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PROPER HOLOMORPHIC SELF-MAPS
OF QUASI-CIRCULAR DOMAINS IN C?

B. COUPET, Y. PAN anp A. SUKHOV

Abstract. In this paper, we prove that every proper holomorphic self-map of
a smoothly bounded pseudoconvex circular or Hartogs domain of finite type in
C? is biholomorphic.

§1. Introduction

In this paper, we study proper holomorphic maps between domains of
finite type. A domain €Q is said to be quasi-circular if there exist integers p, ¢
(p+q > 1) such that whenever (z,w) € Q, ("2, ¢'1%w) € Q for § € [0,27].
We observe that when p = ¢ = 1, 2 is circular; when p =0 or ¢ = 0,  is
Hartogs. The following is the main result that we shall prove in this paper.

THEOREM 1. Let ) be a smoothly bounded pseudoconver quasi-circular
domain of finite type in C2. Then every proper holomorphic self-map of
is a biholomorphism.

As a consequence for classical domains, we have

COROLLARY. Let Q) be a smoothly bounded pseudoconvex circular or
Hartogs domain of finite type in C?. Then every proper holomorphic self-
map of ) is a biholomorphism.

Since the first result of Alexander [1] on the unit ball, it has been an
open question whether every proper holomorphic self-map of a smoothly
bounded domain in C" is a biholomorphism. This problem still remains
open in general. However, some positive results have been proved in the case
of strictly pseudoconvex domains by Pinchuk [13], and in the case of pseu-
doconvex domains with real-analytic boundary by Bedford [2], Bedford-Bell
[3]. Also, for domains with various symmetries, see [4, 9, 10, 12]. A recent pa-
per of Berteloot [6] solves the problem for complete Reinhardt domains with
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C? smooth boundary by studying the Lie algebra of holomorphic tangent
vector fields of the boundary. In a recent paper [9], we studied the struc-
ture of the branch locus of proper holomorphic maps between domains of
finite type. As a consequence, it was proved that every proper holomorphic
self-map of a smoothly bounded pseudoconvex complete circular domain in
C? is a biholomorphism. In this paper we continue to use the main result
of [9] on the branch locus to study the case of quasi-circular domains of
finite type. Using the method of this paper, we also generalize the result of
[9] by dropping the assumption of completeness. In fact, we shall prove a
more general result. The paper is organized as follows. In Section 1, some
basic facts concerning self-maps are collected. In the case of Hartogs, The-
orem 1 is proved in Section 2 using a result concerning fixed points of an
analytic function. The remaining case is proved in Section 3 by reducing to
one variable and two-variable complex dynamics situation.

Acknowledgements. The authors are very grateful for the referee’s
comments and suggestions which improves the paper greatly.

§2. Basic facts

To proceed with the proof of the theorem, we need some basic facts.
Let F : 2 — D be a proper holomorphic map between smoothly bounded
pseudoconvex domains of finite type. It is well known that F extends
smoothly up to the boundary of 2. The branch locus of F is defined to
be Vi = {z € Q : det I/ = 0}. It is well-known that the automorphism
group action Aut(Q) x Q@ — Q, (F,z) — F(z) extends smoothly to Q.
Thus we can assume that Aut(Q2) acts smoothly on € and in particular on
00. We say that a subgroup G of Aut(2) acts transversally at a boundary
point p of Q if the image of the tangent mapping (V,,)* : T.G — T,(09)
associated to the mapping ¥, : G — 02, F — F(p) is not contained in
the holomorphic tangent space H,(0€2). We will denote by T the Lie group
of the unit circle. If T is a subgroup of Aut(2) and acts transversally near
a point p € 09, we will simply say that {2 admits a transversal T-action at
.

We recall the main result of [9] concerning the branch locus of proper
holomorphic maps.

THEOREM 2. Let F' : Q — D be a proper holomorphic map between
bounded pseudoconver domains of finite type in C2. Suppose that Q admits
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a T-action which is transversal at p. Then for any irreducible component
V' of the branch locus Vi with p € OV =V NQ, OV is a finite union of
T-orbits.

Although this result was not explicitly stated in [9], the proof there
would apply for a T-action which is locally transversal. It is this form that
we shall apply in this paper.

We recall certain general facts about boundary behavior of proper holo-
morphic mappings. Let F' : D; — Dy be a proper holomorphic mapping
between two smoothly bounded pseudoconvex domains in C?. We suppose
that F'is smooth up to the boundary. Let r; be the defining function of D;.
Following [2], we consider the Levi-determinant App, of D; defined as [2].

One has then

Ao, (F(p))|J4(p)I* = Ao, ()

for any p € 0D;.

For any boundary point p € 0D; we consider also the order of vanishing
of App; at p denoted by 7sp,(p), which is defined as follows: we choose
smooth real coordinates x = (1,2, x3) on dD; such that p corresponds to
x = 0, and the formal power series Agp,(7) = Z?io Z|a|:j aqr®, where
a = (a1, a2, a3) is a multi-index and |a| = a1 + ag + az. We set 7gp, (p) =
min{|a| : aq # 0} (of course, this definition does not depend on the choice
of coordinates). The following properties of 7 are well known (see [2, 3]):

(1) 7ap,(p) is an upper-semicontinuous function on 9D;.

(2) Top,(F(p)) < 7op, (p) and the equality holds if and only if Vr does
not contain p, i.e. F' is a diffeomorphism on the boundary near p . The
following lemma proves to be very useful.

LEMMA 1. Let FF : Q — Q be a proper holomorphic map between
smoothly bounded pseudoconver domains of finite type in C™. Then if Vi #
0, there exists an irreducible component Ly, of Ven such that L; # Lj,i # j,
and

Lo C F7Y(L,)

formn=1,2,3..., where F™ denotes the n-th iteration of F.

Proof. We claim that there exists a sequence (L,,) of complex varieties
such that L, C Vpn, L, C F7Y(Ly,).

We will construct the family (L, ) by induction. For every n we have
Vint1 = Vpn U F~Y(Vpa). Fix any irreducible component Li in V. Then
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F~Y(L,) is contained in Vg2 and contains an irreducible component Ls.
Assume that the components Li,...,L, are defined. Then F~!(L,) is
contained in F~!(Vgn) C Vpni1. So there exists an irreducible compo-
nent L1 such that L,,; C F~1(L,). Note that since every restriction
F: Lyt — Ly is proper and F(Ly+1) C Ly, we have F(Ly41) = L,. We
note that the varieties (L,) are distinct. Indeed, suppose by contradiction
that m is the first integer such that there exists p with L,, = Ly, 4p,. If
m > 2, we have F(Ly,) = F(Lpm4p) and so Ly,—1 = Ly,4p—1. This con-
tradicts the definition of m. So m = 1. Let p be the integer such that
Ly = Li4,. Since we have FP(Li1,) = Ly, it follows that FP(Ly) = L;.
Since L; C Vp», letting Q € L; N €, we see

s < Tpa(FM(Q)) < Tan(FFIP(Q)) < -+ < Toa(FP(Q)) < To0(Q) < oo,

which is obviously a contradiction.

We need a simple result from one complex variable dynamics on fixed
points, which is key to the study of the case of Hartogs domains.

LEMMA 2. Let f be an analytic function in a neighborhood U of zy with
f(20) = z0. Suppose that f*(V) is uniformly bounded for a neighborhood
V cc U. Then there exists no sequence z, in V converging to zy such that

f(zny1) = 2z for all n.
Proof. We consider the Taylor series of f:
f)=z0+Az—20) + -

where A = f/(z), the multiplier of f at zo.

If A = O—superattracting, by [8], there is a conformal map ¢ = ¢(z) of a
neighborhood of zy onto a neighborhood of 0 which conjugates f to (P for
a positive integer p > 1, that is

g(Q)=¢ofod (¢) ="

Letting ¢, = ¢(z,), it follows that ¢, # (m, n # m, and (, — 0. We see
9(Cat1) = Cn, therefore ¢} | = ¢,. This implies (41 = Cll/pn, a contradic-
tion to (¢, — 0.
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If 0 < |A] < l-attracting, and not superattracting, by [8], there is a
conformal map ¢ = ¢(z) of a neighborhood of zy onto a neighborhood of 0
which conjugates f to A(, that is

9(Q)=dofod () =

Letting ¢, = ¢(z,), it follows that (, # (n, n # m, and ¢, — 0. As
before, ¢((n+1) = (n, which implies A(p11 = G, and Gur1 = (1/A)"C,
which converges to oo, a contradiction.

The case that |A\| > 1 does not happen by the assumption that f™(V)
is uniformly bounded.

The remaining case is when |A| = 1. By the same assumption, and
by [8] there is a conformal map ¢ = ¢(z) of a neighborhood of 2y onto a
neighborhood of 0 which conjugates f to A(, that is

9(Q) =pofop ' (¢) =X
As before, this also leads to a contradiction.

The following fact is well-known for biholomorphic maps, and its proof
for proper maps is included. This lemma is very important for incomplete
Hartogs and quasi-circular domains. Denote by A(r, R) = {r < |z|] < R} an
annulus in the complex plane.

LemMA 3. If f(z) : A(r1,R1) — A(ra, R2) is a proper holomorphic
map with multiplicity m, then we have

we)

Proof. 1t is well-known that f extends continuously to the boundary.
Consider ¢(z) = In|f(z)|. Then ¢(z) is harmonic, continuous up to the
boundary. A simple topological argument shows that

| 1|im o(z) =a
z|—r

where a = Inry or In Ry, and

|Zl|1£1qu(z) = {lnry,In Ro} \ {a}.
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Suppose f maps |z| = r; to |z| = 3. Then we have ¢(z) = Inry when |z| =
r1; ¢(2) = In Ry when |z| = R;. Therefore ¢ solves the Dirichlet problem.
However ¢(In |z| —Inr;)+1n 79 also solves the same Dirichlet problem where

By the uniqueness, it follows that c¢(In |z| — Inry) + Inre = In|f(2)], which
gives |f(z)| = |z|°. Since f is a proper holomorphic map with multiplicity
m, we have ¢ = m, which proves the lemma.

Suppose that f maps |z| = r; to |z] = Ry. We only need to consider
1/f. The same proof then applies.

LEMMA 4. Let F' : Q — D be a proper holomorphic map between
smoothly bounded pseudoconvex domains of finite type in C™. Suppose that
FE is a totally real manifold of dimension n in the boundary of @ on which
T is constant. Then we have VN E = .

Proof. 1If not so, we let p € Vp N E. It follows that 7(F(p)) < 7(p),
and choosing ¢ in E not in Vx near p (we can do so, since V  is smooth
at most points [12]), we have 7(F(p)) < 7(p) = 7(¢) = 7(F(q)), which
contradicts the fact that 7 is upper semicontinuous.

83. The case of Hartogs

In this section, we shall prove Theorem 1 in case of Hartogs in two
cases. When the Hartogs domain is complete, we shall make use of the base
domain; when the domain is not complete, we shall exploit the incomplete-
ness.

Case 1. Complete Hartogs domains

A domain 2 is said to be a complete Hartogs domain if whenever
(z,w) € Q, (2, \w) € Q for |\| < 1. The base of a complete Hartogs domain
Q) is defined as

E=0n{w=0}.

LEMMA 5. Let Q be a smoothly bounded pseudoconvexr complete Har-
togs domain of finite type in C2. Then there exists a neighborhood U of
OO NE so that 0N NU s strictly pseudoconver at every point except possi-
bly at points of 0NN E.
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Proof. Let p(z,w) be a defining function of 2. Let (zp,0) € OE. We see
that Vp(zp,0) # 0, and the complex z plane is transversal to 9Q at (zp,0).
Then we may assume p,(zp,0) # 0. Define

2
r(z,w):/ p(z, ePw)do.
0

Then r is a defining function of €2, but r(z,w) = r(z,|w|). By the linear
change of coordinates, (z,w) — (z — 29, w), we have, r,(0,0) # 0,

r(z,w) = Rz + &(Sz, |w)).
Since € is of finite type, we have
O3z, [w]) = cw™ + 0(|2] + [Szw| + [w|*).
It is easy to see that 0f2 is strictly pseudoconvex when w # 0 and small.

LEMMA 6. Let F: Q — D be a proper holomorphic map between pseu-
doconvex domains of finite type in C2. If Q is complete Hartogs, then there
erist z1,22,...,2n, € E such that the branch locus of F satisfies

Vi C U{z:zi}u{wzo}.

i=1

Proof. First we remark that the T-action on € is transversal whenever
(z,w) &€ QN E. Let V be an irreducible component of Vz, and let p € 9V,
p = (20,wp). If p € QN E, By Theorem 2, V = {z = 2}. If p € QN E,
it follows V' = {w = 0} N Q. Now it suffices to prove that Vp has finitely
many irreducible components. If not so, we have

Vi C U{z:zl-}u{w:O}.
=1

Then z; must converges to the boundary of K. By Lemma 5, there exists
an neighborhood U of QN E such that 9 is strictly pseudoconvex except
possibly at 9QNE; therefore 9QN{z = z;}NU must be strictly pseudoconvex
points for ¢ large, which contradicts the fact that branch locus never hits
strictly pseudoconvex points.
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Now we are ready to prove Theorem 1. Assume F' = (f, g). By Lemma 1,
we have L,, C Vpn. By Lemma 6, we have L,, = {z = 2, } N, for some z, €
E. We claim first the sequence {z,} must stay away from the boundary of F
since by Lemma 2, 9QNU \QF is strictly pseudoconvex and the branch locus
does not hit strictly pseudoconvex points. Without loss of generality, we may
assume that {z,} converges to 29 € E. Since L1 C F1(L,), F(Lpy1) =
L,,, which implies f(zp41,w) = z,. It follows that %(z,w), being analytic
in z in F has infinitely many zeros {z,} accumulating at an interior point z
in E, therefore is identically zero. This implies that f(z,w) is independent
of w. Furthermore, we have F' = (f(2),g(z,w)), f(z0) = 20 and g(zp,w) :
Lo — Lo is a proper self map, where of course Ly = {z = 2z} N Q. It is
easy to see that f maps F into E, and f fixes zg such that f(z,+1) = 2,
with z, — zg. This is impossible by Lemma 2 and completes the proof of
Theorem 1 in the case of complete Hartogs domains.

Case 2. Incomplete Hartogs domains

LEMMA 7. Let F': Q2 — D be a proper holomorphic map between pseu-
doconvex domains of finite type in C2. If Q is incomplete Hartogs, then
there exist z1,29,...,2n,-.. such that the branch locus of F satisfies

[e.e]
Vr C U{Z:zi}ﬂQ.
i=1
Proof. In fact, let V' be an irreducible component of V. If there exists
a point p = (20, wp) in VN IQ so that the T-action is transversal at p, then
by Theorem 2, V = {z = 2y} N 2. Now we assume that the T-action is
transversal at no points of V N 99Q. Choose a smooth arc I in V N 99 so
that 79q(p) is constant for p € I". This is possible since €2 is of finite type.
Considering F = I' x T, this is a totally real manifold of dimension 2 for
which 7yq is constant. By Lemma 4, we have V N E = (), which is obviously
a contradiction.

Now we are ready to prove Theorem 1 when (2 is incomplete. We first
claim that w # 0 on Q. Indeed, this follows from pseudoconvexity and the
continuity principle.

Assume Vi # (. By Lemma 1, there exists L, C Vpn such that
F(Ly41) = Ly, and by Lemma 7, there exists z, such that

L,={z=2z,} N
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By the claim, there exist R,,,r,, R, > r, > 0, such that
L, =A{(zn,w) : 7 < |w| < Ry},

i.e., Ly is an annulus in the w plane. Since €2 is bounded, we may assume
that R, — R,r, — 7. Since w # 0 on €, we have r > 0. On the other
hand, g(z,+1,w) is a proper holomorphic map from 7,41 < |w| < Ry4+1 to
rn, < |w| < Ry; and without loss of generality, we may assume that g(z,,w)
has the same multiplicity m for any n, by Lemma 3, we have

Tn

RnJrl - (Rn ) m
Tn+1 ’

which implies that

s (10

Tn+1 1

Letting n — oo, we see the left hand side goes to R/r, while the right
hand side goes to infinity, arriving at a contradiction, and the proof of the
theorem is complete.

64. Basins of attraction of quasi-homogeneous maps

If F: C? — C2is a holomorphic map such that F(0) = 0 and the
eigenvalues of F’(0) are smaller than one in modulus, we may associate
with the basin of attraction at the origin, 2, which is defined by

Or = {z € C?| Jim F*(z) = 0}.

Following [7], if (p,q) = 1, we say that a holomorphic map P : C? — C?
is quasi-homogeneous map of type (p,q) if the components (Pi, P,) satisfy
Py (tPz,tw) = t"P Py (z,w) and Pa(tPz,t9w) = t"1Py(z,w). It is easy to see
that such a map must be a polynomial map.

Now let P be a quasi-homogeneous polynomial with P~(0) = 0. Let
Qp be the basin of attraction of P at the origin. One can see that Qp is a
quasi-circular domain of type (p, ¢), bounded and pseudoconvex. Moreover,
P induces a non-injective proper holomorphic self-map of 2p. One also has
that if z € Qp, then lim, o, P"(2) = 0; if z € Qp, then lim, . [|P"(2)|| =
0.

As proved in [7], we notice that the dynamics of quasi-homogeneous
polynomial maps can be related to that of homogeneous ones. Let ®(z,w) =
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(29, wP). There exists a unique homogeneous polynomial Q(z,w) of degree
n such that
PoP=Qod.

Also @ is a proper map from 2p to Qg, where (g is the basin of attraction
of Q. It also follows that

PoP"=Q" 0.

§5. Non-Hartogs case

In this section, we assume that 2 is quasi-circular of type (p,q) with
p,q > 1. We also assume, without loss of generality, that (p,q) = 1. First
we use Theorem 2 to study the structure of the branching locus of proper
holomorphic maps from quasi-circular domains.

LEMMA 8. Let F : Q — D be a proper holomorphic map between pseu-
doconver domains of finite type in C?. If Q is quasi-circular of type (p,q),
then there exist p1,pa,...,pn such that the branch locus of F' satisfies

Vi = {2, \w;) : A e CEnQ,
=1

where p; = (z;, w;) € O

Proof. First the transversality of T-action can be verified as in [9,
Lemma 4.1]. It is easy to see by T-action that any irreducible component
of Vi is given by {(AWz, Aw) : A € C} NQ for (z,w) € 0N, which contains
the origin since p,q > 1 . We conclude that Vr cannot have infinitely many
components by the compactness of Vg near the origin. This proves the
lemma.

A quasi-circular domain of type (p,q) is said to be complete provided
that whenever (z,w) € Q, (\WPz, Mw) € Q for |A\| < 1. We will prove the
theorem in two cases as done in the Hartogs case.

Case 1. Complete quasi-circular domain of type (p, q)

We shall first prove that if the self-map is branched, then it must be a
(p, q) quasi-homogeneous polynomial map.
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LEMMA 9. Let F': Q@ — Q be a proper holomorphic self-map of Q2. If
Vi # 0, then F = (f(z,w),g(z,w)) is given by

flz,w) = Z Anpz®w”

pa+qB=pk

g(z,w) = Z Bagzawﬁ,
pa-+gB=qgk

for some positive integer k.

Proof. By Lemma 1, there exists L, C Vpn such that F(Ly,4+1) = Ly,
and F' is proper from Ly 1 — L, where L,, are distinct. By Lemma 8, there
exists (zp,wy) € 0Q such that L, = {(A\Pz,, \Mw,) : A € C} NQ. It is easy
to see F'(0) = 0. Since {L,} are different we may assume that z, # 0 for
n=1,2,3.... Therefore

L, ={(z,w) : wP = ay2?} NQ,

where a,, = wh /2}. Since F : L, 41 — L, is proper, it follows that if |A\| = 1,
then
|f()‘pzn+17 )\qwnJrl)‘ = |Zn|

9N 21, Mwng1)| = [wn.

Therefore, we have the function ¢,(A) = f(APzy41, ANw,41) maps [A] < 1
properly to |A| < |z,|, and the function ¥, (\) = g(A\Pz,41, A9w,41) maps
|A| < 1 properly to |A| < |wy]|. It follows that ¢, ()) is a finite Blaschke
product. We claim actually that ¢,()\) = c,AY where ¢, is a constant and
N is independent of n.

In order to prove this, we first prove that F |Zi+1 (0) = 0 for sufficiently
large n. In fact if not, there are infinitely many n for which there exist z,,
0 # zp € Lyp41 such that F(z,) = 0. Since L,, are only in common at 0, we
see z, are different, and therefore F~1(0) has infinitely many points, which
contradicts the properness of F'.

Now we only have to prove ¢, 1(0) = 0 as well since ¢, is a finite
Blaschke product. Indeed, if there is ¢ # 0, |¢| < 1 such that ¢,(c) = 0.
Then since F : L1 — Ly, F(Pzpt1,dwni1) € Ly, there exists Ag such
that

F(Pzp41, wpg1) = (Nzn, Mwy).
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Since F~1(0) = 0 then A\ # 0, and therefore ¢,(c) = f(Pzni1,wni1) =
Aozp, # 0, which is a contradiction (notice z, # 0). Therefore ¢,(\) =
c\F for some k. where k is at most of the multiplicity of F. We can also
assume that all ¢,, have the same multiplicity, say IV, which is at most the
multiplicity of F. Therefore ¢, (\) = c,AV.

Consider the Taylor series of f(z,w) in a small neighborhood of (0,0)

flz,w) = ZAagzo‘wﬁ.
a7ﬁ
Rewrite f(z,w) in terms of weight (p, q),

flz,w) = Z fm(z,w)
m=0

where

fm(z,w) = Z Anpz®w?,

pa+gB=m
‘We have

¢n()‘) = Z )\mfm(zn+luwn+1)

m=0

From ¢, (A\) = ¢, AV, for all n, it follows that fj(2n41, Wnt1) when j # N and

for all n. However, a simple computation shows, invoking a,+1 = w! 11 [z} 11

_ B
FiGarn,wnn) = D AapZni W
pa+qf=j

j 8
= zib{fl Z Aaganj_pl .
potqB=j

Since a,, are different, we conclude that ai/ P are zeros of the polynomial:

Z Agpt? =0,

pa+qB=j

where 7 # N. A polymonial cannot have infinitely many zero unless it is
zero. Therefore, we conclude that

Aap =0
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whenever pa + g8 # N. Therefore we have that f is a quasi-homogeneous
polynomial of weight (p,q) of degree N, i.e.,

flz,w) = Z Agpz®wP.

pa+gB=N

Similarly, using 1, ()\) we can prove that g(z,w) is a quasi-homogeneous
polynomial of weight (p, ¢). In fact, we notice

gp(ApZn—&-la )\qwn—H) - anfq(Apzn-l—la )‘qwn—i—l)a

which implies that ¢, (\) = ¢, A for some I and that the degree of g is
Ngq/p. Since (p,q) = 1, we have N = kp, and the degree of g is gk. We set

f(z,w) = Z Anpzw”

pa+qB=kp

g(z,w) = Z Bagz®w”.
pa+qB=kq
That is to say F is a quasi-homogeneous polynomial map of weight (p, q)
of degree k, so the lemma is proved.

To complete the proof of the theorem, we have to use some facts from
two variables complex dynamics. Let 2r be the basin of attraction of F.
Then there exists a unique homogeneous polynomial map ¢ given in the
last section such that

PoF=Qo9,

where ® = (z9,wP) as before. We first claim that Qp = Q. Indeed,
assume that F™ converges to G on Q. For every A € C, |\ < 1, we
have F™"(NPz, \NMw) — G(NPz,\w) as n — oo. However, F™ is a quasi-
homogeneous polynomial map of weight (p,q) of degree k", therefore

F(W\Pz, Xw) = M F7 (2, w)

which converges to zero. Hence G = 0 and 2 C Qp. But F is proper and
F(09) = 09Q. Hence QF is contained in 2.

Now we notice that ®(Q) = Qg. Therefore the boundary of Qg is
smooth except possibly when 2z = 0 or w = 0. Therefore () contains
strictly pseudoconvex points.

We denote by 7 : C?\{0} — CP the canonical projection. Since @ is
nondegenerate, it takes lines to lines in C? and naturally induces a rational
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mapping ¢ : CP — CP on the projective space. We claim that its Julia
set J, does not coincide with CP. For the proof we apply an argument
of [6]. Suppose by contradiction it does. It is known (see [8, pp.56-58])
that in this case for every point a € J, there exists a neighborhood U
and a positive integer n such that Uzzlgok(U) covers CP. Take a such that
7~ !(a) contains a strictly pseudoconvex point p in 9. Then there exists
a neighborhood W of p in C? such that Uzlek(W) covers 0 . Since @
takes any strictly pseudoconvex point to a strictly pseudoconvex one, we
get that 2 is strictly pseudoconvex and by [13] Vi is empty: a contradiction.
Thus, Jy is different from CP. But by the classical results Jy is a closed
subset of CP with empty interior. Therefore Qg N7~ (Js) is a nonempty
open subset of 992 which in view of [11], Proposition 7.1, is foliated by
Riemann surfaces; this is impossible since €2 is a proper image of the finite
type domain {1g. This completes the proof of the theorem.

Case 2. Incomplete quasi-circular domain of type (p,q).

Now we assume that ) is not complete. We first observe that (0,0) & €.
Indeed, this follows from using continuity principle and pseudoconvexity.
Given a point p = (z,w) in 99, we consider the complex curve

L, ={(N\z,\w) : A\ € C}.

Now we go back to the proof of the theorem. By Lemma 1, we have
L, C Vpn and F(Lp4+1) = Ly, and F is proper from L,i1 to L, with
multiplicity m for all n.. By the fact proved above L, = L, N where p,
is a boundary point. Since €2 is incomplete, there exist r,,, R,,, R, > 7, > 0
such that
L, = {(NPzp, ANwy,) : ry < |A| < Ry}

We assume 7, — 7, R,, — R. Since  does not contain (0,0), we have r > 0.
Consider the map ¢po Fonm(A) : {rpt1 < |A| < Rpg1} — {rn < |A| < Ry}
where ¢ : A — (\P2,41, \wy,41), and 7 is the projection from C? — C.
Then it is a proper map. By Lemma 3, we have

RnJrl - (Rn ) m
Tn+1 ’

which implies that

Rn+1 _ (&)nm
T'n+1 ’
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Letting n — oo, we see the left hand side goes to R/r, while the right
hand side goes to infinity, arriving at a contradiction, and the proof of the
theorem is complete.
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