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Abstract

In this paper, we introduce the Newton decomposition on a connected reductive p-adic group G.
Based on it we give a nice decomposition of the cocenter of its Hecke algebra. Here we consider
both the ordinary cocenter associated to the usual conjugation action on G and the twisted cocenter
arising from the theory of twisted endoscopy. We give Iwahori-Matsumoto type generators on the
Newton components of the cocenter. Based on it, we prove a generalization of Howe’s conjecture
on the restriction of (both ordinary and twisted) invariant distributions. Finally we give an explicit
description of the structure of the rigid cocenter.

2010 Mathematics Subject Classification: 22ES0 (primary); 20C08 (secondary)

Introduction

0.1. Cocenter-representation duality. A basic philosophy in representation
theory is that characters tell all. This is the case for finite groups. More precisely,
let G be a finite group. Let H = C[G] be its group algebra and SR(G) be the
Grothendieck group of finite dimensional complex representations of G. Then
the trace map induces an isomorphism

Tr: H — R(G)",

where H = H/[H, H] is the cocenter of H. In other words, for finite groups,
the cocenter is ‘dual’ to representations.
Now how about p-adic groups?
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Let G be a connected reductive group over a nonarchimedean local field
F of arbitrary characteristic and G = G(F). Let H be the Hecke algebra of
compactly supported, locally constant, C-valued functions on G. Let SR(G) be
the Grothendieck group of smooth admissible complex representations of G.
In [2, 19], Bernstein et al. established the duality between the cocenter and the
representations of G in the following sense:

Tr: H S R(G)*

good?

where %(G);md is the space of ‘good forms’ on SR(G). Such a relation is further
studied by Dat in [7].

One may also consider the twisted version arising from the theory of twisted
endoscopy. The recent work of Henniart and Lemaire [12] established the duality
between the cocenter and the representations in the twisted version.

0.2. Hecke algebras. The main purpose of this paper is to investigate the
structure of the cocenter of the Hecke algebra H. Here we consider both the
ordinary and the twisted cocenter, and the Hecke algebra we consider is not
an algebra of C-valued functions, but its integral form, that is, the algebra of
Z[p~'1-valued functions instead, where p is the residual characteristic of F.
The structure of the integral form helps us to understand not only the ordinary
representations of p-adic groups, but the mod-/ representations as well. It will
be used to study the relation between the cocenter and the mod-/ representations
in a future joint work with Ciubotaru [5].

Note that invariant distributions on G are linear function on the cocenter of H.
Thus knowledge of the structure of H will also help us to understand the invariant
distributions. We will discuss some application in this direction later in this
paper.

For the group algebra of a finite group, the structure of the cocenter is very
simple: it has a standard basis indexed by the set of conjugacy classes.

The main difference between the Hecke algebra of a connected reductive p-
adic group and the group algebra of a finite group comes from the two conditions
in the definition of Hecke algebra:

e The ‘locally constant’ condition, which means that in the cocenter, one cannot
separate a single conjugacy class from the others. This suggests that we should
seek for a decomposition of the p-adic group G into open subsets, each of
which is a union of (ordinary or twisted) conjugacy classes.

e The ‘compact support’ condition, which suggests that the sought-after open
subset should be of the form G - X, where - is the conjugation action and X is
an open compact subset of G.
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0.3. Newton decomposition. In this paper, we introduce the decomposition
of G into Newton strata, which satisfy the desired properties mentioned
above.

THEOREM A (See Theorem 3). We have the Newton decomposition
G=|]Gw).

Here each Newton stratum G(v) is of the form G - X,, where X, is an open
compact subset of G.

Let us provide some background on the Newton strata. We may realize G as
G(F )?, where F is the completion of the maximal unramified extension of F and
o is the morphism on G(F) induced by the Frobenius morphism of F over F.
The o-twisted conjugacy classes of G(F) are classified by Kottwitz in [21, 22],
in terms of the Newton points together with the image under the Kottwitz map.
For split groups, by taking the intersection of G with o -twisted conjugacy classes
of G(F ), we obtain a decomposition of G. The situation is more subtle if the
group is not quasisplit, as the Newton map of G does not coincide with the
Newton map of G(F). The difficulty is overcome by the Iwahori—-Matsumoto
type generators which we discuss later in Section 0.5.

For any Newton point v, let H(v) be the subspace of H consisting of
functions supported in G (v) and H(v) be its image in H. We obtain the desired
decompositions for H and H.

THEOREM B (See Theorem 10). We have the Newton decomposition for the
Hecke algebra H and its cocenter H :

H= @H(u), H= EB H®).

0.4. Newton decomposition at a given level. Let C be an open compact
subgroup of G and H (G, K) be the Hecke algebra of compactly supported,
K -biinvariant functions on G. We have H = h_r)n H (G, K). To understand the

representations of G, we need to understand not écnly the structure of the cocenter
of H, but the structure of the cocenter of H(G, K) as well. Unfortunately, for
any given K, H(G, K) does not have the Newton decomposition as the Newton
strata of G are not stable under the left/right action of . However, we show
that
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THEOREM C (See Theorem 11). Let n € N and 7, be the nth congruence
subgroup of an Iwahori subgroup I (see Section 4.2). Then

(1) The cocenter of H(G, Z,) has the desired Newton decomposition

H(G,T,) =@ H(G, L, v).

(2) For each v, any element in the Newton component H(G,T,;v) is
represented by a function of H(G,1,) that is supported in the open
compact subset X .

This is the main result of this paper. The two key ingredients of the proof are
e Newton decompositions on G, H and H that we discussed above.

e [wahori—-Matsumoto type generators that we are going to discuss in
Section 0.5.

In the body of the paper, we consider a more general case by allowing twists
by an automorphism 6 of G and a character w of G. Theorems A—C are proved
under this general setting.

0.5. Iwahori-Matsumoto type generators. Let Z be an Iwahori subgroup

of G and W be the Iwahori—-Weyl group. Then we have the decomposition
G = |, ZwZ. It is known that the Iwahori—-Hecke algebra H (G, T) has the
Iwahori-Matsumoto presentation with basis given by {7}, .y, where T, is the
characteristic function on ZwZ.

In the joint work with Nie [16], we discovered that the cocenter H (G, 1)
has a standard basis {7}, where w runs over minimal length representatives
of conjugacy classes of W. This is the Iwahori-Matsumoto type basis of the
cocenter of Iwahori—Hecke algebra H (G, T).

Now come back to our general situation H (G, ), where K is a congruent
subgroup of Z. We define X, = | J,, ZtZ, where w € W runs over the minimal
length elements in the conjugacy class associated to the given Newton point v.
We show that X, is the sought-after open compact subset in Theorems A and C.
The proof is based on

e Some remarkable properties on the minimal length elements established
in [16].

e The compatibility between the reduction method on H (G, K) in Section 4 and
the reduction method on G introduced in [13].
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0.6. Howe’s conjecture. Now we discuss some applications.

In [17], Howe conjectured that for any open compact subgroup K and compact
subset X of G, the restriction of invariant distributions J(G - X) supported in
G - X to H(G, K) is finite dimensional. This conjecture is proved by Clozel [6]
over p-adic fields and later by Barbasch and Moy [1] over any nonarchimedean
local field. The twisted invariant distribution has not been much studied yet.

Howe’s conjecture plays a fundamental role in the harmonic analysis of p-adic
groups (see for example [8, 11]). It will also play a crucial role in the future joint
work with Ciubotaru [5] in the proof of trace Paley—Wiener theorem for mod-/
representations of p-adic groups.

In Section 5, we give a different proof of Howe’s conjecture, which is
valid for both the ordinary and the twisted invariant distributions. Note that
G - X is contained in a finite union of G (v) and the ordinary/twisted invariant
distributions supported in G (v) are linear functions on H (v). It is also easy to
see that for any given Newton point v, there are only finitely many minimal
length elements w associated to it. Now Howe’s conjecture follows from the
Newton decomposition of H (G, K) and the Iwahori—-Matsumoto type generators
of H(G, K; v).

THEOREM D (See Theorem 18). For any open compact subgroup K and
compact subset X of G,

dim J(G . X) |H(G,IC)< Q.

In fact, in the proof we mainly use the part H (G, K) = >, H(G, K;v). The
fact that this is a direct sum will play an important role later (see for example [5])
when we study the relation between the cocenter and the representations.

0.7. The structure of the rigid cocenter. As another application, we
describe the structure of the rigid cocenter in terms of generators and relations.

As discussed in Section 0.1, the cocenter is ‘dual’ to the representations. Based
on the Newton decomposition, we may decompose the whole cocenter into the
rigid part and nonrigid part. The rigid cocenters of various Levi subgroups form
the ‘building blocks’ of the whole cocenter.

We have mentioned in Section 0.5 (see also Theorem 11) that the cocenter
has the Iwahori-Matsumoto type generators. The next problem is to describe
the relations between these generators. In Theorem 23, we solve this problem
for the rigid cocenter: the Iwahori-Matsumoto type generators of the rigid
cocenter are given by the cocenters of Hecke algebras of parahoric subgroups
P, and the relations between these generators are given by the (P, Q, x)-graphs
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(see Section 6.4 for the precise definition). The proof is based on the Iwahori—
Matsumoto type generators of the cocenter and Howe’s conjecture.

It is shown in [4] that the rigid cocenter of affine Hecke algebras plays an
important role in the study of representations of affine Hecke algebras. We expect
that the rigid cocenter of the Hecke algebra H plays a similar role in the study
of ordinary and mod-/ representations of p-adic groups.

1. Preliminaries

1.1. Notations. Let F be a nonarchimedean local field of arbitrary
characteristic. Let O be its valuation ring and k = I, be its residue field.
Let G be a connected reductive group over F' and G = G(F'). Fix a maximal
F-split torus A. Let </ be the apartment corresponding to A. Fix an alcove
ac C &7, and denote by Z the associated Iwahori subgroup.

Let Z be the centralizer of A and NgA be the normalizer of A. Denote by
Wo = NgA(F)/Z(F) the relative Weyl group. The Iwahori—Weyl group W is
defined to be W = NgA(F)/Z,, where Z, is the unique parahoric subgroup of
Z(F) (see [3, Section 5.2.7]). The group W acts on .« by affine transformations
as described in [25, Section 1]. Let G, be the subgroup of G generated by all
parahoric subgroups, and define NgA = Gy N NgA(F). Let S be the set of
simple reflections at the walls of ac. By Bruhat and Tits [3, Proposition 5.2.12],
the quadruple (G, Z, NyA, S) is a (double) Tits system with affine Weyl group
W, = NgA/NoA NZ. We have a semidirect product

W=Wa>4.{2,

where £2 is the stabilizer of the alcove ac in W. Thus W is a quasi-Coxeter
system and is equipped with a Bruhat order < and a length function £.

For any K C S, let Wy be the subgroup of W generated by s € K. Let ¥ W be
the set of elements w € W of minimal length in the cosets Wx w.

Set V = X.(Z)gaci/r) @ R, where F is the completion of a separable closure
of F. By choosing a special vertex of a., we may identify <7 with the underlying
affine space of V and by [10, Proposition 13],

/4= Xi(Z)garry X Wo = {tfwi k€ Xi(ZD)ga(ir)> w € Wol.

1.2. Hecke algebras. Let Z’ be the pro-p Iwahori subgroup of G. Following

[26, Ch. I, Section 2], we define a Z[1/ p]-valued Haar measure jt¢ by
K:KnT
ue(K, ) = W for any open compact subgroup K of G.

Note that [Z' : X N Z'] is a power of p. Thus ug (K, u) € Z[1/ p] for all K.
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Let H = H(G) be the space of locally constant, compactly supported Z[1/ p]-
valued functions on G. For any open compact subgroup K of G, let H (G, K) be
the space of compactly supported, XC x KC-invariant Z[1/ p]-valued functions on
G. Then for K’ C K, we have a natural embedding H(G, K) — H(G, K') and

H =1lim H(G, K).
H
K
Note that for any open compact subgroup X, H(G, K) has a canonical Z[1/p]-
basis {1xkex; & € K\G/K}, where 1y is the characteristic function on gkC.
The space H is equipped with a natural convolution product

fﬁ@=/f@ﬁv”@mtﬂmﬁfeﬂgeG
G

It can be described in a more explicit way as follows.
(a) Let X, Y be open compact subsets of G and K be an open compact pro-p
subgroup of G such that X = X and Y/C = Y. Then

Z texc (P~ (KgK))

Iyly =
e we(Kgk)

Licexcs
el \XY/K

where p : X x Y — XY is the multiplication map.
Since the volume of each double coset of K is a power of p,
1 (p~ (KgK))/uc(Kgk) € Z[1/p).

1.3. Commutators. Let R be a commutative Z[1/p]-algebra and Hy =
H ®gzy1/, R. We define the twisted action of G on Hy as follows. Let 6 be
an automorphism of G that stabilizes A and Z. We denote the induced affine
transformation on V and the length-preserving automorphism on W still by 6.
We assume furthermore that the actions of # on V and on W are both of finite
order. Let w be a character of G, that is, a homomorphism from G to R* whose
kernel is an open subgroup of G. We define the (6, w)-twisted G-action on Hg
by
“f(g) = w) f(x"'g0(x)) for f € Hg,x, g €G.

We define the (0, w)-twisted commutator of Hy as follows.

Notice that Hy is generated by the elements 1y, where X is an open compact
subset of G such that w |y is constant. Let [Hg, Hgls,, be the R-submodule of
Hpy spanned by

[Ix,1x]pw=1xlx — w(X)_l]lX’]le(X)»

where X, X’ are open subsets of G such that w |y is constant.
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PROPOSITION 1. The R-submodule [Hg, Hgly., of Hr equals the R-submodule
of Hg spanned by f —* f, where f € Hg and x € G.

REMARK 2. The untwisted case is stated in [20, Proof of Lemma 3.1].

Proof. We first show that f —* f € [Hg, Hrlo.0o-

Let K be a 6-stable open compact pro-p subgroup I of G such that f is left
KC-invariant and o (K) = 1. We may write f as a linear combination of 1, for
g € G. We have "1, = @(x) 1 x40()-1 - By definition,

w(x) 1
Logepiot = —20 1 Tt = Licwoiot Toe
o (xX) Lixceocn o0 L Leeew o0 Lrseo Lok
MG(’C)

= mﬂmn mod [Hg, Hgly,e-

In particular, by taking x = 1, we have lx, = uc(K)/uc(Kgk) Lk
mod [Hg, Hglg,,. Hence 1x, = "1, mod [Hg, Hgls,e-

Now let X, X’ be open subsets of G such that w |y is constant. We show that
[1x, 1x]g. lies in the span of f —* f.

We choose a 6-stable open compact pro-p subgroup K such that X is left C-
invariant, X’ is right JC-invariant and w (C) = 1. We may write 1y as a sum of
1k, and write 1y as a sum of 1, x. Then [1x, Lx]p = Zg,g,[]].)gg, Loxlow-

We have
[:[LICga I]-g’)C]G,a) = ILICg]]- K w(g)il]lg’/C]]-ICO(g)
)2
= %{g;m ke — @(8) " e (K) Lyxcae
_ e (K)? o — o(8) e (Kgg'K) 1ocore)
RSTES N 16 (K) eI

Setn = ng(Kgg'KK)/ g (K). We have that Lceeic = D 1) Lieec for some
ki € K. Note that (k;g)"'(kigg'K)0(kig) = g'K0(k)O(g) = g'K6(g) and
w(kig) = w(g). Thus w(g) ' Lyxae = 9! 14, ¢¢'c and

MG(IC)Z . 1
e, 1y = e |
[ Kgs 1g K]Q,w (Ing/,C) Z( kigg'IC kigg )

The proposition is proved. O

1.4. Cocenters. Let Hy = Hyg/[Hg, Hgloo. This is the (6, w)-twisted
cocenter of Hy. The distributions on G are the R-valued linear functions on Hp.
We say that a distribution is (6, w)-invariant if it vanishes on f — * f for all
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f € Hg and x € G. In other words, the twisted action of G on Hy induces
a twisted action of G on the set of distributions via *j(f) = j ¢ f) for any
distribution j, f € Hg and x € G. A distribution j is (6, w)-invariant if and only
if j =7 j forany x € G. We denote by J(G) = F_I,’; the set of all (8, w)-invariant
distributions on G.

2. Newton decomposition of G

2.1. Two arithmetic invariants. The 6-twisted conjugation action on W is
defined by w -y w' = ww'd(w)~'. Let clg(W) be the set of 9-twisted conjugacy
classes of W. Since the action of 6 on V is of finite order, each 6-orbit on £2 is a
finite set. Therefore

(a) Each 6-twisted conjugacy class of W intersects only finitely many W,
cosets.

Following [16], we define two arithmetic invariants on clg (W).

Note that each #-twisted conjugacy class of W lies in a single 6-orbit on the
cosets W/ W, = £2. Let £2, be the set of §-coinvariants of £2. The projection map
W — £2, factors through cly(W). The induced map « : clg(W) = 2, gives one
invariant.

Recall that W = X,(Z )Gaii/r) X Wo. We regard 6 as an element in the group
W x () and we extend the length function £ on W to W x () by requiring that
£(#) = 0. For any w € W, (wd)"W! ¢ X.(Z)Gair)» Where m is the order of
the automorphism 6 on W and |W,| is the order of the relative Weyl group.

For w € W, we set v, = A/n € V, where n is a positive integer and A €
X (Z)Garry With (w0)" = t*. It is easy to see that v, is independent of the
choice of the power n. We denote by v, the Newton point of w. Let v, be the
unique dominant element in the Wy-orbit of v,,. The map w +— v, is constant on
each conjugacy class of W. This gives another invariant.

Let V. be the set of dominant elements in V. Set R = £, x V.. We have a
map

T = (k,V): clg(VT/) — N.

2.2. Newton strata. Let Wmin be the subset of W consisting of elements of
minimal length in their 6-twisted conjugacy classes of W. For any v = (7, v) € RN,
we set
X,= |J ZTWwI and G()=GX,.
WE Winin; 7 (w)=v
Here -4 means the 6-twisted conjugation action of G defined by g 4 g’ =
gg'0(g)~". We call G(v) the Newton stratum of G corresponding to v.
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The main result of this section is

THEOREM 3. We have the Newton decomposition

G = |_| G®v).

vel

The proof is based on some remarkable combinatorial properties of the
minimal length elements of W established in [16] and the reduction method
in [13].

2.3. Minimal length elements. We follow [16]. For w, w’ € W and s € g,
we write w —>, w’ if w = swd(s) and L(w’) < £(w). We write w —4 w' if
there is a sequence w = wy, wy, ..., w, = w’ of elements in W such that for any
k, wi_, —>¢ w, for some s € S. We write w ~yw ifw —p wand w —4 w. It
is easy to see that if w —,» w’ and £(w) = £(w’), then w ~y w’.

The following result is proved in [16, Theorem A].

THEOREM 4. Let w € W. Then there exists an element w' € Wi, with w — w'.

2.4. Reduction method. Now we recall the reduction method in [13].
Letw € W and s € S. We have an explicit formula on the multiplication of

Bruhat cells
TiTiT — Ifu.)l' . %fsw > w,
IswZ uTIwZ ifsw < w.
THTiT — Zu.)fl' . ?f ws > w,
TwsTuTZwZ ifws <w.

We have the following simple but very useful properties:
1) GyIwI =G zIwIifw~=,w,
2) G TWI =G -4 LSWI U G - Zswd($)Z for s € S with sws < w.

PROPOSITION 5. Let X be a compact subset of G. Then there exists a finite
subset {vy, ..., v} of R such that

xclJem.
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Proof. Since any compact subset of G is contained in a finite union of Z-double
cosets, it suffices to prove the statement for ZwZ for any w € W.

We argue by induction on £(w).

If w € Wy, the statement is obvious. If w g_f Wmm, then by Theorem 4,
there exist w’ € W and s € S such that w ~, w’ and sw'6(s) < w’. Then by
Section 2.4,

G yIwIl=GwIWICG- zIswoE)IUG ¢LswT.

Note that £(sw’), £(sw'0(s)) < £(w), the statement for w follows from inductive
hypothesis on sw’ and on sw’6 (s). O

2.5. Straight conjugacy classes. Since G = | |, ZwZ, by Proposition 5,
G = U, G(v). In order to show that |, . G(v) is a disjoint union, we use
some properties on the straight conjugacy classes of w.

By definition, an element w € W is 0-straight if £((wO)*) = kl(w) forall k €
N. A 6-twisted conjugacy class is straight if it contains a 6-straight element. It
is easy to see that the 6-straight elements in a given straight 8-twisted conjugacy
class O are exactly the minimal length elements in O.

Let Clg(W)str be the set of straight conjugacy classes. It is proved in [16,
Theorem 3.3] that

THEOREM 6. The map 7 : CIQ(W) — R induces a bijection between Cl@(W)str
and Im(7r).

In other words, we have a well-defined map clg(W) — cl(,(ﬁ/)Str which sends
a conjugacy class O of W to the unique straight conjugacy class in 7~ (77 (0)).
It is proved in [16, Proposition 2.7] that this map is ‘compatible’ with the length
function in the following sense.

THEOREM 7. Let O € cly(W) and O’ be the associated straight conjugacy class.
Then for any w € O, there exists a triple (x, K, u) with w —¢ ux, where x is
a straight element in O, K is a subset ofg such that Wy is finite, x € ¥ W and
Ad(x)0(K) = K, and u € Wkg.

REMARK 8. We call (x, K, u) a standard triple associated to w. By Theorem 7
and Section 2.4(1), we have the following alternative definition of Newton
stratum

G(v) = U G- TuxT.

(x,K,u) is a standard triple;uxe Wmin,rr(x):v
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COROLLARY 9. For any v € X, there are only finitely many w € Wi with
w(w) = v. In particular, each fiber of the map w : cly(W) — R is finite.

Proof. Letv € Im(;r) and O’ be the associated straight conjugacy class. Let [ be
the length of any straight element in (0. Note that there are only finitely many
K C S. In particular, y

(a) max{€(u); u € Wi for some K C S with W finite} is finite.

We denote this number by n. Then by Theorem 7, for any w € Wiy, with
7(w) = v, L(w) <[+ n.By 2.1 (a), O intersects only finitely many W, cosets
and hence any element w € Wmin with 7w (w) = v is contained in one of those
cosets. Since in a given coset of W,, there are only finitely many elements of a
given length, there are only finitely many such w. 0

2.6. Proof of Theorem 3. We have shown that G = | J
to show that it is a disjoint union.

Let v; # v, be elements in N. It is easy to see that if v; and v, have different
$2¢-factor, then G(v;) N G(v,) = . Now assume that v; and v, have the same
§2y-factor. Then they have different V-factor.

The remaining part of the proof is a bit technical and we first explain the main
idea. Suppose that G (v;) N G(v;) # @. Then there exists an element g; € G(v;)
and g, € G(1,), and an element g € G that (twisted) conjugate g, to g,. Then g
also (twisted) conjugate a (twisted) power of g, to a (twisted) power of g,. But
as the Newton factors of v, and v, are different, the ‘difference’ between the
(twisted) nth powers of g, and g, goes to ‘infinity’ as n goes to infinity, and thus
cannot be (twisted) conjugated by a fixed element g € G.

Now we go back to the proof. Suppose that G(v;) N G(v,) # @. By definition,
there exists wy, wy € Wi, with w(w;) = v; and that G - Zu Z NG -9 L L # .
By Theorem 7, there exist standard triples (x;, K;, u;) associated to w; fori = 1,
2. Since w; € Wi, w; X uix;. By Section 2.4(1), G -4 Zw,Z = G -4 Li; x; L.
Hence

vex G(V). It remains

G LZuix1Z NG g Lurxr, I # 0.
Let h; € Zu;x;Z and g € G with gh,;0(g)~" = h,. By our assumption on x;

and K;, we have forany n € N,

(Zi; 500 (Zii; %, I) - - - 0" (T, I) C ( U Iu'}I) (Zx%,6(x;)--- 0" (x)T)

‘LUEWKI.

= (Z%0(x;) - -e"l(xi)z)< U Iwz). (a)

we WKi
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Thus 4,6 (hy) - -- 6" (b)) € (Tx00G) - - 0" GO (U e, Z0T).

Let ny be a positive integer such that (x;0)™ = t* € W x (0) for some A; €
X (Z)Gay#/F)- Since the V-factors of vy and v, are different, A, is not in the
Wy-orbit of A,. For any / € N, we have

ghif(hy) -+ 0" (h)6" (&)™ = haf(hy) - - 6™~ (hy).
Hence
g(It”‘I)( U Isz)@""’(g)lﬂ(It”ZI)( U Iu’J) £
weWg, weWg,
and thus

g(Zt”‘I)( U Iu';I)G"O’(g)l( U Iwz)m(zz“zz) £ (.

we WK| we W’(z

We have that g € Zz7 for some z € W. Then for any [ € N,
(Iz'I)(It”‘I)( U Iwz> (Ie"of(z)—lz)< U Iu‘;I) NZi'™T £ @
weWk, weWg,
Let No = maxyewy, L(w) + £(z) + maxyewy, £(w). Then
T:T, ( U Iu;I) (I@”l(z)-‘z)< U Iu’;I) c U mz
weWg, weWg, YEW ()< No
and

(Iz'I)(It”‘I)( U Iwz>(ze"’(z)—'z)< U Iwz)

wEWKl wEWKZ

& U Tyt™y'T.

¥,y €Wasl(y),€(y)<No

In particular, for [ = 2N,y + 28(Wy) + 1, there exists y, y’ € W, with £(y),
€(y') < N, such that t*2 = yr'*1y’. Assume that y = yot* and y' = t*y] for
Yo, Yo € Wo and x, x' € X.(Z)gair)- Then yot*1+x'yi = 2 Hence I, =
yo(x + 1A+ x') and [ (A — yor1) = yo(x + x'). Notice that A, — yoA; 7# 0. Thus

LUy = (Y L) + £(tF) < L(y) + L) + () + L(yp)
< 2Ny + 28(Wo) < 1 < £(t'%270m),

That is a contradiction. O
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3. Newton decompositions of H; and H R

3.1. Main result. Recall that G = | | G(v). For v € R, let Hg(v) be the
R-submodule of Hy consisting of functions supported in G(v) and let Hy(v)
be the image of Hgi(v) in the cocenter Hpy. We first establish the Newton
decompositions of Hy and Hpg.

THEOREM 10. We have that
(1) Hg = @ue& Hi(v).

(2) Hy = @, Hr ().

3.2. Admissibility. A key ingredient in the proof is the admissibility of
Newton strata.

Following Grothendieck, a subset X of G is called admissible if for any open
compact subset C of G, X N C is stable under the right multiplication of an open
compact subgroup of G. We show that

(a) For any v € R, G(v) is admissible.

In [14, Theorem A.1], we show that each Frobenius-twisted conjugacy class
of a loop group is admissible. The argument works for the Newton strata of G as
well.

Another, and probably simpler argument to prove (a) is pointed out to me
by Ju-Lee Kim. Note that each G(v) is open and closed. Thus for any open
compact subset C, G(v) N C is open and compact. As G(v) N C is open, for any
g € G(v)NC, there exists an open compact subgroup X such that gKC € G(v)NC.
As G(v) N C is compact, there exist finitely many elements g; and open compact
subgroups KC; such that G(v) N C = |, g:/K;. Set K = (), K;. Then G(v) N C
is stable under the right multiplication of K.

3.3. Proof of Theorem 10. (1) Let K be an open compact subgroup of G
and f € Hy(G, K). Let X be the support of f. Then X is a compact subset
of G. By Proposition 5, there exists a finite subset {vy, ..., v} of 8 such that
X = |[;(X N G(v;)). By Section 3.2(a), there exists an open compact subgroup
K’ of IC such that for 1 < i < k, XNG(v;) is stable under the right multiplication
of K. Set f; = f |xnca- Since f is invariant under the right action of K, f; is
invariant under the right action of K'. Moreover, the support of f; is X N G(v;),
which is a compact subset of G. Thus f; € Hg(v;). So Hg = ) Hr(v).

On the other hand, suppose that f = ) f,, where f, € Hg(v) and only
finitely many f,’s are nonzero. Since G = | |, G(v), f, = f |gw)-. In particular,
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fo is determined by f. Thus the decomposition Hg = )
sum decomposition.

(2) Let f € Hg and x € G. By (1), we may write f as f = ) f,, where
f» € Hg(v). By definition, * f,, € Hg(v). Thus

vex Hr(v) is a direct

f="f=Y_(f="f) € PUHr, Hglo.. N Hp(v)).

The direct sum decomposition Hg = @, Hg(v) follows from Hy = @, He(v)
and [Hg, Hglo.o = D, ([Hr, Hrlp.o N Hr(v)). O

4. Newton decomposition and IM type generators of Hx(G,T,)

4.1. Hecke algebra at level /C. Let K be an open compact subgroup of G.
Recall that Hg(G, K) is the Hecke algebra of compactly supported, I x K-
invariant functions on G. For any v € R, we denote by Hy(G, K; v) the R-
submodule of Hg (G, K) consisting of functions supported in G (v).

Note that G (v) is not stable under the right action of . In other words, there
exists a JC x IC-orbit X that intersects at least two Newton strata. By Theorem 10
(1), ]lX = ZV;G(V)FWX;&Q ﬂXﬁG(l)) with ﬂXﬁG(u) € HR(U). As XN G(V) # X for any
v, we see that 1xngn) ¢ Hr(G, KC; v). Thus

Hy(G, K) 2 €D Hr(G. K v).

4.2. Main result. Let Z, be the nth Moy—Prasad subgroup associated to the
barycenter of ac. Since the (Z,), form a fundamental system of open compact
subgroups of G, we have Hy = h_r)n Hx(G,Z).

For any w € W, let H, be the R-submodule of Hg consisting of locally
constant functions supported in ZwZ. For any w € W and n € N, set Hgx(G,
T.)w = Hr(G,1,) N H,.

Let Hx(G,Z,), Hgx(G,Z,;v) and Hg(G,Z,), be the images of Hx(G,
T,), Hx(G,T,;v) and Hg(G,I,), in Hy, respectively. The main results of
this section are the Newton decomposition and the Iwahori—-Matsumoto type
generators of Hgx (G, Z,).

THEOREM 11. Letn € Nwith w(Z,_,) = 1. Then:

(1) we have H(G,T,) = @, Hr(G, T, v);

ver

(2) forany v € R, we have Hg(G, L,; v) = Y Hx(G,T,),.

WEWpin; T (w)=v
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Since Hy = h_r)n Hi(G,Z,), as a consequence of Theorem 11(2), we have the

Iwahori-Matsumoto type generators of Hg.

COROLLARY 12. Letv € ¥. Then

Hew)= ) H,

W€ Whin: 7 (w)=v

where H,, is the image of H,, in Hy.
We first establish the following multiplication formula.

PROPOSITION 13. Let w, w' € W with £(w) + £(w') = L(ww). Then for any
gelwland g € TWw'T,

]]‘Ingl-n ]]'Ing/l-n = kG (Il’l):ﬂ'l-ngg,IVl

REMARK 14. This formula was known for GL,, by Howe [18] and for split
groups by Ganapathy [9].

43. From G to G. Recall that F is the completion of the maximal

unramified extension of F with valuation ring O; and residue field k and
o is the Frobenius morphism of F over F. Set G = G(I:" ). We denote the
Frobenius morphism on G again by o. Then G = G°. In order to prove
Proposition 13, we use some facts on G.

Let S be a maximal F-split torus of G which is defined over F and contains A.

Denote by o the apartment corresponding to S over F. By [3, 5.1.20], we have
a natural isomorphism &/ = /°. Denote by d¢ the unique o-invariant facet of
o containing ac and denote by 7 the associated Iwahori subgroup over F.Then
Z =71°.Let W be the Iwahori-Weyl group over F and W, be the associated
affine Weyl group. Let £ be the corresponding length function on W.

We have a natural isomorphism = ﬁ/ 7. Itis proved in [24, Proposition 1.11
and Sublemma 1.12] that for w, w’ € W, £(ww’) = £(w) + £(w’') if L(ww’) =
L(w) + £(w').

LEMMA 15. Let g € G. Then (1,81, /1,)° = 1,87,/ T,.

Proof. We identify Z,g7,/Z, with Z, /(Z N gI g ") and Z7,gZ,/Z, with
Z,/(Z, N gZ,g~"). The natural map Z, — (Z,gZ,/Z,)" has kernel Z, N gZ, g
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and induces an injective map
L./ TN gL,g™") = L/ (L N gLig™ )’
Note that f N gf g~ ! is a pro-p subgroup of I Thus any element in

i, /(I N gIng‘l))" can be lifted to an element in I" = 7,. So the map
7,/ (T, N gL,g™") — L,/ (L, N gL,g~")) is also surjective. O

LEMMA 16. Letw € W and g € TwZ. Then t7,8Z, /T, = q"®.

Proof. Note that for any 7 € £ and w € W, T,twl, = tZ,wZ, and
tZ,twil,/ZL, = tZ,wZ,/ZI,. Thus it suffices to consider the case where w € W,.

We fix a reduced expression w = s, - -- 5 with s; € S for all i. Set g =
$182 -+ - S¢. Suppose that g = hg'h’ for h, h' € Z. Then 7,87, = hZ,g'L,h'. It
suffices to prove the statement for g’.

Let % be the set of affine roots of G We define %’(w) ={u € Ria > 0,
w(a) < 0}. By [24, Sublemma 1.12], %(w) %(s) L s%(ws) forany s € S
with ws < w. Define the actlon of 7% on Isll' X oee X IskI by (11, e L ik)-
(g1,...80) = (glll ,11g112 sy lim18RIE h. LetIsll'XI - X IskI/Ibe the
quotient space. By standard facts on Tits systems (see [23, Theorem 5.1.3(1)]),
the multiplication map

FiiE xg o xp Tadyt > T/t

is bijective.

Similarly, the map

zV'—nslzv-n X, XL, iﬂskil/j-n —> j'—ng/zv-n/i"

is bijective.

Note that the multiplication map is o -equivariant. Thus by Lemma 15,

Ing,In/In = (j"ns‘l-,z.n Xjn to Xjn -,z.nks.‘k-’zn/jn)(r
= Injlzn Xz, X1, Injk-'z’-n/z'.n

Therefore ﬁIng/In/Zn = ﬂ(InSIIn/l-nljj(Ins2Zn/In) T g(l-nsk-z-n/l—n)

It remains to show that for any s € S, 87,57,/Z, = q'®.

Let @ tu)e the set of roots of G relative to S. and @’ be the set of nondivisible
roots in @. Let T be the centralizer of S. As in [25, Section 3.1], for any a €
QS/, there exist o, 8, € % whose vector parts are a and such that the product
mappings

I, X, x Ty — f,
M, 5Xs x Ty — LNLs™
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are bijective (for any ordering of the factors of the product), where X, is the
affine root subgroup corresponding to the affine root « as in [25, Section 1.2]
and Tj is the unique parahoric subgroup of T (F).

By the definition of fn, the product mappings

11 EqS’Xaa+r1 x T, — Im

a

M, 5 Xp,en X T, — L, N §T,5"

a

are also bijective. Hence
T T /Ty = oy Xeyin/ Mo X pyon = Mooy Xo, [T X, = T5T/T.

By [24, Proof of Proposition 1.11], ISI/I is an affine space over k of
dimension E(s) By Lemma 15, ZsZ /I (I,isI /Z,)° is the set of k-valued
points of an affine space of dimension £(s). Therefore, £Z,57Z,/Z, = ¢'®. O

4.4. Proof of Proposition 13. Define the action of Z, on Z,¢Z, x Z,g'Z, by
h-(z,7) = (zh™', hz'). Let T, 87, xz, T,g'Z, be the quotient. We consider the
map induced from the multiplication

l-ngz-n XIn Ing/Zn/In - G/In
It is obvious that Z,gg'Z,/Z, is contained in the image. By Lemma 16,

67,88'L, /T, = ¢"""",
ﬁIngIn X1z, Ing/In/In = ﬁIngIn/l.n : ﬁIng/In/In = qz("’)qz("’/)~

Since L(ww’) = £(w) + £(w’), Z(ww’) = f(w) + E(w’). Therefore
ﬁI,,gIn X, Ing/In/In = ﬂIngg/In/In'

Thus the image of the map 7,87, xz, Z,8'Z,/Z, — G/1,is 1,8¢'1,/Z, and the
map is bijective. Now the statement follows from Section 1.2(a). 0

Similar to Section 2.4, we have the following inductive result.

LEMMA 17. Letn € Nwithw(Z,_,) = 1. Let w € Wands €S.
(1) Ife(sw(s)) = L(w), then Hr(G,ZL,)w = Hr(G, L,)sui(s)-

(2) IfSU)Q(S) < w, then HR(G’ In)w C ﬁR(G’ In)swﬁ(s) + HR(G7 In)sw'
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Proof. Without loss of generality, we may assume that sw < w. By definition,
Hg(G,Z1,), is spanned by 17,7 with g € ZwZ. Since sw < w, for any g €
TwZ, there exist g, € ZsZ and g, € ZswZ with g = g1g,. Since Z,¢,Z, C
g1Z,_1, we have w |z,,,7, is constant. By Proposition 13,

1

/'LG(In)

w(g)™
mlzngzzn HIUQ(gl)I,, mod [HR (G’ In), HR(G, In)]@,w-
G\+n

]]'Ingzll = ]]‘Ingll-n :[]'IngZIn

If £(swb (s))=C(w), then swO(s) > sw and 1z,,,7, 17,57, € Hr(G, Ly)suocs)-
Thus HR(G’ In)w C HR(Gs In)sw@(s)' Slmllarly’ HR(G’ In)sw@(s) C HR(Gs In)w'

Part (1) is proved.
IfSU)Q(S) <w, then ]lI,,gZIn ]11,,glI,, - HR(Ga In)sw&(s) + HR(Ga In)sw- Part (2)
is proved. O

4.5. Proof of Theorem 11. By Theorem 10, > Hy(G,T,; v) is a direct
sum. By definition, for any w € Wy, Hx(G,Z,)w C Hg(G,T,; w(w)). Thus
it suffices to show that

Hr(G.T)= Y He(G.T,),.

weE Whin

Since Hg(G,Z,) = @,y Hr(G,Z,),, we argue by induction on £(x) that

Hr(G,T,). C Y Hw(G,T,)u.

we Wmin

Ifx e Wmm, then the statement is obvious.

Ifx ¢ Wmm, then by Theorem 4, there exist x’ € W and s € S such that x R x’
and sx’6(s) < x’. Then by Lemma 17, Hx(G,T,), = Hx(G,T,)y C Hx(G,
L) sw + Hr(G, L) sxocs)- Since £(sx’), £(sx'0(s)) < £(x), the statement follows
from inductive hypothesis on sx’ and sx'0(s). O

4.6. Reformulation. By Theorem 7 and Lemma 17(1), the Iwahori-

Matsumoto type generators of Hy (G, T,; v) can be formulated as follows:
(a) Any element in Hr(G, Z,; v) can be represented by an element in Hp(G,

I”) with Support m U(x,K,u) is a standard triple; ux € Winin, 77 (x)=v ZuxZ.
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5. Howe’s conjecture
S.1. Howe’s conjecture. Let X be a compact subset of G. Recall that
G X ={gx0(g) 'sg€G,xeX}

We denote by J (G -4 X) the set of (6, w)-invariant distributions of G supported
in G -4 X. Let K be an open compact subgroup of G. Howe’s conjecture asserts
that

THEOREM 18. The restriction J(G -y X) |ng(c.x) IS finite dimensional.

REMARK 19. For ordinary invariant distributions, this is proved by Clozel [6],
Barbasch and Moy [1]. For twisted invariant distributions, this is a new result.
Our approach here is different from both [6] and [1].

5.2. Invariant distributions. Letn € N with w(Z,_;) = 1 and v € ®. Then
Z, is an open compact subgroup of G and X, is a compact subset of G. By
definition, the Newton stratum G(v) is G -4 X,.

Recall that R is a commutative Z[1/ p]-algebra. For any R-module M, we set
M* = Homg(M, R). By the Newton decomposition G = | | _, G(v), we have
that

veR
J(G) = EB J(GW)) and J(G(v)) = Hgx(v)*.
ver

We first consider J (G (V)) |n,(6.z,) and give an upper bound of its rank. We will
show in Section 5.3 how the general case in Howe’s conjecture can be reduced
to this case.

THEOREM 20. Let v € X. Then there exists a constant N, € N such that for any
neNwithw(@,_1) =1, J(GW)) |upc.z, is generated by N,[Z : T,] elements.

Proof. We have that

J(GW) lup.zy = J(GCW) lgpe.z)= J(GW)) |, ArG.T,:0)
= J(G(v)) |I-?R(G,In;v)= HR(G,In; v)*.
Here the first and last equalities follow from the definition of invariant
distributions, the second equality follows from the Newton decomposition

Hx(G,Z,) = @, Hx(G,Z,;v) (Theorem 11(1)) and the third equality
follows from the fact that G(v) N G (V') = @ for v % v’ (Theorem 3).
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By the Iwahori—-Matsumoto type generators of Hg(G,T,; v) (Theorem 11(2)),
we have a surjection

P  Hr(G.ZI), - Hr(G. T, v).

we Wmin;rr(w):v

By Corollary 9, there are only finitely many w € Wi With 7 (w) = v. We
denote this number by N,,. For each such w and for any g € ZwZ, by Lemma 16,
we have

HIWT/T,) = 8 THT/DIT: L1 =q" [T : L), and #8(Z,gL,/T,) ="

Thus ZwZ is a union of [Z : Z,] double cosets of Z,,. )
In particular, rank Hz (G, Z,,), = [Z : Z,]. Therefore Hz (G, Z,; v) is generated
by Zwewmm;n(w):v rankHy (G, ZL,), = N,[Z : Z,] elements. O

5.3. Proof of Theorem 18. By Proposition 5, X is contained in a finite union
of Newton strata G (v). Therefore J(G -y X) is a subset of a finite union of
J(G(v)). For any open compact subgroup /C of G, there exists n € N such that
w@,))=1andZ, C K.

Hence Hx(G,K) C Hy(G,Z,) and J(G(V)) |upc.0C J(GW)) lu6.z,)-
Now the statement follows from Theorem 20. O

6. Rigid cocenter

6.1. Rigid cocenter. Foranyv = (7, v) € R, we denote by M, the centralizer
of v in G, that is, the subgroup of G generated by Z(F) and the root subgroups
U,(F) for all roots a with (v, a) = 0 (see [21, Section 6.1]). This is a Levi
subgroup of G.

We define the rigid and nonrigid part of G by

Gie= || G, Gwe= || G

veX; M,=G veX; M, #G

Let Hy® and H)"™® be the subset of Hy consisting of functions supported in G
and G s, respectively and let Hp® and Hy® be their images in Hp, respectively.
We call H}® the rigid cocenter and Hy'® the nonrigid part of cocenter. We have

[:Ilreig= EB Hy(v), I:Izrig= @ Hp(v).

veR; M, =G veR; M, #G
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By the Newton decomposition on Hg (Theorem 10), we have
e = A & A}

We denote by J (G)i, the set of (8, w)-invariant distributions supported in G,
and J(G)pyig the set of (6, w)-invariant distributions supported in G,. We have

J(Gig = (HRS,  J(G)uig = (HF™®)* and  J(G) = J(G)sig ® J (Gig.

The main purpose of this section is to give an explicit description of the rigid
cocenter. In a future work [15], we will establish the Bernstein—Lusztig type
generators of the cocenter, and realize the nonrigid cocenter as a direct sum of
+-rigid parts of cocenters of proper Levi subgroups.

6.2. Standard pairs. We first study J(G).,.

Let P be a standard parahoric subgroup of G, that is a parahoric subgroup of
G containing Z. Let T € £2. We say that (P, 1) is a standard pair if t10(P)t ™! =
P. Let Wp be the (finite) Weyl group of P. Then the conjugation action of t
induces a length-preserving automorphism on Wp. We denote by StP the set of
all standard pairs.

We have that

PROPOSITION 21. The rigid part of G equals J p , c5p G -0 PT.

Proof. Let (P, t) be a standard pair. Let n be a positive integer such that (76)" =
t*. Since T € £2, t* € £2 and thus (A, a) = 0 for any root a of G. Therefore
M; = G and M,, = G. Note that 70(P)t~' = P. Similar to the proof of
Proposition 5, we have

Pt =P TwiT,

where w € Wp such that wt is of minimal length in {xwt6(x)~'; x € Wp}. Let
w be such an element. Then it is easy to see that 7 (wt) = 7 (7). Moreover, for
any x' € W, we may write x’ as x’ = x,x, for x, € W¥ and x, € Wp. Then
Xwtl(x)"' € Wpt and
CxxwTh(x) 0 (x) ") = L(xxwTh (x) ™) — £(x))
= £(x1) + L(wth(x) ") — £(x))
= L(rwth(x) ") = L(wT).

Hence wt € Wmin. Thus we have

Pt C G(z(1)).
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On the other hand, let w € Wmin with central Newton point, that is (v,,,a) = 0
for all roots a of G. Then by [16, Corollary 2.8], we have w € Wpt for some
standard pair (P, t), where Wyp is the Weyl group of P. Then ZwZ C Pt and
G -9yIwlI C G-4Pt.Thus

Gi= |J GoPi. O

(P,7)eStP

6.3. The structure of J(G),,. For any (P,7) € StP, we denote by
Hr(Pt) C Hpg the R-submodule consisting of functions supported in P<.
Note that Pt is stable under the 6-twisted conjugation action of P. We denote
by Jp(Pr) the set of (P, 8, w)-invariant distributions on P7, that is, the set of
distributions j on Pt such that j(f) = j(*f) forany p € P and f € Hg(P1).
Then it is easy to see that the restriction of any (6, w)-invariant distribution on
G to Pt is (P, 0, w)-invariant.

THEOREM 22. The restriction map J(G) — @ p yesp JP(PT) gives a
bijection from J(G)sg to the R-submodule of @ p ;)csp JP(P7T) consisting of
the elements (jop o)) p.oyesie € ®JIp(PT) satisfying the condition

V(P, 1), (Q, Y),x € PWQ, Up.- |77i’ﬂ,\"Q}J(9(fc)") = j((jQ,y |Q;)ﬂi*‘73i6(5c))' *)

Proof. For any standard pair (P, t), we denote by Hz(P7) the subset of Hy
consisting of functions supported in P7. By Proposition 21, we have a surjection

pie: @D He(Pt) — Hi. (a)

(P,t)eStP

Therefore the restriction map j > (j |p:)p reswe from J(G),, to the direct
sum of distributions on P7 is injective. It is also easy to see that j |p; is
(P, 6, w)-invariant. Moreover, for all standard pairs (P, 1), (Q,y) and x €
PW2, the O-twisted conjugation action by x sends Qy N x~'Pi6(x) to Pt N
xQyO%)~". Thus j |pinioje =" loyni-piow)-

On the other hand, given (jip 1)@ .r)ese € BJp(P7T) satisfying the condition
(), we construct a distribution j € J(G)y, using the sheaf-theoretic description
of distributions.

First, we set j |g,,,= 0. For any g € Gy, by Proposition 21 we may choose a
small neighborhood U of g such that U C G, and that there exists 1 € G with
hU6(h)~' C Pt for some standard pair (P, 7). We define

. .
Jlv=" Uwpo lwom-1)-
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It remains to show that

(b) The family (j |) we obtained above is independent of the choice of 4 and
P, 7).

Once (b) is proved, we automatically have (j |v) |luvnv'= (j |v") luny’ for any
open subsets U, U’ of G, and thus the family (j |;) defines a distribution j of
G supported in Gy;,. The (0, w)-invariant condition for j follows from the fact
that (j |p) is independent of the choice of A.

Now we prove (b). Let U, U’ be small neighborhoods of g and &, i’ € G with
hUO(h)~™' c Pt and K'U'6(h")~' C Qy. After 6-twisted conjugation, we may
and do assume that 2’ = 1. Then U’ C Qy and Qy Nh~'Pt0(h) # 0.

We write i as h = piq for p € P,x € PW2and ¢ € Q. Then

. —1p=1, ., . . . .
(.o lwem-) =" (po ltquociq-1) @S jipo) 1S (P, 0, w)-invariant
-1 - ..
=" (jioy lqua-1) by the condition (*)
= Jjiay lv  as jg,) is (Q, 0, w)-invariant.

This finishes the proof. O

6.4. The structure of H Ir;g. Let (P, 1), (Q, y) be standard pairs and x €
PW<. We define

Hep oy 0x = ((f, =" f); f € Hg(Pt) with support in Pt N x Qy6 ()"}

We call it the (P, Q, x)-graph in Hg(P7) @ Hg(Qy).

We have seen in the proof of Theorem 22 that Hy® is generated by Hg(P1).
Since t0(P)t ! = P, we have [Hi(P), Hx(P1t)ls., C Hr(P7). This gives
some relations in H ;g. Now we show that the remaining relations in I-_I,';ig are
given by the (P, Q, x)-graphs.

THEOREM 23. The kernel of the surjective map
prig : @ HR(PT) - I:I[relg
(P,7)eStP
is spanned by [Hg(P), Hr(P1)]o.. C Hr(P1) and Hip +)0.p)x C Hr(P1) &
HR(Qy).

Proof. By definition, [Hg(P), Hr(P1)lp., and Hp 1) (0.« are contained in the
kernel of py,.

Now we prove the other direction. Let (fip ;) € ®Hr(P7) with ) _ fip..) =0
in Hg. Let 2’ = {t € £2; fp.oy # 0 for some P} and let £2 = (8) - £2' be the
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smallest 6-stable subset of §2 that contains £2’. Since the action of # on £2 is of
finite order, £2 is a finite subset of £2. Let StPy = {(P, 1) € StP; T € £2¢}. As
there are only finitely many standard parahoric subgroups, StPy is a finite subset
of StP. By definition, there exists n € N such that fip ) € Hr(Pt,Z,) for any
(P, 1) € StPy. For any standard pair (P, 7), Hx(Pt,Z,) is finite dimensional.
In particular,

(a) The restriction B p ,)csp, J2(PT) luppi.z, is finite dimensional.

Let G?l& = {g € Gy k(g) € §2} and Gllg = Gy — G?l& Let J(G)rlg
J (G)[‘lg be the set of (8, w)-invariant distributions supported in Gr4 and Gl

k o rig?
respectively. We define (Hy®), and (Hg®), in a similar way. Then

J(G)iig = J(G)
J(G)",

G ®I(G)y,.  HiE = (Hy) @ (H®),. and
= (H);.

rig

Since £2; is #-stable, for any standard pair (P, 7), Pt C G2, if (P, T) € StP,

rig
and Pt C G, if (P, v) ¢ StPy. Thus the image of @ ,)csp, Hr(PT) — HE
equals (H g)o and the restriction map J(G)", — J(P17) equals O for any (P,
'C) ¢ StPO

By Theorem 22 and (a) above, the map J(G)rlg — @(P,r)esnpo Jp(P1) is
injective and there exists a finite subset A of the 5-tuples (P, t, Q, y, x) with
(P, 1), (Q,y) € StPy and x € PW < such that

rig

(J(G>rig—> P »Pd |HR<pf,z,,))=V|@(7,J)ES[POHR(%,L»

(P,7)eStPy

where V is the subspace of B p ,)csp, J»(P7) defined by the equations

p.e Ipiniosom-1) = (o logni-ipiaw) for (P, 1,Q,y,x) € A, (b)

Therefore V. |g,, | o HePt.Z)= (DB p.cyesw, Hr(Pt,T,) — Hg")*. Since
both spaces are finite dimensional, the kernel of the map @ p ,)csip, Hr (P7,

7)) — I-_I,r;g) consists precisely of the elements vanishing on V.
Notice that for any standard pair (P, t),

Jp(Pt) = (Hr(P1)/[Hr(P), Hr(P1)lo.)"

So the elements of D p )5, Hr(PT, Z,) vanishing on P p . csip, S (P7) are
exactly @(P,r)estpo[HR(P)7 Hp(Pt)lg.o N Hr(Pt,1,).
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The subspace V of @(P,T)eslpo Jp(P1t) is defined by the equations in (b).
Taking the dual, we see that the elements vanishing on V are spanned by

P [He(P). He(P)ls., N Hr(P#.Z,) and

(P,7)eStPy

Y. Hpome O
(P,7,Q,y,x)eA
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