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ISOMETRIC IMAGES OF C* ALGEBRAS

BY
DONAL P. ODONOVAN AND KENNETH R. DAVIDSON+

ABSTRACT. It is shown that if the isometric image of a linear
subspace of Hilbert space operators is irreducible in a strong sense,
then the isometry is either a multiplicative or anti-multiplicative
map, possibly followed by multiplication by a unitary.

1. Introduction. We investigate the structure of isometric images of sets of
operators. Elementary examples show that some condition on the irreducibility
of the image is necessary to get a good structure theory.

Let # be a separable Hilbert space, and let (3) and £(%) denote the
compact and bounded linear operators in #, respectively. Recently, Hopen-
wasser and Plastiras proved:

LEMMA [6]. Let ¢ :H(H)— L(H) be a linear isometry with property

(Iy) Forall x,yin %, ||IS<I|T51 [(d(K)x, v)| =|Ix] - Iyl

Then ¢ has a unique extension to an isometry of £(¥) into itself. []

If £ is any ideal in a C™ algebra &, and if ¢ is a * preserving multiplicative
or anti-multiplicative map of $ into £(), then there is a standard method for
uniquely extending ¢ to a multiplicative or anti-multiplicative map on all of /.
See, for example [1, Sect. 1.3]. We show that it is exactly this situation which
occurs in the lemma above. Our theorem is considerably stronger, but it was
the above considerations which led to our results, so we give them pride of
place.

THEOREM 1.1. Let o be any subspace of operators on # which contains H(¥).
Let ¢ be a linear isometry of A into L(F) with property

(L) supfl(d(A)x, y)|: Aesd, [|All=1}=|lx]| - [y

ES

for all x, y € ¥. Then @ is the restriction of either a *-automorphism or a *-anti-
automorphism of L(3), followed by multiplication by a unitary. [
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Before proceeding with the proof, we wish to indicate the place that this
theorem occupies in a historical string of such theorems. The first result of this
type was:

THEOREM (Banach-Stone, 1930’s). Let X and Y be compact Hausdorff spaces.
Let ¢ be a linear isometry of C(X) onto C(Y). Then there is a multiplicative
*_preserving map x of C(X) onto C(Y), and a function h in C(Y) with |h|=1
such that ¢(f)=h - x(f) for all f in C(X). O

The next result seems to be

TueoreM [7] (Kadison, 1951). Let A and B be unital C* algebras. Let ¢ be a
linear isometry of o onto B. Then d(I) is a unitary operator, and there is a
*_preserving map x which is multiplicative on powers such that ¢(A)=
oD - x(A) forall Aing. O

The proof of this theorem uses a characterization of the extreme points of
the unit ball of a C* algebra. To use this, it is essential that ¢(f) be a C*
algebra. It is the lack of this that makes the proof of our theorem difficult. It is
to compensate for this lack that we must suppose that & contains the compact
operators.

Using the notions of Class 0 and Class 1 positive linear maps, it was shown:

THEOREM [9] (Stormer, 1963). Let 4 and B be C* algebras. Let ¢ be a *
preserving linear map of « onto B which is multiplicative on powers. Then for
any irreducible representation mw of B, wo is a *-homomorphism or a *-anti-
isomorphism.

Putting the results of Kadison and Stormer together, one has

THEOREM. Let A be a unital C* algebra, and let ¢ be a linear isometry of A
onto a unital irreducible C* algebra B. Then there is a *-isomorphism or
*-anti-isomorphism x of A onto B such that ¢p(A) = d(I) - x(A) for all A in A.

To see how our theorem relates to this, we recall that a C* algebra %
contained in £(J) is irreducible if and only if any of the following conditions
hold.

(I;) TB =BT for all B in B implies T =AL

(I,) span Bx= & for all x#0 in #.

(1;) span Bx = for all x#0 in .

(1) sup{|(Bx, y)|:|Bll=1, Be®B}=|x| - ly|l for x, y in .

The equivalence of I, I, and I; is well-known [c.f. 2, Prop. 2.3.1 and Cor.
2.8.4]. The equivalence of I, follows from Kaplansky’s density theorem.

If 9B is not an algebra, as in our theorem, then these conditions are no longer
equivalent. The strongest condition (I,) appears to be necessary for our
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purposes. Some further discussion of this point is included at the conclusion of
this paper.

Finally, for completeness, we should mention some similar results. In 1972,
Paterson and Sinclair [8] showed that unital is not needed in the hypotheses of
Kadison’s theorem. And:

THEOREM [5] (Harris, 1969). Let ¢ be a linear isometry of a power algebra A
onto a power algebra B with G(I)* belonging to B. Then d(I) is unitary and
d(A) =) - x(A) where x(A?)=x(A)? and x(A*)=x(A)* when A and A*
belong to . (A power algebra is a unital subspace of L(#) closed under
squaring.) O

The Theorem 1.1 is originally due to the first author. Substantial simplifica-
tions in the proof are due to the second author.

2. The proof. Our strategy will be to prove that when P is a rank one partial
isometry, then ¢(P) is also a rank one partial isometry. The rest will follow
fairly easily.

Lemma 2.1. Let {e, f} be an orthonormal basis for the domain of a rank two
operator A. Let Ae =u and Af=v. Then

Al = é Ol + ol + el = 10[1%)* + 4 [, 0)[7H72]72

= [max{]|ull, [[ollf* + |(u, v)|*1".
Proof. Compute

llul? (Efv)]'

A*A:[w, o) ol?

The rest is routine. [

CoroLLARY 2.1. Let {e, f} be orthonormal and let A be any operator with
|A||=1. Let Ae =u, Af =v, and suppose ||ul>=1—¢>. Then |(u, v)|<v2e. O

If P is a partial isometry, write D =Dp=P*P and R=Rp,=PP*. If Q is a
projection, let Q" denote I—Q.

Lemma 2.2, Let P be a finite rank partial isometry. Let 0<<e <1, and let u be
a unit vector such that || (P)ul*=1—&2. Suppose A belongs to A, ||Al|=1, and
A =R"AD". Then

() llp(A)ull<e.

i) |[(d(A)w, p(P)u)|<5&for all unit vectors w in .
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Proof.
L=sup [|P+AA|P=sup [[¢(P)u+Ad(A)ul?
A1 IAl=1

=lleP)ulP +lld(A)ulP+2 [(d(A)u, ¢(P)u)|

Hence ||¢p(A)ull<e and [(¢(A)u, ¢(P)u)|<e?/2.
First suppose w is orthogonal to u. Let B be the norm one operator
¢ (P+A). Then

1Bull® = |(Bu, ¢ (P)u)| = (ld(P)ull’ —|(d(A)u, d(P)u)))
=(1-362/2)>>1-3¢2
By Corollary 2.1, |(¢(P)u, ¢(P)w)|<+~2¢ and
V6e >|(Bu, Bw)| = (¢ (P)u, $(P)w) +(d(P)u, (A)w)+(d(A)u, Bw)|

Hence |(¢(P)u, p(A)w|<+6& ++2¢ +& <26¢
In general, write w =cv+su where v is orthogonal to u and |c|*+|s|>=1.
Then

(d(A)w, d(P)u)| <|c| 2v6¢ +]s| £*/2<(24e?>+*/4)*<5e. O

COROLLARY 2.2. Suppose P is a finite rank partial isometry in s and
lo(P)u||=|lull=1. Then for all A=R*AD* in A, ¢Au=0 and
(d(Aw, p(P)u)=0 for all win €. O

Lemma 2.3. Let P, and P, be finite rank partial isometries with domain and
range projections D,, D, and R,, R, respectively such that D;D,=0= R,R,.
Suppose u; are unit vectors such that |¢(P,)w|>=1—¢?, 0<ge <1. Then there is
an operator A = R{AD,+ R,AD, of norm one such that

[(p(A)uy, d(Pr)uy)|=1—13¢.

Proof. By Lemma 2.2, ||¢(P,)y]|<e for i#j. By (I,), we can choose B in
A of norm one so that |(¢(B)u,, ¢(Pu,)|=1—¢e. Again by 2.2, we
have ||p(RiBDy)uyl|<e and |(¢(R{BD)uy, ¢(P)uy)|<5e. So let B, =
B—R'BD:—R,BD,=R,BD*+R'BD,. We find that |Bj|=1 and
|(b(Byuy, d(Pruy)|=1—Te.

Again by Lemma 2.2, [(¢(R;BDy)u,, ¢(P)uy)|=|d(R,B1Dy)usl|<e
and |(6(REB,DY)uy, d(Pyu)|<5e. So let A =B,—RiB,Di—R,B,D,=
R,BD, +R,BD,. Then ||A||=1 and |(¢(A)u,, ¢p(Po)u,|=1—13e. [

CoROLLARY 2.3. Let P,, P, be orthogonal finite rank partial isometries. Sup-
pose there are unit vectors u; such that ||p(P)u||=1. Then u, Lu,, ¢(P)u; L
& (Py)u,, and there exists an operator A = R{AD,+ R,AD, of norm one such
that (A)u; = ¢(Pr)us,.
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Proof. A simple compactness argument and Lemma 2.3 gives an operator A
of norm one with (¢(A)u,, ¢(Pr)u,)=1. Since ||¢p(A)||=1, we must have
d(A)uy = ¢(P,)u,. Corollary 2.2 shows that ¢(P)y; are orthogonal. It also
implies that

(b(Pl)*d)(P])u]:S"uj for i=l,2,j=1, 2

Finally, Corollary 2.1 applied to ¢(P,+ P,)* and the vectors ¢ (P,)u; shows that
u, is orthogonal to u,. [

LEMMA 2.4. Let P be a finite rank partial isometry. Then ¢(P) attains its norm,
and the norm is bounded away from one on the complement of a finite
dimensional space.

Proof. We know that ||¢(P)||=1. The lemma is false only if there is an
orthonormal set {u;, i=1} such that lim|¢(P)u]|=1. Choose a finite rank
partial isometry Q orthogonal to P. Choose a unit vector v so that ||¢p(Q)v|*>
0.995. By Lemma 2.3, there are norm one operators A; = RpA;Dy + RoA;Dp
such that |(¢(A))u;, ¢(Q)v)|>0.05. But A, lie in a compact set of operators
and u; tend weakly to zero. Thus lim |(¢(A)u;, ¢(Q)v)| =0. This contradiction
establishes the lemma. [

Lemma 2.5. Let P be a finite rank partial isometry, and let M be the finite
dimensional subspace on which ¢(P) achieves its norm. Suppose A belongs to A
such that RAD=0. If u belongs to M and v belongs to ¢(P)M, then
(p(A)u, v)=0.

Proof. Corollary 2.2 establishing the lemma for A =R"AD™".

Consider A = R*AD. To simplify notation, replace ¢ by U - ¢ where U is
any unitary extending (¢ (P) |,)*. This allows us to suppose ¢(P) |, =1 |4 Let
B be the compression of ¢(A) to A, and let 8 =|B|. The numerical radius
theorem [3, pg. 114] gives supy,—1 |(Bm, m)| =3 ||B||=38. So for t>0, [A|=1,
and [|A] =1,

t*>+1=sup [|[tP+AA|*>=sup ||t + AB|]*.
Al=1 Al=1

= sup |(tI+ABx, x)

Ixll=1. |xl=1

=(t+3B8)*=1>+Bt+p?*/4

Letting t tend to infinity, we get 8 =0. Hence (¢(R*AD)u, v) =0.
Similarly, (¢(RAD u, v)=0. O

COROLLARY 2.5. If P is a rank one partial isometry, then ¢(P) attains its norm
only on a one dimensional space.
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Proof. Suppose u and v are orthonormal vectors such that ||¢(P)ull=
llé(P)v||=1. By (L), there is an operator A in & such that (¢(A)u, ¢(P)v) #0.
By Lemma 2.5, it follows that (¢(RAD)u, ¢(P)v) #0. But RAD = AP since P
is rank one. By Corollary 2.1, ||¢(P)||>1 which is impossible. O

LEMMA 2.6. If P, is a rank one partial isometry, then so is ¢(P,).

Proof. Let u; and v, be unit vectors such that ¢(P,)u, =v,. Suppose u is
orthogonal to u,, yet ¢(P))u=v#0. By Corollary 2.1, v is orthogonal to v,.
As in the proof of Lemma 2.3, there is an operator A = Ry AD;+ R,AD7 of
norm at most one with [(¢(A)u,, v)|>(1—¢)|v|, where £ >0 will be fixed but
arbitrary. To see this, use (I,) to obtain a norm one operator B with
(¢(B)u, v)|>(1—¢)|jv|. By Lemma 2.2, ¢$(RyBD)u; =0. Also, R,BD; is a
multiple of P,, so (¢(R,BD);)u,, v) =0. Thus A = Ri BD, + R,BDjy will suffice.

Let v'=¢(A)u,. By Lemma 2.5, v’ is orthogonal to v,. Also

(b (Pyu, v))] = (v, d(A)uy)|>(1—¢) llvl|=3 |lv]

if e<1.

Let P, be the rank one partial isometry orthogonal to P, with domain equal
to the initial space of R, AD7{ and range equal to the range of Ry AD,. Should
R,AD; =0, any domain in D% is allowed. Similarly, if RTAD,=0, any
range in R is acceptable. Let e, f,, i =1, 2 be the unit vectors in the initial
and final spaces of P, respectively, such that Pe; = f.. Let u,, v, be unit vectors
such that ¢(P,)u, = v,. By Corollaries 2.2 and 2.3, we have u, L u,, v, Lv,, and
&(P)y; =0 for i#j. By Lemma 2.5, v=¢(P,)u is orthogonal to v,. Thus
v'=¢d(A)u, is “almost” orthogonal to v,. Quantitatively,

(0", v)P? =[P~ ", v =1-(1-e)*<2e.

Now we choose a unit vector u; extending {u,, u,} to an orthonormal basis of
span{u,, u,, u}; and a unit vector v; extending {v,, v,} to an orthonormal basis
of span{v,, v, v'}. By Corollaries 2.1 and 2.2, ¢(P,)us are orthogonal to
span{v;, v,}. By Lemma 2.5, (¢(A)u, v;) =0 for i=1 and 2.

We collect this information in matrix form. P,, P, and A map span{e,, e,} to
span{f,, f-} and with respect to these bases, they have matrices:

10 (0 0) (0 a)
= = A: .
P, (0 0)’ P={y 1) 2 b 0

Since 1 =||A||=max{|al, ||}, with no real loss we may suppose b =1 and |a|=1.
0
So A= (1 g) (The case |al=1 is similar.)

Let Q and R be the projections onto span{v,, v,, v} and span{u,, u,, us}
respectively. Let ¢(B) = Qd¢(B)R be the compression of ¢ to this range and
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domain. With respect to the given orthonormal bases, one gets the matrices:

1 00 0 00 0 p
yP)=[0 0O O), v(Py)=|0 1 0), YA)=l x 0 j)
0 0 «a 0 0 B y z s

The construction guarantees that
la| = [(@(P)us, va)| =[(d(P1u, v3)| =(v, v)| =5 Jv]|
and

Iyl =(¢(A)uy, v3)| =0, V)| =1—e.
- A
Now for |A|=1, H)\P1+A—a)\P2H:“<1 —ZX) =+2, and ¢ is norm de-
creasing, so for T=y(AP,+A —aAP,),
AP qa i
V2=|ll x —a r =T
y z  s+ak—aPAr

Apply Corollary 2.1 to B=T/v2, u; and us.

IBuy|P =31 + x| +|y)=3(1+(1—e))=1—e.
Thus |(Bu,, Bus)| <(2¢)"?. However,
|(Buy, Bus)| =3 |(xF +y8) + A(g — yaP) + A (ya)|

We can choose the argument of A so that |(Bu,, Bus)|=3|ya|. Hence
sl <la|<2(2e)*(1—€)"'. Now letting € tend to zero, we get v=0 con-
tradicting the original hypothesis. [

Proof of Theorem 1.1. Fix an orthonormal basis {e,; n =1} for %. Let P, be
the rank one orthogonal projections onto Ce,. By Lemma 2.6 and Corollary
2.3, ¢(P,) are pairwise orthogonal rank one partial isometries. Let U=
Yo 1 &(P,). This converges in the strong operator topology to a partial
isometry U. Suppose P is a rank one orthogonal projection dominated by
Q, =Y%_, P.. Since ¢(P) is a rank one partial isometry, there are unit vectors
u and v so that ¢(P)u=v. By Lemma 2.5, ¢(Q,)u =¢(PQ,P)u=v. So the
rank n partial isometry ¢(Q,) attains its norm at u and thus U*¢(P) is a
projection dominated by U*¢(Q,). In particular, the range of ¢(P) is con-
tained in the range of U.

The linear span of all projections dominated by some Q, is dense in J ().
We choose unit vectors u,, v, so that ¢(P;)u, =v,. We can conclude that
& (K)u, belongs to the range of U for all compact K. By Corollary 2.2, ¢(A)u,
belongs to the range of U for all A in &. By (I,), U must be surjective.
Similarly, if u is orthogonal to the domain of U, ¢(A)u is orthogonal to the
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range of U and thus is zero. Again by (I,), we conclude u=0 and thus U is
unitary.

Let Y(A)=U*¢(A) for A in . Then (P,) are a spanning, orthonormal
family of rank one projections. Standard arguments show that the restriction of
Y to H() is either of the form Y(K)= V*KV for some unitary V or the real
transpose of such a map (K)= V*K'V. However, we do not have a conve-
nient reference so the details are included.

First, let W be a unitary taking the range of each P, onto the range of Y/(P,).
Replace by i;(A) = W*(A)W. Thus we have that ¢,(P,)=P,. Let E,,, be
the rank one partial isometry taking e,, to e,.

Every rank one operator is a scalar multiple of a partial isometry, and thus
by Lemma 2.6, ¢, takes it to a rank one operator. In particular, F,,, = ¢, (E,.,)
is a rank one partial isometry. By Lemma 2.5, F,,, acts on the span of {e,,, e,}.
Since P, +F,,, and P, +F,,, are all rank one, a simple calculation shows that
F,. equals A,,.E,, or A,.E,,. for some constant A,, of modulus one. If
U1 (E ») = AxE,y, replace ¢, by its real transpose. So, without loss of general-
ity, Yy(E;,) =A;2E,. Then because E,,+E,, is rank one, so is A,E,+ Fj,
and thus F,, =A,,E,,. Finally, E,,, +E,,, is rank one and ¢,(E,,+E,.,)=
AinEin + Fop, 80 Frp = A B

Next, consider the span{e,, e,, e,}. The operator

1 1 1
G= ( 1 1 1)
1 11
is rank one, and hence so is

I A A
P1(G) =()\m1 1 )&mn).
Ai Am 1
Hence An = Ay a0d Ay = A g
Let V be the unitary operator which takes e, t0 Aj,e,. Set Y(A) = V*y(A)V.
It is easily seen from the relations above that Y(E,.,,) = E,... The span of {E,,,.}
is dense in X (%) and i, is linear, so Y,(K)=K for all compact operators.

Lastly, let A belong to & and u and v belong to #. Let P and Q be the rank
one projections onto the span of u and v respectively. By Lemma 2.5,

(P(A)u, v) = (Yo(QAP)u, v) = (QAPuU, v) = (Au, v).
Hence y,(A)=A. O

COROLLARY 2.7. Let ¢ be a unital isometry of a subspace s containing H(¥)
into L(¥) which has irreducibility property (1,). Then ¢ is unitarily implemented
or ¢ transpose (') is unitarily implemented. [
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3. Concluding remarks. Theorem 1.1 and the comments in the introduction
raise several questions. Does this theorem remain valid if (1,,) is replaced by the
apparently weaker conditions (I5) or (I,)? A review of the proof shows that the
strong (I,) hypothesis was used in a crucial way, so a new argument would be
needed. One might ask if (I,) implies (I,) for isometric images of J# (). This
doesn’t hold in general, as the following example shows.

Let w be normalized Lebesgue measure on the unit circle S'. Let H” be the
Hardy space in L*(S", ) and let T; be the Toeplitz operator for f in L™(S', ).
The map taking L™(S', n) into L(H?) by o&(f)=T; is isometric [3]. Now
I ={T;} clearly has property (I,). If g is a non-zero element of H, it is
possible to find a sequence f, in L™ so that ||f,g — 1|, tends to zero; so that T
has property (I,). It fails to have property (I5) since {T;1:fe L"} is not all of
H?. Tt also fails to have (I,). To see this, consider u=z and v =(z -+ z%)/V2. If
Tyu=v, then f =z/V2+1/vV2+Y5 5 a,z". If o,(f) denotes the n™ Cesaro mean
of f, [4], then |lo, (Pl =<[Ifll... Hence

AL =zl =llo(ZOll = 11/v2+~v2Z/3]|.
= o, (2F)(1)] = 5/3v2.

Hence supl(Tu, o)l I = =2 <1.

This example does not answer the following question: Is every unital
isometry of a C* algebra with property (I,) either multiplicative or anti-
multiplicative?
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