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Abstract

We consider a two-stage service system with two types of servers, namely subordinates who perform the first-stage
service and supervisors who have their own responsibilities in addition to collaborating with the subordinates on the
second-stage service. Rewards are earned when first- or second-stage service is completed and when supervisors
finish one of their own responsibilities. Costs are incurred when impatient customers abandon without completing
the second-stage service. Our problem is to determine how the supervisors should distribute their time between
their joint work with the subordinates and their own responsibilities. Under the assumptions that service times at
both stages are exponentially distributed and that the customers waiting for second-stage service abandon after an
exponential amount of time, we prove that one of two policies will maximize the long-run average profit. Namely, it
is optimal for supervisors to start collaborating with subordinates either when subordinates can no longer serve new
customers or as soon as there is a customer ready for second-stage service. Furthermore, we show that the optimality
condition is a simple threshold on the system parameters. We conclude by proving that pooling supervisors (and their
associated subordinates) improves system performance, but with limited returns as more supervisors are pooled.

1. Introduction

Consider a system with N > 1 subordinates and 1 < M < N supervisors. Assume that there is
an unlimited supply of work, that each customer requires two stages of service, and that customers
are impatient and can leave without receiving the service at the second stage. The first service stage is
completed by an assigned subordinate, whereas the second service stage (also referred to as the advanced
service) is completed jointly by the assigned subordinate and a supervisor. The subordinate can only
start work on a new customer when her previously assigned customer departs. Thus, the subordinate will
serve the customer on her own (the first-stage service), wait for a supervisor together with the customer,
and then serve the customer together with a supervisor (the second-stage service) if the customer does
not leave before the second-stage service starts. In addition to their work with the subordinates, the
supervisors have an unlimited supply of their own responsibilities to attend to. Therefore, supervisors
may not immediately attend to waiting customers. Our problem is to determine how the supervisors
should dynamically divide their time between their joint work with the subordinates and their own
responsibilities. Rewards are incurred both when first- and second-stage service is completed for a
customer and also when supervisors finish one of their own responsibilities. However, a cost is incurred
when customers depart without completing the second-stage service. Our objective is to maximize the
long-run average profit per unit time.

Our research is motivated by situations where supervisors must sign off on the work of their sub-
ordinates. However, this type of queueing systems may arise in other real-life situations. For example,
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consider some government service where people need to fill out forms or take other actions by themselves
as the first stage. The second stage involves being served by the officials. The limited place for people to
finish the self-service can be regarded as the limited number of (subordinate) servers in the first stage.
Since there are typically fewer officials than people needing service, and since the officials may have
other responsibilities, customers may get impatient and leave while waiting for officials. The assumption
on unlimited supply of work for both the first-stage service and the supervisors is consistent with real-life
observations and common assumptions in the literature on modern service and manufacturing systems.
Specifically, in healthcare facilities, for example, emergency rooms, it is widely acknowledged that over-
crowding is prevalent at all times (see, e.g., [12,13,28]), indicating the rationality of the assumption on
the unlimited supply of patients in such healthcare facilities. Similarly, in make-to-stock manufacturing
systems, it is common to assume ample availability of raw materials (see, e.g., [21,27,31]).

We assume that the amount of time that it takes a supervisor to switch from one activity to the other
is negligible. Furthermore, we assume that the service times of each customer in the first stage are
exponential random variables with rate ¢; > 0. The patience time of a customer for the second-stage
service is exponentially distributed with rate 6 > 0. The corresponding abandonment cost is c. We first
assume that abandonments can only occur when the customers are waiting for the second-stage service.
Later, we extend the problem to the case where abandonments may also occur during the first- and/or
second-stage service. The second-stage service time is exponentially distributed with rate u, > 0. The
amounts of time that the supervisors spend on their own responsibilities have an exponential distribution
with rate g > 0. We assume that supervisors can switch between tasks in a preemptive manner (rather
than only upon completing a task). Finally, all random variables are independent. There is a reward of
r1 > 0 when a subordinate completes the first-stage service and a reward of r, > 0 when a supervisor
and a subordinate complete the second-stage service together. There is also a reward of r; > 0 when
a supervisor finishes one of her own responsibilities. The abandonment cost ¢ is not restricted to be
positive; when c is negative, it can be regarded as the reward for a customer who left the system with
the first-stage service only. Note that without loss of generality, we can always set r; = 0 since the case
where | > 0 is equivalent to the case where r| =0, ¢’ = ¢ —ry, and r} = ry + 5. The remainder of this
paper considers the case where r; = 0.

For this service system, we are interested in determining the dynamic assignment of the supervisors
to their two tasks with the objective of maximizing the long-run average profit. Controlling flexible
servers in tandem queueing systems has been studied in many papers. For example, Duenyas et al. [16]
considered the optimal control of a tandem queueing system with setups where there is only one flexible
server and Ahn et al. [1] studied the optimal control of two flexible servers in a two-stage tandem queueing
system to minimize holding costs. Andradéttir and Ayhan [2] characterized the optimal assignment of
M flexible servers to two stations in a tandem queueing system with the objective to maximize the
long-run average throughput, and Andradoéttir et al. [4] considered the assignment of flexible servers in
a tandem queueing network with N stations and several dedicated servers. Berman and Sapna-Isotupa
[8] studied the optimal server allocation between the front and back rooms of a service facility when
the work in the back room is generated by the service provided in the front room and the servers are
cross-skilled. The above server assignment problems mainly focus on how to assign servers between
different stations within the queueing system, while our work considers the server assignment problem
between the queue and other responsibilities.

Moreover, server assignment problems are also seen in call centers with call blending, as well as in
other practical applications. Motivated by a Bell Canada call center, Deslauriers et al. [14] proposed
five Markovian models with inbound and outbound calls where there are two types of servers, that is,
inbound-only and blend servers, and compared these models with a benchmark model using simulation.
When there are two types of jobs served by a common pool of servers and there is a waiting time
constraint on one type of jobs, Bhulai and Koole [9] showed that a trunk reservation policy is optimal
for the case where the service rates are the same for the two types of jobs. That is, the optimal server
assignment policy is a threshold policy on the number of available servers. Furthermore, Bhulai ef al.
[10] extended the assignment problem in call centers to the case where there is no specific condition
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on the service rates, and proposed a stochastic approximation algorithm to find the optimal balanced
policy. Pang and Perry [22] proposed a logarithmic safety-staffing rule, combined with a threshold
policy, under which the server utilization can be close to 1. Wang et al. [24] analyzed an M /M /c queue
with two priority classes by reducing the two-dimensional Markov chain to a one-dimensional Markov
chain. Meanwhile, in the setting of assigning homecare employees to patients, Koeleman et al. [19]
showed that a trunk reservation heuristic is close to optimal. Compared with the above work on server
assignment, our work involves a tandem queueing system, where a customer and a subordinate will wait
together for the second-stage service with a supervisor, and the customer may abandon while waiting.

Abandonment is a natural and ubiquitous phenomenon in queueing systems. We include customer
abandonments in our model to reflect this common phenomenon. For example, Garnett et al. [17]
pointed out that customer abandonment is a key factor for call center operations. Weerasinghe and
Mandelbaum [26] studied the trade-off between abandonment and blocking in a one-stage, many-server
queue where customers may abandon while waiting for service and will balk once the queue is full.
Batt and Terwiesch [7] conducted an empirical study on queue abandonments in a hospital emergency
department and identified that the abandonment is correlated with the queue length and queue flows
during the waiting exposure.

Abandonment is also considered in two-station tandem queues. For example, Khudyakov et al. [18]
considered a two-stage queueing system in a call center with Interactive Voice Response (IVR). The
customer is served by an IVR processor in the first stage and may leave the system with probability
1 — p before proceeding to the second stage. Operational performance measures are approximated in
an asymptotic Quality and Efficiency Driven regime. Wang et al. [25] evaluated the performance of a
tandem queueing network with abandonment using an exact numerical method. Zayas-Caban et al. [29]
investigated the server assignment problem between the two stations of a tandem service system with
abandonment in both stations. Zayas-Caban et al. [30] modeled the triage and treatment processes in
an emergency department as a two-phase service system where patients may leave the system without
treatment. They provided numerical examples to analyze the rewards and patient waiting times under
the policy that treatment is prioritized unless there are K or more patients in triage. However, none
of the above works on tandem queueing systems with abandonment characterized the optimal policy
explicitly, while we provide an optimal threshold policy with respect to the abandonment cost for a
tandem queueing system. Additionally, Atar er al. [6] considered a multi-class queueing system with
homogeneous servers and abandonment, and provided a server-scheduling policy that is asympotically
optimal for minimizing the long-run average holding cost. Ansari et al. [5] studied a multi-class
queueing system with a single server and abandonment, and characterized the conditions under which
the asymptotically optimal policy of Atar et al. [6] is indeed optimal. Down ef al. [15] identified the
optimal server control in a two-class service system with abandonments, where they considered two
models with different reward/cost structures. However, Atar et al. [6], Ansari et al. [5], and Down et al.
[15] all considered single-stage queueing systems, whereas our model is a two-stage service system.

Moreover, most of the related work focuses on allocating flexible servers over time to different
stations while we focus on the assignment of the supervisors who have other responsibilities in addition
to serving the queueing system. In our model, the supervisors work together with the subordinates in the
second stage. Motivated by a healthcare application, Andradéttir and Ayhan [3] considered a two-stage
service system where the first stage is the examination of patients done by residents and the second stage
is the consultation between residents and their (one) attending physician. By comparison, we consider
multiple supervisors, customer abandonments, and a different cost structure (abandonment costs rather
than holding costs). The comparison between dedicated versus pooled systems has also been investigated
and quantified in many research papers. Cattani and Schmidt [11] reviewed and summarized the related
work regarding the effects of pooling. We study the performance of dedicated versus pooled systems
in this setting (with collaboration between subordinates and supervisors and abandonments) and show
that pooling supervisors (and their subordinates) improves performance.

The remainder of this paper is organized as follows. In Section 2, we provide a Markov decision
process formulation of the problem and translate the continuous-time optimization problem into a
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Figure 1. State-transition diagram for the two-stage service system.

discrete-time Markov decision process problem. In Section 3, we show that one of two policies is
optimal and the optimal policy is defined by a threshold on the abandonment cost c. We also determine
the limit of this threshold as the abandonment rate becomes small or large. In Section 4, we prove
that pooling supervisors (and their associated subordinates) improves the system performance, but the
improvement per pooled supervisor is bounded. Section 5 concludes the paper.

2. Problem formulation

In this section, we consider the stochastic process {X,(¢) : t+ > 0} where II is the set of possible
supervisor assignment policies, 7 € I1, and X,(7) =x € X = {0, 1,..., N} is the number of customers
who have been served by a subordinate and are waiting for a supervisor at time ¢ under policy 7. We
assume that IT consists of all Markovian stationary deterministic policies corresponding to the state
space X of the stochastic process {X(#)}. The policy = € II specifies if each supervisor is serving
the customers or working on her own responsibilities as a function of the current state x € X (i.e., the
number of customers who are waiting for the supervisor). We note that {X,(¢)} is a birth-and-death
process with finite state space X and there exists a finite scalar g such that the transition rates {g  (x, x")}
of {X (1)} satisfy 3\ cx vzx Gr(x,x") < g for all x € X and & € II. This indicates that {X,(¢)} is
uniformizable for all = € II. Let {Y,(k)} denote the corresponding discrete-time Markov chain, so that
{Y,(k)} has the same state space X as {X(f)} and transition probabilities p,(x,x") = g (x,x")/q if
x' #Fxand pr(x,x) =1 - Y vcx vex dx(X,x")/q for all x € X. We then translate the continuous-time
optimization problem to a discrete-time Markov decision problem (see, e.g., [20]). That is to say, we
can generate sample paths of {X,(¢)}, where x € II, by generating a Poisson process {K (¢)} with rate
q=Nu;+NO+ Mpu; < oo and at the times of events of {K(¢)}, the next state of {X,(¢)} is generated
using the transition probabilities of {Y, (k)}.

Leta € A={0,1,..., M} denote the assignment of supervisors, where a represents the number of
supervisors who are working with the subordinates and A is the action space. Let A, and a, denote
the set of allowable actions in state x € X. Note that Ay = {0}, representing that supervisors can only
work on their own responsibilities when there are no customers waiting for the second-stage service,
and Ay = {1,..., M}, representing that we have at least one supervisor serving the customers if the
number of customers who are waiting for supervisors attains the maximum (since it would be unethical
for supervisors not to serve customers when all the first-stage servers cannot serve any more customers).
For1 <x < N-1,wehave A, = {0, 1,...,min{x, M}}. Figure 1 illustrates the corresponding rate
diagram when action a, € A, is selected in state x € X.

For the discrete-time Markov decision process problem with uniformization constant ¢, we have, for
all a, € A, the following one-step transition probabilities:

N_
W =Y forx € {0,...,N—1},x' =x+1,

q
(x_ax)9+axﬂ2
, - = forxe{l,...,NhLbx ' =x—-1,
p(x' | x,ay) = { ) (1)

q
(N =x)p1 + (x —ay)0 +axpu

q
0 otherwise.

1- forx e {0,...,N},x' =x,
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Furthermore, for all x € X and a, € Ay, we specify the immediate reward r(x, a,) of choosing action
a, in state x:

(M - ax)rs,us +axrafy — ()C —ay)ch
q

r(x,ay) =

Note that due to the abandonments, this Markov decision process problem is unichain. Since X is
finite, A, is finite for each x € X, and r(x, a,) is bounded, there exists a stationary long-run average
optimal policy (see [23], Theorem 8.4.5).

For any policy 7 € IL, let gy, ;, denote the gain (long-run average reward) of the continuous-time
problem under policy r for a system with N subordinates and M supervisors. Note that g%, ,,/q is the
gain for the corresponding discrete-time problem. The objective is to identify the optimal policy n* € I1
that attains the optimal gain g}‘\,’ - thatis, find 7* such that

* % _ b 4
SN, M = 8N,pm = MAXEN ay.
nell

3. Optimal policy

In this section, we show that one of two policies is always optimal and characterize the conditions under
which each policy is optimal. Note that a Markovian deterministic decision rule d : X — A specifies
which action d(x) € A, to choose in each state x € X. Thus, a stationary policy 7 can be defined using
the corresponding decision rule d which will be denoted as & = d*.

Define 7° = (dg)*, where

0 forx=0,...,N—-1,
dS(x)_{l forx = N.

Similarly, define 7€ = (d¢)® where d¢(x) = min{x, M} for all x € {0, ..., N}. Thus, n° gives priority
to the Supervisors’ own responsibilities and 7€ gives priority to the Customers. The following theorem
completely characterizes the optimal policy.

Theorem 1. (i) Ifc < cq = [(rsps — rap2) (0 + )]/ [ (1 + p2)6], then 7S is optimal;
(ii) If ¢ > co, then n€ is optimal.

Remark 2. It immediately follows from the proof of Theorem 1 that even if the supervisors are not
required to serve the customers when there are N customers waiting (i.e., Ay = A = {0,1,...,M}),
a result similar to Theorem 1 remains true. That is to say, if ¢ < ¢y, it is optimal for all supervisors to
always work on their own responsibilities (even in state N); if ¢ > ¢y, it is optimal for supervisors to
start serving customers as soon as there is a customer waiting.

Proof of Theorem 1 and Remark 2. 1t follows from 1 < M < N that N = 1 implies M = 1, in which
case X = {0,1}, Ag = {0}, and A; = {1}. Thus, there is only one feasible policy when N = 1 and
7 = 7€ are both optimal. Therefore, we assume N > 2 in the rest of the proof.

Without loss of generality, we assume that g = 1 and use the value iteration algorithm for unichain
Markov decision process problems (see p. 364 of [23]).

To prove the optimality of 7 and 7€ under different conditions, for all x = 0, ..., N, we set

Fsis — 22

vo(x) =(N—x-1) x
M1+ 2

https://doi.org/10.1017/50269964823000013 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964823000013

Probability in the Engineering and Informational Sciences 135

and compute v, (x) = max, ea, vy (x) for n > 1, where for x € X and a, € Ay,

vaxr(x) = (M — ax)rspis + axrapts — (x —ax)cO+ (N —x) v (x + 1)
+[(x —ax)0+axpz]vp-1(x = 1)
+[1=(N=x)u1 = (x —a,)8 — axpa]vu-1(x). 2

Note that since Ag = {0}, v,,(0) = v?(0) follows. Foral,a? € A, and x € {1,..., N}, define
al ,az a] az
Ay (x) = vt (x) = Vit (%) = (@ — ab) (rsps = rapta — 0+ (0 = p2) [Vae1 (x = 1) = v, (0)]). (3)

We first prove part (i). We will show that Azi,ai (x) = 0foralln > 1, x € {1,...,N} and
al < a®> € A,, which implies that v, (x) = v0(x) for all x € {I,...,N — 1} and v,(N) = vL(N)

(v, (N) =v%(N) in Remark 2). First assume 6 = u,. We then have:
A (x) = (@2 = ab) (rapas = roptn = c6) 2 0
foralln > landx € {1,...,N}aslong as ¢ < (ryus — rap2)/6 = co.

Next assume 6 # u». We use induction to prove that A:L,ai (s) >0foralln >1,x € {l,...,N},and
al <a’e A, Forn=1andx € {l,...,N}, (3)yields

a,.a sHMs — 9+

Al)lm i(x) — (ai _a)lf) (V M }"2/12)( /11) —co| > 0, (4)
M1+ p2

where the inequality follows since ¢ < cp. Now assume that AZL o (x) >0fork =1,...,n-1,

x€{l,...,Ntand al < a? (ie,fork=1,....,n—1, vi(x) :vg(x) forall x € {0,...,N — 1} and

X

vi(N) = v,lc(N) in Theorem 1; v (N) = vg (N) in Remark 2) as long as ¢ < ¢p. We will show that the
same assertion holds for k = n. From the induction hypothesis, we have

Vo1 (x) = Mrsps —xc0 + (N = x)pivp—2(x + 1) + x0v,0(x = 1) + [1 = (N = x)p1 = x0]vp—2(x)
forx e {0,...,N—-1} (x €{0,...,N} in Remark 2), and

Vot (N) = (M = Drgprg +ropy — (N = 1) + [(N = 1)0 + ua]v 2 (N = 1)
+[1=(N =10 - u2]v,2(N).

Furthermore, it follows from A (x) > 0 and (3) that for x = 1,...., N,

Tsis —Tapy — O+ (0 — o) [vya(x = 1) = v,2(x)] 20,

which implies that

(9 - /JZ) [Vn—Z(x - 1) - Vn—Z(x)] > —IsMs + T2l + ch. (5)
Note that forx € {1,...,N -1} (x € {1,..., N} in Remark 2),

Vet (X = 1) = v 1(x) =+ (N = x) 1 [Va2(x) = vpa(x + 1)]
+ (x - 1)9[1/”,2()6 - 2) - vn—Z(x - 1)]
+[1=(N=x+ 1Dy —x0][vaa(x = 1) = vu_a(x)] (6)
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and

Vot (N = 1) = v (N) = rgpig — rapa + (N = 1)8[v,, 2 (N = 2) = v, 2(N = 1)]
+[1=(N=1)0 -y = 2] [va2(N = 1) = v, 2 (N)]. @)

Note that since ¢ = Ny + N6 + M u, and we assumed, without loss of generality, that g = 1, we have
that 1 = (N —x+ 1)uy —x6and 1 — (N — 1)8 — uy — pu, are positive forx € {1,...,N}.

Observe that the multipliers (N —x)u; and (x—1)8 of vj,_5 (x) v,z (x+1) and v, > (x=2)—v, > (x—1)
equal zero when x = N and x = 1, respectively. Equations (5), (6), and (7) yield

(0 =) [Vt (x = 1) = v 1 (0)] 2 c0(0 — p2) + (1 = 0 — ) (=rgpus + 1o + c6)
= (1= 1 = p2)0c + (0 + p1 — D) (rsps — rap2)

forxe{l,...,N-1}(x € {1,...,N} in Remark 2), and

(0 —u2) [Vt (N = 1) = v ((N)] 2 (0 — p2) (rgpas — rapn) + (1 — pry — po) (=rspts + raopin + c6)
= (1= —p2)0c + (0 + py — 1) (rsps — rap2).

Now Eq. (3) yields that forallx = 1,...,N and a! < a2 € A,,

u],ui
Ay (x) > (a% = al) [rsps — rapn — e+ (1= 1y — p2)0c + (6 + py — 1) (rypts — rapn)]

= (a3 — al)[—(u1 + p2)cl + (0 + 1) (rsps — r2p2)] > 0 (8

as long as ¢ < ¢y.

From (8), we have Aﬁi’ai (x) > Oforalln > 1,x € {1,...,N},and a} < a? when ¢ < cy. Therefore,
Va(x) =v2(x) forx=0,...,N—1(x=0,...,N in Remark 2) and v,,(N) = v1(N) forall n > 1 when
¢ < ¢y. Since we have a finite state space X and A, is finite for all x, r(x, a,) is bounded and the model
is unichain, there exists a stationary long-run average optimal policy (see [23], Theorem 8.4.5). Note
that from (1) and g = Ny + N6 + My, = 1, regardless of the action a, chosen in each state x, we have
px|x,ay)=1=-[(N=x)u; + (x —ax)0+axuz]/q =xpu1+(N—x+ay)0+(M—a,)u, > 0forVx € X
and a, € Ay, which indicates that the transition matrix for any feasible stationary policy is aperiodic.
Therefore, since the stationary policies are unichain and every optimal policy has an aperiodic transition
matrix, it follows from Theorems 8.5.4 and 8.5.6 of Puterman [23] that for any € > 0, value iteration will
stop after a finite number of iterations with an e-optimal policy. Furthermore, since € is arbitrary and the
state and action spaces are finite, an e-optimal policy (for € small enough) is indeed an optimal policy.

For part (ii), it follows from the proof of part (i) that A,a,lx’a'z‘ (x) <Oforalln > 1,x € {1,...,N},

and a)lc < ai € Ay, when ¢ > ¢g and 0 = up. When 6 # up, we again use induction to prove that
1 2 1 2

Ay (x) <Oforalln > 1,x € {1,...,N},and al < a% € A,. From (4), we know that Af*’ax (x)<0

forx e {l,...,N}andal <d2 € Ax.AssumethatAZi’ai(x) <O0fork=1,...,n—-1,x€{l,...,N},

and al < a2 € A,. Therefore, we have v,,_; (x) = v:l“l{x’M}(x) forx € {0,...,N}.

Note that from AZ%’lai (x) <0and (3), forx =1,...,N, we have

(0 = ) [vaa(x = 1) = vpp(x)] < —repts +rop + 6. 9
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Furthermore, for x € {1,..., N}, (2) yields

vn—l(x - 1) - Vn—l(x)

=T - ) = ()

= (M —min{x — I, M})rgus + min{x — I, M}rop, — (x — 1 —min{x — 1, M})c6
+(N—-x+Duvpo(x)+[(x—=1-min{x — 1, M})@ + min{x — 1, M}us]v,2(x — 2)
+[I1=(N=x+Dpu;—(x—1-min{x — 1,M})6 —min{x — |, M}us]v,2(x = 1)
— (M — min{x, M})rsus — min{x, M}rou, + (x — min{x, M })c6
= (N =x)p1vp2(x +1) = [(x — min{x, M})6 + min{x, M} po]vpo(x = 1)
—[1 = (N —x)u — (x —min{x, M})0 — min{x, M } 2] v (x)

=cO+ (rops —rapy — ) X Lixapry + (N =) [va2(x) = vpa(x +1)]
+[(x=1=-min{x - 1,M})0+min{x — 1, M}ur] X [vya(x =2) —v,2(x = 1)]
+[1=(N=x+Du = (x —min{x, M})6 — min{x, M}pz] X [vpo(x = 1) = vpa(x)],

where 1<y} is an indicator function defined as

| _ |1 whenx < M,
<M} =10 whenx > M.

Since ¢ = Nu; + N6 + M, and we assumed, without loss of generality, that g = 1, we have that
1 - (N—-x+1)yu; — (x — min{x, M})8 — min{x, M }u, is positive for x € {1,..., N}. Therefore, for
xe{l,...,M}, (9) yields

(0 — w2)[va-1(x = 1) =vp1 ()] < (0 — ) (rsprs — rapa) + (N = x) g X (=rspis + rapty + c6)
+(x = Do X (=rsps + ropa +c6)
+[1=(N=x+ 1Dy —xpa] X (=rgps + rapts + c)
= (0 — pa) (rsps — rap) + (1 — g = po) (—rsps + ropin + c6)
= (1= w1 = p2)ctd = (1 =y = 0)(rsps — rapia),

andforx € {M +1,...,N}, we have

(0 = p2)[va-1(x = 1) = vp_1 (x)] < (0 — p2)cO + (N = x)py X (=rsps + ropo + c6)
+[(x=1=M)0+Muy]| X (—rgus +ryus + ch)
+[1=(N=x+ D — (x = M)0 — M| X (=rsps +rapiz + c6)
=(0—pu)c0+ (1 — uy — 0)(—rgpus + rapn + c)
= (1= —p2)et = (1 =y = 0)(rspts — rapia).

Now forallx=1,..., N and a)lc < ai € A, Eq. (3) yields that

al a2
A (x) < (ak = al) [rsps — rapn — 0+ (1= g — pa)ed — (1= py = 0) (rypy — rap0)]
= (a% — al) [— (1 + p2)cd + (0 + 1) (ropts — r2i2)] < 0 (10)

as long as ¢ > c¢y.

Equation (10) shows that Azi,ai (x) <Oforalln > 1,x € {I,...,N}, and al < a> € A, when
¢ > co. Therefore, we have v, (x) = v M} () forall x € {0, . .., N}. The remaining proof of part (ii)
regarding the e-optimality of the policy generated from value iteration is identical to the corresponding
arguments in part (i). O
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The threshold c( increases in rg, s and decreases in ry, up. That is to say, the threshold on
the abandonment cost where the supervisors switch from focusing on their own responsibilities to
focusing on the customers increases with the rewards and processing rate of the supervisor on their own
responsibilities, and decreases when the rewards or processing rate of the supervisors on the customers
increase. This is because larger r, py and smaller r,, u, all imply relatively greater rewards when
the supervisors are working on their own responsibilities. The fact that ¢y does not depend on M, N
reflects the linearity of the rewards and lack of switching times and costs, as well as the fact that each
supervisor’s choices on whether to work with a subordinate or not has limited immediate impact on
other supervisors and subordinates.

Moreover, when ryu, > ryus, i.e., 7¢ is ineffective from the perspective of immediate revenue, then
co decreases when 6 increases. This means that when the supervisors earn greater rewards per unit time
working on their own responsibilities, then as the abandonment rate 6 increases, the supervisors switch
from prioritizing their own responsibilities to prioritizing customers earlier (for lower abandonment
costs). The condition u, > 6 determines whether the rate of supervisors finishing the second-stage
is larger than the abandonment rate. Therefore, if y, > 6, then 7€ is effective in reducing future
abandonments. If y, < 8, then ¢ decreases in u;. In this case, 7€ is ineffective in both increasing
immediate revenue and reducing future abandonments, and if 7€ is optimal for a particular y,, then
Policy 7€ will remain optimal for a larger u;. However, if up > 6, then c( increases in y;. In this case,
7€ is of mixed effectiveness in improving immediate revenue and reducing future abandonments, and
if 75 is optimal for a particular y;, then Policy 7% will remain optimal for a larger ;.

When ryus < rpus, i.e., co is negative, then cq increases in 6. When ¢ is negative, ¢ is always
optimal if there is a cost when a customer leaves the system without the second-stage service. However,
when there is a reward for each customer leaving the system with the completion of the first-stage service
only, an increase in the abandonment rate can lead supervisors to switch to serving the customers earlier
(for lower abandonment rewards). If u, > 6, then ¢y decreases in u; and if u < 6, then ¢ increases
in y;. This is because if rous < ropp and gy > 6, then Policy #€ is effective in both increasing
immediate revenues and reducing future abandonments, which leads to the conclusion that when Policy
7€ is optimal for a specific uy, it will remain optimal for larger u;. Conversely, if rouy < ropy and
iy < 6, then Policy 7€ is effective in increasing immediate revenues but ineffective in reducing future
abandonments. In this case, if 7 is optimal for a particular u;, then Policy 7 will remain optimal for
a larger y;.

c

C

Remark 3. If ¢ = 0, the two extreme policies are still optimal. In particular, if ryus — roup, > 0,

supervisors prioritize their own responsibilities; otherwise, they prioritize the customers. Thus, if there
is no abandonment cost, the supervisors will focus on optimizing immediate revenue whenever they can.

Remark 4. If r i, — ropy = 0, ie., co = 0, the optimality of 75 (7€) depends on the whether c is
negative (positive) only. When ryus = rous, the rewards per unit time do not depend on the chosen
action. Therefore, the optimal assignment of the supervisors only depends on whether there is a cost or
areward when a customer leaves the system without the second-stage service.

The next corollary specifies the optimal policy when the abandonment rate 6 is small or large.

Corollary 5. When 0 \, 0, 75 is optimal if ryp1s — rapts > 0 and 7€ is optimal if rspis — rapts < 0. When
0 /" oo, S isoptimal if ¢ < (reps — rapa) /(1 + p2) and 7€ is optimal if ¢ > (reps — rapa) /(1 + p2).

Proof. Theorem 1 introduces optimal policies with a threshold ¢y on c. We have

co = (rspts —rapa) (0 + 1) rsps —rapn N (rsfts = rapa)

(1 + u2)6 M1+ [ (1 + )6
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which leads to:

+o0o when rgus — ropp > 0,

. . Fsis — T2
limcy=40 whenrgus —ryu; =0, lim ¢cg = ———.
6—0 6—0c0 My + U

—oo when rops — rap2 <0,

O

Corollary 5 indicates that when the abandonment rate approaches 0, the optimal policy (whether
a supervisor prioritizes her own responsibilities or serving customers) will maximize the immediate
reward associated with the action. On the other hand, when the abandonment rate approaches infinity,
the optimal policy still depends on how the abandonment cost ¢ compares with a threshold. To bet-
ter understand the value of the threshold, consider the case where N > M = 1 as an example. When
7S is adopted, in the limit all customers will abandon and the long-run average reward of the sys-
tem approaches ryug — Ncpy. When 7€ is adopted, in the limit the system behaves as a birth-death
process with states O, 1, birth rate Ny, death rate u,, and the long-run average reward approaches
(uarsps + Nuy[ropn — (N = D)epy])/ (uz + Nuy). The comparison of the long-run average rewards of
the two systems leads to a threshold of (rgus — ropz)/(u; + o) for the parameter c.

The next proposition shows the closed-form expressions of the gains for policies 75 and 7€.

Proposition 6. For 1 < M < N, the gains of n5 and n€ are

ot (0N T [ + (N = D)0 (Mrpes = j6)
s +NOu Y [(M = Drgpis + rapz — (N = 1)c6]

T = 11
SN M = T G N [ + (N = 18] + 1 (0 - 22) (b

and

. 1

JIRY: N LN +1-D ]
Zk:O(k)(,uz) +Zk=M+1 M',u (Hl spa1 [M pa+(1-M) 6])

S (M) (22 v & k
x Z(k)(,z) (M = K)ras + krapa]

=0
[(N+1 -]
Mraps = (k= M)cf] ¢ 12
+k;+1 MH;(M+1[M/12+(Z—M)9][ rapz = ( )e ]} (12)

respectively (with the convention that the summation over an empty set is 0).

Proof. The long-run average rewards g I’\r,c y and g ;T,S s can be computed using the birth-death structure

of the underlying Markov chains under 7€ and 7, respectively. Specifically, the closed-form expression
of the gain (long-run average reward) for any specific policy can be uniquely determined by

N
R = ) mir(x, dr(x))g, (13)
x=0

where 7 is the limiting probability of {X,(#)} being in state x under policy x.

Let n™ denote the limiting probability vector under policy n. The limiting probabilities can be
obtained by solving the set of equations 77 [X sy G (X, k)] = Xizx 7 qx(k,x) for all x € X, along
with the equation Zszo ng =1
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Therefore, for policy 7S, we have

(MYON i [pn + (N = 1)6]

<5 J 0 (J)GN J,ul[uz+(N 1)9]+N9/1f’
'
forx =N,
j () (I)QN Jﬂ1[ﬂ2+(N_1)9] +N9/11
and for policy 7€, we have
(V) (B~
Ha N+ 1= ia] forx=0,...,M,
+1 -0
pyyel ( )k The
< _ o i) ‘ ”f‘ VR, (Mg = (— 4000
Nx = 11[(N+1_’),U1] (15)
MM (11 Mu, + (I - M)6
#y My [Mi ([(N )1]) T forx=M+1,...,N
+ 1 -0
pyd ( )k + Y ll

By plugging Eqgs. (14) ((15)) and the corresponding rewards r(x, d s (x)) (r(x, drc(x))) into (13),
we can obtain the gains of 7S (7). m]

Until now, we have assumed that customers will not abandon while they are receiving (first- or
second-stage) service. This is motivated by service applications where it is unlikely that customers will
abandon when in service. However, there are situations where abandonments may occur during the
service (e.g., in healthcare applications).

The next corollary extends Theorem 1 to the case where abandonments can also occur during the first-
and second-stage service. In particular, the corollary show that the structure of the optimal threshold
policy remains the same when abandonments can also occur during service. Let 8; (8,) denote the
abandonment rate during the first-stage (second-stage) service and c; (c¢;) denote the corresponding
abandonment cost. Note that 6, 6, or ¢y, ¢, do not necessarily equal 8 or c. Then, one of 7€ and 7S
always optimal, but the threshold on the value of c is different.

Corollary 7. When abandonments can also occur during the first- and second-stage service,

| then 15

A O (2+62—0)+(rs s —rapa+c262) (6+p1)
< o = c1 6
(i) ife < Co - (H1+p2+6,) 0
(ii) if c = ¢, then 7€ is optimal.

is optimal;

The proof of Corollary 7 follows similar techniques as the proof of Theorem 1 by setting

Tsfs — Iapy + c260h — €16
M+ po+ 6y

vo(x) = (N —-x—-1) X

Alternatively, the new threshold can be obtained in an intuitive way as follows. Note that when aban-
donments can also occur during the first- and second-stage service, the birth rates in Figure 1 remain

the same, while the death rate in state x € {1,..., N} is now (x — a,)0 + a,(uz + 6,) due to the aban-
donments that may take place during the second-stage service. Similarly, the immediate reward of the
second-stage service is now r, X s/ (a2 + 02) — ¢2 X 62/ (uy + 6,). Moreover, for state x € {1,..., N},

the costs from the first-stage abandonments are (N — x)c6; per unit time. That is to say, the immediate
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reward r(x, a,) of choosing action a, in state x now is

M2
Hot 6

(M — ax)rsps + ax(ry X — 2 X 8 (2 +62) = (x = ax)c = (N = x)e16,

r(x,ay) =
q

(M_ax)rslls"'ax( e+ o _ b )(ﬂ2+02)_(x_ax)(c_CI_;)I)Q_NCIGI

Ho+6, Ho+6s Ho+6,

q

By ignoring the N¢,6;/q term as it is constant in x, replacing the r, term in ¢ by rous /(2 + 62) +
101/ (a2 + 02) — c20>/ (o + 6), replacing the ¢ term by ¢ — ¢160,/6, replacing the u, term by py + 65,
and replacing the (u; + up) term by (uy + pp + 6>) in (8) and (10), the structure of the optimal policy
remains unchanged, and the new threshold ¢, should satisfy

€101 (uz + 02 — ) + (reps — ropiy + c262) (6 + py)
(11 + p2 + 6,)0 '

/_
Co =

as in Corollary 7. We note that ¢, increases in c5. This is because when the second-stage abandonment
cost increases, the actual reward of a supervisor serving a customer (rp X o / (pp + 62) —c2 X602/ (uz + 67))
decreases. Therefore, the supervisors will only switch to serve the customers for larger abandonment
costs while they are waiting for the second-stage service.

Moreover, ¢, is constant in ¢ or §; when u; + 6, = 6; ¢ increases in ¢| or §; when us + 6, > 6;
and ¢ decreases in c; or 61 when yy + 6, < 6. This is because when u, + 6, = 0, the death rate
in state x € {1,...,N} is ax(uz + 63) + (x — ax)6 = x6. Thus, the death rate in state x is the same
regardless of the chosen action a,, which leads to the threshold ¢, remaining the same. However, when
Uo + 0y > 6, larger a, results in higher death rates. Since the ¢, 6; terms in the immediate reward
r(x,ay) equal —(N — x)c,01, the effects of ¢y, ; are less for smaller x, leading to an increment in the
threshold c(’). On the contrary, when u; + 6, < 6, larger a, results in lower death rates, and hence, the
supervisors will switch to serve the customers for smaller abandonment costs ¢ while they are waiting
for the second-stage service.

Meanwhile, we note that ¢ increases in 8 when ¢{6 + ¢ (1 + u2) > repls — r2p2; decreases in 6,
when ¢16 + ¢ (U1 + u2) < rgps — rapo; and is constant in 6, when 1601 + c2(uy + p2) = rgfts — rajho.
Thus, when the abandonment costs ¢, ¢, and rate 6; during service are large (small) relative to the
benefit s —ro o of supervisors focusing on their own responsibilities, the supervisors will switch later
(earlier) from their own responsibilities to serving the customers as the abandonment rate 6, increases.

Remark 8. When abandonments can also occur during the first- and second-stage service, if c; = ¢, = ¢
and 6; = 0, = 0, we have:
(1) if rpuy < rgug, then xS is optimal;

>

(i) if rouy > rouy, then 7€ is optimal.

Note that when ¢ = ¢, = ¢ and 0] = 6, = 0, the immediate reward r(x, a, ) of choosing action a, in
state x is

(M — a)rsps +ax(ry X /4542—6’ —cX mﬁg)(,uz +8) — (x —ax)cld — (N —x)ch

r(x,ay) =

q

_ Mrsus +ax(rapn — rsps) — Neb
q

(16)

Since Mrsu,/q and Nc6/q in (16) are constant in x, the optimal policy depends solely on the comparison
of rou» and ryu, in this case.

https://doi.org/10.1017/50269964823000013 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964823000013

142 Z Yuetal.

Remark 9. When abandonments can also occur during the first-stage (but not during the second-stage
service), if ¢c; = ¢ and 6, = 6, we have

() if ¢ < (rgps — rap12) /6, then n¥ is optimal;
(i) if ¢ > (rypy — r2142) /6, then 7€ is optimal.

Note that in this case, 75 is optimal when rgus > rous + c6 and 7€ is optimal otherwise. This is

because the immediate reward r(x, a,) of choosing action a, in state x now is

(M — ax)rspus + ax(rapn + c6) — Nc6
q

_ Mrgus + ax(rapz +c0 —reps) — Ncé

q 9

r(x,ay) =

which does not depend on x. Therefore, the optimal policy depends on the comparison of 7, + c6 and
rsiLs in this case.

Remark 10. When abandonments can also occur during the second-stage (but not during the first-stage
service), if ¢c» = ¢ and 6, = 6, we have

() if ¢ < [(reps — rapan)(0 + 1)1 /02, then 75 is optimal;

(i) if ¢ > [(repts — rap2) (0 + p11)]/6u, then € is optimal.

Note that in this case, the immediate reward r(x, a,) of choosing action a, in state x is

(M - ax)rsﬂs + ax(/% - ,%)(/12 + 9) - (x - ax)cﬁ

r(x,ay) =
q

_ Mrs/Js + ax(rZMZ - rs/ls) —xct
q 9

which depends on the state x. However, when r us — rpus > 0, the threshold in Remark 10 satisfies
[(rspus — rap) (04 1)1 /02 > co = [(rsps — rapn) (0 + py)]/(uy + )0 > 0. This implies that when
the supervisors earn greater rewards per unit time working on their own responsibilities, if abandonments
can also occur during the second-stage service and c; = ¢ > 0, the expected rewards for supervisors
serving the customers decrease. Therefore, the supervisors will switch to serve the customers for larger
abandonment costs. However, when ryus — rops < 0, we have [(rgps — rapn) (6 + uy)]/0uz < ¢o < 0.
That is to say, when the supervisors earn greater rewards per unit time serving the customers, if
abandonments can also occur during the second-stage service and there is a reward for customers leaving
the system without second-stage service (i.e., —c as ¢ < 0), there are added benefits for supervisors to
serve the customers and hence they will switch to serving the customers earlier.

4. Benefits of pooling the subordinates of several supervisors

In this section, we investigate the effects of pooling supervisors (and their subordinates) on the system
performance. When there are multiple supervisors, each of whom has her own subordinates, a natural
question arises: should each supervisor work with her subordinates only, or should all supervisors work
with all the subordinates? Consider our example of government services in Section 1. One possibility is
that the waiting people form several queues and each official is responsible for one queue in addition to
her other responsibilities. Alternatively, all officials can be jointly responsible for serving all the waiting
people (in addition to their own responsibilities).

In particular, we consider two cases. In case 1, there are KM subordinates and M supervisors (a
pooled system with K subordinates per supervisor); in case 2, there are M systems each with K > 1
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subordinates and one supervisor (M dedicated systems). Note that since ¢, does not depend on the
number of subordinates or supervisors, the optimality condition is the same for both cases. We then
have Proposition 12. Before we elaborate on Proposition 12, we first prove Lemma 11.

Lemma 11. For 1 < k < KM, (\})k > R (M) (5) j1(M = & + ).

Proof. Observe that

KM KM
()= (2 = = o,

and

K\ . . i1 .

M —k+j)<K(K-1)""(M-k+7j)

J

= [KM = (k- j) = (k= j)(K = D](K - 1)
forl<k<KMand1<j<K.Whenl <k < KM, we have
kM| "NES kv (K
()e= 2 ()G )ror-res
J

k k-

KM min{K,k} KM . . N
Z(k—l)[KM_(k_l)]_ ]ZI (k_j)[KM_(k_J)_(k—J)(K—1)](K—1) '

KM min{K ,k } KM . . .
=(k—1)( - D=1~ ; (k_J-)[KM—(k—ﬂ—(k—J)(K—1)](K—1)f'
3 KM min{K ,k } KM B
_(k z)[KM CERICEENDY (k )[KM—<k )= (k= )K= DIK - 1)

J=2

min{K,k}
Z(KMZ)(k HE-1*- (/«Kiwj)[KM%k—f)—(k—j)(K—1)]<1<—1)-"“
Jj=3

( KM

—mi _ 1\min{K,k}
k—min{K,k})(k min{K, k})(K — 1)™nt&k > 0,

Proposition 12. (i) If ¢ < cq (i.e., n5 is optimal), then g;?j\l,M > Mgl’?: for M,K > 1 and
S ”S

m Skmm ~ M8k, KOuS [(uy + 0) (rypas — rapta) — cO(uy + )]

M~ M (1 + ) {[p2 + (K = DO1(O + )X + uf (6 = p2)}

for K > 1; )
(ii) If ¢ > ¢ (i.e., n€ is optimal), then g,’éCM’M > Mg?lfor M.,K > 1and

C C
8km.m ~ M8k < SO+ ) = (i +6) (rpts — rapta)

0< <
M (1 +60)[1+T(K)]

for K > 1, where T(K) = Zk | [(K+ 1 —l)ul]/H 2+ (L=1)0].
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Proof. (i) Using the closed-form expression of the gain for policy 7 in (11), with some algebra, we have

s 1
K17+ O{(K = 10+ 2] (6 + )X + K (6 - o) }
{[(KM = 1)0 + 1121 (0 + p1)*M + (6 — )}
X KMO[ (1 +6)(repts — rapn) — cO(uy + ()]
X Auf ( + O)KM (KM - D)0 + po] — ™ (1 + O)F [(K = )0 + o]} (17)

S
glgM,M - Mg

We now proceed to show that each term here is non-negative. Since ¢ < cq, (u; + 0)(rgus — rapz) —
cO(uy + p2) = 0. Furthermore,

i (pr + 0 M (KM =100+ o] = uf™ (uy + ) [(K = )0+ 2] = pf™ (ur + ) K (M = 1)6 > 0.

Similarly,

[(K = 1)0 + u2] (6 + un)® + uf (0 — p2) = KOuf >0

and

(KM = 1)6 + 2] (6 + )™ + uf™ (0 = p2) = KMOuf™ > 0.

Thus, g 17§SM u—M g,’fl > 0 with the equality holding when ¢ = ¢y or M = 1. We now proceed to obtain
the limit of (g,’éSMM - Mgl’ésl)/M when M goes to infinity. Based on (17), we have:

ﬂ'S 7TS

. 8xm.m — Mgk
hm _—
M- M

KO [(un +0) (rsps = rapin) = cO(uy + o)

(1 +O{[(K =10+ p2] (0 + p1)X + (0 — p2)}

o ( OFM KM = 10+ o] - ™MDy + 0K (K = 1)6 + o]
M o0 [(KM = 1)6 + p12](0 + ) )XM + pEM (6 — p1) '

X

The result now follows from the fact that

G+ OFM (KM~ 1)0 + i) — w1 0K [(K — 1)8 + o]
M= [(KM = 1)6 + 2] (6 + ) KM + (6 = o)

(i) Using the closed-form expression of the gain for policy 7€ in (12), with some algebra, we have

A€ aronC [cO(u1 + o) — (u1 +0)(rsps — rapn)]
Sroww = EK (1 + O[T +T(K)]
r

M (KM (s g gKM ML [(KM+1-D)p |
k=0 \ k /N k=M+1 M1uMTIE | (M pp+(1-M) 6]

X

; (18)
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where

R N 1 Y (CUE S YT +i(m)(,ﬂ)kk
T MU [Mp + (1= M)0] - N\ k) \ e
M kM o M-k
_(kz_; (M_k) (ﬂ_z) k)xT(K).

We now show that the expression (18) is non-negative. Note that the term ¢ (u1+u) — (ropts —rapn) (11 +
#) > 0 since ¢ > co. We will show that I" > 0. Define

o (G k-prm -
Jj=max{0,k—K } yéHf:_lj [/42 + (l - 1)9]

g =

forl <k <M, and

e (TGS = = )

Bx = Z :

——
j=max{0,k-K } luél—[l:l] [IUZ + (l - 1)9]

for M +1 < k < M + K — 1. Note that by expanding (3%, (A’flﬂ)(/’%)’”‘kk) x T(K) and ordering the

terms by ascending exponent of 1|, we have
M-1 j
KM\ (i .
( : ) (—) (M—J))
S\ T\

M e " M—kk
2l
s ,’;1[<K+1—i>m])

k=1
M L2 + (- 1)6]

SR )K= DM )
| ——
k=1 j=max{0,k—K } L (2 + (1= 1)6]

XT(K) =

M+K -1

M
Zlilfak+ Z 1 B

k=1 k=M +1

By grouping the terms in I based on the exponent of y;, we obtain I = I'; + I', + I'3, where

M
KM\ k
Iy = :“]f ( )— - Olkl )
; k) us
M+K-1 k .
2= Z I MMPi:l(KM-l-l ) =Bk
k=M+1 M’ﬂz H[:M+1 [MMZ + (l - M)Q]

M MTTE (KM +1-i)

I';s = ﬂf
k:;#K M!,UéwH;;MH [Mus + (I = M)6]

(recall that the summation over an empty set equals zero).

Note that I'5 is positive if M, K > 2 and I'5 is zero if M = 1 or K = 1. Moreover, when M = 1,
[ =0and I, = XYV u¥ x 0 =0. Thus, ' = 0 when M = 1 and it suffices to show that I'; and
I', are non-negative, which we will prove by showing that each term of the respective summation is

https://doi.org/10.1017/50269964823000013 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964823000013

146 Z Yuetal.

non-negative. For I'j, when 1 < k < M, we have

k=1
KM\ k 1 [([KM KM K
TR (LR T T
Hy Hy j=max{0,k—K } J
min{K,k}
1 [(KM KM\ (K
=— ( L )k— (k _)(,)j!(M—k+j) 19)
) =1 —JI\J
where the last inequality follows from Lemma 11. Similarly, note that
S e [P [ L))
Br < Z ¥ )(’”,)”w , forM+1<k<M+K-1.
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where the last inequality follows from Lemma 11. It follows from (19) and (20) that I'; and I', are
non-negative, which implies that I" is positive when M > 2 and K > 2. When M > 2 and K = 1, since

I, =13 =0, we have

WS Y (R

r=r = Zul

Therefore, we have gI’QCM M gl’il > 0 with equality holding only whenc =cpor M =1l orK =1
(I" = 0 in the last two cases).
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Figure 2. The incremental value of pooling M supervisors as a function of M.

We now proceed to obtain the lower and upper bounds of (gl’fM uw—M gl’écl)/ M when M goes to
infinity. Note that

r 1
X —_—
M (KM [p T, [(K M +1-i) ]
Zk:O( k )(_]) +Zk =M+l M|#M1-[l M i +(1-M) 6]

M
1= M+l[
k
+ 3 (M) (ﬂ) k- T(K)
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Since g,’QCM’M - Mg;écl > 0, it now follows from (18) that for all M > 1,

ﬂc ”C
0 < 8km.m ~ M8k < O+ ) — (1 +0) (rops — raptn)
- M - (u1 +0)[1+T(K)]

O

Remark 13. It follows directly from the proof of Proposition 12 that pooling supervisors and their
associated subordinates is a strict improvement over the unpooled system, as long as M > 1 and either
¢ < cporc > coand K > 1; otherwise, the pooled and unpooled systems have identical performance.
While it may at first seem surprising that pooling is not beneficial when ¢ > ¢ and K = 1, observe that
the Markov chain models of the pooled and unpooled systems are identical under 7€ when K = 1.

Proposition 12 shows that pooling supervisors and their subordinates improves the performance of
the system in terms of the long-run average reward. However, the improvement per pooled supervisor is
bounded. We utilize numerical examples to illustrate the comparison of dedicated and pooled systems
and to quantify the incremental benefit per pooled supervisor of pooling systems as more supervisors
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are pooled. In our numerical examples, we have: u; =4,r; =5, up =6,r, =8, us =11, r; =6,0 = 2.
Consider the dedicated and pooled systems where there are M supervisors, each of whom has K = 4
subordinates. Note that the threshold ¢y is % = 5.4. Figure 2 shows the value of pooling M supervisors
as a function of M when ¢ = 2 (where 7% is optimal) and when ¢ = 10 (where 7€ is optimal). The
incremental value of pooling more than 5 (10) supervisors is small when ¢ = 2 (¢ = 10).

5. Conclusion

In this paper, we characterize the optimal policy for a two-stage service system with customer abandon-
ments. There are subordinates who perform the first-stage service on their own and supervisors who
work together with the subordinates to complete the second-stage service and also have other responsi-
bilities beyond serving the customers in the system. We show that there are only two optimal policies,
namely the supervisors start working on the second-stage service either when the subordinates can no
longer serve new customers in the first stage or as soon as there is a customer waiting for the second-
stage service. The optimality of the two policies depends on how the abandonment cost compares with
a threshold that is a function of the other model parameters. We also investigate the effects of pooling
supervisors (and their associated subordinates) and show that pooling improves the system performance.
In a future research, we are interested in characterizing the optimal policies when there is not unlim-
ited work, and instead the customers and/or other responsibilities of the supervisors arrive according to
Poisson processes.
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