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THE COMPLETE QUOTIENT RING OF IMAGES OF
SEMILOCAL PRUFER DOMAINS

JOHN CHUCHEL AND NORMAN EGGERT

Introduction. It is well known that the complete quotient ring of a
Noetherian ring coincides with its classical quotient ring, as shown in Akiba
(1]. But in general, the structure of the complete quotient ring of a given ring
is largely unknown. This paper investigates the structure of the complete
quotient ring of certain Priifer rings. Boisen and Larsen [2] considered condi-
tions under which a Priifer ring is a homomorphic image of a Priifer domain
and the properties inherited from the domain. We restrict our investigation
primarily to homomorphic images of semilocal Priifer domains. We characterize
the complete quotient ring of a semilocal Priifer domain in terms of complete
quotient rings of local rings and a completion of a topological ring. Further,
if the kernel of the homomorphism has an irredundant primary decomposition,
we characterize the elements of the complete quotient ring.

Throughout the paper, all rings are commutative and have identity 1. If S
is a multiplicatively closed set in a ring R, we let Rg be a ring of quotients of R.
For S the set of regular elements of R, Rsis Q.,(R), the classical quotient ring
of R. If S is the complement of a prime ideal P of R, Rs is also written as Rp,
the localization of R to P. Among the conditions which are equivalent to R
being a Priifer domain, one which we will find particularly useful is:

A domain R is Priifer if and only if for every proper prime ideal P of R, the
localization Rp is a valuation ring (Theorem 22.1, (1), p. 276, Gilmer [5]).

An ideal 4 in a commutative ring R is dense if 4 = 0 implies r = 0 for all
r € R. It follows immediately that the finite intersection of dense ideals is
dense. The notation of Lambek [6] is used in the discussion of complete quotient
rings. If R is a ring, then Q(R) denotes the complete quotient ring of R. For
f € Q(R) we define the domain of f or domgf to be R:zf, a dense ideal in R.
We will write dom f for dompf provided that R is clearly specified. If R is an
arbitrary commutative ring, then R C Q. (R) C Q(R).

Let Ay, ..., 4, be primary idealsof aring Randlet P; = /4,1 =1,...,
n. A representation 4 = (M A; of an ideal 4 is said to be an irredundant
primary decomposiiion if:

(i) No A4, contains the intersection of the other primary ideals, and

(ii) P; # P, for 1 # j.
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If x € R, we will write & as the image of ¥ under the canonical map R —
R/A. Let R be an integral domain. For the monomorphism R — Rp, ¢ and ¢
will represent the extension and contraction, respectively, of ideals; namely
I* = [Rpand J° = JNR.

1. Semilocal Priifer domains. Let R be a semilocal Priifer domain and
let 7 be an ideal of R. Let n be the epimorphism of R onto R/T. Let S =
{x € Rln(x) is a regular element of R/T}. By Theorem 2 in [2], 7 can be
extended to an epimorphism u from Rg to Q.;(R/T). The ring of quotients
D = Rgis an integral domain satisfying the following properties, where 4 =
TRs:

(1) D is a semilocal Priifer domain,
(ii) A isan ideal of D where D/A isits own classical quotient ring Q.,(D/4),
and

(iii) « is not a unit of D if and only if % is a zero divisor in D/A.

In the following we assume that the integral domain D and ideal 4 satisfy
the above three properties.

Notice that R need not be semilocal in order that Rs be semilocal. If R is a
Priifer domain and 7" has an irredundant primary decomposition M 7'p with
P = /Ty, then Ry is semilocal where S = R\U P, and Rs, TRy satisfy the
three conditions.

Let the set of maximal ideals of D be denoted by A. We will establish that
there is a unique smallest dense ideal in D/A4.

We let vp denote the valuation associated with the maximal ideal P of D.

THEOREM 1.1. For each maximal ideal P € A there is a prime ideal P* & P
such that whenever xp € D\P*, P € A, then there exists x € D such that vp(x) =
vp(xp) for all P € A.

Proof. Suppose for each P € A there isa yp € P, but yp is not in any other
maximal ideal of D. We define

P* = {x € Dlpp(x) > m - vp(yp) for all m € Z+}.

For each P € A, choose xp € D\P*. Then there is an m € Z*, independent of
P, such that m - vp(yp) > vp(xp). Let 2p = Iy, ™, where the product is over
all maximal ideals but P. Then for maximal ideals P’ ## P, we have zp €
P'\P; further, vp(zp) = 0 and vp (3p) = vp (yp™) > vp(xpr). Let x =
> xpzp, where the sum is over all maximal ideals. Since vp(xp2p) > vp(xp)
for P % P’ and vp(xpzp) = vp(xp), we have vp(x) = vp(xp). The existence of
the yp's follows since the elements in A are maximal ideals. For maximal ideals
P # P’ let yppr € P\P’. Define yp by:

Yp = E ( H yP"P’) .
P7=p \p''=p’

Then yp is in P, but in no other maximal ideals.
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For a maximal ideal P, if the ideal 4¢ is not P-primary, then /4 is a
prime ideal properly contained in P, and the prime ideal P* of the theorem can
be chosen to contain /4 °.

Let B be an ideal of D containing 4. Then B is a dense ideal of D if and
only if A: B = A.1f B is a dense ideal of D, we say that the ideal B is 4-dense
of D. We note that there are no proper principal 4-dense ideals of D.

LEMMA 1.2. Let B be an A-dense ideal of D and lel Ay be the set of maximal
ideals of D which contain B. Then B = /B = (N Ap.

Proof. Let Pq be a prime ideal containing B. Then there is an ideal P € Ap
C A which contains Pg. Suppose x € P\P, and thus x ¢ B. By Theorem 1.1
there is a w € D such that vp(x) = vp(w) > 0 and vp (w) = 0 for P’ € A and
P’ # P. Since the ideals of Dp/ are linearly ordered, BDpr € wDp = Dp: for
P # P and BDp C PyDp CwDp # Dp. Thus B = Na B°C NawD*® =
wD # D. But since B is A-dense, so is wD, a contradiction. Thus Py = Pisa
maximal ideal.

If P € Agand BDp M\ D # P, then by Theorem 1.1, there is a y € D\ P’
for P/ € A and P’ # P, and y € P\BDp. Again B = Na B C NayD* =
yD. Thus yD is A-dense, a contradiction. For P € Ag, we have BDp M D = P,
and for P ¢ A\Ag, we have BD, M\ D = D. Thus all primes containing a
dense ideal B are maximal and B = Na B = Nay P = M Ap.

We now fix B by letting B be the intersection of all A-dense ideals P of A.
Since A is a finite set, B is a dense ideal in D.

CoroLLARY 1.3. The ideal B is the unique smallest A-dense ideal of D. Further-
more Q(D) = Homp (B, B).

Proof. By Lemma 1.2, B is the smallest A-dense ideal of D and by Corollary
3, page 97, Lambek (6], the complete quotient ring of D is Homp (B, B).

Next we relate the complete quotient ring of a homomorphic image of a
semilocal Priifer domain to a certain product of complete quotient rings of
homomorphic images of valuation domains.

LemMma 1.4, Let V be o valuation domain with maximal ideal P and suppose
that A is an ideal of V such that Qo (V/A) = V/A. Then P is not A-dense if
and only if there exists « y € V\A such that A = yP = {x € Dl(x) > v(y)}.

Remark. 1f P is A-dense, then Q(V) = Homy (P, P), whereas if P is not
A-dense, then Q(V) = Q.(V) = V.

Proof. The property that P is not A-dense is equivalent to the existence of
ay € Vwherey € (4 : P)\A4. Since the ideals of V are linearly ordered, we
have that 4 & y1”. But ¥y C 4 and since P is a maximal ideal of 17, there
are no ideals properly between yP and yV. Thus 4 = yP = {x € Dlv(x) >
v(y)}.
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We next consider a necessary condition for a prime ideal of A to be A-dense.
First suppose that P2 € A and P? £ P. Then, for some x € D, x ¢ P\P2 By
Theorem 1.1 we may assume that v (x) = 0for P’ € A, P’ # P,and vp(x) >
0. Thus xDp: = Dpr = PDp: for P’ # P and xDp = PDp. Hence xD =
MNa xD¢ = P. If P is A-dense, then x is a unit, contrary to x € P. Thus, in
order that P in A be A-dense, we must have P = P2, Of course, P need not
be A-dense even though P = P2

Suppose that P € A is A-dense, but PDp is not ADp-dense in Dp. By
Lemma 1.4 thereisaw € P such that ADp = wPDp = {y € Dplv(y) > v(w)}
and ADp is a proper subset of wDp = ADp: PDp. We denote by A® the
ideal ADp: PDp of Dp. Note that AP : PDp = (ADp: PDp) : PDp =
A® and thus PDpisan 4@ -dense ideal of D p.

If P € A implies that both P is A-dense and PDp is ADp-dense, we again
define 4A® = ADp: PDp, but now A® = ADp. If P € A is not A-dense,
let A®) = ADp.

For P € A let O be the complete ring of quotients of Dp/A®. Thus if
P € Awe have the following possibilities:

(i) P € A and P is A-dense. Then PDp is AP = ADp : PDp-dense and
the complete ring of quotients of Dp/A® is Q¥ = Hom (PDp/A®,
PDp/A®), as given by the remark after Lemma 1.4.

(ii) P € A and P is not A-dense. Then AP = ADp and PDp could be
A® _dense. In this case we are more concerned with the factor ring
Dp/A® than with the quotient ring Q.

LEMMA 1.5. 4 = Ny AD,

Proof. Since ADp € AP, we have 4 T Ma AP, Conversely, suppose x €
(MNa AP)\A. Let A’ = {P ¢ Alx € AP\ADp}. Since Na ADp = A, A is
not empty. By definition of 4®, the maximal ideals in A" are A-dense, but
PDyp is not ADp-dense. Thus C = M A’ is A-dense. By the definition of 4®,
if P€ A then ADp = xPDp = {y € Dlvp(y) > vp(x)}. Let ¢ € C. For
P € A, c€ P and vp(c) > 0; hence vp(cx) > vp(x) and cx € ADp. Thus
Cx CTMadADp =A or x € (4: C)\A4, contrary to C being dense. Thus
Na AP C 4.

Consider the natural homomorphism from D into Iy Dp/4®. By Lemma
1.5 the kernel of this homomorphism is A. Thus we have a monomorphism
¢:D/A - 11asDp/A®.

Let ¢® be the natural homomorphism D/4 — Dp/A® . Then we have the
commutative diagram:

y DP/A(m C——_‘—> Q(P)
R I

D/A

I_AI DP/A(P) C———)Q(I;DP/A(P)) ~ IAI Q(P).
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By Proposition 8, p. 41, Lambek [6], Q(IIs Dp/4®) =11, Q®. These
mappings will be considered further in the next section.

Next we show that ¢ can be extended to a monomorphism from Q(D/A4) to
II, Q®. In fact, if P € A is not A-dense, we can replace Q© by Dp/A®,

LeEMMA 1.6. If P € A and P is A-dense, then z € AP M D if and only if
PC (ADp N\ D) : 3.

THEOREM 1.7. Let D be a semilocal Priifer domain with an ideal A such that
Qc\(D/A4) = D/A. Then, there exists a monomorphism n: Q(D/A) — 11, Q®
which extends ¢ : D/A — 11y Dp/A® . In particulay for f € Q(D/A), if x € B
and y € D such that fx = § then n(f) = (f*), where f& € Q¥ and f® (x +
AP) =y 4 4D,

Proof. Let B be the smallest 4-dense ideal of D. For f € Q(D/A4) =
Homp (B, B), we define f® ¢ Q. If P € A is not A-dense, then there is an
x € B\P such that BDp = xDp = Dp. We define f&) € Dp/A® C QP as
fP = z/x + AP, where fx = z. Notice that /¥ is independent of the choice
of x and z.

If P € Ais A-dense, then BDp = PDp is A®-dense and we define f&) ¢
QP by fP(x/y + AD) = z/y + AD® | where y € D\P, x € B, and f& = z.
We need to show that f® is, in fact, well-defined. Suppose x/y + A® = x'/y' +
A® for x,x" € B and y,9" € D\P. Then xy' — x'y € A® N D. By Lemma
1.6, if w € P then w(xy' — x’'y) € ADp M D and there is a { € D\P, where
wt(xy’ — x'y) € A. Applying f, where f& = Z and f&’ = &', we obtain wi(zy’ —
2'y) € A, or w(zy' — 2'y) € ADp M D. Since this holds for all w € P, P C
(ADp N D) : (zy' — 2'y) and by Lemma 1.6,

2y — 2y € AP ND or z/y + AP =3'/y + AD,

Thus f® is well-defined and clearly a Dp/4® endomorphism of PDp + AP,
that is, f® € Q¥

We define n: Q(D/A) — 11 0P by n(f)(P) = f®; 5 is a homomorphism
which extends ¢. Further, 5 is a monomorphism. Suppose 7(f) = 0. Then for
all Pe A, f® =0. Let x € B and fx = % Since fP(x + AD) = 4D,
z € AP for all P € A. That is, z € 4 and f is the zero element of Q(D/A4).

2. Irredundant primary decomposition. We next characterize Q(1V/4),
where V is a valuation ring with maximal ideal P and 4 is a P-primary ideal
not equal to P. The result is then used to characterize Q(D/A), where D is a
semilocal Priiffer domain with maximal ideals P and 4 has an irredundant
primary decomposition (N 4p, with P = +/Ap.

Let V be a valuation ring with associated valuation v and with ideals P and
A as described above. The intersection of all P-primary ideals of V is a prime
ideal Py of 1, and associated with this prime ideal is a rank one subgroup of
the value group of V. By Proposition 5.15, p. 110 of (7], this subgroup is
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isomorphic to an additive subgroup of the real numbers. Thus the group H =
{ £ v(x)|x € V\Py} will be considered a subgroup of the real numbers. Let
s = glb(@(4) N H) € R. Since 4 % P, we have s > 0. Either 4 =
{x € Vlp(x) > 7} or 4 = {x € V|p(x) = r} with r = 5. If H is discrete we
write 4 = {x € Vl]p(x) > r}, where 7 is the immediate predecessor of s. If
s ¢ H, we write 4 = {x € Vlp(x) = r}, where r = s. By Lemma 1.4 and the
above convention, P is A-dense if and only if 4 = {x € V|p(x) = r}.
Notice thatif x, " ¢ A and & = &' in V/A4, then v(x) = v(x’).

LemmA 2.1, Let f € Q(V/A) and if & € dom f, let y = fx, where x and y are
preimages of & and §. Then, if v(y) < v(x), x € 4.

Proof. The domain of f is either /4 or P/A. If v(y) < v(x), then x € yI/
and thereisa b € V such that x = by. Hence b € P, since v(x) = v(b) + v(y)
and 2(b) > 0. By the remark after Lemma 1.4, f6 ¢ P/A4 and thereisac € P
where ¢ = fb. Then there is a ¢ ¢ Z* such that ¢-v(c) = v(c?) > r, and
c¢? € A. Thus in V/A, (fb)? = 0 and fb is nilpotent. Since x = by, we have

f& = fby = f&fb and fx(1 — fb) = 0.

With T — fb a unit in V/A4, we must have § = f& = 0 in V/A4 or y € A.
Hence x € 4.

Equivalently, »(y) = v(x) for each x € P\A4 # @, where § = fx.

LEMMA 2.2. For f € Q(V/A), let %, x* € dom f, where 3 = f% and y* = fx*.
If x, x*, 9, y* ¢ A, then v(y*) — v(x*) = v(y) — v(x).

Proof. By Lemma 2.1 above, v(y*) — v(x*) = 0 and »(y) — v(x) = 0.
Without loss of generality we may assume that v(x) < v(x*). Then there is a
¢ € D such that x* = cx. But y* = fe& = ¢ft = ¢¥. Since y* and ¢y ¢ 4,
v(¥*) = v(cy). Hence v(y*) — v(x*) = v(y) + v(c) — (v(x) +2(c)) = v(y) —
v(x). Therefore v(y*) — v(x*) = v(y) — v(x) = 0, showing the invariance
of this difference for all pairs (&, ) associated with f, where x, y ¢ A.

For each f € Q(V/A4), f # 0, let v[f] be the above constant z(y) — v(x)
associated with f. We come now to a fundamental theorem characterizing the
elements of Q(V/A4).

THEOREM 2.3. Let V be a valuation ring with valuation v and maximal ideal P
and let A be a P-primary ideal of V. If P is A-dense and f € Q(V/A), f # 0,
then there exist N € 21, r € R¥, a € V, and (b;);=n tn V such that b; is a unit
in V, 1/N <r —uv(a), vb; — 1) > r —v(a) — 1/j, and fx = 112y 5,)ax
whenever v(x) > 1/1,4 = N.

Proof. We have previously shown that P is A-dense if and only if 4 =
{x € V]p(x) = r}. This establishes the existence of r € R+. By the definition
of 9[f], for f £ 0, f € Q(V/A), we note that r — 9[f] > 0. There is an element
a € V\A such that v(a) = o[f]. Since the subgroup H of the value group of 7
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is not discrete, there is a sequence of elements (x;) in V such that 0 < v(x;) <
1/k and v(x;41) < v(x;), where x, ¢ A. The integer N is chosen to satisfy
1/N < r — v(a) in order that neither x; nor y, be elements of 4 for k£ = N,
where f&; = ¥;. Then for & = N, v(y;) = v(ax;) since v(y;) — v(wx) = v[f] =
v(a). Hence there is a unit u; in V such that y, = wu;ax;.

Let # = uy and define the unit b; to be the product #;;u;7! for j = N.
Then wu, = u H’;?;{f b; for k= N + 1. Further for j = N, v(b; — 1) =
(e, — 1) = v(u1 — u;) since v(u;) = 0. Since v(x,41) < v(x;), there
isaz;1in Vsuch thatx; = 3;1%,401. Hence #,a%; = f&; = f2;,18,41 = #,414%,
and (1,11 — u;)ax; € A. Thus

v(b; — 1) = v(u01 — uy)
=7 — () — v(xy)
>7r—v() —1/f
forj = N.

By our choice of N, this latter result shows thatb; — 1 € P for eachj =2 N.

For arbitrary & ¢ P C dom f, pick ¢ = N such that »(x) > 1/i. Then
v(x) > 1/7 > v(x;), so that there exists s; € V such that x = sx,;. Hence

I = fsge,

Without loss of generality we may replace ua by «, since # is a unit in V.
Thus fx = (I1'Z3 5,)ax is the desired representation.
If f is the zero element in Q(1/4), then f& = ax where a € A.

The converse of Theorem 2.3 is also true.

TarOREM 2.4. Let V be a valuation ring with valuation v and maximal ideal P
and let A be « P-primary ideal of V, where either A = {x € Vip(x) > r} or
A = {x € Vip(x) = r}. Let an element a € V and a sequence {b;);=n of units
i V be given such that v(b; — 1) > r — v(a) — 1/, where j =2 N and 1/N <
r—uo(a). If v(x) > 1/i, i ¢ Z+ and i > N, define fx = (112N b))ax. Then
FeQ/4).

Proof. First we show that f is well-defined. For s a positive integer, if v(x) >
1/i, then v(x) > 1/(i + s). Hence we must show that

1—1 i+s—1
=N j=N
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First
i+s—1 i+s-1
1— [To,=0Q=0)+ X bs. by —b))
=1 j=i+1

and since the minimum valuation that any summand can have is greater than
r —vla) — 1/1,

its—1 1
v(l—- 11 bj) > —v(a) -5
=i

Thus

(L] 2 = (T 0o

=v(a) +v(x) + v(ﬁ bf) +v(1 - Hﬁl bj)

J=N =1

>v(a)+%+0+r—v(a)— - = 7.

] -

Finally (123 b )ax — (H}iﬁ_l b;)ax € A and the above equality is established.
Next, suppose that v(x;) > 1/4; and v(xs) > 1/72 where 71, i» € Z*. Let
4 = max {1y, 72}. Then

F& + &2) = (]ij: Ej)d(xl + %2)

= f&1 + fx..

Let v(x) > 1/i where ¢ € Z* and let z be an arbitrary element of 17, Then
it follows that f(zx) = Z(fx). Therefore f € Q(V/4).

By Theorem 1.7, Q(D/4) is isomorphic to a subring of 11 0¥, We now
proceed to show that the subring is IT Q@ itself when 4 has an irredundant
primary decomposition.

LemmA 2.5. Let D be a semilocal Priifer domain with maximal prime ideals P,
Let 4 be an ideal of D such that Q.,(D/A) = D/A. If A has an irredundant
primary decomposition, A = (\ Ap, where each Ap 1s P-primary, then D/A4 is
isomorphic to 11 Dp/A®.

Proof. Let A have an irredundant primary decomposition () 4 p with maxi-
mal primes P, as stated above. Then the 4 p are pairwise comaximal and, since
D is a Priifer domain, D satisfies the Chinese Remainder Theorem (pp. 307-10,
Gilmer [5]).

Let (ap/bp + A®) be an element in II Dp/A® where ap € D and bp €
D\P. Applying the Chinese Remainder Theorem, let @ be a solution of x =
ap (mod Ap) and let b be a solution of x = bp (mod Ap), so thatd € D\ U P.
Then a/b = ap/bp (mod A®). Thus b is a unit in D and «b~! € D. Hence
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the natural map D — II Dp/4® is a surjection with kernel ) A® = 4; that
is, D/A is isomorphic to # Dp/AD,

The monomorphism 5 described in Theorem 1.7 is an isomorphism in the
setting of this section. Namely, if f € Q(D), then n(f) = (f©) ¢ II Q®,
whereforx € B,y € Dand f& = 5, fP(x + A®) = y + AP, To verify that
n is onto LI Q@ let f® € Q®) for P € A. Let x € B; then f® (x + AP) =
ap/bp + AP € Dp/A®. But by the above Lemma 2.5 there is a ¥ € D/4
such that ¢(y) = (ap/bp + A®P). Now define f € Q(D/A) by f& = 3; f is
well defined, for if ¥ =y = ap/bp (mod A®) for all P € A, then y' =y
(mod N AP = A). Since f® is a D homomorphism of Dp/A®, and 4 =
N AP, fisa D homomorphism of D/A and thus also a D/4 homomorphism.
Thus f is an element in Q(D/A4). Further, n(f) = (f®). Thus we have estab-
lished the following:

THEOREM 2.6. Let D be @ semilocal Priifer domain with maximal prime ideals
P. Let A be an ideal of D such that Qe\(D/A) = D/A. If A has an irredundant
primary decomposition, A = () Ap, where each Ap is P-primary, then Q(D/A4)
is isomorphic to I1 Q®.

Let f € Q(D) and let P € A be A-dense. Then it follows from Theorem 2.3
that for any f& € Q®, there is a sequence {a;/b;), * = N, and an element ¢/d
in Dp, where ¢ € D and ay, by, d € D\P. If P € Ais not A-dense, we let a; =
b; = 1and ¢ = 3, d = x as discussed above. Notice that the positive integer N
can be chosen the same for all of the elements in A. Furthermore, the elements
a4 b;, ¢ and d need only be defined modulo A® M D = Ap. Since the Chinese
Remainder Theorem holds in D and the A p are pairwise comaximal, the a4,
b;, ¢ and d can be chosen the same for all the maximal ideals P in D. Hence
the elements a4, b; and d are units in D, a;b;~! is a unit in D and ¢d~* € D.
Replacing a ! by a; and ¢d=* by ¢ for f € Q(D), we can establish the fol-
lowing theorem.

THEOREM 2.7. Given f € Q(D) there is a sequence {a,) =y of units in D and an
element ¢ € D such that for x € B, f& = Hi‘;;l a &% where vp(x) > 1/N’ for all
A-dense ideals P. Furthermore, if P 1is A-dense, then Ap = {x € Dlvp(x) = 75}
and either

(1) vp(a; — 1) > rp — vp(c) — 1/4 forrp € R, or

(if) ¢ € 4p.

If Pisnot A-dense, thena, — 1 € Ap.

Proof. From above, for all P € A and x € B, f®(x + A®) = 173}
(awx + A®). Thus if fx = 3, then y — I3 aicx € AP for all P € A and
fx = 175 aex.

If Pis A-dense and f® =0 in Q®, then ¢ € A ND = Ap. If P is
A-dense and f® # 0, then since our choices of ¢, and ¢ are congruent modulo
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AP to the elements of Theorem 2.3, we have vp(a; — 1) > rp — vp(c) — 1/1.
If Pisnot A-dense, then a, is congruent to 1 modulo A and thusa, — 1 € Ap.

Finally we show that the converse of Theorem 2.7 is valid, thus completely
describing the elements of the complete quotient ring of D/A in terms of
certain products.

THEOREM 2.8. Let D, A, A and rp € R be as above. Let N € Z+ and ¢ € D
be given. Let {a,;);>n be a sequence of units in D such that if P € A 1s A-dense,
then either

1) vpla; — 1) > rp —vplc) — 1/4, 7> N, or

(ii) ¢ € Ap,
and if P € A is not A-dense, then a; — 1 € Ap. If P is A-dense and x € B,
where vp(x) > 1/N', N' € Z+ and N' > N, define fx = 1155 aix’. Then
feow).

The proof is similar to that of Theorem 2.4.

3. Topological closure. Let D be a semilocal Priifer domain and let D/A4
be its own classical quotient ring. We construct a topology in D/A and demon-
strate that the completion of the topological ring is Q(D/A). Let vp be the
valuation associated with P € A, vp: Q. (D) — Gp, where we assume the
map is onto the ordered group Gp. If P is A-dense and ¢ € GpT, let

U® = {& € Dp/AP|there is ay € Q.1(D) such thaty = & and vp(y) > ¢}

and let G’ be the set of all £ € Gp* for which UgP # {0}. If P is not 4-dense,
we define U™ as above but let G’ = Gp*. For P A-dense, we have MNiceap
Ug® = {0} since & ¢ U,p™® for x € Dp\A®. And for P not A-dense, we
have N U = {0}. By Chapter III, 6.3, Bourbaki [4], the set U® =
{UD |t € Gp'} forms a filter basis of neighborhoods of the origin for Dp/A®.
Furthermore this topology is Hausdorff (page 223, ibid.).

Let £ € Xa Gp' = G’ and define U; to be

¢ 1 (Xa Uegen)?) = {& € D/Ap(X) > £(P) for all P}

(see the definition of ¢ after Lemma 1.5). Then {U¢|¢ € G’} is a filter base of
neighborhoods of the origin for a Hausdorff topology of D/A and ¢ is con-
tinuous.

By Proposition 6, page 278, ibid., there is a complete Hausdorff ring 7" such
that D/A is a dense subring of 7. We now proceed to show that 7" is isomorphic

to Q(D/A4).

Let {2z}, be a Cauchy net in D/A. For x € B, we define £ € G’ as follows:

(i) if P is A-dense then, since xDp is not A®-dense, there exists
wp € (AP : xDp)\AP; then let §(P) = vp(wp).

(i1) if P is not A-dense, let £(P) € vp~1(AP).
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Since {Z.}., is a Cauchy net, there is an « € .9/ such that if 8, v > «, then
vp(zs — z,) > E(P) forall P € A. From above, z5x — 2,6 € AP forall P € A
Hence 238 = 7% in D/A. That is, for each x € B, {Zzx} is a Cauchy net in D/4
which is eventually constant and converges to an element in D/A. By defining
f% to be this limit, it follows that f is a well-defined map from B to B. Since f is
a D/A homomorphism, f is an element of Q(D/A4).

We now define u: T°— Q by considering z € 1. Then z is the limit of a
Cauchy net {z.}, in D/A4 and corresponds to an element f € Q as above. The
element f is seen to be independent of the choice of Cauchy nets. Thus p is
a function from 7" to Q. Since sums and products in 1" correspond to sums and
products in Q, u is a homomorphism.

Let 2 € T and suppose that z € ker u; then z is the limit of a Cauchy net
{2}, in D/A. Let £ € G'. For fixed P € A, where P is A-dense, there exists
x € P\A4 such that vp(x) = £(P). Since xP & A4, there is a y € B\4 such
that xy € P\A. Since z € ker u and since {Z7} is eventually constant, there is
an ap € .97 such that if 8 > ap, then zzy € A. Thus vp(zv) > vp(yx) and

vp(z) = vp(zy) — vp(yx) + vp(x) > vp(x) = E(P).

Now for fixed P € A, where P is not A-dense, by Theorem 1.1 there is a
vy G B such that vp(y) = 0. Again, since z € ker u, there is an ap € .97 such
that for 8 > ap we have zgy € 4 C AP, Thus, since &(P) € Gp' = Gpt,
vp(z5) = vp(zpy) > E(P). Since A is finite, we can find o € .27 independent of
P such that if 8 > «, then vp(z5) > &(P) for all P ¢ A. Thus {Z,}, converges
to0 € D/A C T and u is a monomorphism.

In the following, we show that u is onto. We now let the index set.%Z be the

collection of elements in B which
(i) are not in P if P is not 4-dense,

(i1) are not in P*\U 4 if P is A-dense,
where P* is defined in Theorem 1.1. By Theorem 1.1,.%7 is not empty. We
order the elements in.%Z by defining, for cach pair x, y in.%Z, x < yif and only if
vp(x) 2 vp(y) for all P € A, Note that if P is not A-dense, then vp(x) = 0.
The inequality “<"" on./ is a partial ordering and.®Z becomes a directed set
under “ ="' by Theorem 1.1.

Letx € .27 and let f& = 3. We now show that y/x ¢ D. Assume the opposite.
Then y/x ¢ Dp for some P € A, But if P is not 4-dense, then x is a unit in
Dp and y/x € Dp. If Pis A-dense and y/x ¢ Dp, then b = x/y € PDp and
b € dom [ since Dp is a valuation domain. Thus in Dp/A4®,

y=[0% = [Dby = 3T
Let f™b = ¢, ¢ € Dp; then y(1 — ¢) € A® . If ¢ is not a unit, then 1 — ¢ is a

unit and y € AP contrary to y/x ¢ Dp. If ¢ is a unit, then without loss of
gencrality there is a d € PDp, where f")d = 1. Since P? = P, there exist u,
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v € PDp such that d = uv and af®5 = f®d = 1. Thus u is a unit in Dp,
contrary to # € PDp. Therefore y/x € Dpfor all P € A and y/x € D.

For convenience we write the elements of the index set.% as Greek letters,
a € &7, and let x, € D beaitself. For a € .o let fZ, = 7, and let 2, = Vo/%q € D.
Next we show that {2,}, is a Cauchy net in D/4 and thus converges to an
element z in 7. By the defnition of u: 7T— Q(D/A), u(z) = f and conse-
quently u is onto.

Let f € Q(D/A) and f&, = 3, for a € .97, Suppose £ € G’ and P € A. We
must consider two cases. If P is 4-dense, let w € PDp\A®, where vp(w) =
£(P). Then there is a u € PDp such that uw € wPDp\A® by Lemma 1.4
(since AP is a proper subset of wPDp). By Theorem 1.1, let v be such that
vp(xy) < vp(u). For a, B> v, we assume without loss of generality that
Up(xe) = vp(xs) < vp(u). Then there exists b € Dp such that bx, = x5 and
b = ¢/d, where ¢ € D and d € D\P. Hence

0o = [ft&a = fdZs = dy,
or

@ =byy — yg € AP,
And

Vp (Va/Xa — Ys/x5) = vp(a/xp)
= vpla/u)
= vplaw/uw) = vpla/uw) + vp(w)
> vp(w) = E(P).
Thus yo/xe — y5/x5 € Ugy® for o, 8 > 7.
On the other hand, if P is not A-dense, then for any a, 8 € &, x4, x5 € B\P.

We can again find 0 € Dp and a € AP, where bx, = x5 and a = by, —
yg € AP, Hence

Vp (Ya/%a — vs/x5) = vp(a/xg) = vp(a)

and ya/xa — ¥5/%5 € AP S U™,

Thus we can find a y independent of P such that y,/x, — vs/xs € U for all
a, 8 > v. Therefore {ya/%a} 4 is a Cauchy net in D/A and hence converges to
an element z € 7', and z maps onto f € Q(D/4).

The above establishes the following:

TuEOREM 3.1. Let D be a semilocal Priifer domain with ideal A and let D/A
be its own classical quotient ring. Then the valuations on D define a Hausdorff
topology on D/ A, the completion of which is the complete quotient ring of D/A.

4. An example. We now give an example of a homomorphic image of a
Priifer domain R which has a non-trivial complete quotient ring. The following
is adapted from Example (6), pp. 390-1, Bourbaki [3]:
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Let T be the real numbers R and let F be an arbitrary field. Let T} =
R+ U {0} and let C be the semigroup algebra of Ty over F. Then Cis a domain
and an F-algebra with basis (Xa)eer, and multiplication given by wx.xs =
Xq48. Note that xy = 1. Let K be the quotient field of C. Definev: K —T'\U {o0}
by

v( > (Laxa/ > bﬁx,g) = min (o) — min (B),
a ] 16740 b0

where v(0) = 0. Let R = {p|p € K and v(p) = 0}, R being the valuation ring
of v. Then R is a local Priifer domain with maximal ideal M = {p € R|v(p) > 0}.
Let 4 = {p € Rlv(p) 2 1}; A is an M-primary ideal of R and M is
the only dense ideal in R/A. Since units are the only regular elements in R/4,
R/A4 is its own classical quotient ring.

In Theorem 2.4, let « = 1, N = 2 and choose the sequence of units (b;)7-»
in R where b; — 1 = x1_y,+1) = ¢;. Note that v(¢;) =1—-1/(j 4+ 1). By
Theorem 2.4, an element f 5 0 in Q(R/A) is determined such that

fx = A+c)x =73
for x € dom f = M and v(x) > 1/n. Now
n—-1 _ n—1 _ n—1
Il 1+¢ =1+ 22 =1+ 22 X310+,
= i= i—

since the valuation of a product of two or more of the ¢,'s is greater than 1.
Hence for £ € dom f, where v(x) > 1/%, we obtain

n—1 n—1
x = (I + 22 xj/(j+1))50 = (I + ZZ 5:’)9—0-
= i=

Suppose that f is in the classical quotient ring of R/A4; that is, for some
ec R,f=¢¢¢ R/A. Thus for x € R with v(x) > 1/n,

n—1
f& =éx or (T—I—Zéj—é)ic:(—).
=2

By definition of the valuation v, we can choose a positive integer L such that
if & = L then

k-1 -1
t='v(1—|— > c,—e) =v(1—|— > c,—e).
=2 =2

If t < 1, let s be a positive integer such that s > L and ¢t < 1 — 1/s. For
X = xl,(s+1),f5c = ¢x and

lév((l-i-jz;:cj—e)x) =t+1/6+1)<1—-1/s+1/(+1)<1,
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a contradiction. If ¢ = 1, thenée = 1 + Z]L-;J ¢;. For x = x1,(z42, we obtain

forn =L+ 1,
_ L-1 _ L
(1+Z éj)a'c=é‘=f'= (1+Z cj)x.
j=2 j=2
Thus

(e}

Il
—
|

_|_
M=
)]
~.
~—
=
|
s
=
+
™
|
—
e
~.
~—
K

=2
= Xr/@+D * X1/L+2)

= T1_1/0+D@+ = Carnasr #Z 0,

a contradiction.
Hence the assumption that f is in R/A4 leads to a contradiction and R/A4 is
not its own classical quotient ring.
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