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Abstract

In this paper we prove a conjecture due to R. Carg [
concerning the action of the finite general linear graub, (g) on
a cuspidal module. As an application of this result, we work out the
caseGL4(q).

Itis well known that the cuspidal characters of the finite groups of Lie type play a particularl
important role in the complex representation theory of such groups. For the general line
group GL,(gq) over the fieldF, of g elements, these characters were determined by J. A
Green[5]. Inthe cases= 2 andn = 3, the action of GL.(¢) on modules affording cuspidal
characters has been studied #} &nd [B] respectively. In 1992 R. CarteR] considered
these cases using a different method from that usedj amd [8]. The purpose of the present
paper is to extend Carter’s method to the general case, and to prove a conjecture state
the introduction of 2]. This concerns the form of the entries of the matrices representing
the action of Gl,(¢) on a module affording a given cuspidal character.

This paper is organized as follows. In Sectibnwe set up the basic definitions and
notation from the representation theory needed here, and we determine a cuspidal moc
affording a given cuspidal character of (3ly). In Section2, we do the work to obtain
the action of Gl,(¢) on such modules, and we discuss Carter’s conjecture. In Settion
we apply the general theory to the group £&). A considerable amount of detailed work
was involved in the compilation of the results needed here to obtain the cuspidal matric
representing the generators of g ). This part of the work has not been included in the
paper, since for our calculations we have followed more or less the same recipe as that u
for the group Glz(¢) in [2].

1. The cuspidal modules

Throughout this pape€ will denote the group G(¢), T the maximal torus of diagonal
matrices inG, andW the Weyl group with respect td, which we shall identify with the
subgroup ofG of permutation matrices. Thefiw is the subgroupV of all monomial
matrices inG.

We consider a maximal Coxeter torfisof G. Then the elements @}, can be viewed as
the diagonal matrices digg 9, . . ., tq"_l), t € F*, whereF?*, denotes the multiplicative
group ofF . ThusT, = FZ”' It is well known (see [10]) that all the cuspidal characters
have degree

G-D@@-1...(¢" -1

and they are the Deligne-Lusztig irreducible charaatety” 1Ry, 4, whered is a regular
character off,, (see [1, Theorem 9.3.2]).
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The Cuspidal Modules of the Finite General Linear Groups

Thus, counting the regular characterspf it turns out from [7] that the grou@ has

1
=Y @)@ =1y
n

dln

cuspidal characters in number, wherés the Mdbius function on the natural numbers.

Now, given a cuspidal charactgrof G, we want to determine a module affording
Such a module can be found inside the Gelfand—Graev module which is constructed
follows. We consider the root systednof G with respect tdl', and we fix a fundamental
basisA = {a1, a2, ..., a,_1} In ®. Then a positive roat has the form

o= Z o, 1<i < j<n.
i<k<j

Let X, be the root subgroup corresponding to the positive «odthen X, consists of all
upper unitriangular matrices, (1), A € F,, where the entry in thé, j)-position is equal
to A and all the other non-diagonal entries are equal to zero. The product

[T x
aedt

is the upper unitriangular subgroup 6f where®™ is the set of positive roots. Let be
a non-trivial complex linear character of the additive grcﬁgpof F,. Since eachX, is
isomorphic toF;f, ¥ induces the linear character &f (denoted also by/), given by

V| J] %0 | =[] v0a)-

acdt a€EA

The induced charactgr® is the so-called Gelfand—Graev characteGokhich is afforded
by the moduleGe, wheree is the central primitive idempotent

U™y Hu
uelU

in the group algebr&U of U over the fieldC of the complex numbers. One of the main
properties ofy ¢ is that each of its irreducible components occurs with multiplicity one,
and their number ig”~1(¢ — 1). Moreover, every Deligne—Lusztig generalized character
meetsy ¢ (see [1, Theorem 8.4.5]). In particular, every cuspidal charactér ofcurs in

G

v

We recall that the Gelfand—Graev module is isomorphic toGheodule ¥ of all C-
valued functionsf on G defined by

flewy =y Hf(g, uel, geg,
where theG-action is given by
) = flg™'n), g.x€G. feF.
Forx € G we define the functiorf, : G — C by
feleu) = YY), forueu

and
fr(y) =0, fory ¢ xU.
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Then these functions have the following properties:

Lemmal. Letx € G. Then (i) fy € F, (i) gfx = fox, forall g € G, and (iii) fx, =
Y(u)fy, forallu e U.

Proof. (i) For g € xU andu € U we have,f,(gu) = fx(xu,u) = w(u_l)l//(u/_l) =
YY) fe(g) whereg = xu',u' € U.If g & xU andu € U we havef,(g) = fi(gu) =0
asgu ¢ xU. Thus fi(gu) = ¥ 1) fi(g) = 0. (ii) Fory = gxu, u € U, we have
&f)y) = fx(g_ly) = 1aﬁ('ff_l) = fgx(y)- while fory ¢ gxU we havefgx(y) =0as
well asgfi(y) = fi(g~ty) = 0, sinceg™ty ¢ xU. (iii) Let y = xu’, u’ € U. Then
) = fabuu™ ) = @) = y@y@ ™) = @) fc(). fy ¢ xU, then
Yu) fx(y) =0andfy,(y) =0asy & xul.

O
Corollary 2. ef1 = f1.
Proof. We haveufi = f1, = ¥ (u) f1, forallu € U. Thus
efi=1UI"Y v Hufi = U™ @ Hyw fi= fi.
uel uel .

We next consider an irreducible compongnof ¢ and lete, be the corresponding
central primitive idempotent o€G. Then theG-modulee, ¥ is the unique irreducible
G-submodule off affording x and sos, ¥, asU-module, affords the charactgty . By
the Frobenius reciprocity theorem, we have

Xlus¥) = (6, v = 1.

Therefore thel/-modulee, ¥ contains a unique 1-dimensional submodule affording
Sinceu(ey f1) = e, f1) = vwey,f1, u € U, the subspac€s, f1 of ¢, F is the
required one, and we hagg ¥ = CGe, f1. The non-zero multiples of the vectey f; are
called Bessel vectors for the character

Let x be a cuspidal character. Followingj|to determine the action @f on the Bessel
vectore, f1, we writee, f1 in terms of a basis of” which is obtained by considering the
left cosets o in G. These are determined by the Bruhat decomposition

G= UweWUw_lTwU

whereU,,-1 = U N wwolU wow ™1, wo being the element of maximal length Wi. Thus
the setX = U WUwflTw is a complete set of left coset representative§ af G, and
we

every elementf € F can be expressed uniquely in the forfm= Z f(x)fx. In other

xeX
words, the setf, | x € X} is a basis ofF, and we call this basis the “Bruhat basis” st
In order to express, f1 as a linear combination of the basis elemefytsx € X, we need
to recall 3] a basic fact concerning the relation of the central primitive idempoterit€;of
1

and those of the Hecke algebfa= eCGe of y¢. We putt U = gUg 1, U =UNE U,
for g € G, and we let

Ny =[neN| "pw=vw. uevt,]
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where s is the character ofU given by (nun—1) = ¥ (), u € U. Then the elements

an = |U : U’ lene, n € Ny, form a basis for¥. Sincey @ is multiplicity-free, # is a
commutative algebra, and hence a direct sum of 1-dimensional subalgebras. The primit
idempotents of#¢ are precisely the elementg = ¢, e for all central primitive idempotents

gy 0f CG with (x, ¥©) = 1, and we have

x (1) _ _
ey = G Ul Z |U U;:ll 1)((IU : U:,l|en 1e)|U : U:[l|ene
: nENl/,
(see [3], 811D). Thus Corollargand Lemmél (ii) give
x(1) _
ey f1= G U Z |U - U:,llx(en Yoref,.

neNy
Therefore we have to expresf,, n € Ny, in terms of the elementg,, x € X.
Proposition 3. Letn € Ny. Then
efn = % Yo v fun
q uer_l
wheren = tw,t € T, w € W, and¢(w) denotes the length af.
Proof. We recall thatifw € W, thenU = U,, U} = U} U, andU, N U, = 1. Thus for

u € U we may writeu = uquo, u1 € U -1 anduy € UI_l, and we have

efy =1 v ™) fun

uel

=0 >0 Y v Y @™ fugun

+
u1el, 1 "ZGUW—l

:|U|7l Z Z W(MI1)¢(M£1)fuln(n—1u2n)

MlEUw_l ”2€U+—1
w

=10t Y Y vy @y Yy uan) fun

”lEUw—l u2€U+71
w

by Lemmal (i) asn~luon € UN"" U. Sincen € Ny, we have v (mlugn) = " (uz) =
¥ (u2). Thus

e =1UI"" D > Yy DY @) fugn

urel, 1 quUJll
w

=0 DD wahve | Y verh fum

uzeU;f_l ur€l, 1
177+ -1
=UITNUS L Y v fun
MlGUw—l
—L -1
=q~" " Y@ fum.
L11€Uu,—1
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as|U| = ¢‘™ and|U ;| = g*M0~t0), .

1
Corollary 4. e, f1 = % > Y xen Y @™ fun,
| ' | neNy, MEUw,]_

where in the second sum the elemerdf W is such thai € Tw, forn € Ny,.

2. TheG-action on the cuspidal modules

Let x be a cuspidal character 6f. From now on we shall take as a Bessel vector the
vectorb = |G : U|x(1)~te, f1 = (¢" — Dey f1. SinceUs = 1 and ifn = 1 thenw = 1,
we have
b=fit+ Y. Y xten ')y @™ fun
neNy uel, 1
n#l
asy (e) = 1. This is the unique Bessel vector that has the coefficierfy @qual to 1.
Now to determine the action af on the cuspidal modul€Gb, we consider as in
[2] the affine subgroupd of G consisting of all matricesa;;) in G with a,; = 0 for

j=1,2,...,n—1anda,, = 1. ThenG is generated by and the permutation matrix
1 )
§i=8h-1= 1
0 1
0 10

We also consider the subgrogfy of A consisting of all matrice¢s;;) € A with a;, = 0,
i=12....,n—1

Lemmab. If Y is a set of left coset representatives of the subgi@yp= Go N U in Gy,
thenY is also a set of left coset representatived/oih A.

Proof. We haveA = GoU;" andU = UpU," where

0 10 1 0 =
o= "~ | andsoU; =
1 0 0 0
01 0

SinceGo N U, = 1, we haved = |_J EYyUon = _, VU as required.
y y
O

LetWo = {w € W | w € Go} andTp = T N A. Then we have the Bruhat decomposition
of Gg

Go = UweWoUwflToon
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and so by Lemm&, we may take the sdat = U o U,-1Tow as a set of left coset
weWo

representatives df in A. We show now that the vectossh, y € Y, form a basis of the
cuspidal modul€CGb. For this we need first to determine the matrix form of the elements
in Ny .

Lemma 6. The setVy, consists of the monomial matrices of the form

0 tly,
- s tl,...,tkeFZ,
tre Iy, 0
where(ny, ..., ng) is an unordered partition of and I, denotes the identity matrix of

degreen;.

Proof. Letn =tw,t € T,w € W. We show first that € Ny, ifand only ifw(®T)NA =
w(A) N ®T andw(a)(r) = 1Lforalle € w—(A) N d+. We have

Un"u = l—[ Xuw(a)-

acdt
w(a)edt
Letu= [] xww@®a) eUN"U.Theny@)= [] v¥(e)and"y @) =y @") =
aedt aedt
w(a)edt w(a)eA
[T v (v ™5). Thusn € Ny if and only if
aeA
w(a)edt
[T vo= Tl v(wee™Hi) 1)
acdTNw=1(A) aeANw=1(dT)

forany choice ok, € F',a € ®*.Iftherewerer € ®tnw1(A)witha ¢ w=1(@1)NA,
then takingi, € F;F with ¥ (he) # landrg = 0,8 # «, B € (dT NwiA)U
(A N wL(®1)), we would havey (hy) = 1 by (1), a contradiction. Similarly, i
w (@) N A thena € T Nw1(A). Thusdt Nw1(A) = w (@) N A. That is,
w(®t) N A = &t Nw(A). Moreover, ifw(a)(r~1) # 1 for somex € ®F Nw=1(A),
taking’, € F} with ¥ (w(@)(t 1) — 1)i) # Landig = 0,8 #a, f € DT Nw (A),
we have by (1)y (Ae) = ¥ (w(@) (¢~ HAg) or ¥ ((w(a) (1) — 1)Ay) = 1, a contradiction.
This shows thatw(a)(r~1) = 1, and sow(a) () = (w(a)(z~1))~1 = 1. The converse is
obvious.

We identify now® with the root systenfe; —e; | 1 < i, j < nandi # j}in R" where

{e1,..., ey} isthe normal basis iR". Let A = {¢; —e;41 | 1 < i < n — 1}. Suppose that
t andw have the form
t1l, 0 0 I,
t= and w =
0 ti In,, I, 0

Then it is straightforward to see that(®™) N A = w(A) N & andw () () = 1 for all
o € w™(A)NdT. Conversely, suppose thatandr satisfy this condition and let be the
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permutation that correspondsito We havew (®) N A = {ezi) —ex(j) | 1 <i < j <n
andr (j) = w(i)+1}andw(A) NPt = {eri)—exi+1) | 1 < w(i) < (i +1) < n}. Since
w(®T) N A = dT Nw(A), 7 must satisfy the conditiont (i + 1) = (i) + 1 whenever
w(@) <nw@i+1),1<i <n—11f5,; denotes the Kronecker delta, then= (5; »(;)).
Letw(j1) = 1. Asn(j1) < m(j1+ 1), we haver(ji1 + 1) = n(j1) + 1 = 2 and inductively
7(j1+k) =k+1,0< k < n— ji.Thatis,§izp—n+i) = 1, L < i < ng, where
n1 =n— j1+ 1. Inthe sameway, it (j2) =n— j1+2=n1+1, thenrt(j2) < 7(j2+1)
and son(j» + 1) = 7(j2) + 1 = n1 + 2 and inductivelyr (jo + k) = n1 + 1+ k,
0<k<j1—j2—1 That iS:8n1+i,n(n—n1—nz+i) =1,1<i < np, wherenp = ji — jo.
Therefore, an easy induction argument gives thats the required form.

Now asw(a)(t) = 1, € w L(®T) N A, we havex(r) = 1,0 € &+ N w(A). But
at) = Ai)»/.*l, wherer = diag(Ay,...,A,) anda = ¢; —¢j, 1 < i, j < n. Inour
casex is one of the roots, i, — ex(i+1), wherer is the corresponding permutation. Thus
Ir(i)y = tx(i+1) = tx()+1 Wheneverr (i) < #(i +1). Thatis,A1 = ... = Ay, Aygq1 =
coo = Ang4ngs oo o Angtodmp_14+1 = ... = Ay This shows that must have the required
form, wherery = A1, 12 = Apyt1, -+ oo Tk = Angtodng_q1+1-

O

From this Lemma one can obtain the dimension of the Hecke algibra
Corollary 7. |Ny| = ¢" (g — 1).
Proof. We consider the elements
0 1l
YR 1<k<n-1
t2l,_x O

in Ny. Replacing for a giverk the block#7,—x by any element of the corresponding
set in GL,—_x(g), we obtain by inductiog”*~1(g — 1)? elements inVy,. Doing this for

n—1

anyk, 1 < k < n — 1, we obtain(g — 1)2) "¢"* = (¢ — )(g" ' — 1) elements
k=1

in Ny. The only elements oy, that have not been considered are thosZ (). Thus

Nyl =(q -1 -1+ (@q-1)=q¢"1g - 1.
O

Corollary 8. Ny, N A = 1.

Proof. The proof is obvious. O

Proposition 9. The sefyb | y € Y} is a basis of the cuspidal modul&Ga.

Proof. The setNg = U ow Tow is a set of double coset representativeé/ah A. We
weWo

consider the induced characigf* of A, wherey is the character af/ considered before.
Applying Mackey’s theorem o4 we have

Wy =3 Wy =1
neNg
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asy # "y onU"' , n € Nounlessn = 1 by Corollary8. That is, the charactef* is
irreducible. Lety be any cuspidal character 6f, and lety |4 be its restriction omA. By
Frobenius reciprocity we have

las ¥™Ma = (6, v6 = 1.

Sincey 4 is an irreducible character éf and degy |4 = degy#, we must havey 4 = x |4
for any cuspidal character of G. Therefore, ify is a given cuspidal character 6f, the
G-moduleCGb affordingx remains irreducible as atrmodule, since this affordgs| 4. On
the other hand, tha-moduleCAb is a non-zercA-submodule of the irreduciblé-module
CGb. ThusCAb = CGb. Now if a € A, thena = yu for somey € Y andu € U. Thus
ab = Y (u)yb. This means that the elemenis, y € Y, generate the spadéGb. But
|Y| = dimCGb, and so the sdtyb | y € Y} is a basis ofCGb as required.

O

To investigate the action af on CGb it is sufficient to obtain the action of and that
of the element = 5,1 on the basidyb | y € Y}. Butifa € A, y € Y, then by the
Bruhat decomposition, we have= y’u for somey’ € Y andu € U. Therefore we have
a(yb) = y'ub = ¥ )y b. In other words, the action of is monomial with respect to the
above basis. Thus it remains to investigate the action of the elenmmnthe vectorgb,
yeY.

LetXy ={un|n e Ny, u € Uy,-1, wheren € Tw}.
We puté, = x(en~te)yr(u=1), wherea = un € X,,. We then have

b= &fa
aeXy
The coefficients, are usually called “Bessel coefficients”. Thus fore Y, we have by

Lemmal (i)
yb = Z Eafyu = ZSzfyz + Z Eafya

acXy zeZ aeXy\Z

whereZ = Z(G).Forae Xy,y € Y, we letsya = x5y, 05y, be the Bruhat decomposition
of sya, wherexy,, € X anduy,, € U. With this notation we have by Lemmnia(iii)

sb) =D EV W) frge + D Ea¥(Viya) froy- )

2€Z acXy\Z

We notice thatin (2) iti, @’ € Xy \ Z, thenx,y, = x, s impliesa = . For, ifa = un and

! ! ’ h
a =un,t enunvg,

= u'n’v;la/ and from the unigueness of the Bruhat decomposition
wegeta =a'.

Next, we express the vectofyb) as a linear combination of the basis elemenis
y €Y. We have

SOD) =Y a OB =D D0 vEfr Y Dk sk, ()
y/ey zeZ y/EY aeXy\Z y/GY

For this expression (3) of(yb) we notice that the vectorﬁy/z, y €Y,z € Z, belong to

the Bruhat basis of thé-moduleF, andy'z = vz, y,y" € Y,z,Z € Z ifand only if
y =y andz = z. Also, sinceA N Ny = 1 the vectorsfyfa, aeXy\Z y €Y, are
multiples of the Bruhat basis elemenfis g € X, withg ¢ Y Z.
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Now we compare the two expressions (2) and (3j(@b). Since, for any; € Z the
elementsyz are notinAZ (and sox,,, ¢ YZ), we see that there is no € Z for which

fy.=1re for somez € Z andy’ € Y. Therefore we must have
4 syz

Z Z )‘y y ,Z = Z EaW(vsya)fxsya~

2€Zy/ ¢ aeXy\Z

Now if we have an ac Zy, such thakya € A, thenx,y,z = Xgy(az) aNdsye = Vgyy) for
all z € Z. Thus we obtain

Z Z )Ly,y/Eny/z = Z Z Sazw(vsya)fxsy(az). (4)

z€Z y/eY z€Z an,/,\Z
Xsya €Y

The equatiort says thatifwe put’ = {y' € Y |y = x;,, for somea € Xy, \ Z}, then for
y €Y we have., v = & (vsya) = & *a: ¥ (ugya), forallz € Z, whereu is the element
of Xy \ Z such thaty' = x,,. Otherwise, ify’ € Y \ Y, theni_ , = 0. Thus, given
y,y € Y,weconsiderthe elementlsy andits Bruhat decomposition sy = urwv=1,
weW,teT,uelU,1,velU.Thenifurw e Xy \ Z, we have

)\v,y/ =&V (V).

y.y

Otherwiser vy = 0.
Now if A y = = &uw¥ (v), thenw # 1; otherwiseyx would be 1 and so by Lemng

teZ a contradiction, sincerw ¢ Z. Thuswow ! # wo, and so there is a simple root
a € A such thawow1(a) = B € ®+. Therefore we hav8"o X g = Xyo8) = Xa C
Un**o Uy = U,-1. Now we may choose an eleme»rlt € X, such thaty(v) = ¥ (u1).
This allows us to writ@aw(v) = £, (u1) = x(ente)yw Hy(uy) = €, T where

a = un,n = tw, sya = y v. In other words, the coefficient, ; is one of the Bessel
coefficients, namely the coefficieqf-1 = (which is equal tc, for any other choice
1

! Vlun
u € U,-1 such thaty (u') = ¥ (v)). This proves Carter's conjecturg][ which we state
now as a theorem.

Theorem 10. Let R be the matrix representation corresponding to the cuspidal module
CGb with respect to the basigyb | y € Y}. Then every non-zero entry of the matrix
R(s) = (Ay y/)y Ve is a Bessel coefficient.

More precisely, ify_lsy/ = urwo is the Bruhat decomposition of the elementsy’
fory,y € Y,thenx, , =&, for anya of the formuutw € Xy \ Z whereuy € U,
such thaty (u1) = ¥ (v). Othervwsa = 0. Moreover

)Ly’y/ = EZ‘ &,; (foreveryz € 7).

O
As a result of the above Theorelf, one can prove Proposition 24 in [2].

Corollary 11. Lety,y €Y. Them., =
the action ofs on CGb is Hermitian.

vy In other words, the matrif representing
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Proof. We may suppose thaty’y/ # 0. Then there exist € Xy \ Z such thatsya =

yzv € AZ,z € Z, v € U. Without loss of generality, we may take= 1. Then we have
A Y = &Y(). Leta =un,n € Ny \Z,u € Uy-1, wheren = tw,t € T,w € W.
Tﬁerefore we have

by yEn¥ @ DY ().

By writing v = vqvg, v1 € Uy, v2 € U,}, we haveyu = sy/vlvzn_ = sy/vln_l(nvzn_l).
Butvin= € Xy \ Z, asv1 € Ug,-1,1, andnv, 'n™t € “UNU < U. Thus we have
syd =yv € A,whered = vin~1e Xy \Z andv’ = unvz_ln_l eU.

Thereforeh ; | = EY) = & v HY @Yy tnh) = (@snv, 't e UN
"Uandy = "y onUN"U) = &,y )y (vp D "y T = E, 9 h ¥ (vp) ¥ (v2)
=&Y@ Y =1y  sincet, 1 =§,.

1

O

3. The groupGLa(q)
Here we determine explicitly the entrik; Vo of the representing matrixof the element
s = s3 for the group Gla(q).
According to TheoremOwe have to determine for eaghe Y the Bruhat decomposition
of the elementylsy’, y/ € Y. Instead of considering these elements, we may equivalently
consider for eacly € Y the elementsya, a € Xy \ Z, and determine whether such an
element belongs td Z or not.

Lemma 12. Leta = urw € Xy \ Z,w € W,1 € T,u € U1 andy = u'row’, w' € Wo,
to € To,u € U,/_1. Thensya € AZ if and only ifsw'w € Wo andu € 1—[ Xq»
acdTNw(dy)

wheredg is the subsystem df generated by the simple roats, i = 1,...,n— 2.

Proof. Wehaverya = u” t§sw wut”. Sincew' € Woandu' e Uy = [[  Xa,

acdtnuw’ (&)
B O
o 1)’

whereB is an upper unitriangular matrix of degree- 1. Thusi” € A. Also .t € AZ.

Suppose thaiya € AZ; that is,sw wu? € AZ. Sinceu € U,-1,u” € "oU N vy =
1_[ Xq; that is,u® is a lower unitriangular matrix. Now, the left multiplication

acw H(dH)NP—

action ofsw'w on u® changes the rows of". §incesw’wuw € AZ, sw'w must leave

the last row ofu® fixed. Thus the last row ofw wu™ must be that ofi, and sou” €

we see that is of the form

AN l_[ Xy = 1—[ X,. Thereforesw' w € Woandu e 1—[ Xq.
acw 1 (dH)ND- acw=H(@T)Ndy acdtNw(dy)
The converse is obvious. O

Thusfora givenu/ € Wowe have to determine the elements N, N'W that satisfy the
condition thatsw'w € Wo. For this, we lets; be the permutation matrix that corresponds
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to the permutatiortk,n — 1),k =1,...,n— 1. Thenthe selo; | k =1,...,n— 1}is
a set of right coset representatives of the Weyl subgi@ygpof Wo which is generated by
the reflections defined by the simple roats . . ., ;3.

Corollary 13. Leta andy be the elements considered in LemIrZaSuppose/ € Woook

for somek = 1,...,n — 1. Thensya € A if and only ifz3t* € To, w(e,) = ex and

ue 1_[ Xo, Whered,” = g if k = 1; otherwised, is the set of negative roots
aedtNw(Py\@p)

of the subsyster®,; of ® which is generated by the roots_1, . . ., 0 —k—2), ¥p—(k—1)-

Proof. Letw € Woook, k € {1, ...,n — 1}. Suppose thatya € A. Then by Lemmal2

we havesw'w € Wo andu € l_[ Xo. Letw(e,) = ;. Thenk # n, since the
acdTNw(dy)

only elementw in Ny N W that fixese, is the identity, and in this case we should have

sw e Wo, which does not hold. Suppose that k. Then ifw’ = w”ok/, w' € Woo, we

havesw oxw(e,) = sw ox(e,r) = sw (e;), wherei can be eithek (if k =n — 1) ork

(if K #n—1)andsa € {1,...,n—2}. Thussw' (e;) = ¢j, j € {1,2,...,n — 2}. This

means thatw'w ¢ Wo assw w(e,) = ¢; # e,. Therefore we must have(e,) = ¢ and

s0, by Lemma5, w must be a permutation matrix of the form

Thus, ifk > 1, we havew(e,—x — e, ;) = ex—5 — ¢, fora,2,0< 2 <a<k—1.
This means thaio(®;) € ®*. Therefore we have™ N w(®y) = &7 Nw(dy \ &)
as required. Finally, we notice that' wu® € AZ if and only if sw wu® € A, and so
tgsw/wuw(tg)*l € A.Thusifsya € A thentgr € ANT = To. The converse is obvious.
]

Now we return to the caseé = GL4(g). Here the root system is the set= {+a1, +a>,
+agz, H(o1 + @2), £(a2 + «3), £(a1 + a2 + «3)}. For the root subgroups,,,i = 1,2, 3,
we shall writeX;, and X1, X23, X123 for the subgroupXy,+a,. Xeotaz> Xaj+astas: M€-
spectively.A typical element of the subgrouy;, i = 1,2, 3, will be denoted by; or x,
etc., and similar notation will be used for the elements of the grélypsX»3, X123.

Lets, s1 andsz be the permutation matrices

1 00 O 01 0O 1 0 0O

01 0O 1 0 0 O 0 010
, and

0 0 0 1 0 010 01 0O

0 010 0 0 0 1 0 0 0 1

respectively.

We denote byf;,i = 1,2, 3,4, 5, 6, the subgroups df that consist respectively of the
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diagonal matrices of the form

w w 2

o o v
By Lemma6 the subsetvy,, which consists of;3(¢ — 1) monomial matrices, is the set
{tiw; | ; €T;,i =1,...,6lUTwoUZ, Wherewg = 51525155251, W1 = $1528, W2 = §5251,
W3 = 515251552, Wq = S25155281, W5 = s1525s251 andwg = s2s1552, Z being the center
of G. Using Corollaryl3we consider the right coset representativesf Woo in Wo. We
haveWo = {1, s1, 52, 5152, 5251, 515251}, Woo = {1, 51} andoy = 515251, 02 = 52, 03 = 1.
The subgroup#/,,-1, w € Wp, of U are the following:
Upi-1=1, US:L_1 = X1, US2—1 = X2, Uyip)-1 = X1X12, Ugyyspy-1 = X2X12 and
U(SJ_SZSl)_l = X1X2X12.
Thus the set of the left coset representatives of the subgrbuip the affine subgroup
AofGis

Y = {10, x11051, X21052, X1X1205152, X2X12005251, X1X2X12[0515251 |
to € To, x1 € X1, x2 € X2, x12 € X12}.
Now we classify the elements &finto three classes according to the right coset repre-

sentativesry, oo andos.
o1 gives rise to the class

X1 = {x1x2x1210515251, X2x12105251 | X1 € X1, x2 € X2, x12 € X12, 1o € To},
o7 gives rise to the class
Yo = {x2f0s2, x1x12f05152 | X1 € X1, x2 € X2, x12 € X192, 19 € Tp}, and
o3 gives rise to the class
Y3 = {to, x1tos1 | x1 € X1, 10 € To}.

Let 1o = diag(k1, k2, k3, 1) be an element ofp. Then by simple calculations it turns
outthatify € X, then the elements € X, \ Z satisfying the conditionya € A are of the

" " " 4 " " " . _l
form rywy, x,x,4t3w3, X3xy5t5ws AN X, x5x55two, Wherety = diag(kg ~, v, v, v) € T1,
13 = diag(K:;l, v, 0,p) €T3, 15 = diag(xgl, v,v,p) €Ts,t = diag(xgl, v,p,7) €T,
Xy € X2,x3 € Xzandx,, € X23. If y € p, then the correspondinge Xy, \ Z are of the
n"oon " " " . _1 _l
form x5x;,x155t4w4 Or Of the forn)/xllezgemﬁ)e, wherery = 9|ag(x3 L k3T, v, p) € Ty,
fg = diag(:«_{l, K:;l, v,v) € Tg, x5 € X3, X1, € X12 @ndx;,4 € X123 Finally for the
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elements o3 the corresponding € X, \ Z are elements of the formy,x; ,4f2w2, where
1 = diag(/cgl, K?’_l, Ke’_l, v) € To, xgg € Xo3 andxizg € X123
To describe the Bruhat decompositionsef: we puty; = fg, y2 = X10081, Y3 = X21052,
Y4 = X1X12105152, Y5 = X2X12108251, Y6 = X1X2X12t0S15251 andag = x2x3x23t wo, a1 =
1wi, a2 = x;3x123t2w2, a3 = xzx/23t3w3, ag = x;x12xl123t4w4’ as = x3x23t5w5 and
ag = x12x123t6w5. Fori=1,...,6andj =0,1,...,6 Ietyl.j be the element of and

v;j € U such thaty;jvij is the Bruhat decomposition e§; ;.

Tablesl and2 give all possibleylfj andv;; such thaty;a; € A. In these tables we have
put

d1 = (torp)*, da = (1oty")°, d3 = (to1g?)*, da = (tot,?)*, ds = (totg"")",
de = (10t,”")", d7 = (101;*?)", dg = (t015"°%)", do = (tot3"?)", dio = (t01"?)",
di1 = (toty"*h)*, diz = (101""?")°, diz = (tor3"*™)*, dia = (101°¥'21)".

Moreover, the elemenf, y1, d and f appearing in these tables are determined as follows.

-1
1152811y S
For the eIement12 # 1in X2 in the expression af4 andag we havex,, ° e Xy,

whereX_, denotes the subgroup_,,. As one can see, the Bruhat decomposition of the
non-trivial elements inX_41 has the formBids181, wherepg, € X1, d e T. Also, for the

11518251t .s
elementx # 1 of X in the expression afg andas, we havex, " e X_q,and so

its Bruhat decomposmon should be of the foymfslyl, y1 € Xl, feT. m, In Table
1 we have erttery = xyx,x 1 lw , Wherex; € X1, x, € X2, x;, € X12, 1y € To and

-1 -1
. . 1821, 78ty ~S
w’ € Wo. Thus, for example, if = 3, j = 6, we haver; = x5 © Xy = 1,%05 = X103

to =d3 = (totez)f andw’ = s1so.

Now, using Tabled and2, we can determine all pai«s, y) € Y x Y such that the
Bruhat decompositions of the elementslsy are of the formav, wherea is one of the
elements inXy, \ Z andv € U.

By TheoremlOthe entryr, of the matrix$ corresponding to the paiy, y') is equal

to &£,v (v™1). Below, we g|ve these entries in termspiandy For example, let us take
y=tpanda = az = x23x123t2ss2s1 wherex23 € Xo3, x123 € X123andr; € 7. The Bruhat

. . //til' ’ nt, ~1
decomposition ofya is sya = y v, wherey = xleztoszsl, x2 = xz?? 3, Xy = x12033,
1o = d1 = (to12)* andv = 1 by Tablesl and2.

’"— n—1
Thus we havayt %-x23x123t235251 Erpssosy (%), @S Y(xyg xlzg) = 1. Eliminating

2 in (*) we geta if 75 1t8 e T», otherW|se>Lv y = 0. Thus the function

y,y/ = gto_lstoszsl
. ’ ’ I I .
that gives the entry., wherey = to andy = x,x;,tys2s1 is of the form
— S
if 1, 1t(/) e T»;

§1

= p— YIO 5251
(foifo) 0 otherW|se.
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Table 1: The form of elements

’

4

!
Yij Xy Xy X12 ty W
’ //to_ls //to_ls
Y12 X23 X123 di s2s1
, //Sltals //Sltals
Y22 X1 X123 X23 da 515251
’ //szl(;l uxztals
Y36 X12 X123 dz  s182
- -1
’ 1821 nsty S n=1  n=1_ p t—l‘
V34 Y12 X3 (3~ xpp " Ixgp9) ™0 da 515251
!
Yag //szsltals
" X123 ds 52
( 1)
X =
12
!
Yag nsasiigts g .1 51
( Yy 21 x181 [(x123 ) aﬁl ] dd5 §152
X
12
y44 //szsltals //szsltals _1 //szsltals 1
" 1 1> 1
( b X103 X3 [x X123 )] dg §251
X =
12
! 1 1 1
Yaa 15281t ~S 1s281tg S _1 15281t =S s
Yy x181 X123 [(x123 ) l» ,31 ]xg dd61 15251
(x]_z #1
Y51 d7 1
’ 12to 1s 18182ty 1
Y55 X3 Xo3 ds 5281
’ 151852t 1 1515210 1 d
Y53 X2 X23 9 S182
-1 - -1
’ //slsgto //sgto s //slszto s
V50 X, Xg Xo3 dio 515251
!
Ye1 x1 din 1
, //slszsltals //szsltals
Yes X1 Xo3 X3 di2 515251
!
y63 //slszslto_ls
"1 X23 d13 52
(xz =1
! 1
V63 18182818 7S -1 51
- X1y1 [(x23 ) lv Y1l fdlg $152
(xy #1)
! 1 1 1
y 115185281ty ~S _ 1S18281t5 ~S n§281tg ~S
60 X 0 L (x D i PO dia  s251
( ” 1) 23 1 23 3
Xy =
2
’
y60 n—1 n—1 n—1 n—1_n § 171 _1 51
w2 1) xiyr (I Toxg 1 [y *, x5 "lxy)™t2%o )75 fdiy sises1
X
2

" -1
5152811y~
Xpg) O

-1
1 //stllo s
Y1 ]xg
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Table 2: The form of the elements

vio= 1

vpo= 1

ve= B (2 ) L ¢ XpXs

vaa= g (r 1322[0 )TH2T € Xo3Xa

V46 = xdsxz[xil, (xi;z:;lta )—l]stszx]S_gSSZ € X12X1X123, if x{z =1

V46 = x;iszz?flto dsades? Sdsldsszﬂdssz € X1X3X1p, if x12 #1

V44 = xileszslxiczleszsl € X2Xp3, if xiz =1

V44 = xigvldsvzﬁdevzvl € X3Xo, if x{z #1

V51 = x;hx;_‘; € X23X123

U5 = x;dgszxiggszsl € X3Xo3

vz = X3 2(xy, (xy ez’ )" Hx12) %912 € X123X3

vso= Xy OHI ([t ()CHSl i )" Hx12) 19152 € X3X3

ver= I € X1p3Xp3

Ve = xédlZSISZSlxilzllZSlSZ € X23X3

V63 = x‘lilgsz [x (x//Slszslto )—1]sd1352x;d1352xi€2113S2 € X12X1X3X1231f x; =1

Vo3 = x;fsldl3s2([x£l, yl,1]x12)stldlsszx;;lszslto—1sfs1d13s2 )/flssz € X123X3X1 X1
if x, #1

V60 = xiluzle;dmvz ?621148231 € X2X3X03
if x, =1

veo = x3 MHP(ag Tty xgg) sz 9B € XoaXa X if xy £ 1
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Our calculations have shown that the mat§ixvith respect to the ordered basigb,
x1t0851b, x2tos2b, x1x12t05152b, X2x12t05251b, X1X2x12t0515281b; 1o € To, x1 € X1, X2 €
X2, x12 € X120} is

0 0 0 0
0 0 0 0
0 0 0 o) r
S (t0,x2:19,%1)
0 0 = / ! = ’ ’ ’
= (t0,x1319, %) = (10,51, %123 10, %7, %1 5)
"
) / 0 0 E o
(t031g) (f0,x2,x12;1,X1)
n
0 ~

- _
- ) ror = ror
XX (1gyg)  (0.XLX2300,Xp) T (10,X1,%2,X12310,%1,X15)

—
E . 0
(t0§lo)
’_‘/
0 g8,
XX (t051)
O E !/ / !
(to,xz;to,xl,xz)
= A = v
(IO!Xlﬁovxzvxlz) ([0,X1,x12;lo,xl,X2,X12)
E r7 E oo
(t0,x2;10, %) (10,x2,X12; 1, X1,X5)
—

-
= ror = ror 7
(10,%1,%2319,%5,%15) (10,%1,%2,X123 1), X1, X, X1 )

where
= , = E lst 05251 if tO tO €Ty
(t0:fo) O otherwise.
i —1./5\s1 .
=’ _ gsltalstéslsgsl if (to tO) €Tz
o/ . =
(fo:to) 0 otherwise.
-1 1 st/slsz ; —1.5 5o .
o %-Szlalst631521p([x2 » Xq JFo%152) jf (to [0) € Tg;
= N
(f0-2310-%2) 0 otherwise.
-1 1y -1
= — gsztalsléxlszsll”(( 2 )stosz[ » Xq I Ojléz) if (f to )52 € Ty;

G(t xoit0. X! x/)
0-*2f0-*1%2 0 otherwise.

wartxy 10%) if (15 k)" € T

E ;. = SAZA]_I Al 052
t0.x1:15,
(f0-x1:0-2) 0 otherwise.
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’
S \InS152Y\ /
Eszslto_1slsd*11(/)31521‘0((602)612) 0 ) if X1 # X1

and (15 1)*192(d~11,)*? € Tg, whered € T such that

’;‘ p— _1 ’ _1 ’
Soxnxazty x| (1 Xpdsi(xpxy) € X1\ {1} and
-1 —1 ’
w2 € X2 suchthatw, ™, x1x; 1= xq5;
0 otherwise.
1 7
=L \stos1sp ,.[05251 —1."5\s152 .
E( Ly = Eszmo StoSZSIw(([x ’ ] X12) xp 00 If (19719 )™ € T
10,X13 10, X5, X
oz 0 otherwise.
~1_ -1 -1
, $105152
Eszsltalslsd—ltoslsgslw((le [x2 » Xq x1])

S‘tovlvz

_ -1,/
12 (11x;_)sld toslszsl)

—

=) / = 1 / —1\s15 -1 '\ss
S otz = | 1 X £ and (g e g € T,

where d e T such that(xy tx))ds1(x7  xy) € X_1\ {1};

0 otherwise.
i 1,5 \s2s1 .
=" _ %-slszto_lsté if (tO tO) € Tl,
E , =
(fo:1) 0 otherwise.
Stosz ”OYZ s 52851 .
= ;= é’:slszt st, szslw«x ) Xoo ) if (to tO) € Ts;
& . = 0 Sty
(o-x2ifer2) 0 otherwise
-1 ’
105251 ! S1gs152
éslSZTo stoslszw((x ) ([xz Xy Ix12) )
S0z x12itg.) T if (g lo )*21 € T3;
0 otherwise.
—1 —1 ’
©) / = 5105251 (1, —1 S1gS152
“(toyxz,nz;to,xi,xé) _Eslszzo stoslszslw(( 1 x2 ) ([x2 » X1 Ix12) ).
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; —1."5\s15281 .
=" _ svlsgslto_lstésl if (to tO) €Ty
—d . ’ -_ .

(1031g) 0 otherwise.

-1 —1 t/ . -1 IS encme .
= sslszsltalstéww«[xl X2 ]xé) 02) if (to fo S € Ty
= o, =

(f0- 31,1210 ) 0 otherwise
B oy Wy xR k)
51525115 slsffltoslsz 1 1

’
—1 —1 e 175152
([x; ™, x1x7 ~Jx12) 012007

. ’ 71 K K X _ ! 5 X
if x; # x1 and (15 1) 1251 (f ~1)$2%1 € T,

—

S o, xr 123121 Xy X)) Ny L
O M2 20 T2 where f e T such that(x xy) fs1(xyx)) € X1\ {1}

_ -1 ’
and wz € X2 such that[w, L xlx/l ] =2x19

0 otherwise.

—1 —1 /
= _ -1 s10s152 $tos251
L‘(to,xl,xz;t(/),)cé,x/lz) - gslszslt(;lst(/)szsl17”(()612 [xl » X2 ]) (X1)C2) )

U () Tox0)s2)

£

— ’
slSZ»Ylto 1st0s132s1

. / _l A
if x; =x1and (t; "1y )*1°2°t € Ts;

Y ((Cepxy Hsaf oy Dy

£

— /
5152511 1S1Sf_1tOS1S2S1

= A = =1
(0,X1.X2. X121, X1, Xp,X1) [x5

r_1 -1 =1 e 1 —1 -1/
L xpxp DOy b ey Jx2)Mo(ag Ty )Y To)sas2sny
- /
if x; #x1 where feT

such that(xy 2x)) fs1(x7 1xp) € X_1\ {1};

0 otherwise.

We now determine explicitly the coefficiefit, a € X, of the Bessel vectdr. Ifa = un,
n € Ny, u € U,-1, then we know that, = £, (u~b). Thus it is enough to consider only
the coefficients,, n € Ny.

If x is the cuspidal character that gives rise to the Bessel véctben we have

&1 = x(ene) = U™ Y 9w Hy (utw)

uelU
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wheren = tw,t € T, w € W N Ny,. (We notice that, 1 = &,.)

To calculate the valug (1 w) we must know which conjugacy class of @) contains
the elementitw.

The conjugacy classes of Glg) are represented by 22 different types of Jordan forms
of the elements of GA(K), whereK is the algebraic closure of the fiek),. These types
are given in Tabl&. Let us note that in this table some of the types of class are empty fo
small values of;. For example, the conjugacy classes of4&) are classified into the types
C1, C2, C3, C4, Cs, C15, C16, C18, C19, C21 andCayp, the other types being empty.

Table 3: The conjugacy classes®@1.4(q).

Type of Jordan form Number of classes
class
K
o * K eF; g—1
K
K
k1
Cy * LK eF g—1
K
K
k1
K
C3 , k eF* -1
k1 4 1
K
k1
1
Ca 5 LK eF: g—1
K
K
k1
k1
Cs , Kk eFr -1
k1 4 1
K
K
K K, . €F:
Ce ’ 4 (g—1(@—-2
K K #£ A 7 1
A

Table 3 continued on next page
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Table 3 continued from previous page

Type of Jordan form Number of classes
class
k 1
K Kk, . €F!
C7 . £ 4 (g—Dg—-2)
A
k 1
K 1 K, . eF:
Cs . ‘A 4 (g —Dqg—-2
A
K
*
Co ‘< :’;in la-DG-2)
A
k 1
K Kk, A €F*
C1o N £ 4 g—D@-2
A
k 1
*
Cnn © Z’;in la-DG-2)
A
“ K, A, L € F;
C1z ‘ . kA p pairwise  3(g—1(g—2)(q —3)
different
1
k 1
K, Ay L € FZ
C1s ‘ . kA p pairwise  3(g—1(g—2)(q —3)
different
7
“ K, A, pu,v €F:
C1a » K, M, I,V pairqwise %‘(q ~Dbig-2)
’ different @=36¢-9

Table 3 continued on next page
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Table 3 continued from previous page

Type of Jordan form Number of classes
class
K
K Kk e F*
Cis , 4 3q(q — 1)?
X X € qu \Fy 29%
x4
Kk 1
K Kk e F*
C16 : a 3q(q — 1)?
by x €F2\Fy 29
x4
K
N K, A E FZ
C17 K #EN 79— 1%q -2
X
p x € F2\Fy
X
X
X 1
Cig g . x€F2\Fy 5q(q — 1)
X
x4
x 1
X 1
C19 @ 1| x eFp\Fy 24(q -1
x4
X
x4 x,ye F,\F
C20 : @ 3@+ D@ -Dg-2)
y x #y, ¥
yq
K
X Kk eF:
C , 1 19(g +1)(g — 1)
21 v f e F\F, 39(¢+ 1@ —-1)
2 q
x4
X
x4 12
C22 2 s x €Fa\Fp 3¢%(q+ D@ -1
X
xq3
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Table 4: The values of the cuspidal charagter

ClassC x(C)
C1 (@® - D(¢* — D(g — DOx)
C2 (g% = D(g — 1))
C3 (@ — Do)
Cs (@ — Do)
Cs —0(x)
Cig (g% — D(Ox) + 0 (x1))
C1e —(O(x) +0(x))
C2 —(O() +0(x) +0(x7") +0(x°))

Ci,i=6,7,8,9,10,11,12, 0
13,14,15,16,17,20,21

The values ofy can be easily obtained using the work of Greh These values are
given in Tabled.
Now we have

x(etwe) =|UI™H Y x(©) Y Y. ()
C conj.class ueUC
utwe

To calculate, for a class, the coefficient Z I/I(Lt_l) of x(C), we use the same method

uelU
utweC

as in [2]. Thus we have to determine, for a gives- rw € Ny,t € T, w € Ny N W, the
elements: € U, such thautw € C.

For this, first we determine all the paifs, ) so thatut' w € C. This can be done by
comparing the characteristic polynomialmfw and that ofC. Then the use of the minimal
polynomial of C and the rank of the matrixz'w — AI gives these pairs, wheveis an
eigenvalue of the elements @h. Having found these pairs, for the givene Ny, N W we
consider only those where = . These calculations need a considerable amount of work.
which cannot be presented here.

Tables5-11give for eachw € Ny, N W the number of pairg’, u) with ut' w € C, for
every conjugacy clas§. In these tables we have omitted the classes that do not contai
elements of the formz w.

In Tables9 and10 we have puiC}, i = 8,11,13,14, 16,17,20, 21,22, andC?, i

1

al

a

11,13,14,16,17, 20, todenote respectively the conjugacy classes of gpevithi = —,
K

2
a # 0, £12, C1y with A = —«, Cr3 With u = KT A —i, Crawith A = —ic, v = —u,

k # —u, C1s With k2 = x9t1 C17 with kA = x9t1 Cpo with x911 = y’1+l, Co1
with —« and —x1+9+9* squares irF, or with —« and _xl+a+a® not squaresCaz, with
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Table 5:(w = 1)

Type of Class Number of Class  Number of pairs{t/, u)

Cq qg—1 1
Cz qg-1 (@ — 1B +29+1)
C3 q—1 a@ —1%2q +1)
Ca q-1 7%(q - 1?(Bq+1)
Cs q-1 7%(q - 1°
Table 6:(w = w1 or wy)
Type of Class Number of Class Number of pairs(t/, u)
Cs g-1 g -1
Cg @-D@-2 %q -1
C11 3@ -1q-2 -1
C13 3@ -1(q—2(q -3 Pq-1
C14 2@ -Dq-2q-34q-9 ¢3q-1)
C16 14(q - 1)? 3q -1
C17 g -1%g-2yq *q-1
C19 29(¢-1) @ -1
Ca20 3@ +Dgg—Dg-2 7%q -1
Ca1 (g +Dg(g - 1)? *q-1
C22 3@ +D%q -1 g -1

. . a
x%(1+q+q2+q3) eFy andCiiwithA # —k,Cizwithu = 2

2
5, Wheren € Fi~{+«?, +ich)

. KA .
such that # a?k 3, Crawithv = —— A # —u, k # —p, MT’ CreWith k2 # x911, Cq7
I

with ix # x9+L, Coo with x471 £ ya+1 MoreoverC3, andC3, denote respectively the
classes of typ€;3 that do not belong to’%@ and ofC14 that do not belong to eitheﬂ"%4 or
to C2,. Finally, C1, denotes the classes of tyfes that do not belong t@'2,.

For eachw € Ny N W, we notice, from the above results, that if we multiply, for each
type of conjugacy class, the number of classes by the number of pairs, then the sum of th

products is equal to

as it ought to be.

UL |Tw N Ny,

Now we give the valueg (ene), for n € Ny. As we have mentioned, the detailed
calculations have been worked out by Gotsis [6].
We let £, (x) = x*+az(r)x3+ax(r)x2+a1(r)x +ao(r) be the characteristic polynomial
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Table 7:(w = w3 Or wg)

Type of Class

Number of Class

Number of pairs(t’, u)

Cq g—1 q(q — 1?

Cs -1 a3(q — 1?

C7 (¢-1(qg-2 q(q —1)°

Cg (@-1(q-2 %@ -1%@+1)

C10 (@-1(q-2 q(q — 1)?

C11 2@ -1q-2 q(q—1%q?+q -1
C12 3(q— 1@ -2 -3 q(g —1)?

C13 3@ -1D@-2( -3 7?q — 1% +2)

C1a %4(q—l)(q—2)(q—3)(q—4) q(q —D?(q?+3q+1)
Cis 3q(q — 1) q(q — 1)?

C16 3q(q — 17 7%(q — 12

C17 19(g-1%q -2 a(q - 122 +q+1)
C19 2q(g -1 q(qg —1%q* - q+1)
Ca20 3@ +Dq(q—Dg-2 a(q—1%q%—q+1)
Ca 2(q +1q(g — 1)? q@ —D2q%+1)
C22 1@+ -1 q(g—1%q% - q+1)

of an element of the torusTy, which is identified WitrFZ4. In what follows we put

Forw = wo andr =

Fo(r,t) =

where

~For.)+q% > v <—a +

o o o r
O O - R
O B ™ &

m Uy

, we consider the function

T

.
aEFq

if reF
—Fo(r,1) +q 74y (v

—Fy(r, 1) otherwise,

1+r4
rd

u(r? +vp)®  r?—vp
avr?

or

-1
—) if re qu \F; and vp = —patl
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Table 8:(w = ws)

Type of Class Number of Class Number of pairs(t’, u)
Co g—1 qg-—1
C3 q—1 (g — 1?
Cq q-1 49(q — 1)°
Cs q—1 aq—-13%q+2)
Ce (g-D@—-2 g-—1
C7 (¢-1(qg-2 (@ —D?(4g +1)
Cs (g—D@—-2 q(q —1)%(q*+39 -2
C10 g—D@-2 q(q —1@Bg—-2)
C11 2@ -1q-2 q(q —12(q%+ 49 - 3)
C12 3(q—-1(qg—2(q—3) q(q—1)(Bg -2
C13 3(q—-D@—2(q-3) 4(q — (g% +5¢ — 1)
C1a 2@ -1@q-2q-3@q-% qlg—D%g%+6q+1)
C1s 2q(q — 1)? q(qg —1(Bq—2)
C16 3q(q — 1 4 —1%q%+q-1)
C17 39— 1% -2 q(q —12(q + 1)
C1g 3q(q —1) qg — 14
C20 3@ +Dq(q—Dg-2 q(q — 1
Ca1 3(q +Dglg - 1)? q(q —12(¢%+1)
C22 3@ +1g?(q - 1) q(q —D*

Fornty=q"° Y Y(—a—B+u@v+apsp —5%p) tao(r) v Hao(r)

a,p.6eF,

a?v+aBsp—82p+#0
(av + Bdp) — a1(r)dvp + az(r)av?p + az(r)v?p?(ap — 8)
+v202(aB?p + av — Bsp))).

Theny(etwoe) = Y Fo(r.1)8(r), where det = ag(r) = ritata*+e*,

Forw = wi andt =

re’ly
detr=detr

X(etwie) = Y Fi(r.0)0(r).

rely
detr=—detr

as(r)

we put Fi(r,1) = —q 3y (4
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Table 9:(w = we, char Fy # 2)

Type of Class Number of Class Number of pairgt’, u)
Cs3 qg-1 q(q —1)
Cs q-1 q(q — 1
Cs g-1 34%(q — 17
oF; 3(q —1)(qg—3) 2q%(q — 1)?
Co 3 —-1Dq—-2 q(q —1)
C10 (g—1(qg—2 q(q — 1)
CH 3 -1 q(q — 1)(5¢* —4q + 1)
o 3(qg —1(qg—3) q(q —1(3¢ — 1)
Cis 3(g—1(g—3) 29%(q — 1)(2g — 1)
CZs 7(q —1(q—3)(q—5) 2q%(q — 1)?
Ci, 3(g—1D(q—3) 29%(q — 1)(3q— 1)
c2, 3(q —1(g—3)(g—5) 29%(q — 1)(2g — 1)
C34 @ —D@—3)(q—5G—7) 24%q—1)7?
Ci 3(q — 1)? 29%(q — 1)(2g — 1)
C%s 3@ —1%(q -3 2q%(q — 1)?
Ciy 3(q — 13 2g%(q — 1)(2q — 1)
c% 3q—-1%g -3 2¢%(q — 1
C1s 34(g — 1) q(q — 1)
C1o 3a(q — 1) q(qg — 1*(3q + 1)
C3o §(g — 13 29%(q — 1)(2g — 1)
Co @ -D@-3(P+1D)  29%(g - 1)7?
C3 &g+ Dg(q — 1)? 2q%(q — 1)?
C3, (g + (g — 1? 2q%(q — 1)
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Table 10:(w = we, char Fy = 2)

Type of Class Number of Class Number of pairs(t', u)
Cs3 g-1 q(q@—1
Ca q-1 q(q — 1)?
Cs g—1 27%(q — 1)
Cg (@-1@g-2 q%(q — 1)?
Co 1@ -Dq-2 q%(@ — 1)
C11 3@-1@-2 2q%(q — 1)?
Cly 3@—1g-2 7%(q — 1(3g— 1)
c3, 3@ —1(g—2(q—4) q%(q — 1)
c, 3@ —1@-3)(q—4 q%(q —1(Bg—1)
cty 2@ —1D(@—2(@—Hg—6) ¢%q—1)7?
Cls 3alg -1 2 —1Bg—1)
C% 39(a — (g —2 q%(q — 1)?
Ciy 39(qa — (g -2 q%(q —1)3g—1)
c% 39(q — D)(g — 2)? q%(q — 1)?
Cis $q(g — 1) q(q —1)
C19 3q(q — 1) q(q — 1%(2q + 1)
C3o Fa(a —D(q—2) q%(q —1)3q—1)
C3 $4%(q - D@ -2 q%(q — 1)?
Ca1 3(q + Dq(g — 1)? q%(q — 1)?
C22 1@ +Dg%(q—1) q%(q — 1)
"

Forw = wo andr = we havey (etwpe) = x (et' wie), where
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Table 11:(w = wq)

Type Number Number
of Class of Class of Pairs (t', u)

C3 q-1 (g —1)?

Ca g—1 q(qg —1)°

Cs q-1 q3@q - 13

C7 (g—1q-2 (g — D%+ 1)

Cs (@—1@g—2 q%(q@—13%q +1)

Co 3@ —1(qg—-2 (g — 1)

C1o (q—1(g -2 q(q — 1)

Cu1 3(q—Dg—2 q(q —D3g*—q+2)

C12 3(q—1(q—2)(g-3) (@—1D*¢*+ 1)

C13 3(g—1(g—2)0(g—-3) (g —D*q®*+4¢*—q+1)
Cuu H%@—-D@-2@-3q-9 (@-D*@q*"+23+29+1)
C1s 349(q — 1) (g —D*

C16 3a(qg — 1) (@ - 1% -¢*+q+1)
C17 79 —D*q -2 (¢ —D%*@*+1)

Cis 3q(g — 1) (@ — 1)

C19 39(g — 1) q(q —13%q%—q +2)

Ca20 §(g+Dgg—D(g -2 (¢ —D%(q* —2¢°+49° - 29 + 1)
Ca1 3(q + Dg(g — 1)? @—-D*q?+q+1)

C22 1@ +1Dq%q -1 (@—D*q%+1)

"
Forw = w3z andr = Y ) we havey (etwsze) = W, where
1
pfl
-1
t = p v_l
ul
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"
Forw = wg andr = H we consider the function
%
0
—F, (r,t) +q %y (—7r3+2’”2) if reF*
Fa(r,t) = ‘/1 ’ 2y Ve
—F,(r, t) otherwise,
where
Furiy=q7° Y lao(r) M (Bov + w) M (—as(r) BV — az(r)u®v + ar(r)dpv
B.5€F,
Bov+u#0

—ao(r)(B28v + B + 8%v) — p2uPv3)).
Theny (etwae) = Z Fa(r, )0 (r).

re’ly
detr=—detr
o
% . .
Forw = ws andtr = we consider the function
v
0
@ +q g i r=v,
_ v .
Fs(r,t) = _q75 Z v (—a —-B— M) otherwise.
o e ap(r)aB
Theny (etwse) = Z Fs(r, 1)6(r).
rely
detr=—detr
n

Forw = wg andr = , we put E(r, t) for the function

ar(r) + as(r)lw>

Fo(r.t)=—q % | Fer.)+ Y ¥ (—ﬂ + e

/SeFj;
—q if reF\F; and pv = —rd+l
0 otherwise.
Theny (etwge) = Z Fg(r,1)0(r).

re’ly
detr=detr

Finally, letw = 1 andr € Z. Easily, we have
X (ete) = 0(t).

whereFg(r, 1) =
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This is a consequence of Burnside’s Theorem, which states that the linear span of 1
images of the elements of a groGpunder an irreducible representatiBnis the full matrix
algebra of allk x k complex matrices, whereis the degree oR. Combining Burnside’s
Theorem with the fact that a cuspidal character of Gl) has degre¢;” 1 —1)--- (¢ —1),
we gety (ete) = 0(¢), fort € Z.

We conclude the paper by giving the action of the affine subgrbwgd GL4(g) on
CGb. As we have seen this is a monomial action. Subgraup generated by the sub-
groupsTy, X1, X2 and X3, and the Weyl elementg ands,. Below, we give the action of
To, X1, X2, X3, s1 ands, on the basigyb | y € Y} of CGb.

The action oft(/) e Ty

1o(tob) = (1410)b |

’ 1 ’
to(xltoslb) = x107 (toto)slb

!

/ 1 /
to(le‘oszb) = xzo (totozszb .
= 1=

’ I tO /
to(xlxlztoslszb) = xlo X1 (tol‘o)slszb
/ t/_l I/_l ’
0 0
to(xleztoszslb) = Xy xlzl (totg))szsg_b
= = =

/ I 1 7 !
to(x1x2x12f0518251b) = x° x5 x5 (fpfo)sisasib

The action ofx; € X1
We notice first that we have the following relations:

. ’ mos2 . -1 _ . os2 —1 —
(i) xq(x2t052) = x2t052x1 [X; , X, 1052 with x; © e Xppand[x; ,x, Los2 ¢ x4.

.. ’ =1 -1 105251 . =1 —1

(i) xp(x2x1ot0s2s1) = x2([x1 , X5 "|x12)tos2s1xy —, With [x; , x5 "]x12 € X2 and
108251

1 €X

The action ofx'l € X1 is given as follows:

xp(t0b) = ¥ (x,°) (10b)

x/l(xltoslb) = (x/lxl)toslb

x, (xatos2b) = Y ([xy x5 110%) (xatos2b) by (i)
x/l(X1X12t0S1S2b) = (x/1X1)X12toS1S2b

xy (x2x12105251b) = ¥ (x/ltoxzsl)(m([x/l_l, x5 Nx12)t0s2s1b) by (i)
x/l(X1X2x12t0S1S251b) = (x/l)Cl)xz)ClleSlSleb-

The action of x,, € X
We have the following relations:

. ’ nos: =1 _ . 1108 -1 —
(i) xy(x1fos1) = x1t0s1x20 1[x2 L Xp Lost | with xzo e X and[x, , x; Host ¢ x,.

- / —1 _ 11051 S: . —1 _
(i) xy(x1x1205152) = x1([xy , xg lx12)t0s152%,° - o, with [x, ~, x7 Mx12 € X12and

108152
Xy € X1.

’ ’ —1 -1 . —1 -1
(i) xp(x1x2x10t0515251) = x1(x5x2) ([x, *, X1 ~1x12)t0515251, With [x, *, x; "1x12 € X12.

The action ofx, € X is as follows:

https://doi.org/10.1112/51461157000000152 Published online by Cadrtidge University Press


https://doi.org/10.1112/S1461157000000152

The Cuspidal Modules of the Finite General Linear Groups

xy(tob) = ¥ (x3°) (o)

xp(xatos1b) = Y([xy ., x 110 (xatos1b) by (i)

xé(XﬂoSzb) = (X/ZXZ)fOSZb

Xp(X1X12105152b) = ¥ (x/ztoslsz)(n([x/z_l, x7 Nx12)tos1s2b) by (i)
x/z(xzmztosznb) = (x/gxz)ﬂztosleb

/ ’ r—1 -1
Xo(x1x2x12005152510) = x1(x,x2) ([x, *, X1 ~1x12)f0s15251b by (iii).

The action of x5 € X3
The relations we need here are the following:
. 1 -1 _ . 11
0] x/3(x2tos2) = xztoszxéoxz [x/3 , X Ljos2 with x3052 € Xozand

=1 -1
[x3 ", x5, 7192 € X3.

- / nmos2 . /-1 _ . 0S2
(i) xg(x1x12005152) = x1X12005152X3 X3 ,xlzl]’oslsz, with x5~ ° € X3 and

=1 -1
[x3 ", x15 1012 € X3.

(iii) xé(xzxutoszsl) = xzx12toszslxgoszsl [x/3_1, xl_zl]’oml [xé_l, xz_l]’m, with
X2 € Xagg, [xg X410 € Xpzandlxg x5 1102 € Xa.
(iv) x,3(x1x2x12t0s1s2s1) = xlxleztoslszslxgoszsl [x;l, szl]loslsz [x::l, x;l]to, with
xgoxzsl
The action ofv; € X3 is given by

-1 —1 -1 —1
€ X123, [x3 , xq5 105152 ¢ X3 and[x3 )Xo 10 € Xoa.

x5(tob) = ¥ (x3") (tob)

xg(x1t0s1b) = ¥ (x3”) (x11051b)

xg(x2t0s2b) = 1//([x'371, x5 1102) (x2t052b) by (i)
xg(x1x12005152b) = W([x;/g_i» x5 105192) (x1x12t05152b) by (ii)
xXg(x2x12105251b) = Y ([xg , x5 110%2) (x2x12t0s251b) by (iif)

/ —1 1 .
x5(x1x2x120815251b) = Y ([x5 , x75 1012 (x1x2x1210515251b) by (V).

The action of 51
We have the following relations:

51

) if x1=1;

() si(ratos1) = | yiltgro)siyy™®? if x1 # 1 with y1 € X1,

to € To such thatxj* = yirgs1y1.

51,8 .
xllztolslz if x1=1;

o

f / 511051S: $11051\ — 1051\ — :
Y1x102 (totO)SlsZyll o 2[()’110 Y l, (xlozl) 1]S2 if x1#1
(i) s1(x1x12f05152) = _ , ; ,
with y1 € X1, tg€To such thatxll = y1lgS1Y1,

511051 511051\ — 1051\ — ;-
MO € X1z and [ T ey T2 € Xa,
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§1.81,8 .
lexllztolszsl if x1=1; .
— =

—1 [, os1y—1ysqy 7 ' ) / 5110515251

yi(xalyy 7 (o) TP xqn (Fgfo)sis2s1yy

(iil) - s1(x1x2%1210515251) = | if x; # 1 with y; € X1, 1, € To such that

s1 ’ 5110515251
x;t = yitgs1yr  and yp € X».

From the above relations we obtain the actionof

s1(tob) = tslslb

télb if x1=1;
s1(x1tos1b) = 1 U (IO (n(rgto)sib) if x1 # 1 with y1 € Xa,
t(/) € To such thatx* = yltéslyl.

s1(x2t0s0b) = x§l télslszb

S S H
xp5tgtseb if x1=1;

=1
$1(x1%121052520) = 1 ([(y3101) 1, (x'%1) 1P52) (yyx (tot0)s1s2b) if x1 # 1

with y; € X3, t(; € Tp such thatx' = ylt(/)slyl.

s1(x2x12005251b) = x15x5 o s15251b

§1 .81 ,51 : .
x5t xp5tgtses1b if xp = 1; .
1

5110515251 -1 s1y—1751 t(,) o
s1(xpxoxiotosysosih) = { P O1 Y(ya(x2ly; =, (k) 710 xp5 (tglo)s1s2s1b)

if x1%# 1 with y1 € X1,7, € To such thatx}! = yiz5s11.

The action of so
For the generatar, we need the relations:

t(S)z if xo=1;
(i) s2(x2f082) = yz(této)szygztosz if x2#1 with y» € X,

1o € To such thatxy? = yy52y2.
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x120 s1 if xo=1;

/ -1
yaxty (1gf0)s2s1yy P (0% L, (D) I if xp £ 1
(i) s2(x2x12f05251) = _ , ; ,
with y» € X, to € To such thatx22 = y21g82y2,

y;2[0~3231 c X12 and [(yAZtOAZ) 1 (xt052) l]sl c X2

xizxizztgzslsz if xz =1;

/ 1
byt (e2) Lo yz([y2 L2t yy b ]x 25 )
(t(/]to)slszsly;ztoslszsl if xo2 #£1 with y2 € X, t(/) e To
(iii) s2(x1x2x1210515281) =

such thatxgzzyzt(’)szyz, [y, (x3%)~ 12 e Xy,

_ ot
[yt ) ™ 1152’0 ]Xileoz € X12
and y201% ¢ x;.
These relations give the following action:

s2(tob) = tézszb
s2(x1tgs1b) = xiztézsgslb
tgzb if xo=1;
sa(xatoszb) = { ¥ (2% (2 (tgto)szb) if x2 # 1 with y2 € X,
1o € To such thatxy? = yatys2y2.
s2(x1x12f05152b) = x15% %102 s15051b

S S H
xp5t07s1b it xp =1,
-1

Y22, (X%2)11) (yax, (fgto)ssab) if x2 # 1

s2(x2x12t05251b) =
with ys € X2, 75 € To such thatxy? = yats2y2.
xlle to 25150b if xo =1;
-1
PORO (s ()70 ya(lyyt 13 L yy e ]
7—1
52(x1X2X1210515251b) = xizxioz )(této)slszslb) if x2#1 with y2 € Xo, t(/) e Ty
such thatxé2 = yzt(/)szyg.
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