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DERIVATIONS ON WHITE NOISE FUNCTIONALS

NOBUAKI OBATA

Introduction

The Gaussian space (E*, #) is a natural infinite dimensional analogue of
Euclidean space with Lebesgue measure and a special choice of a Gelfand triple
(E) € LX(E¥, 1) < (E)* gives a fundamental framework of white noise calculus
[2] as distribution theory on Gaussian space. It is proved in Kubo-Takenaka [7]
that (E) is a topological algebra under pointwise multiplication. The main purpose
of this paper is to answer the fundamental question: what are the derivations on
the algebra (E)?

Since (E) is a topological algebra, each @ € (E)* gives rise to a multiplica-
tion operator ¢ — @¢ = ¢@ € (E)*, ¢ € (E). In fact, this is a continuous oper-
ator, namely, ® € £((E), (E)*). We then adopt a slightly general definition: a
linear operator & from (E) into (E)™ is called a derivation if

(0-1) E(gp) = Ep-¢p +¢-5), ¢, ¢ € (E).

In this paper we determine all continuous derivations on (E); more precisely, the
derivations which belong to L((E), (E)™) or £((E), (E)). The main result is
stated in Theorem 5.1.

As a result, we shall see that a continuous derivation is nothing but a first
order differential opevator with distribution coefficients. Its formal expression is
given as

(0-2) = fT ,0,dt,

where 0, is Hida’s differential operator, i.e., an annihilation opérator at a point
teT and @, € (B)* is (identified with) a multiplication operator with parameter
t€ T In fact, t— @, is an (E)*-valued distribution on T, namely, ®(¢, ) =
®,(x) is an element in Eé QE)* = (Ec® (E)* for the rigorous definition see
Section 3. Moreover, the operator & defined as in (0-2) belongs to £((E), (E)) if
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and only if @ € Eé & (E), namely, if and only if & is a first order differential
operator with smooth coefficients.

The discussion is based on the theory of Fock expansion of operators on
white noise functionals established in a series of works [12], [13], [14]. The ess-
ence of this theory lies in the fact that every operator & € L((E), (E)™) admits
an infinite series expansion in terms of integral kernel operators, see also Section 4.
For another application of this effective theory, see e.g., [11]

There has been observed formal analogy between white noise calculus and the
calculus on Euclidean space based on the Gelfand triple S(R" < L*(R") ©
d*(R"), e.g., rotation groups, Laplacians, Fourier transform, see [3], [4], [9], [11]
A more informative expression of (0-2) would be

F6(2) =£@,(x)6t¢(x)dt, ¢ € (E),z<E*

We then easily understand that the operator & is a white noise analogue of a
usual first order differential operator on Euclidean space given as

s = £ 4, ¥ @, pcB®), 2= (2, 1) <R

Thus the formal analogy is again reinforced with our result in this paper.

Obviously, a first order differential operator on E* gives rise to a vector
field on it and vice versa. It is then interesting to investigate a (local)
one-parameter group of tranformations on E™ which generates the vector field,
for a particular case see [4]. As a next step, it will be interesting to discuss an
operator of the form:

(0-3) fT _3r0, @ ddsdt,

which gives rise to a quadratic form on () in a natural way. In [5] a simple case
O, ,(x) = (s, D D(x) is discussed in relation with Dirichlet forms on white noise
functionals. Furthermore, there are similarities between the above mentioned oper-
ators and quantum stochastic integrals, see e.g., [10], [15]. In fact, (0-2) and (0-3)
are considered as direct generalizations of quantum stochastic integrals against
the annihilation process and the number process, respectively. Systematic
approaches to those topics will be carried out elsewhere.
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1. White noise functionals

To avoid tedious introduction of notation we use the same framework as set-
tled in [4] under the name of standard setup of white noise calculus. Nevertheless
we recapitulate minimal notation for readers’ convenience, for details see also [12],
[13], [14], etc.

Let T be a topological space equipped with a Borel measure dv(f) = dt and
introduce a real Hilbert space H = L*(T, v;R) with norm | - |, and inner pro-
duct <+, >. Let A be a positive selfadjoint operator on H with Hilbert-Schmidt
inverse and assume that inf Spec (4) > 1. Then there exist an increasing sequ-
ence of positive numbers 1 < A, < A, <A, < --+ and a complete orthonormal
basis {e;};-, for H such that Ae; = A,e;, We use the following constant numbers:

o0 172
=147l = (£77) <o 0<o=14"l=4"<1.

Then a Gelfand triple E € H C E™ is constructed in the standard manner, where
the nuclear Fréchet space E is equipped with Hilbertian norms:

_ » _ © 25 21/2
|E|p_|A€|o"‘ E)Zj <Syej> , E€E, pER.

The canonical bilinear form on E* X E is also denoted by <+, ->. Hereafter we
assume the usual conditions (H1)-(H3) to keep a delta function J, in E¥ sce [4],
[14].

The Gaussian space is by definition the probability space (E*, ), where g is
the Gaussian measure defined by

exp(— %I Elf,) = L* ¢“® y(dr), E€E.

The Wiener-Ito-Segal isomorphism between (L% = L*(E*, 1; C) and the Boson
Fock space over H is given by means of the Wick ordered product as

(1-1) 6@ =3 ¢z, £, reE"
n=0

where ¢ € (L% and f, € Héen. Note also that each <:x®":, f,) is defined as an
L’ -function and that the series is an orthogonal direct sum.
For ¢ € (L®) given as in (1-1) the second quantized operator I'(4) acts as

rid)¢) (x) = g} (:x®":,A®"]‘,,>.
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With the maximal domain I'(A) becomes a positive selfadjoint operator with
Hilbert-Schmidt inverse and thereby we obtain a complex Gelfand triple:

(B) c ) =LXE* 1;0) c (B

Here (E) is again a nuclear Fréchet space equipped with Hilbertian norms:
lglh=1r@slc= 2 nl @™’ L= Zatlfl;, peR,
n= n=

where ¢ € (E) and f, € Hgm are related as in (1-1) and |- [l, denotes the norm
of (L%). In particular, if ¢ € (E) then f, € HS’” for all # =0,1,2," - . Elements
in (E) and (E)™ are called a test (white noise) functional and a generalized (white
noise) fumnctional, respectively. We denote by &+, +» the canonical bilinear form on
(B)* % (B).

By construction each ¢ € (E) is a function on E™ determined only up to
p-null functions. Kubo-Yokoi’s continuous version theorem [8] asserts that for
¢ € (E) the series (1-1) converges absolutely at each x € E™ and becomes a uni-
que continuous function on E™ which coincides with ¢ up to p-null functions
Hereafter we always assume that (E) consists of such continuous functions on
E*.

As for generalized white noise functionals similar but formal expression as in
(1-1) is also possible and useful in many applications.

2. Gradient operator
We first recall basic differential operators on white noise functionals. Let
¢ € (E) be given as
(2-1) ¢ =3 ¢z, £, z€E*, f €E"
n=0

Then for any y € E™ we put

(2-2)  D$@) = lim plz+t 0%) ~¢@
6-0

= i ni: 2%V y®, £y, x€E*, ¢ (B,
n=1

where &, stands for the contraction of tensor products. The limit always exists
and the series converges absolutely as numerical series. Moreover, it is known [4]
that for any p = 0 and ¢ > 0,
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—-2q

p 1/2
(2-3) ID,gl, < (m) i 1 iy & € (B

In particular, D, € £((E), (E)). Hida’s differential operator is defined as 8, = D,
where 0, € E™ is the delta function at ¢ € T. It is nothing but an annihilation
operator at a point t € T in usual Fock space language.

It is convenient to use a white noise analogy of the gradient. We put

(2-4) Vo(t, x) = 0,6(x), t€T, r<€E"

This operator is well known in various contexts, see e.g., [1], [5], [6]. For further
discussion we need Eg @ (E), ie., the space of Eg-valued white noise test func-
tionals. As usual the symbol & stands for the completed 7-tensor product follow-
ing our convention [4], [14]. It is known (see e.g., [13]) that the topology of E &
(E) is given by the norms

(2-5) lol,=1A®r@A) wl, oeE.QE), peR.
With these notation we prove the following
ProrosiTiON 2.1. It holds that
(2_6) V¢ = Z ej ®De,¢, ¢ € (E)’
=0
where the series converges in E o & (E) as well as pointwisely. Moreover, for any p = 0
- 0_252
2 2 2
21 178 =Ele @Dl < (=G1egp) 196 ¢ € ®.
In particular, V € £((E), E¢ Q (E)).
Proof. Suppose that ¢ € (E) is given as in (2-1). Then, by definition
(2-8) Ve, 2 =0, = X n:2®°"":, 6, Q, £).
n=1

Using the Fourier expansion of f, in terms of {;};_,, we obtain
(2-9) Volt, x) = E) El n: %"V, e, Q@ f)e(B).

For simplicity we put ¢; = D, ¢. Then, by (2-2)
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(2-10) Vo(t, x) = fiej(t)gb,(x).

As is easily verified, the above infinite series (2-8), (2-9) and (2-10) converge
absolutely at each t € T and x € E*
We next investigate a norm estimate. In view of (2-3) we have

—2q

172
@11 N, < ) e ool @l 220, g>0.

R
— 2eqlogp
On the other hand, since {e;};_, is an orthogonal set with respect to every norm
|+ |p, we see from (2-5) and (2-10) that

2-12) Vg2 =1A®TW)YVslE=Slellgl=2le @,
j=0 j=0

which proves the first half of (2-7). Inserting (2-11) into (2-12) we obtain
. p—Zq p—2q o
2 __ 2 2 2 2 -2
Ivgls = 21el, (W) Y ey ) (m) 16 le 2 27

Thus the second half of (2-7) follows. by taking ¢ = 1. The rest of the assertion is
now immediate. QE.D.

COROLLARY 2.2. Fory € E™ and @ € (E)™ it holds that
(2-13) Ky@ @,Vop» = K0, D,¢p», ¢ € (E).

Here the canonical bilinear form on (Eq ® (E))* X (Eg ® (E)) is also de-
noted by «-, *». It is also possible to adopt (2-13) as the definition of V.

3. First order differential operators

Before going into the definition of an operator of the form (0-2) we recall the
following

LemMma 3.1 ([7])). For each p = 0 there exist ¢ > 0 and C = 0 such that

(3"1) ” ¢§b ”p S C " ¢ "p+q " d) "p-}.q; ¢r (tb € (E)

In this paper we do not need a precise norm estimate though it is very in-
teresting in itself, see e.g,, [14]. We next prove the following
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LEMMA 3.2. For ¢, ¢ € (E) put

(3-2) wsyt, ) = (0,9) @ -¢@), tE€T, z€E™

Then, w,y € E @ (E). Moreover, (¢, ¢) — wy, is a continuous bilinear map from
(E) X (E) into E¢ ® (E).

Proof. For simplicity we write w = wy . It then follows from Proposition 2.1
that

w(t, D) =Velt, D @) = éej(t)qﬁj(x)gb(x), te T, reE*
where ¢; = D, ¢. Suppose p = 0 is given. Then, in view of Lemma 3.1,
63 lob=Zlells0l<Cl6b. Zle ¢k,
for some C = 0 and ¢ > 0. Using | e |ﬁ =o' e |p+q, we obtain
lolz < c*%” ¢, z: AN .

and therefore, by (2-7) we come to

(3-4) lwsyly < M@ lyrqir 1€ lpewr ¢, ¢ € (B,
where M = Cp" '6(— 2elog p) "> This completes the proof. Q.E.D.

THEOREM 3.3. For @ € (Eq @ (E))™ there exists a wnique operator 5 €
LUE), (E)) such that

(3-5) KEp, o) = 4B, w, >, ¢, ¢ € (B),

where wy 4 is defined as i (3-2).

Proof. Choose p = 0 such as || @ "—p < o0, Then, by (3-4) we have
| €D, 0 D | <N BNyl gy ll, < MIDN, 1 lpsgus | ¢ e

for some ¢ > 0 and M = 0. This means that (¢, ¢) — &, w,4» is a continuous
bilinear form on (E) X (E), and therefore there exists a unique operator 5 €
L((E), (E)™) satisfying (3-5). QED.
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The above constructed operator & is called a first order differential operator
with coefficient @ € (Ec® (E))* and is denoted (somehow formally) by

(3-6) = fT ,0,dt.

Here we write @,(x) = &(¢, x). In fact t — &, is an (E)*-valued distribution on
T, namely, an element in Eg @ (E)* = (B¢ ® (B)™.

We are now interested in first order differential operators acting on (E) into
itself.

THEOREM 3.4. Let 5 be a first order differential operator with coefficient o<
(Ec ® (EN. Then 5 € £((E), (E)) if and only if ® € E& ® (E).

Proof. There is a canonical isomorphism (Eg & (E)* = ¥(E, (E) *): the
correspondence between @ € (Ec® (E))* and K € $(Ec, (E) *) is given by

(3-7) KD, EQ ¢» = KKE, ¢», EE€ E,, ¢ € (E).

Under this isomorphism, ® € Eé ® (E) if and only if K € $(E, (E)).
Suppose that & is given as in (3-6). Then, by definition (3-5) holds. On the
other hand, it has been established during the proof of Lemma 3.2 that

Wyy = é e, ®(¢;¢), ¢;=D,9,
converges in Eg & (E). Then (3-5) becomes
KEg, ¢ = i (D, ¢, @ ($,)) = io KKe,, $,0» = i «¢,Ke,, $Y.
Hence for any p = 0,
(3-8) <39, 9» | < ZIgKe I, 19 L,
though the sum is possibly infinite. We now suppose that @ € Eg ® (E), or

equivalently, K € $(E, (E)). Then Ke; € (E) and by Lemma 3.1 there exist
q > 0 and C, = 0 such that

I ¢,Ke;ll, < Cill @, 10, | Ke, Ly

Moreover, there exist # = 0 and C, = 0 such that
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I Ke; "p+q <Gl ¢; |p+q+r-

Thus (3-8) becomes
| <<E¢’ Qb» | =< CICZ " ¢ "—-D ZE) " ¢j uD+q‘ ¢; |p+q+r
=
= GO L E 10, haal & psgor 3
=
o 1/2 o 172
<CCIOL, (ZN18, 1l o) (£47)
j=0 j=0
oo 2 1/2
< CColoL, (E16® 6 Burnrns) -
=

It then follows from Proposition 2.1 that
| 8¢, oD | < C,Coll @1, 1V lysarrans
and hence

p—z 52

1/2
1261, < C.COITH lysgurns < CCO (1055) 16 bhaeerea

We have thus seen that & € L((E), (E)).
Conversely, suppose that & € £((E), (E)). Then for any p = 0 there exist ¢q
2 0 and C = 0 such that

(3-9) IE2sll, < Clol,, ¢€ .
Let § € E be fixed and consider
¢(x) =<z, &, ze€E™

As is easily verified, w,, = § ® ¢ for any ¢ € (E). Hence by (3-5) and (3-7) we
obtain

KB, Y = €D, w,,» = B, E® ¢» = (KE, p».
Then by (3-9) we obtain
| KKE, o | = | K&g, > | <1 B, 191, < Clig el @1l
Therefore,

"1{8"1)S C"¢"p+q= C|E|p+q1 SEEC'
Consequently, K € $(E, (E)) Q.ED.
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Such an operator F as described in Theorem 3.4 is called a first order differen-
tial operator with smooth coefficients. This would be reasonable because in that case
t @, is an (E)-valued distribution on T.

4. Integral kernel operators and Fock expansion

With each ¥ € (Eg (Hm))* we may associate an integral kernel operator whose

formal expression is given by
= * *
dl,m(lc) = j;um K(Slv Y Sl’ th ) tm)asl' : .as,atl. ’ .atmdsl. ' .dsldtl. ' dtmr

where « is called the kernel distribution. More precisely, it is defined through two
canonical bilinear forms:

KB ()¢, 9 = <k, K8 ---00,- 0, ¢, P>, ¢, ¢ € (E).

It is proved that &, ,,(k) € £((E), (E) *), see [4] for further details. Without loss
of generality we may assume that the kernel distribution k¥ is symmetric with re-
spect to the first / and the last m variables independently. We denote by

@ U+m)y * ® (U+m)y *
(Ec™™™) ymam the space of such k € (Eg )"

THEOREM 4.1 ([12]). For any E € L(E), (E)™) there exists a unique family of

distributions K, ,, € (ES (1+M)):ym(,,m) such that

(4_1) E¢ = EE El,m(xl,m)qs’ ¢ S (E)’

! 0
where the vight hand side converges in (E)™.
More complete results are found in [14]. The unique expression of & €

PUE), (E)™) given in Theorem 4.1 is called the Fock expansion of & and denoted
simply by

(4-2) E= 2 E (k.
—

It is also known that the series converges in £((E), (E)™).

Given 5 € £((E), (E)™), the kernel distributions K, are easily found by
using an operator symbol. For each & € E, the exponential vector ¢, € (E) is de-
fined by
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(4-3) #:(x) = exp <<x, & — % <E, E>> = n:ijo <:x®n:’ E:;”>, r€ EX

For & € £((E), (E)™) a function on Eg X E defined by

(4“4) E(S, 77) = <<E¢$’ ¢n>>; S, 77 € EC,
is called the symbol of E. For example, for 5 with Fock expansion (4-2) we have
—EmD & had
(4-5) EEE ) = 2 Lk n® ®E%™, £, n € Ee.
I,m=0

Hence, in order to find kernel distributions «£,,, one needs only to consider the
Taylor expansion of (4-5).
We also note the following

PROPOSITION 4.2. For a first order differential operator E with coefficient
o€ (Ec® (E)* we have

(4-6) e EE, D) = (b, ER ¢.,.», & 1€ E..

Proof. By definition (3-2) we have

Wgpe, (1, D) = 0,6, $,(2) = ED B (D, @, & 1 €Eg,

<&

namely, @y 4 = ¢ & ® @, Then
BE, n) = KBy, §,0 = KB, w, 5 » = VKD, £ ).
This shows (4-6). Q.E.D.

COROLLARY 4.3. Let k € E; and put D=k 1 € Eé & (E). Then the first
order differential operator with coefficient @ coincides with Hy, (k).

Such an operator described as in Corollary 4.3 is called a first order differen-
tial operator with constant coefficients.

5. Main result
Recall that a linear operator & : (E) — (E)™ is called a derivation if
(5-1) E(pp) = B¢ + ¢-Ep, ¢, ¢ € (E).

We then come to the main result.
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THEOREM 5.1. Any continuwous derivation in £ ((E), (E)™) is a first order dif-
ferential operator and vice versa. Furthermore, any continuous derivation in € ((E),
(E)) is a first order diffevential operator with smooth coefficients and vice versa.

For the proof we prepare a few lemmas.

LemMa 5.2. Let 5 € L((E), (E)¥). Then, it is a derivation if and only if

(5-2) eVEE+, O =e"EE N+ +eEM, £+ 0, & 1, (EE,.

Proof. Since the exponential vectors (4-3) span a dense subspace of (E), 5
is a derivation if and only if

(5-3) E(pep,) = Epe ¢, + ¢ Ep,, &, 1 € Eg.

With the obvious relation ¢.¢, = e<5'">¢e+n, we see easily that (5-3) is equivalent

to (5-2). Q.E.D.

LEmMA '5.3. Amny first order diffevential operator is a derivation in £ ((E),
(B)).

Proof. Immediate from Proposition 4.2 and Lemma 5.2. QE.D.
Lemva 5.4. Let £ € L(E), (E)™) be a derivation with Fock expansion:

(5-4) E= 3 8,
m=

] 0
Then, £,, =0 for all 1 2 0 and

I+ m

<K,,m+l, n@l ®€®(m+1)> — ( l

) Fromsr 0 R @O, €, 1€ Eg,
foralll, m = 0.

Proof. By assumption the symbol 5 satisfies (5-2). Then, in view of expan-
sion (4-5) we obtain

m+n
n

65 (" 7") K £ @ET @0

_ (l-;tm> Fromm C@z RE" ® 77®n>
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|+ n m
+< n)<lcl+nmy C®I® ® ®E® > Sr nrgeEC‘
Then, putting m = n = 0 in (5-5), we see that £, = 0 for all /= 0. We next put
n=1and n = & in (5-5) to obtain
Dm+ DIk, ey, (& @E™Y)

= (I+m)!kppmy, (T RETHRE
+ U+ Dmiky,y ., (5 RE RES™.

Applying this argument to the second term successively, we come to
N+ Dk, (ZTREC™Y = (m+ 1)U+ m) ks, (ZQET RO,

which completes the proof. Q.E.D.

Proof of Theorem 5.1. Suppose that we are given a continuous derivation 2

with Fock expansion as in (5-4). We first introduce a continuous bilinear form £
on Eg X (E) by

(5-6) 2 ¢ = Zalle,, ,®9, £€E; ¢€ @),

where ¢(z) = =0, <: 2%, £,>. We shall prove the convergence of (5-6). In fact,
for any p, ¢ = 0 we have

65-7) Xk, f, RO
n=0
< Z_: n | nl l-(lz+q+1) | f;z ® S |p+q+1
2 1/2 o 2 1/2
n,l I—(p+q+1)> (Eo n' I f;z |p+q+1> | & |11+q+1

0o
< (S
o ) 1/2
= 1€legnal 8 bpagus (2 111 s Eprarn)

IN

n=0

Since £ € L((E), (E)™), there exist C = 0, K > 0 and p = 0 such that
Ee,pl<cCexpK(&l,+Inl), &neE.

It is proved in [12] that the kernel distributions &,,, of 5 satisfies

2p
L+ kK

| ’fz'm L(p+1) < C (llmm)—l/z(zesaz) (I+m)/2< 5

)(l+m)/2
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In particular,

q(n+1) '

| Kna L(p+q+1> =0 Kn1 |—<p+1>

)(n+1)/2

2p
< Cpq(n+1)n—n/2(2e352)(n+1)/2(02 +K
Therefore,

s ZD n+l
5-8) S al |k, < C° 5 {2 oo (- + k)] <o
n=0 n=0 n

for a sufficiently large ¢ = 0. In conclusion, we see from (5-7) and (5-8) that
%n!(lcn,l, fn ® E> l < Cl | E |ﬁ+q+1 n ¢ "p+q+1y E € EC, ¢ € (E)’

for some C, =2 0, p = 0 and g = 0. Therefore £2 in (5-6) is well defined on E X
(E) and becomes a continuous bilinear form.
Let ® € (B ® (E))™ be the element corresponding to £, namely,

<<®y €®¢>>=Q(€v ¢)y SEEC’ ¢€(E)~

Let 5’ be the first order differential operator with coefficient @. It then follows
from Proposition 4.2 that

(5-9) e EEE, ) = KD, E® ¢,,) = QUE, B

On the other hand, in view of (5-6) we have

oo n
9, g0 = Ent (i S E)

=S 3(%) <k 0 @ ©9

n=0 1=0

= 3 <l+,m)</c,+m,l, %R R L.
I,m=0

Now, applying the relations:
ko,=0 120,
I+ m
Grars 12 @E%"™y = (T7") Uy 1% QEM ®D, L,m 20,

which are obtained in Lemma 5.4, we come to
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(5-10) QGE, $ein) =I§_ ey 1 R ES™ = "V E(E, 7).

It follows from (5-9) and (5-10) that
e TEE, ) = CTEE, D, & € E,,

so that & = F’. Consequently, & is the first order differential operator with coeffi-
cient @. The rest of the assertion is now immediate from Lemma 5.3 and Theorem
3.4. QE.D.

Note that any derivation maps constant functions into zero.

COROLLARY 5.5.  Any continuous derivation on (E) which maps linear functionals
into comstamts is a first ovder differential operator with constant coefficients and vice
versa.

The Gross Laplacian and the number operator are defined respectively as integ-
ral kernel operators:

A, = f 7(s, H0,0,dsdt, N= f (s, 0. 8,dsdt,
TxT TxT
where 7€ E* @ E is given by <z, EQn> = (&, 0>, &, 7 € E.

CoroLLARY 5.6. A, + N is a derivation in £ (E), (E)).
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