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Abstract

The Markoff spectrum of an algebraic number field is defined and it is proved that the spectrum
of Q(y/5) is not discrete.

Subject classification (Amer. Math. Soc. (MOS) 1970): 12 A 25

Let K be a finite extension of the rational numbers Q find let M be a full module
of K. Further, denote by n(M) the least value of | N(m)| as m runs over all nonzero
elements of M and by D(M) the discriminant of M. Put

w(M) = n(M)\J(| D(M)|).

The number (M) is an invariant of the similarity class of modules containing M.
In analogy to the Markoff spectrum of real indefinite quadratic forms the set of
such numbers u(M) is called the Markoff spectrum of K. The first question
concerning this set of numbers is whether it possesses any finite limit points.
Here we prove the following:

THEOREM. The Markoff spectrum of Q({/5) has at least one limit point.

PrROOF. Let uy=1, u; =1 and, in general, u, ,=u, +u,, n=>0, be the
Fibonacci numbers. Denote by L, the sublattice of L of basis

s ), (Quiy_y 1) Wy Qug_y +1,)W').
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It suffices to prove m(L,) = u2, for n>3, as in this case, since

d(Ln) = un(zun—-l + un) ‘/5’

WLy = 1/t o)+ D5> 1/345.

Since the ratios u,,_,/u, are all distinct, the theorem follows.

It remains to show m(L,) = u2 for n>3. In fact this is also true when n = 1,2
but we do not need this.

The values taken by the quadratic form

it follows that

Fn(xs y) = (un X+ w(zun—l + un) y) (un X+ w’(zun—l + un) y)
= ugl, x? + (ui + 2u’n—-l un) Xy — (2un—1 + un)2 Yy 29

as (x,y) ranges over all pairs of rational integers other than (0,0), are precisely
the values of x; x, as (x,, xz) ranges over all points of L, other than 0. Hence it
suffices to show that the minimal value of | F,.(x, )| is u2 when (x, y) ranges over all
pairs of rational integers other than (0,0). We use the classical theory of reduction
of binary indefinite quadratic forms to complete the proof, see for example
Dickson (1930).

The standard notation for continued fractions is employed, so that (a;,...,a,,)
denotes the simple continued fraction

ay+1j(a+1/(az+...+1/a,)...)

of finite length, whereas (g, ay, -..,a,) denotes the simple continued fraction of
infinite length obtained when the block a,, ..., 4, is repeated a countable number of
times.

LemMmA. Fornz1,if 60 = (1,2,1,...,1,3,1,...,1,4) then O is aroot of F,_ ,(x, 1).
“n-1—>  <—n—>
Proor. All rational numbers appearing in this proof will be in lowest terms.
For n>1, we have (i,_nj) = u,/u, 4, and so
<«—n—>
(1,...,1,4) = (du,+u,_,)/(u,+3u,_,),
<n-1->
(1,...,1,3) = (up+2u, )/ Quy—uy_y),
and therefore also
<n-1—> <—n—>
z=(1,..,1,3,1,...,1,4) = (42 + 10u,, u,_, + 5u2_,)/(Su2 —4u2 _,).

Hence
(2,2) = (172 +20u,, u,,_y + 612 _))/(4u2 + 10u, u, ,+542_))

= G o+ 2Up gty 1l 1)/ (AU] 1y + 20y g U — 1] 1),
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Next,
<—n—1—> L —>
w=(,..,131,..,1)
= (u?; +2u,u, 1+ u?r,—l)/ (Zu% - u%—l)’
and so,

2, w) = u} o/} 11

Hence, if 4 = (2, z, ) then i satisfies the equation

= (udyo+2u, gty g +1 ) p+Us o
bl
(40 1+ 20y g Uy g — 12 ) h Ul Ly

and therefore also 0 =1+ 1/ satisfies F, 4(6,1) =0, which proves the lemma.
It now follows that the ordered set of integers

2,1,...,1,3,1,...,1,4

is a period of the form F,_;(x, y). Hence, applying the classical theory of reduction
of indefinite binary quadratic forms, see for example Dickson (1930), it is easy
to see that the required minimum value of F, ,(x, y) is attained for (x,y) = (p,q)
where p and g are relatively prime integers for which

plg=1,2,1,...,1,3,1,..., 1).

As plg = (1,2,w) = (12 1o+ u2;)/ul ,,, 0 the required minimum value is

| o2 o121y, 02 0| = 431
since

Uliot2Up gtinyy—thyy = (="

This completes the proof of the theorem.
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