da),
and the precentred version Wy := fr XoH(da). For each of these, an assumption is needed
to ensure that its variance is genuinely of asymptotic order 7 as T increases. If, for each
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s € [0, T], the inequality

(s+ho)AT
/( Lirs) Z nr{E{m(Y;)m(Ys)} E{H (ds, n)H (dt, r)}

s—ho)+ n,r>1

— (Em(Y0))*E H(ds, n)E H(dt, r)}

+_(n?Emi(¥0)’ + nEv(Yo)} E H(ds, n)

n>1

2
—(E ml(Yo))z{ZnE H(ds, n)}

n>1

> m3n?8; E H(ds, N), (3.4)
where fab is to be interpreted as |, (a0 holds for some §; > 0, then
92 = var W > T[Lm%ﬁz(h;

see (3.8), below. Similarly, if

(s+ho)AT
/( Lz Y Y nrlEmi(Y)m(Yo)) — (Emi(Yo))* | E{H (ds, n) H(dt, )}

s=ho)+ n>1r>1

+ Z{;ﬂ varm(Yo) + n Ev(Yo)} E H(ds, n)

n>1

> m3i*8, E H (ds, N) 3.5)
holds for some &, > 0, then
193 = var Wy > T,&ﬁz%ﬁz(Sz.

The quantities §; and &, are a rough measure of the factor by which the variance is altered in
the two cases as a result of the presence of local dependence. If there were no local dependence
in either the Y or the H process, and if E H(ds, n) = p,itds, in which case H would be a
Poisson cluster process, then the left-hand side of (3.4) would reduce to

(E N2 Em1(Yp)> + EN Ev(Yo))/ids, (3.6)

where N is a random variable with the cluster size distribution {p;, j > 1}. The factor m%ﬁ2

on the right-hand side of (3.4) is chosen to mirror the corresponding contribution to (3.6), albeit
in a somewhat simplified way. Now §; can be seen as a modification arising because of the
dependence structure. The occurrence of dependent claims would in practice be expected to
increase the variance, meaning that we would expect to have §; > 1, so the assumption that
81 > 01in (3.4) is reasonable. A similar interpretation can be made for §,, appearing in (3.5).
There, if all the claim size distributions were identical, meaning that the Y process played no
part, then the left-hand size of (3.5) would actually simplify further to v E N ds, where v is
the variance of the individual claim amounts.

Theorem 3.1. Under the assumptions in the preceding paragraphs, if (3.4) holds then
dg (LGOI W —EW)), N (0, 1) = 0({aT)~'"),
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and if (3.5) holds then
dx (LG (Wo —E Wp)), N(0,1)) = O({T}~"/?).

Explicit bounds for the order terms are given in (3.9), below.

Proof. We use Corollary 2.2 with p = 3 to prove the claims, noting that, for « = (z, n),
we can take A, = U(t,1), B, = U(t,2), C, = U(t,3), and N(C,) = U(t,5), where
U(t,r):=((t —rhg,t +rho) N[0, T]) x N.

First of all, for W, we have R(da) = X, H (da), meaning that, for ¢ = (¢, n),

E R(da) =nEm(Yy) E H(dr, n) 3.7
and, hence, from (3.1), that
E R(N(Cy)) :/ > nEm(Yo)E H(ds, n)
(t=5ho,1+5h0)N[0,T]

n>1

< 10n4m3uho,
giving
es < 10p1honymzo ™!

To find €3, we use (3.1)—(3.3) to give, for o = (¢, n),

E / / RB)R(dy)R(da)
B.yeN(Cy)

3 3 3

r’"+s’+n

= // Z 3 —m3 pr ps pu B (du) w* (dv) ¥ (dr)
u,vel(t,5) rs>1

r3 4 2n3
+2 / Y mipr paBi (du)pt(dr)
uel(t.5) 151 3

253 + 3
> S m3p, paPut (u) e (dr) + nPm3 py Bt (d1)
uel(t,5) ;=

213 +nd n3 + 2n3
< m3 pap*(dr) { 100(Bp+ho)* —5—— + 20Bpho———

3 +n3
+ 108 g hog——— +n3}.

It follows that
e3 < 0 nimipus T{1 + 30Busho + 100(Buiho)?}.

Likewise, it follows from (3.7), (3.1), and (3.2) that, for @ = (¢, n),
E R(da) < nm3p,p*(dr)

and
E R(N(Co))* < nim3piho{10 + 1008+ ho},
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giving

g4 < 100 ndm3pud hoT{1 + 1081 ho).
Finally, by (3.4),

T 0T
9 = /O /O Vi) S nr{Efm (Ymy (Y,)) E(H (ds, ) H dr, r)}

n,r>1

— (Em1(Yo))*E H(ds, n) E H(dt, r)}

T
+f > {n*Emi(Yo)* + nEv(Yo)} E H(ds, n)
0

n>1

T 2
—(E ml(Yo))2/ {ZnEH(ds,n)}
0

n>1

T ((s+ho)AT
:/O /( Liis) Z nr{E{m (Y, )m(Yy)} E{H (ds, n) H(dz, r)}

s—ho)+ n,r>1

— (Em(Y0))>E H(ds, n)E H(dt, r)}

T
[0 B (10 4 nE v E H (s )
0

n>1

T 2
—(E ml(Yo))zf {ZnEH(ds,n)}
0

n>1

> T am3i*8;. (3.8)
By applying Corollary 2.2, we thus obtain the bound
dg (LO™H(W —EW)), N (0, 1))

1 -1 ni:u"F 2
= i T 8 — (48{1 +30Bu+ho + 100(Bu+ho)”}

i3
n
+ 16004 ho{1 + 10Buho}) + 207+M+h0}. (3.9)

The proof of the second approximation follows along exactly the same lines; the bound is
as in (3.9), but with 81 replaced by §,.

The error bound contains factors, n4/n and w4/, which reflect the variability permitted
in the specification of the system. The other element of particular interest is the product p ko,
which indicates the result of the dependence over time; it measures the maximal expected
number of clusters of claims arising during an interval of length /y. The bounds are strongly
influenced by its value, which should ideally be as small as possible. This makes it sensible in
practice to formulate the claims process in such a way that this is so. One way of doing this
would be to add further structure to the process, indexing claims not only according to time of
occurrence, but also by location and type of claim; it may be plausible to suppose that claims
arising at a certain geographical distance from one another are independent, or that claims
relating to different kinds of risk arise independently of one another. In such a scenario, the
analogue of w A is a corresponding measure of the expected number of clusters of claims in
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a region of dependence, but, because of the extra stratification according to the source of the
claim, this can be expected to be much smaller.

3.2. Local dependence in geometric probability

Avram and Bertsimas (1993) showed that many statistics arising in geometric probability are
closely equivalent to sums of random variables whose dependence structure, when expressed
in terms of a dependency graph, exhibits neighbourhoods of rather small cardinality. This
enables central limit theorems formulated for just these situations, such as that of Baldi and
Rinott (1989), to be applied. Penrose and Yukich (2005) combined their ideas with the general
notion of a stabilizing functional and with the theorems of Chen and Shao (2004), obtaining very
good rates of convergence for the central limit theorem in a wide range of problems of this kind.
Their examples include the total edge length of the k-nearest-neighbour graph, the number of
edges in the sphere-of-influence graph, and the independence number of the r-threshold graph,
all based on the points of an underlying realization of a Poisson process in a bounded region
of RY. Here, we show that our modification of Chen and Shao’s theory, as it was designed to,
allows us to bypass the construction of a dependency graph, resulting in an argument which
flows more naturally. As a by-product, the rates of convergence that we obtain are slightly
better than those of Penrose and Yukich.

We begin by describing the setting of Penrose and Yukich (2005). We take H to be a marked
Poisson process on I' = I'1 x I'>, where I'; is a compact subset of RY and I'; is a mark space,
assumed to be locally compact, second-countable, and Hausdorff. The mean measure of H
takes the form Av, where v is a probability measure on I" and A, the average number of points
of H, is assumed to be large. The marginal, v{, of v on I'| has a probability density bounded
by k < oo. Foreach o = (a1, @p) € T', we denote the conditional distribution of v on the mark
space I'> by va (- | ar1).

The random variable of interest is expressed as W := f r Fo H(da), where Fy := f,,(H) and
the functions f,: X — R are stabilizing in the following sense. Defining the neighbourhoods

D(ay, p) :=={(B1,B2) €e': |B1 — 1] < p}

for any p > 0, we suppose that for each « there is a function ry : X — Ry with the property
that, for each p € R4 and x € X,

10,01 (X)) = Fa (05 X|D(e1,p))
for some measurable function 7,, and

0(p) := supP(roy (H) > A" Y4p) 5> 0 as p — oo. (3.10)

ael

Then the function f,, is assumed to be such that

Ja(0) = fa(X|D(a1,p)) forall p > ry(x).

Combining this with (3.10), the loose interpretation is that the value of f,, is determined only
by the configuration of the relatively few points closest to .
Setting Fy(p) = Fo 1, (py<)~1/dpy, it thus follows that

W(p) IZ/FFa(p)H(da)
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satisfies
P(W # W(p)) = 2Q(p)
and that W (p) fulfils the local dependence condition (LD3) with
Ay = D(e1, 227 p), By = D(a1, 42" p),
Co i= D(a1,617p),  N(Co) := D(a1, 1017"p).

In order to apply our theorems, all that is now needed is a moment condition: we suppose that,
for some p > 2 and w, < 00,

sup / E@9) | Fg, an)Pva(das | a1) < wh, (3.11)
a1el’] JI'y

where E“ denotes expectation with respect to the Palm distribution, P, of H at « (Kallen-
berg (1983, p. 83 and p. 101, Exercise 11.1)).

Theorem 3.2. Under the above conditions, there exists a constant C = C(d) such that, for
any q <3 and p > 0 satisfying

1
"<”{1‘W}’ G
we have
dg (LYW —EW)), N0, 1))
< 1Q(0) + Ca{tepD) T~ (wp /N +[1Q (0N P22 w ) /9,
where 9% denotes var W and V (d) denotes the volume of the unit ball in d dimensions.

The bound in Theorem 3.2 is explicit, but rather unwieldy. The following two corollaries
indicate what can be derived from it, by appropriate choice of p. They give slight improvements
in the exponents on Penrose and Yukich (2005, Theorems 2.3 and 2.5).

Corollary 3.1. Suppose that Q(p) < Ke™% for some K,8 > 0. Then, under the conditions
of Theorem 3.2, if . — oo with all else fixed,

dx (LW —EW)), N (0, 1)) = O((log NP3~ Dap=r3/2),
where p3 := min{p, 3}.
Corollary 3.2. Suppose that Q(p) < Kp~ for some K > 0, with

2d(p3 —D@p—1)
(P=2(p3—-2)

Then, under the conditions of Theorem 3.2, if . — oo with all else fixed and if 9 =< A2, it
follows that

dg (LB (W —EW)), N (0, 1) = 007,

where
g3 d(p3 — D(pps — 1)
2 2dp(p3 — 1)+ A(p —2)

https://doi.org/10.1239/aap/1158684998 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1158684998

706 A.D. BARBOUR AND A. XIA

Proof of Theorem 3.2. Fix any ¢ < p such that ¢ < 3. We aim to apply Corollary 2.2 to
W (p). A number of the arguments that we use are based on those of Penrose and Yukich (2005).
We begin by bounding &4, observing first that

qg—1
R(N(C))i™ ' = { / |Fy(p>|H(dy)} < H(N(Cy)172 / |F, ()|~ H(dy).
N(Cq) N

3

It follows that

ER(N(Cy)?™! < / A (dyr) / EY Y21 F 1 (019 T H(N(Co )2 valdys | 1),
Ni(Cq I

)
(3.13)
where N(Cy) = N1(Cy) x I'2. Now, forany y; € I'1, s, < p,and B C I', we have

/ EYCY{|F, (0) H(B) Jva(dy2 | 1)
I
s/p
< (/F BV |Fy (p)[Pua(dys | m))
2

(p—9)/p
x (/ E(r172) H(B)PI/(P—S)])z(dy2 | V])) ,
I

by Holder’s inequality. Then, however, H(B) ~ 15(y) 4+ Po(Av(B)) under P”, implying that,
from (3.11) and Lemma 4.3,

/ EYCP|Fy (p)I* H(B) Ja(dya | y1) < win' {1+ (L.DP™/P} <2 1win’,  (3.14)
Iy

for all n € N such that n > max{pt/(p — s), 2eAv(B)}. By applying this inequality to (3.13)
withs = ¢ — 1 and t = ¢ — 2 and recalling that N (Cy) = D (a1, 10A~/4p), we find that

ER(N(Cy))?~" < 2.1 (N(Co))wh 0972 < 2.1/2e) w04~

0 o

for
n, = 2eV(d)(10p)%,
if we restrict to values of ¢ < 3 also satisfying (3.12), since, with the above choices of s and ¢
and for such ¢,
t —1
pt__prlg—1 <n,
p—S pP—q
and Av(N(Cy)) < n,/2e. It then follows immediately that

e =0(p)"? / E R(N(Cy))?~" E R(de)
r

IA

z?(p)—q/{2.1/2e}w‘;,*1n’g—1w,,)\u(da)
r

IA

() Twhnd ™! (3.15)
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where 9 (p) is the standard deviation of W (p). For €3, we observe that
E/ R(N(Cy))? 'R(da)
r
< E{[ IFa(,O)IH(N(Ca))q_zf |Fy ()77 H(dV)H(dot)}
ael YN (Ca)
<& [ IR HOV ()2 H ()
r

VE[ [ e UFo 4 IF oD HWN €)™ Hidy) Hda). (.16)
wer Jreica

The first expectation in (3.16) is bounded by taking s = g andt = g —2in (3.14), giving at most
2.1)\w77nf’,_2; the first half of the second expectation follows by taking s = g andt = g — 1
in (3.14), giving at most 2.1Aw%n%~"; and the remaining term is at most

E f |F, (o)l H(D (1, 204 )=V H (dy),
I

bounded in the same way by 2. IAw‘,I,(Zdn o) ~1. It follows that
£3 < 2100 (p) whn? 124D 1 2). (3.17)
For the remaining element, €5, of the error in Corollary 2.2, we note that, for any « € T,
ER(N(Co)) = wprv(N(Cy)) < wpn,/2e,

giving
es < 0(p) e w,n,. (3.18)

In order to show that this is comparable with the errors €3 and ¢4, we now need to bound ¥ (p).
To do so, observe that

?(p)? ZE/ r/ . (Fa(p)H (da) — Fo(p)p(do))(Fy (p)H(dy) — Fy (p)a(dy))
ael JyeA,

IA

E/ / (R(da) + E R(da))(R(dy) + E R(dy))
aecll JyeA,

SE/ / R(Aa)R(da)+3/ER(Aa)ER(da).
acl JyeAy r

The second of these quantities is immediately bounded by
2
w,Nn Anpw
3 v(d PP < P
/pwp(a)deZe_ 9

For the first, arguing as in (3.16), but with g replaced by 2 and with A, in place of N(Cy), we
obtain the bound

awd + 2.awln, {(H? + (3)7).
By adding the two quantities, and recalling that n, > 1, we find that

9(p)> < 2.50wn,. (3.19)
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Thus, it follows from (3.18) that
g5 < z?(,o)fqeflwpnp{2.5)\w12,np}(‘171)/2

< 9(p) whrn? " n, /WO

<20 (p) whnd !, (3.20)
providedthatn, < A;ifthisisnotthe case, thenitalready follows from (3.19) that A} (o) 4 n?)*l
is large, implying that the bound is in any case meaningless. Hence, ¢5 is indeed bounded
in (3.20) by a quantity of the same order as those in (3.15) and (3.17).

However, the argument is not yet finished, since applying Corollary 2.2 to W(p) leaves

¥ (p) rather than ¢ in the denominator, and the difference is a major contributor to the error

bound. Writing E* for the event {W # W (p)}, of probability at most A Q (o), we use Holder’s
inequality to show that

E(W — W(p)* = E{(W — W(p))* 1+}
< (E|W — W(p)|P)/P(P(E*))P=2/P (3.21)
< 2{(E|W|P)YP + (E|W (p)|P)*/PYP(E*))P~2/P,

Now, both E |W|? and E |W (p)|? are bounded by

)4
E(/|Fa|H<da>) sE{H(DP‘/ |Fa|"H(da)}
r r

< 2.1wh@er)P'a

< 8.4e*(hw))?,
as can be seen by applying (3.14) withs = p,t = p — 1, and B = I'". Thus,
E(W — W(p)* < 4(8.4¢")*? w)*[1Q(p)] P ~2/7.
This in turn implies that

97297 — 9(p)?] < 92 {2]cov(W — W(p), W)| + var(W — W (p))}
< Zx;hp(l + x;h,p), (3.22)

where x; , = 2(8.4e%)!/Prw,[AQ(p)1P~2/2P. Recall that dg (N (0, 1), N (0, 1 + ¢)) <
e/(2+/27). Tt follows that, in changing the denominator from var W(p) to var W, a further
error of at most (1/ \/E)x,\, o(1 + x5, ) < x; , is incurred (again since the bound is trivial if
X).,p = 1). This completes the proof of the theorem.

The corollaries are proved by substituting appropriate values for p into the explicit bound
given by the theorem. For Corollary 3.1, take p = k8! log A for k > 7 and take ¢ to be the
largest value consistent with (3.12). Then note that if p < 3, this value, g = ¢ (1), approaches
p fast enough as A — oo for (var W)? to be asymptotically equivalent to (var W)”. For
Corollary 3.2, take p = )Lﬂ/, where

ﬂ/ — pq —1
© 2dp(g—-D+A(p—2)

and ¢ is again the largest value consistent with (3.12).
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3.3. Maximal points

Let W be the number of maximal points of a Poisson process H of rate A in a region
D:={x,y):0=<x=<10=y= f0)}
where f is absolutely continuous, decreasing, and such that f(0) = 1, f(1) =0, and

my = ess inf | f'(x)| > 0, my :=ess sup | f/(x)| < oo.
0=x=1 0<x<I

A point o = (x, y) of H is maximal if H(Dy) = 0, where

Dy :i={(u,v):x <u< '), y<v=f@i\{a}.
Hence,

W=/ H (dor) 11(D,)=0) =1/ & (dar)
D D

is a random variable of the form considered in this paper, with F, = 1{x(p,)=0; > 0 and,
hence, R = E. However, the asymptotic structure is rather different from that in the previous
section, necessitating separate arguments.

There have been a number of papers contributing to the central limit theorem for W, under
a variety of conditions on the function f. With u; the mean measure of &,

p2(de) = B{H (da) 1{1(p,)=0y} = re P! dar,

the asymptotics of the first and second moments, as A — oo, are given by (Devroye (1993),
Bai et al. (1998))

1

12(D) =E E(D) ~ A”z\/g / L/ (01"/2 dx, (3.23)
0

var E(D) ~ (2log2 — Dua(D). (3.24)

Central limit theorems are given in Bai ef al. (2001) and in Barbour and Xia (2001); in
the latter paper, Stein’s method is used to give a rate of convergence with respect to the
bounded Wasserstein distance. Here, we prove error bounds with respect to the Kolmogorov
distance, using some of the same ideas, but now applying Corollary 2.2 to provide the bound
in the stronger metric. The case in which D is the unit square, which does not fit our
assumptions, has quite different, logarithmic asymptotics for the moments, and is actually
a classical record value problem. The unit cube in higher dimensions has been considered
separately in Baryshnikov (2000) and in Bai ef al. (2005); the latter paper again uses Stein’s
method.

Theorem 3.3 gives a rate of convergence under the above conditions on f. In Theorem 3.4,
we relax the conditions on f to allow for natural regions, such as the quarter circle, whose
boundaries may be flat or vertical at 0 or 1.

Theorem 3.3. Under the above conditions on f,

W—EW
dK(£<—>, N (0, 1)) =01 ""*logn).
var W
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Proof. In order to find neighbourhoods of local dependence, we begin by truncating the
set D (see Barbour and Xia (2001, Lemma 3.1) and Bai er al. (2005)), replacing W by W :=
[p+ E(da), where

D ={(x,y»):0<x<1, i) <y<fx)}CD
and
fo.(x) ;= inf{y > 0: Dy y)| < 41" loga}.
Since us(da) < A3 daifa € D\ D¥, it follows that P(W # W) < A3 and that, as for (3.21),

E(W — W)* < E{H*(D\ D)) Ly i)}
< (2.12en)%) PG
— o),

from Lemma 4.3; hence, as in (3.22),

92 |lvar W — var W| < 2x(1 +x)

with x = ﬁ’l,/E{(W —W)2) =00, enabling W to be replaced by W to the accuracy
that we require.
We then write

g) = ANF@), Rk = ACTION,
where f,71(y) :=0if y > £;(0), and take

Ag = {@,v):u < f7'), v = fO}N D],
By = {(u,v):u < f7H(h(), v < f(g(x)) N DS,
Co = {,v):u< TR ), v < feP NN DS,
N(Co) =, v):u < fH RPN, v = FEP@NIND,
where ¢/ denotes the jth iterate of the function ¢. These neighbourhoods meet the require-
ments of condition (LD3) because of the independence properties of the Poisson process H.

Applying Corollary 2.2, since 9% = var W =< A!/2, from (3.24), we see that the error in the
normal approximation to W is of order O(e§ + &} + £5), where

o i 2 / 1a(da) B S (N(C).

A

gy =270 / 12 (da) E BX(N (Ca)), (3.25)
D}
g5 := 27" sup ua(N(Co)).
aeD}
Consider ). We note that
N(Cy) C D(g(ﬁ)(x),h(S)(y)) (3.26)
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and that D, ,), suitably scaled, is a region of the same form as the original region D. Indeed,
the number of maximal points in D, ) has the same distribution as the number of maximal
points in the region

D' :={(r,s):0<r<1,0<s <),

where

Guo(r) = f(”ffl(v)-l-(l—r)u)—v
R F) —v :

for an underlying Poisson process with intensity

Mo= AT ) = w(f @) — v).
Thus, (3.23) and (3.24) give the asymptotic formulae

1
T
E E(D.) ~ «/F\/;/O gy, ()] dr, (3.27)
EE*(Dgw) ~ (B EDg ) + (2log2 — 1) E E(Du.v)), (3.28)

and, so, we need only consider the asymptotics of (3.27).
To do so, note that

S 1) 2 dw
VETO) =) (fw) —v)

TA )
E E(D.v) ~ ,/7 / |f/(w)V* dw =: m(u, v), (3.29)
u

say. In order to estimate m(u, v) with (u, v) = (g(s) (x), h® (y)), we now observe, from the
definition of f;, that %ml (x — g(x))? < 4r"!logx for any x, implying that

1
/ o), ("2 dr =
0

so that

2log X
O0<x-—gx)=<2
Amg
and, hence, by iteration, that
2log A
0<x—g®x) <10, |28~ (3.30)
Amy

It similarly follows that

_ _ 2log A 2my log A
FH R0 - N < 10, Mi : o§y—h<5)<y>slo,/+g, (3.31)

and that, for (x, y) € D5,

_ 2log A 2my log A
o) —x <2 Mi : Off(x)—ySZ,/zTg. (332)
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Hence, for (x, y) € D¥,

2
\/; m(g® ), ) < Vama(F (1D () — g9 ()
< 22,/2logA+/m>/mj. (3.33)

It thus follows easily from (3.23), (3.27), (3.28), (3.29), and (3.33) that
Al = / p2(da) E B2(N(Cy)) = O(A?1log ). (3.34)
s

To calculate sg, we need to bound E* EZ(N (Cy)). We begin by observing that, under the
measure P?%,
E(Dg) = E([0, x] x [0, y]\ {o}) =0 almost surely

when @ = (x, y). Hence,
E(N(Cw)) = E(Ny(Co)) + E(NL(Ca)),
a sum of two independent components, where
Ny(Co) = D(46)(x),y) N {10, x) x (y, 11},
NL(Ca) == D, 4y N (G, 11 x [0, ).

However, we cannot immediately deduce the asymptotics of the moments of E(Ny (Cy)) and
E(NL(Cy)) by scaling using (3.23) and (3.24), because the former region has a vertical section
in its upper-right boundary and the latter a horizontal section.

To circumvent this problem, we split each region into two pieces. For Ny (Cy), we define

Doy = Ny(Co) N {(u, v): 2mou +v > 2max + y} N {(u, v): mau +v < max + f(x)},

and set D1y := Ny(Cy) \ Day. Then Dy is also a scaled version of a region of the same
form as D, but now with boundary function ¢ having m; < |¢’| < 2m», and

E(Ny(Cw) < EY(D1y) + H(Dav),
where 2V is the process of points maximal in D1y :
2Y(dB) = H(dB) L1 (Dp\Dyy)=0) -

Note that 2V (D;y) and H(Dyy) are independent. Arguing analogously for E (N (Cy)), we
obtain

E* 82(N(Cy)) < E(EY(D1y) + H(Day) + EL(D11) + H(D21))?
< [E(BY(D1y) + H(Day) + EX(D11) + H(D2r))1?
+ var EY(Dyy) + var H(Day) + var X(Dy1) + var H(Dayp).

‘We now observe that

1 1
Doyl < o—(f () - W2 Dl < B =02 < —(F(x) — )
my 2 2m1
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Hence, we have
A
E H(Dyy) = var H(Dyy) < 2—(f(X) -2 (3.35)
my
A
EH(Dar) = var H(D21) < 5= (f(x) = 2 (3.36)

whereas, as for (3.33) above,

E &Y(Dyy) + var Y (D1y) + EEL(Dy1) + var EX (D) = O(/(ma/m1)logh). (3.37)
Now, however,

A
p2(da) < Kexp{—%(f(x) - y)z} da, (3.38)

and, hence, by integration,

Wl = / 12(der) E* BX(N (Cy))
D;

= O 2 (ma/mp){log & + (ma/m1)/m3 })
= 0% logh). (3.39)

Finally, it follows from (3.26), (3.29), and (3.33) that

Ml = sup pua(N(Co)) = O(y/logh),

aeD}
and this, combined with (3.34), (3.39), and (3.25), proves the theorem.

If m; = 0 or my = o0, then the argument needs modification. However, the changes needed
may frequently not be too elaborate, since the contribution to the integrals in (3.25) from any
region D} N {[a, b] x [0, 1]}, where

0< ess 1nf | f'(x)] <esssup|f'(x)] < oo, (3.40)

a<x<b

is already of order O(A~/41log 1), by the previous argument. To illustrate the alterations

needed, we now suppose that (3.40) is true for some a and b, 0 < a < b < 1, and that

0<1t:= essinf x ﬁlf (x)| < esssup x ’3|f x)] =1 < o0, (3.41)
0<x<anl) 0<x<(2anl)

0<% := essinf y7[(f )< esssup y 7 |(fT)Y ()= <00, (342
O<y=f(/2) 0<y<f(b/2)

for some B,y > —1.

Theorem 3.4. If f is decreasing, with f(0) = 1 and f(1) = 0, if (3.40) is true for some a and
b, 0 <a<b<1,andif(3.41) and (3.42) also hold, then

dK(cc<W_—EV:/V), N (0, 1)) =01 "*logn).

var
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Proof. The estimates (3.30)—(3.32) and (3.35)—(3.38) are essentially local in character. For
any fixed Cy > 1, they hold for any (x, y) € D5, with m1 replaced by (1/Co)| f'(x)| and m»
replaced by Co| f’(x)|; thus, (3.33) and (3.37) also hold, with m, /m replaced by Cg, provided
that

L, / / ) —17(5)
C_olf @ =<1 @] =Colf () forall g’ (x) <z = f (B (y).

In turn, this holds provided that

LI <17@) < Colf (ol forall |z — x| < 12| 201082 (3 43
Colf Ol = = =S

We concentrate now on pairs « = (x, y) € D} in which x is small, since the argument for
values of x near 1 is entirely symmetrical. First, for 0 < x,z < (1 A 3a/2), from (3.41) we

have P P
— / —

3(1_ 2 x|> _ el Sg<l+|z x|> |
1%} x ')~ . x

meaning that, with Cop = 287, /71, (3.43) can only be violated for x such that

12 [2Cylog A

_— >
x VAL (0l

1
5
However, this requires that
X2 f'(x)] < 1152Cox"" log A,
and, from (3.41) and for X large enough, this can only be the case if
X <X = k{)\._l logk}l/(2+’3),

for an appropriately chosen k. This, together with the corresponding argument for values of x
near 1, shows both that the contributions to €5 and &, from

Jy := D N {[xx, 1 — x{] x [0, 1]}

are still of order O(A!/4 log A), where 1 — x;L = f_l(k’()Fl log 2@y for some suitably
chosen k', and that, with reference to &5,

sup 112(N(Ca)) = O(/log 1.

a€eJ)

It remains to consider pairs = (x, y) € Djxk suchthatx < x; orx > 1 —xi; again, we only
give the argument for small x. For o = (x, y) € Dj such that x < x;, it is necessarily the case
that y > y; := f.(x,) and, hence, that h®) (y) = 1 (y;) and f~1 () (y)) < f~1 RO ().
By applying (3.31) and (3.32) at (x;,, y;) with m| replaced by (1/Co)| f’(x;)| and m, replaced
by Co|f'(x;)|, we thus obtain

2Colog A 2Colog A
o) = < 2\/ +g|f/<m|, v —hO @) < 10\/ OTgm(xm

B 2Colog A _ - 2Co log 2
1 _ 2 ’ Lp®) — ! 10, | —————.
R R R PV
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Thus,

1— h(S)(y)L) <1-—f(xy)+ 12\/ |f ()15

_ 2Cplog A
L™ 12 /=" =2
FH® ) < x + ‘/W(m|

and also, from (3.41),

1= flx) < szﬂJr , Tle <|f )l < T2Xf~

Collecting these facts, it follows that

1D 0.1l < {1 —=hO 10D (312)) = 007 log ).
However, N(Cy) C D 16 (4, forall « € K; := D; N{[0, x;] x [0, 1]}, implying that

E(N(Ca)) < H(D( 6)y,)-

It thus follows easily that
f pa(da) E E*(N(Cy)) and f p2(de) E* E2(N(Cy))
K, K

are both of order
24y _ 39y 1/2
O()‘|D(O,h(5)(y;\))| log )\.) = 0(10g )\.) = 0()\. log )\.),

and that
sup 112(N(Cy)) = O(log 1),

OlEK)L

1/4

Thus, ag, sjt, and sg are still of order O (A™"/* log A) under these less restrictive conditions on f.

Note that the same approach could have been used to treat more complicated functions of
the process of maximal points; for instance the sum, f p Do E(da), of the areas in D which are
above and to the right of maximal points.

4. The proofs

We use Theorem 2.1 of Chen and Shao (2004), a discrete version of our Theorem 2.1, to
prove Theorem 2.1, by means of a direct dissection argument.

For each n, recalling condition (LD1), the family of open sets {B°(«, ), o € '}, where
B°(a,r) ={y:d(y, ) < r},isacoveringof I', so it contains a finite subcovering, {BO(am, ),

= 1,2,...,k;}, of . Let B}, = B°(au1,7,) and B}, = B°(aty;i, 1) \ (U’_1 B), ) for
2<i< k;l. Now, for each n > 1, list all the sets

{ﬂB Gloooosjn) € X{l,z,...,k;}}
=1

as {By1, ..., Buk,}; then {{By1, ..., Bu,}, n > 1} forms a dissecting system of I' (Daley and
Vere-Jones (1988, p. 608)).
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Since r,, | 0asn — oo, we can define a nondecreasing sequence of integers g(n) such that
Tem) = 2ry and lim,, . o g(n) = 00. Define J,; := {j: By N (U%Bm, Aq,g(m)) # J}; then set

My = U Bl’lja

JE€Jni

noting that
My D Aggmy forallo € By;. “.1)

Lemma 4.1. For each a € ' and n > 1, let j,(a) be the value of j such that a € By;j.
Then a € Ay C Myj, (@) and Myj @) ¥ Ae as n — 00. Furthermore, defining Jro=
{j: Byj N My; # O} and Ny; := Ujej*. Byj, it also follows that Nyj, (@) — Ae asn — 00.

Proof. The first part is clear from the definition of M,,; and because A, C A, so it suffices
to prove the last two claims. Note also, from the properties of dissecting systems, that for each
a the sets My, () are decreasing in n.

For each m > 1, let ng(m) be such that 2r, + rgp) < 7y for all n > no(m). Then, for
such n, it follows that {y: d(y, Buj,(@)) < rgm)} C B(a, rp), whence Ag o) C Ag,m for all
B € Byj, (), by condition (LD1)(b). This implies that

U Ap.g) C Aam, n = no(m),
ﬁean,l(a)

and, so, using (4.1), that
Ay C Aa,g(n) C Mnj,l(ot) C Ag}}n,n ={y: d(y, Aa,m) < 2ry}, n > no(m).

Hence,
Ay C m Mnj,,(a) C Aa,m-
nzno(m)
Since, in addition, Ay, | Ag asm — 00, by condition (LD1)(a), it follows that Myj () | Ag-
To prove the last part, arguing much as above we have

Ay C Nnj,,(ot) C At(xzyzn’n = {y: d(y, A(x,m) < 4ryp}, n > no(m),
and from this the convergence of Ny (4) t0 Ay follows.

Now, for 1 <i <k,, set X;; := FIZ(B,”-). Note that, for each i and for any B,; € Byi, we
have

B C B(Bpi, 2rn) C B(Bui, rg(n))’ A:“' = U an - M,ii, My; O Aﬂ,,i,g(n)a
J¢T5;
this last by (4.1). Hence, X,,; is a function of H|g(g,; r,(,))> Whereas X, j ¢ J,;, are functions

of H|,  and, thus, of H| A From condition (LD1)(a), it now follows that X,; is

independent of {X,;, j ¢ J;}. We have thus, for each n, constructed a discrete collection
of random variables, {X,;, | <i < k,}, satisfying condition (LD1) of Chen and Shao (2004),
in such a way that Zfi] Xni = I:IZ(F) for all n. Hence, in order to prove our Theorem 2.1, we
merely need to show that the bound given in Theorem 2.1 of Chen and Shao (2004), with X,,;
as above and with ¥,; =}, ;= Xpj, is itself bounded in the limit as n — oo by the one that
we give. This follows from the ‘next lemma.

https://doi.org/10.1239/aap/1158684998 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1158684998

Normal approximation for random sums 717

Lemma 4.2. Let f1 and f> be two nonnegative, continuous functions defined on R? such that
filx,y) < x|+ |y| and f; is bounded. Under condition (2.1), as n — oo we have

kl‘l
E|Y YiXpi —/ Yo Ha(da)| — 0, 4.2)
i=1 r
kn
limsupE >~ £1(Ha (D). Yui) 1,015} | X il
n— oo i—1
<E / SitHy(D), Yo) 1y, 0} |Ha(da)], ¢ €R, 4.3)
r
kn
E " fo(¥ui, Yaj) XniXnj — E / /  J2(Ya, Yp) Ha(da) Ha(dB), (4.4)
o r
i,j=1
kn
E Y A XXy = E [ [ A v st ). “5)
i j=1 r

where {X*., Y*

nj’ “nj’

1 < j < ky} is an independent copy of {Xpj, Ynj, 1 < j < ky}.

Proof. We prove (4.3) and (4.4); the proof of the other two claims can be accomplished in
the same way as the proof of (4.4). To prove (4.3), note that

kn
EY " fitHy(D), Yud) Ly,isc) 1 Xni | — E/ J1(H2 (), Yo) Yy, =) [ H2(dar)]
r

i=1
ky

=EZf1(b?z<F>,Yni>1{|y,,i|>c}{|xn,~|— /B | |F12(da>|} (4.6)

i=1

kn
+ EZ/ L1 (H2 (D), Yui) 1y, 1>) —[1(H2 (D), Yo) Ly, 20y ] | H2(de) [ (4.7)
i=1" Bni
The quantity (4.6) is clearly nonpositive. In (4.7), the first element is bounded above by

E./r sup{ f1(H2 (D), Yimjpy (@) (¥, 01>} H2 (A0,

m=>n

which, as n — oo, converges to

E / lim sup{ f1(H2 (), Yuj, @) 112, @[>} H2(da)], (4.8)
r

n—oo

by monotone convergence. Now, by Lemma 4.1 we have Nyj, (@) — Ao and, hence, Yy, @) —>
Y, ; thus, the integrand in (4.8) is just

Si(Hy (D), Yo) limsup{Lyyy,, o 1>c)} < f1(H2(T), Yo) Ly, i=c)-
n—o0

implying that the limit supremum of (4.7) is also nonpositive.
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To prove (4.4), note that

kn
‘E > Faltuss Yo Xoi Xy =B [ [ | oV Vo) oo Facap)
r2

ij=1
kn
<EY [ [ 1AM 1) - Al Vo)l a0 Aa@B)l.
i,j=1 Byi an
In view of (2.1), dominated convergence completes the proof.

Proof of Theorem 2.1. Using Theorem 2.1 of Chen and Shao (2004), we have
dg (L@ (W —EW)), N(0, 1)) <} +4r) + 85 +rf +4.5r% + 1.5r7,

for all n, where

ki
P =B|Y (XY — B Xui Vi),
i=1
ki
r3 =Y E1XuiYuil Ly, 1=1),

i=1
k}‘l

i =) EXul(Yg A D),
i=l

kn
rg =Y E{Hy(D)Xui|(Yy A D),

i=1
kﬂ
=Y E{X0i X Ly,,20) (Vi A Yajl A1)
i,j=1
— Xni Xy 1{Y,,,-Y;j30}(|Yni| A Y51 A DY
| &
(§)% =5 D BUX0i Xy Ly v,y200 (Vi P A Y2 A T)
i,j=1

— Xni Xy 1{)’,,;)’:/.30}(|Yni|2 ALY A DY

Using Lemma 4.2, we have r{' — ry by (4.2); limsup,,_, . r;' <r;, [ =2,3,4, by (4.3) with
¢ =1,—1, —1,respectively; and r{ — rsandrg — re by (4.4) and (4.5), respectively. Finally,
direct calculation yields

rs =/ var K () dt, (r6)* =/ |7] var K (¢) dt.
lr|=1 lr|=1
Proof of Theorem 2.2. Recalling that p3 = p A 3, for p > 2 we immediately have

ry < E/ Yo P~ | Ey(da)| = F1(p3)
T
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and
r3 = E/{Yo% A 1} Hy(do)| < Ef Ve P~ (de)| = Fi(p3).
I I

For rs, using the independence of Y, and Yg when («, B) ¢ B*, we obtain

VsSE// IYa|p3_2|ﬁ2(da)||ﬁ2(dﬂ)|+E/f3 Yo 7372 Ha(de)| | H5 (dB)]
B* *
=72 (p3),

and, similarly, using the same argument but with p3 replaced by p, we have
1 o~ ~ ~ ~ 1.
rg < EE// Yo P2 Ha(de) | | Ha (dB)| + | Ha(der)| | H3 (dB)[] = zrz(p).
B*
To find r4, recalling the notation W = H,(I") of Section 2, we note that

E|W — Zy| <E|W|+E|Zy| </var(W) + E|Zy| < 1+E/ |H>(dB)|

BeB,

and that W — Z is independent of 1:12| A, hence, it follows that
= E{lWI [ a 1}|ﬁz(da>|}
< [ = Zul +1Za)03Z A 1ol
< E/r[l —i—E/B |I:12(dﬁ)|i|{Yo%/\ 1}| Hy(dav)|
+E 02 1}[/B Iﬁz(dﬁ)l}lﬁz(da)l

=< E/F{|Ya|l73—1 + |Ya|p3—2/l; (lﬁ;(dﬁﬂ + |I:12(d,3)|)}|1'~12(d0l)|
< 71(p3) +72(p3)-

Finally,

rn < E‘/ Yo 1{|Y0,|51}I:12(d0!) —E/ Y, 1{|ya‘51}ﬁ2(d0t) +2rp =: }’{ + 2,
r r

where, temporarily writing /1 (y) := y 1j—1,1;(»),
(r{)2 < var/ Yo Ly, <1y Hy(da)
r

= E//Fz{hl(Ya)hl(Yﬁ)Hz(doz)ﬁz(dﬂ) — I (Yo)h1 (V}) Ha(de) 3 (dB)}

< [ U0y (V) Ao Fa@B) + 1 (Hoh (V) Fade) 55 0B
B*
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Since [y1y2| = 2(y1 + y3), it follows that
r)* = E/f Y2 1y, 1<ty | Ha(de) || o (dB)| + | H5 (dB)])
B*

< E//B Yo P2 Fi(ded) (|2 (dB) | + [ FE@B)))

=7 (p).

Collecting the estimates for r;, i = 1,...,6, and substituting them into the bound in
Theorem 2.1 gives the result.

To prove Theorem 2.3, we need the following result, which is similar to, but slightly different
from, Proposition 3.2 of Chen and Shao (2004). Although the proof follows rather directly from
theirs, we prefer to give it here for the sake of completeness.

Proposition 4.1. Assume that condition (LD3) holds, and let n(a) = H| B, LThen, for any
a=an(a)) and b = b(n(a)), we have

P1®(a < W <b) < §(4ug +5)(b —a) + §(12uq + 17)r3 + 412 + 25 , + 4r10
< §@ug +5)(b —a) + §(12uy + 17)r3 + 4r2 + 2r14 + 4r10,

where P"®) denotes probability conditional on the o-field generated by n(c),

ug =E|H(N(Cy))|, and 15, =

E / [(=1) v Yg) A 11F2(dB)|.
N(Cq)

Proof. Let fy) be defined by fixing f@«)((@ + b)/2) = 0 and setting f;;
continuous function given by

@) to be the

1 fora <w < b,

, forw <a-—r3and w > b + r3,
fn(a)(w)Z

(w—a+ry)/r3 fora—r; <w <a,
(b+r;s—w)/r3 forb<w <b+rs.

Then | fj)@)(w)| < (b —a +r3)/2. Let
M(t) := f K, dp), M(t) := EM(1),
N(Ca)®

let E"® stand for the conditional expectation in terms of the o -field generated by n(«), and let
Wy = f N(Co)® Hz(d,B) Owing to the independence between Hlea and H2| N(Cy)¢> WE have

Yo —a+r)(1+ug) = (b —a+r)E|H(N(Cy)O|
> E"{Hy(N(Cy)®) fr@) (W)}

_ i@ / Fnter (W) = fa (W = Yp) Fa(dB)
N(Co)®

o0
= En(a)/ f);(a)(W + )M(r) dt
—00

4
= ZHi,r](a)a
i=1
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where

Hy ) = E" {féw)(W) M) ‘”},

[11=1

Hy (e = E"® /t|<1(f,;(a)(vif 1) = (WM d,
Hi ) = E"@) /;l 1 f];(a)(ﬁ/ + M) dr,

>
Hy (o) = E"® /M Fha (W 4+ 0V (1) — M) dr.

Noting that n(«) and M (#) are independent and that
| = EW?) = E/ Yy F2(dp),
r

we obtain

M(t)dr = E/ [((=1) V Yg) A 11Ha(dB)

l11=<1 N(Co)®

1 —E/F{Yﬁ ~ (=) v Yp) A 1} Ao (dB)

— E/ [((=1) V Yg) A 11Ha(dB)
N(Cq)

v

1 - E/ V5] 1wy =1y 1 H2(dB)] — E/ [((—1) v Yp) A 11H2(dB)
r N(Cy)

v

1 —r — ré’a
and, hence,
Hi @ = B" f] oy (W) —r2 =15 ) =P a < W <b) —ry — 15 ,.

Also,

|H3,n<a>|sE"<“)f |Yﬁ|1{|yﬁ‘>1}|ﬁz<dﬂ>|=Ef Y5 1jys1>1y |1H2(dB)| < 72
N(Cq)® N(Cq)*¢

and

IA

1 - .
|Hy p)| < < ET® /| 1[f,;(a)(W + 0P dr +2E”("‘)/ (M(t) — M(1))* dt
1=

[t1=1

8
L —a+2r3)+2p,

IA
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where, temporarily writing h(y, t) := 1{_y 0)(t) — 1j0,—y1(?),

p=E1® / (M) — M(@))*dt = E/ (M) — M(1))* dt
[t1=1

[t]=<1

:E// / {h(Yﬁl’t)h(Yﬂzvt)ﬁZ(dﬂl)ﬁg(dﬂz)

[N(Co))? Jr|<1

= h(¥p, DAY, ) Ha(dB) H (dB2)

N E// / {h(Yp,, )R (Yp,, 1) Ha(dB1) Ha(d )

[N (Co)PNB* Jjr<1

— h(¥gy, DRV, ) Ha (@B H (02))

= E// {I{Yﬂ] YﬂZEO}(|Yﬂl| A\ |Yﬁ2| A 1)ﬁ2(dﬂl)ﬁ2(dﬁ2)

[N(Ca)IPNB*

~ Ly v, 20 (¥ | A1V A DB HS (A2)

= E_//B*{(lyﬁl| ANYg,| A DIH2(dB1)| | Ha(dBo)

+ (Vg | A Y A DIEAB)] 5 dB2)])
= }’10.

To bound H3 (), define

; n(@) I _ = 1
L,,(a)(c):khm sup P x_%SW§x+E+C ,

—00xcQ

where QQ is the set of all rational numbers. Since

|E" U] oy (W +1) = f0 W]

t
‘ / BT [ (W +5)ds
0
1

t

< Ly 1) fo ds

1Ly (r3)
r3 ’

we have
L L -
Hy el = 229003 [y ar < Ln@ ) g (Y2 A 1)1 B2(dp)|
() B
r3 <1 2r3 N(Co)®
=< %Ln(a)(r3)~

Therefore, collecting the estimates of H; ), i = 1,2, 3, 4, gives
P1®(a < W <b) < §(4ug+5)(b—a)+5 Quq+3)r3+2r415 o +2r10+ 5 Ly@ (r3). (4.9)

Settinga = x — 1/k and b = x 4+ 1/k + r3, taking the supremum over x € Q, and then taking
the limit in terms of k — oo gives

%Ln(a)(rS) < (uy + %)r3 + 21 + ré,a +2r10,
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and combining this with (4.9) yields
P"(a < W < b) < §(4ug +5)(b —a) + §(12uq + 17)r3 + 4ry + 215 , + 4ry.

Proof of Theorem 2.3. Let

1 forw < z,
hze(w)=314+@E—w)/c forz<w<z+c,
0 forw > z +c,

and let f; . be the solution to the Stein equation
fz/,c(w) - wfz,c(w) = hz,c(w) - q)(hz,c),

where @ (h) := (1/3/27) [, h(x)e=*"/2 dx. Then, from Chen and Shao (2004, p. 2010), we

have
0< frcw) <1, [fl.w)| =<1, |fl.(w)— fl ()] <1, (4.10)
|fLcw+9)— fl(w+0D] < (lw|+ 1) minf|s| + |¢], 1} + % /St Lo<wiu<cte) dul.
4.1D
Writing F(z) := P(W < z), we note that
SUp | F(2) — @ ()] < let sup| E hze(W) = ®(h ). (4.12)

For F(z) < ®(z), this follows because

[F(z) — ®(2)| = ®(2) — F(2)
<{D(@) — P(h—c,0)} + {P(h—c,c) —Eh,_c (W)}

C ~
< +sup |E h; (W) — ®(h,o)l;
2@ Zp| z,c( ) (Z,C)|

the argument for F'(z) > ®(z) is analogous.
Let K (¢, doQ = E K (¢, da). Since H~2|{a} is independent of H;|¢ in the sense of condition
(LD1)(a) and H3| 4, is independent of W — Z,,, we have

E £l (W) — E{W f. (W)}

:E{/ /oo f;,C(W)K(t,da)dt—//oo fo’C(W—i—t)Ie(t,dOl)dt}
r'J—oc0 /oo

=E// LfLOW) = fL (W — Zy + DK (¢, dor) dt
IrJ—oo

+E// fLo(W — Zy +1) — fL (W +DIK(t, da) dt
' J—oco

=01+ 02+ 03+ Qq4,
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where

0= E/ / (FLo(O0) = f1.OF — Zo + DK (1. der) dr,
r Jie<1

02i= [ [ (00 = 107 = Zy D)K. dedr,
rJij>1

0= [ [ (00 = 2Zut 1) = FL0F )R e,
rJi>1

Q4= E/ / (fLoOW = Zo + 1) = f (W + 1)K (¢, dor) dt.
rJ<1
It follows from (4.10) that

021 +103] < 2E f / (v, <1<0) + Lio<r=—y,) | Aa(dar) | dr
r Ji>1

< ZE/ Yol 1y, =1y | Ha(dev)|
r
= 2r.

Using (4.11), we obtain
|Q4] < E/ / (W[ + lt] + D(IZo| A DIK (£, der)| dt

r Jr<1
1 0 N

weB [ Vo [ Nz iR dolas
1 ~Za N

+ ZE/aer ,/|;|<1 l{za<0}[) I{ZSW+I+MSZ+C} du|K(t,da)| dt

< Ef (W[ + D(1Zo] A D(|Ye| A D Ha(de)|

r

1 -
+ EE/FGZOA A DY A D) Aa(da)] + Os1

<rg+ro+3r3+ Oa1.

where

1 0 A
Q,1:—E[/ iz, 0/ | dulR (r. da)| dt
4 ¢ Jr/pi= (Zuz0) g, EEWrtusite)

1 —Za .
+—E// 1z, <0 / 1, du|K (t, do)| dt.
¢ Jr = {Za<0} 0 {z<W+t+u<z+c)
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Let n(a) = ﬁ2| B, - 1t then follows from Proposition 4.1 that

1 0 . 5
Q4,1=—E// l{ZQZO}/ P"(“)(ZSW+t+u§z+c)du|K(t,da)|dt
¢ lt]=<1 ~Zq

1 ~Za - .
+—E// l{za<0}/ P"®(z < W41t +u<z+c)dulK(t,da)|dt
[t]<1

I/\

{§@ri3 +5) + ¢ [§(12r13 + 1T)r3 + 42 + 214 + 4110}

XE// |Zo| 1K (¢, dar)| dt
lrl<1

= §(4r13 + 5)rs + ¢ [§(12r13 + 1T)r3 + 4rp + 2r14 + 4r10lrs

Hence,

Q4 < 2(@riz + 13)rs +ro + 3r3 + ¢ [§ (12013 4+ 17)r3 + drp + 2r14 + 4ri0lrg

In similar fashion, we obtain
|Qu§Ef/'(Mw+nmmwu+VLmKaAMMr
rJir=<t
1 t—Zy
+—E// 1u</ | P du|K (¢, da)| dt
c e i< {(Zo<t} 0 {(z<WHu<z+c) IK( )l

1 0
+-E 1 / | P du|K (t, do)| dt
c /r/|t|<1 Zamn) ], NesWauscra Ul 400

<E//| 1(|W|+1){(|Z°‘|/\1)+|t|}|K(t’dO‘)|df+Q1)1
I t=<
r o 1 ~

where
1 t—Zqy
011 = ;E/r/msl 1{zast}/(; L v bu<otey dulK (7, da)| dt
1 0
+ ;E/F /|;|<1 1z~ /th 1{z§W+u§z+c} du|K (¢, da)| dt.
Since E |W| < 1, it follows that, on the one hand,

101l SE/;(IWI + D (1Zo] A DY A DI HS (o)

+E/UGFADWﬂwn+QM
r

=ri2+r3+ 01,1
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On the other hand, applying Proposition 4.1 gives
1 ~(Za—1) 5
Q1,1=—E// l{Zagt}/ P1(z < W +u < z+c)dulK(t, do)| dt
c rJi<1 0

1 0 N
+—E// l{zpt}[ P (z < W+u < z+c)dulK (1, da)| dr
¢ JrJp=i —(Zo—1)
< {§@ri3+5) + ¢ [§(02r13 + 17)r3 + 4r2 + 2r14 + 4r10])
<E [ [ 0zl + IR G ol
rJr<1
< {3@ri3+5) + ¢ [§(U2r13 + 1T)r3 + 4ry + 2r14 + 4]}
* 1 *(2 7%
x B - | Zal(|1Yy I A1) + §(IYa| A1) (1 Hy (do)]
< {§@ri3+ 5 + ¢ [§(02r13 4 17)r3 + 4y + 2r14 + 4r10]} (g + 373).
Hence,
1011 <734 ri2 + {§@r3 +5) + ¢ §(12r13 4+ 17)r3 + dry + 2114 + 4rio]}(rg + 573).
Combining (4.12) and the estimates of Q;,i =1, ..., 4, gives
sup | F(z) — P(2)]
Z
< te+2r 4 (29 +4r3)rs + §(@ris + 13)rs + §(@4ri3 + S)rg+ro + i
+ N § (0213 + 1T)r3 + 41y + 2514 + 4r10) (rg + 1§ + 373). (4.13)

Letting
¢ = {5(§(12r13 + 17)r3 + dry + 2r14 + 4r10) (rg + 1§ + Ar3)}/?

(thus minimizing the right-hand side of (4.13)) and then using /Xy < %(x + y) gives
dg (L (W —EW)), N (0, 1))
<21+ (29 + 4r13)rs + §(4r13 + 13)rs + §(Ariz + S)rg +ro + 112
+ V5§ (12813 + 1T)r3 + 4ra + 2r14 + 4r10) + (rg + rg + 5r3)}
<Ary+ G+ ri3)rs + 342+ ri3)rg + 522 4 r13)rg +ro + 2r10 + 112 + 114

as claimed in (2.2). The claim in (2.3) is due to the fact that 14 < ry3, and, if r;3 is not less
than 1, the bound becomes obvious.

Proof of Theorem 2.4. Since max{|Yy|, |Zy|, |Ug|} < G(N(Cy))/v and G({a})/0 <
G(N(Cy))/9, we have

"< E/ Yol i (de)] < 1,
T

" < E[ Yo P ()] < i,
r

rs < E/ Yal?2| Za | F(de)] < 1.
ael’
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We similarly find that ré < n2. By the independence between W — Uy and ﬁ2| B, and since
|Uy| < G(N(Cy))/?, we obtain

o < [ 00 = Ual 4 10aD (sl A DIVl (o)
< (SUpE W — Uil + 1)
< (SupE(WI+ GN(Ca))/9) + 1)
< (SWEGW(Ca)/o +2)m.

o < E/ / Y5, 1721 Ba(dB)] + | B3 (B Fa(dBy)]
el J BreN(Ap))

=n+mn

and
2 < E/ (W = U] + [Ual + (1 Zal A DIYEP2|E (d)]
ael
< (supE|W — Uy +2>772
o

< (SWEG(N(Ca)/? +3)mz,

r13 < supEG(N(Cy))/9,
o

completing the proof, from (2.3), because the bound is obvious if sup, E G(N(Cy))/0 > 1.
There is one final technical lemma.

Lemma 4.3. If Z ~ Po(A), then, for all r > 0 and all integers n > max{r, 2e A},
E(Z+ 1) <n"{l4+22¢427"}.

Proof. Itisimmediate that E(Z 4 1)" = E{(Z+1)" 1{z<nj} +E{(Z+1)" 1{z>p)}, with the
first term on the right-hand side equalling at most n”. To bound the second term, just observe,
by simple comparison, that, for n in the chosen range,

—AAj —AAn r N —AAn r/n
St s SN () (7) =
J:

, n! n n n! 1 —n-1Aer/n
Jjzn 520

< 2en’ e A (Ae)"
en —,
- V2rn \ n

this last from Stirling’s formula. The lemma now follows.
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