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Abstract

Glacier dirt cones are meter-scale cones of ice covered with sediment and rock. The cones develop
through a process known as differential melt, whereby ice underlying thick debris melts more
slowly than bare ice. We report observations of dirt cones on the Kuskulana Glacier, Alaska and
develop a model that simulates the growth of dirt cones from debris-filled pits in the ice. With
this model, we vary ice melt rates, hillslope debris diffusion rates and pit geometry. Cone heights
scale with the square root of debris volume and growth occurs in three distinct stages: emer-
gence, flux-controlled growth and melt-controlled growth. Using dimensional analysis, we derive
a characteristic length composed of the ratio of the debris diffusion rate (D) and the bare ice melt
rate (bg). Shorter characteristic lengths produce taller, steeper cones. The characteristic length
(¢ = D/b,) determines, in part, the relative duration of each growth stage because it controls
debris flux as relief increases. These experiments suggest increasing melt rates and low-mobility
debris increase relief on hummocky debris-covered glaciers. Furthermore, the modeling approach
demonstrates a method for handling debris transport over an irregular ice surface and could serve
as a component in more comprehensive debris-covered glacier models.

1. Introduction

Differential melt exerts a powerful control on the topographic evolution of debris-covered
glaciers. Caused by contrasts in debris thickness, differential melt produces topographic relief
because debris cover insulates the underlying ice from melt (Ostrem, 1959). Although it
is widely understood that differential melt helps produce an irregular, hummocky surface
(Nicholson and Benn, 2006), we lack a quantitative understanding of relief production from
differential melt.

Glacier dirt cones are intriguing examples of topographic features that develop from dif-
ferential melt (Fig. 1). Dirt cones are debris-mantled cones of ice that form on some glaciers
(Agassiz and Bettannier, 1840; Swithinbank, 1950). Due to their resemblance to ant mounds,
dirt cones are colloquially known in Alaska as ‘anthills’ (A. Sayer, pers. comm., 6 February 2023).
The cones are typically elliptical at the base and their heights range from a few centimeters to
tens of meters (Agassiz and Bettannier, 1840; Swithinbank, 1950; Drewry, 1972). Glaciologists
have noted the presence of dirt cones for at least 170 years (Agassiz and Bettannier, 1840), and
dirt cones have been documented in scientific literature on glaciers in Alaska (Whitney, 1932),
the European Alps (Agassiz and Bettannier, 1840; Goodsell and others, 2005; Hénot and others,
2023), Greenland (Drewry, 1972), New Zealand (Krenek, 1958; 1959) and Antarctica (Campbell
and Claridge, 1975).

Agassiz and Bettannier (1840) presented the first conceptual model of dirt cone forma-
tion (see also Swithinbank (1950)), hypothesizing that dirt cones develop from thick sediment
deposits within crevasses. In this model, supraglacial streams transport and deposit sediment
within a crevasse. Then, differential melt between the debris-filled crevasse and the surrounding
bare ice leads to topographic inversion of the crevasse and the formation of a debris-mantled
cone of ice. Several similar conceptual models were later proposed. These attributed the dirt
cones to debris deposits within abandoned supraglacial channels (Sharp, 1949) or drained
supraglacial ponds (Campbell and Claridge, 1975). Krenek (1959) suggested an alternative
mechanism where cones develop from debris-covered ‘islands’ left by braided supraglacial chan-
nels. In all of these models, meltwater drainage creates the concentrations of debris necessary
to produce the cones.

Physical experiments examined the development of small dirt cones (<0.5m) from thin,
man-made patches of debris (<0.125 m thick) in effort to better understand how melt rates and
debris thickness influence cone height (Drewry, 1972; Hénot and others, 2023). However, the
quantitative findings from Drewry (1972) and Hénot and others (2023) experiments disagree
on the limits of cone growth. The ratio of cone height to total melt at the base is called the growth
factor. Drewry (1972) found growth factors in physical experiments to be no >~0.5, and all but
one growth factor was <0.36. In contrast, experiments by Hénot and others (2023) produced
cones with growth factors 0.5-1. These conflicting results suggest that the bare ice melt rate,
initial debris thickness and the debris diffusion rate influence cone development in ways not
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Figure 1. Dirt cones on the Kuskulana Glacier in Wrangell-St.
Elias National Park, AK. (a) This dirt cone (DC-7) was ~3m tall
and was covered in a thin layer of sediment. Boulders sur-
rounded the base. (b) The largest dirt cone we observed (DC-4)
was ~5m tall and formed adjacent to a crevasse/moulin (par-
tially visible in lower left). The cobbles and boulders atop this
dirt cone were substantially more rounded and lighter in color
than nearby debris. (c) This small dirt cone was <0.5m tall and
covered with a mixture of coarse sand, silt and gravel.

accounted for by Hénot and others (2023) and Drewry (1972).
Hénot and others (2023) also developed a 2-D numerical dirt
cone model that simulated the granular mechanics of debris flux
and thermal fluxes within the debris layer. The model successfully
simulated the development of dirt cones from patches of surface
debris. However, these experiments did not test a range of bare ice
melt rates or debris diffusivities (Hénot and others, 2023).

Our goal in this study is to examine the formation of glacier
dirt cones to better understand the production of topographic relief
from differential melt. First, we report observations and measure-
ments of dirt cones on the debris-covered Kuskulana Glacier, in
Wrangell-St. Elias National Park, Alaska (Fig. 2). Then, we develop
a 2-D numerical model that simulates the development of dirt
cones from debris-filled pits in the ice surface. In contrast to previ-
ous topographic evolution models of debris-covered glaciers (e.g.
Moore, 2021), our implementation allows for sharp gradients in
debris thickness, such as those created by debris-filled pits. We use
the model to examine how varying the debris volume, the bare
ice melt rate and the debris diffusivity influence cone develop-
ment. We qualitatively compare these model results to our field
observations of dirt cones that formed on the Kuskulana Glacier.
These results improve quantitative understanding of how differ-
ential melt and debris diffusion produce relief on debris-covered
glaciers.

2. Study site

The debris-covered Kuskulana Glacier (61.64° N, 143.62° W,
790-4900m elevation) is located in the Wrangell Mountains of
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Alaska, within Wrangell-St. Elias National Park (Fig. 2). The main
trunk of the Kuskulana Glacier flows west and is predominantly
debris-covered below 1700m elevation. Flow speeds along the
debris-covered trunk are ~50 m/y near the center of flow but
decrease rapidly toward the margins and terminus. Two prominent
bands of clean ice extend parallel to flow in this region of lateral
shear down to 1100 m elevation.

2.1. Dirt cones on the Kuskulana Glacier

Our survey of the Kuskulana Glacier explored the region above
~900 m elevation along the main glacier trunk. The upper extent
of our survey region reached ~1400 m elevation. As stated pre-
viously, two prominent clean-ice bands extended down-glacier
before becoming completely debris-covered by ~1100m eleva-
tion. The northern ice band formed an elevated ridge with a large
supraglacial stream on its southern side. The southern clean-ice
band, however, formed a shallow trough. The trough began at
the confluence of a northwest-flowing tributary glacier at 1400 m
elevation and extended west for ~4km before becoming com-
pletely debris-covered. In the ice trough, the glacier undergoes
lateral shear in flow. We noted the presence of marginal (chevron)
crevasses and little topographic relief within the ice trough rela-
tive to the hummocky, debris-covered topography tens-of-meters
to the north. Numerous supraglacial streams flowed down and
across the trough. These streams terminated into crevasses and
moulins.

We recorded the GPS locations of 9 dirt cones on the southern
ice trough of the Kuskulana Glacier and 15 large moulins (~1-4 m
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Figure 2. A map of the Kuskulana Glacier and (inset) Wrangell-St. Elias National Park, Alaska. Dirt cone locations are marked with white triangles and moulin locations are
marked with cyan dots. Glacier flow speeds in this region of the glacier range from 0 to 50 m/y and are denoted with the bold contours at 10 m/y intervals. The thin, white

elevation contour interval is 300 m.

diameter at glacier surface) within and adjacent to the trough
(Fig. 2). All positions were recorded with a Garmin inReach
handheld GPS. These GPS coordinates were used to approxi-
mate the elevations of each dirt cone using the 5 Meter Alaska
Digital Elevation Model, published with the USGS 3DEP Data
Collection. Glacier surface velocities at each dirt cone were
generated using auto-RIFT and approximated using the NASA
MEaSUREs ITS_LIVE project (Gardner and others, 2024).

2.2. Surveys and observations

We undertook detailed surveys of five dirt cones and recorded
observations of four additional cones. For each survey, we pho-
tographed the cones from all sides to document the cone geometry.
We then excavated a narrow trench parallel to the cone slope to
document debris properties and to measure debris thickness. The
purpose of the debris thickness measurements was to quantify the
range of debris thicknesses found on dirt cones for the purpose
of comparing to model output. When possible, debris thickness
measurements were made at the top, middle and base of the cone.
However, thick debris often made it impossible for us to measure
debris thickness at more than a single point. Debris layer thickness
was measured using a centimeter graded ruler printed in a field
notebook cover. The distributions of debris grain sizes on each dirt
cone were visually approximated in the field using a Wentworth
grain size chart.

We measured the cone slopes to determine if/when the debris
surface slope approximates the underlying ice surface slope. Ice
surface slopes were measured directly by removing the sur-
face debris and placing the flat edge of a Suunto PM5/360PC
Clinometer against the ice. At least one direct measurement of ice
surface slope was recorded for each cone we surveyed. These mea-
surements showed that ice surface slopes are approximately equal
to the debris surface slope. However, measuring the ice surface
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slope was only possible in places where the debris layer was thin
enough that we could remove the debris from ice surface without
it immediately becoming re-buried by debris up-slope. The debris
surface slopes were measured from photographs in Image]. For
each image, the cone slope angles were measured relative to the
horizontal orientation of the images on both sides of the cone pro-
file. To reduce biases in these measurements, between 7 and 14
slope angles were measured for each cone using at least five dif-
ferent photographs captured from different aspects of each cone.
Only images of cones completely within the center of the field of
view were used to limit the influence of lens distortion.

2.2.1. DC-1a and DC-1b

Dirt cones DC-1a and DC-1b formed adjacent to one another. The
pair were located at an elevation of ~1290m in a region flow-
ing ~10m/y at the confluence of the Kuskulana Glacier with a
north-flowing tributary glacier. DC-1a was ~2m tall and DC-1b
was ~1 m tall. Both were nearly circular cones. The area surround-
ing the cones was covered with a thin layer of debris cobbles and
small boulders. The ice surface was visible between clasts at the base
of the cone. The sediment covering both cones was composed of
fine-grained and rounded clasts. The debris grain sizes generally
increased down slope on each cone, with the largest clasts clustered
around the bases.

The debris on DC-1a was composed primarily of coarse sand,
with intermixed rounded pebbles and cobbles. The sediment was
finer on the upper half of the cone slope compared to the lower half.
Debris depths on the northern aspect of DC-1a increased from
0.05m at the apex to 0.1 m at the base. Debris depths were ~2x
greater on the southern aspect of cone DC-1a than the northern
aspect. The ice surface slope was 35° and the median debris slope
angle was 33.1°.

The debris on DC-1b was composed primarily of fine and coarse
sand, with fewer rounded cobbles and pebbles than observed on
DC-1a. Debris depth was ~0.1 m and uniform thickness from
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Figure 3. The largest dirt cone we observed on the Kuskulana Glacier (DC-4). A long,
low ridge of debris connected to the cone (from lower right to center). This debris
ridge was parallel to nearby crevasses. The debris covering this cone was lighter in
color and more rounded than surface debris nearby.

apex to the base. The ice surface slope was 40° near the apex and
increased to 45° near the base. The median debris slope angle on
DC-1b was 35.4°.

2.2.2. DC4

DC-4 was the largest dirt cone (~6m tall) we observed on the
Kuskulana Glacier (Fig. 3). It was located at an elevation of 1200 m,
where the glacier flows ~10 m/y. DC-4 was much longer than it was
wide, forming an elevated ridge. The dirt cone ridge ran parallel to
a nearby marginal crevasse with an actively draining moulin. The
region surrounding DC-4 was generally debris covered; however,
there were patches of bare ice with drainage runnels on the north-
ern and southern sides. The debris covering DC-4 was notably
lighter in color and the clasts significantly more rounded than
the surrounding debris. Boulders surrounded the base and lower
slopes of DC-4.

The debris covering DC-4 was much thicker at the apex than
the base. Debris at the cone apex exceeded 0.5 m, and we were not
able to excavate deep enough to reach the ice surface at these points
before the trenches re-filled with debris. The debris at the base of
the south face of this dirt cone was 0.15 m. The debris covering the
cone was composed of coarse sand and rounded cobbles and peb-
bles. The ice surface slope at the base was 25° and the median debris
surface slope was 28.4°.

2.2.3. DCG-6

DC-6 was located on a debris-covered hillslope ~20 m north of the
clean-ice band. The cone was located at 1180 m elevation and in a
region flowing ~25 m/y. DC-6 was between 1 and 2 m tall and the
sediment covering it was more fine-grained and lighter in color
than the debris surrounding the cone. Large cobbles and a few
boulders surrounded the base of the cone. Several large crevasses
and moulins were observed nearby.

Sediment covering DC-6 was primarily a coarse sand with
rounded pebbles and cobbles intermixed. More angular cobbles
and small boulders were present atop the finer sediment. The fine
sediment on DC-6 was ~0.1 m thick. The ice surface slope ranged
from 30° to 35°. The median debris surface slope was 33.9°.

2.2.4. DC-7

Cone DC-7 formed along the border between the clean-ice band
and debris cover, ~35 m southwest of DC-6, at 1170 m elevation.
The glacier velocity in this area is ~25 m/y. DC-7 was between 2
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and 3 m tall and was covered with dark-colored sediment. Large
cobbles and boulders surrounded the base of the cone.

The sediment on DC-7 was composed of coarse sand, rounded
pebbles and cobbles, and silt. Debris thickness varied along the
cone slopes from 0.08 to 0.15 m. However, bare ice was visible on
the steepest slopes. The ice surface slopes were 40°-45° and the
median debris surface slope was 39.6°.

2.2.5. Other observations

DC-2 formed at 1240 m elevation in a region with three small
debris cones ranging from 0.1 to 1m in height. These cones
formed in a sparsely debris-covered area with many small melt-
water channels. These cones were covered with thin layers of sand
and rounded pebbles. Glacier velocity in this area is ~20 m/y.

DC-3 was a pair of cones ~1m tall that formed on a debris-
covered hillside near a meltwater drainage channel at an elevation
of 1220 m. Fine sediment and silt ~0.02m thick covered these
cones. Bare ice was exposed on the west-facing aspects of these
cones. Glacier velocity in this area is ~20 m/y.

DC-5 formed at 1195m elevation. The cone was ~0.1 m in
height surrounded by a ring of rounded cobbles. Sand and rounded
pebbles covered the cone. The rounded clasts atop and surrounding
DC-5 were lighter in color than clasts nearby. This cone formed in
a region with several open crevasses and moulins. Glacier velocity
in this area is ~15m/y.

DC-8 was a large cone 3-4 m tall that formed adjacent to a melt-
water stream at 1115m elevation. The cone was covered with a
thin layer of fine, dark-colored sediment and a few large boulders
surrounded the base of the cone. A steep section of bare ice was
exposed on the south facing aspect of DC-8. Glacier velocity in this
area is ~15m/y.

2.3. Summary of observations

The dirt cones on the Kuskulana Glacier developed along and adja-
cent to a band of clean ice. Crevasses and moulins were observed in
close proximity to the dirt cones. The cones ranged in height from
<0.1 m to more than 3 m in height and formed pointed apexes or
sharp ridges. In contrast to the angular clasts and unsorted sedi-
ment that surrounded the dirt cones, the sediment atop and at the
bases of dirt cones was rounded and stratified by grain size. The
median debris slopes ranged from 28° to 40° and ice slopes ranged
from 25° to 45° (Fig. 4). Debris thicknesses on the cones varied
significantly between cones, ranging from 0.01 m to thicknesses
>0.5m.

3. Modeling dirt cone development
3.1. Conceptual model

Based on our observations, we infer that the dirt cones on the
Kuskulana Glacier developed from fluvially deposited debris in
crevasses and moulins, as described by Agassiz and Bettannier
(1840). Figure 5 illustrates this process. We speculate plunge pools
form via vertical drilling when supraglacial streams drain into
crevasse/moulins (Covington and others, 2020). Glacier advec-
tion and the opening of new crevasses causes some of these
moulins to be abandoned, leaving a sediment deposit within
the ice. Melt progressively lowers the glacier surface, eventually
transforming the relict plunge pool into a debris-filled pit at the
glacier surface. Finally, as Agassiz and Bettannier (1840) described,
cone development commences as differential melt causes the
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Figure 5. The Agassiz model of dirt cone development, extended to encompass debris deposition in moulins. As supraglacial streams flow into moulins/crevasses, they create
plunge pools that trap sediment. Moulins become abandoned as the glacier advects, leaving a debris-filled pit within the ice. Melt eventually lowers ice surface to the debris

pit. Differential melt leads to the development of a dirt cone.

debris-filled pit to gain relief relative to the surrounding bare ice.
The rounded clasts and sediment sorting we observed atop the
cones strongly suggest fluvial debris transport. However, the only
strict requirement for this conceptual model is a concentration of
sediment within a pit or crevasse surrounded by faster-melting
ice.

In the field, we observed moulin/crevasse depths to be on the
order of ~10-30m. Glacier speeds where the dirt cones were
present are ~20m/y (Fig. 2). Although there are no reported
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surface lowering rates on the Kuskulana Glacier, surface lowering
at similar elevations on the nearby Kennicott Glacier are ~1-3 m/y
(Anderson and others, 2021). Therefore, we infer that the aban-
doned moulins likely advected ~60-600 m before dirt cone emer-
gence. The time required for a dirt cone to fully develop after
emergence depends on the initial volume of sediment, the melt rate
and the debris diffusion rate. Quantitatively examining the devel-
opment of dirt cones from a debris-filled pit at the ice surface is the
focus of the remaining sections.
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3.2. Mathematical model

We developed a mathematical model to explore the dynamics of
dirt cone growth and controls on cone geometry. In the following
section, the relevant equations are presented and a dimensionless
model is derived. The numerical implementation of this model
incorporates two advancements in modeling topographic evolu-
tion on debris-covered glaciers: (1) it simulates topographic evolu-
tion in two dimensions and (2) it removes a simplifying assumption
used in other models that requires gradients in debris thickness to
be small (e.g. Moore, 2021). With the model, we examine the influ-
ence of bare ice melt rate, debris diffusivity and sediment volume
on the development of dirt cones. The results help guide under-
standing of how glacier dirt cones and, more generally, topographic
relief develops through differential melt.

Debris thickness, h, controls the ice ablation rate, ds/0¢, on
debris-covered glaciers. Although a very thin debris layer (<~
3 cm) increases melt rates relative to bare ice (Ostrem, 1959), it is
common to approximate sub-debris melt with a hyperbolic model
(Anderson and Anderson, 2016; 2018; Molg and others, 2020;
Moore, 2021):

@ = _bOL ) (1)
ot h,+h
where b, is the bare-ice melt rate, s is the ice surface elevation
and h_ is an empirically derived characteristic debris thickness that
scales how rapidly melt rates decrease as debris thickness increases
(Anderson, 2000).

Sediment flux on debris-mantled glacier hillslopes depends on
slope and the debris thickness. Terrestrial landscape evolution
models simulate hillslope debris flux as a diffusion process that
can depend either linearly (Gilbert, 1909; Perron and others, 2008)
or nonlinearly (Andrews and Bucknam, 1987; Roering and others,
2001; Perron, 2011) on topographic slope. Nonlinear models force
a rapid increase in flux as hillslopes approach a critical slope, S..
Slope-stability models (Moore, 2018) and observations (Nicholson
and others, 2018) showed that slopes on debris covered glaciers
become increasingly unstable and prone to failure as hillslopes
steepen. Furthermore, the widespread development of ice cliffs on
debris-covered glaciers exemplifies a threshold steepness where ice
slopes can no longer support a debris layer. This supports the use
of a nonlinear debris flux model for debris-covered glaciers.

Similar to Moore (2021), we employ an expression for nonlin-
ear debris flux (Andrews and Bucknam, 1987; Roering and others,
2001) and modify it to account for a finite-thickness debris layer:

Vz
()
1— (&2
Se
where D is the debris diffusivity. The topographic surface, z, is
defined as the sum of debris thickness and ice elevation. In the
dirt cone model, nonlinear flux keeps the cone slopes from becom-
ing unrealistically steep. Here, hy, is a characteristic thickness for
debris diffusion, where diffusion rates rapidly decline when debris
thins below this depth. When /& > hyp, debris thickness does not
substantially influence debris flux. The critical debris thickness in
Eqn (2) should be small enough to ensure diffusion rates are not too
low when debris is thick, while still allowing flux to go to zero as the
debris layer thins. We follow Moore (2021) and assume that both

critical debris thicknesses are approximately the same. In all model
runs explored here, and in the equations below, we set hp = h..

Q= —D(1 —e M) (2)
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From conservation of mass, the time rate of change in debris
thickness along a hillslope is

(1—ehh)—2 | (3)

When evaluating the divergence, previous models on debris-
covered glaciers assumed that debris flux is dominated by topo-
graphic slope (Anderson, 2000; Moore, 2021). Although this
assumption is reasonable for relatively uniform debris layers, it
does not account for steep gradients in debris thickness that do
not follow the topographic slope, such as debris-filled pits in the
ice surface. In our implementation of this model, we allow for spa-
tial gradients in debris thickness to influence debris flux, keeping
1 — e /" within the divergence operation.

The sum of Eqns (1) and (3) gives the time rate of change in
topographic elevation:

Oz h. h/h Vz
x *_bO(hchh)*DV' (1—c )—1 <\v4>2 @
5.

We scale this equation using the characteristic debris depth, h_, and
an initially undefined characteristic length scale, ¢:
VZVT z=107 t= b
After scaling, it becomes natural to define the length scale as
¢ = D/b,. This length scale is similar to the characteristic hillslope
length utilized in landscape evolution models (Roering and others,
2001; Perron, 2011). In our case, ¢ approximates the distance at
which horizontal debris diffusion rates are matched by vertical low-
ering rates from melt. At distances greater than ¢ from the debris
source, melt processes will dominate. Putting it all together, we
have the dimensionless model

h=hh Ly

V'
i\ 2
1— (\V z \)
Se
When h > h,, sub-debris melt is negligible ((1 + #")™! —

0). Thus, if debris is thick, the debris diffusion term dominates

changes in surface elevation. As the debris thins (h° — 0), dif-
h

(9z* 1 *
ot 1+h +

(1—e) (5)

fusion rates slow because 1 —e ™" — 0, thus sub-debris melt plays
an increasingly important role in changes in elevation.

Since Eqn (5) is a function of both z" and h", we need a second
equation to specify the system. To obtain this, we convert Eqn (1)
into dimensionless form, using s = /5" and s = z — h, which leads
to

az* hcbO ah* _ 1
of D o 1+h ©

4. Numerical experiments

Based on the mathematical model, we developed a 2-D numerical
model using the Python-based Landlab modeling library to exam-
ine the development of dirt cones. The model space consists of a
square grid of evenly spaced nodes connected by links. Ice eleva-
tion, debris thickness and topographic elevation were stored on the
nodes. Debris flux was stored on the links. Ice melt (Eqn (1)) and
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Figure 6. A diagram of a dirt cone with key variables
labeled. Only the debris thickness above the edge of the
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debris flux (Eqn (3)) were solved explicitly with time step length
At = 0.1 day and horizontal node spacing Ax = 0.025 m. The von
Neumann stability criterion, r, for for our chosen time step length
and spatial resolution was r < 0.07 for all diffusivities examined.

Each simulation began with a circular, debris-filled pit in the ice
surface and was allowed to develop into a cone. The simulations
were stopped when the debris thickness at the cone apex became
<0.01 m. Debris below the lip of the pit cannot be transported.
Therefore, properly calculating debris flux requires calculating the
thickness of debris above the edge of the pit, referred to as the trans-
portable debris (h1). We used a sink-filling algorithm to calculate
the transportable debris thickness. The transportable debris thick-
ness is the difference between the debris surface elevation and the
elevation of the ice at the edge of the pit. Outside of a pit, and after
the pit undergoes topographic inversion, the transportable debris
thickness is equivalent to the debris thickness.

Figure 6 shows a dirt cone with key variables labeled. Table 1
lists the range of values, units and description of each parameter
and variable used in the simulations. The range of bare ice melt
rates encompasses the values measured on the nearby Kennicott
Glacier, AK by Anderson and others (2021) that correspond with
the elevations of dirt cones on the Kuskulana Glacier. Based on
measurements by Fyffe and others (2020), we calculated that debris
diffusion rates likely range from ~0.001 to 0.05m?d~! for grains
<1 m in diameter. We set 1. = 0.08 m, the best-fit calculated from
measurements on the Kennicott Glacier, AK (Anderson and oth-
ers, 2021). The critical slope, S., describes the steepness at which
debris flux is infinite. We assumed this threshold to be equivalent
to the mean slope of ice cliffs. Anderson and others (2021) reported
that the mean ice cliff steepness was 1.15mm™!, thus S. ~ 1.15.
The range of values we examine in these simulations encompass the
range of ice cliff slopes reported in Anderson and others (2021).

4.1. Time-dependent behavior

First, we examine cone development through time. These experi-
ments demonstrate the ability of the model to produce dirt cones
from debris-filled pits and allow us to examine cone development
through time. Each simulation begins with a debris-filled pit with
diameter 0.5 m and we examine the cones that develop from pits
with three different depths: 0.25, 0.5 and 1.0 m. We track the ice
surface elevation (s), debris thickness (4), topographic elevation
(z) and mean cone slope to better understand how a debris-
filled pit undergoes topographic inversion as it evolves into a dirt
cone. For these experiments, all parameter values are held con-
stant to demonstrate the basic model behavior (b, = 0.04md™!,
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debris thickness (h'). The mean cone slope () is the ratio
of twice the cone height and the cone width.

Table 1. The range of values, units and description of each parameter/variable
used in the model simulations

Parameter Values Units Description

by 0.02-0.06 md-! Bare ice melt rate

D 0.001-0.05 m2d-! Diffusion constant

he 0.08 m Char. debris thickness
S 0.9-1.4 mm™! Critical slope

l 0.001-1 m Char. length scale

h - m Debris thickness

s - m Ice surface elevation
z - m Topographic elevation
h - m Apex debris thickness
s - m Apex ice height

z s’ +hn m Cone height

0 - mm™t Mean cone slope

t - day Time

D=0.005m?d}, h. = 0.08 m and S. = 1.15). In this and all sub-
sequent experiments, cone height (z) refers to the height of the
cone apex relative to the bare ice surrounding the base of the cone.
Ice height (s) refers to the height of the ice surface at the cone apex
relative to the bare ice near the base of the cone.

4.2. Debris volume and cone height

In the second set of experiments, we investigate how debris volume
influences cone height. We vary both the pit depths and radii. We
allow the cones to grow until the debris thickness at the apex b’ <
0.01 m. All parameter values are held constant (b, = 0.04md~},
D=0.005md™, b, = 0.08m and S, = 1.15) to focus on the
relationship between debris volume and cone height.

4.3. Controls on cone geometry

In the third set of experiments, we investigate how the length scale
¢ = D/b, and the critical slope S, influence cone development. We
vary ¢ by varying the diffusion constant (D) and the bare ice melt
rate (by) across the range of reasonable values (Table 1). Twenty-
five simulations, each with a unique value for ¢, were run for three
values of the critical slope S. = 0.9, 1.15 and 1.4. All simulations
begin with a circular, debris-filled pit 0.5 m wide and 0.5 m deep,
with i, = 0.8 m. These experiments allow us to derive empirical
equations that relate ¢ to the cone height and mean slope.

These simulations demonstrate that cone geometry is controlled
by ¢ = D/by, not the specific value of D or b,. To more clearly illus-
trate this and to show why ¢ controls cone geometry, we simulate
cone development from ‘infinitely’ deep pits of debris. The deep
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pits eliminate the influence of decreasing debris supply on cone
development and render sub-debris melt at the cone apex negligi-
ble. The infinite pit experiments begin with debris-filled pits 100 m
deep and with 0.5m diameters. We examined three characteris-
tic lengths in two sets of three simulations. In the first set, we set
the melt rate at by = 0.04md™!, calculate diffusion rates to give
the characteristic lengths £ = 0.0025, 0.0125, 0.025 m and run the
simulations for 30 days (equivalent to 1.2 m of bare ice melt at the
cone base). In the second set of simulations, we set the melt rate at
by = 0.03m d™! and calculate new diffusion rates to again give the
characteristic lengths £ = 0.0025,0.0125, 0.025 m. We run these
simulations for 40 days to again allow 1.2m of bare ice melt. In
both sets of simulations, a quasi-steady-state cone form emerges.
From this, we gain a better understanding of how ¢ controls cone
geometry.

5. Model results
5.1. Time-dependent behavior

Figure 7 shows the development of a dirt cone from a debris-filled
pit0.5 m in diameter and 0.5 m deep after 0, 18 and 36 days. As melt
lowered the ice surface surrounding the debris-filled pit, debris dif-
fused away from the pit and onto the surrounding ice, forming the
slopes of the emerging cone. The cone grew in width and height
until the debris supply at the apex was exhausted (Fig. 7).

Figure 8a shows cone and ice surface transects for the simula-
tion as shown in Figure 7. The transects illustrate how differential
melt and debris diffusion from the pit produced a cone nearly 0.5 m
tall and more than 2 m wide. In this experiment, the bottom of
the pit inverts (i.e. has a greater elevation than the pit edge) after
27 days of cone development. Figure 8b illustrates the change in
debris thickness on the cone slope through time. On the slope out-
side of the pit, debris thickness decreased down slope in the early
stages of cone growth. As debris thickness at the apex continued to
decrease, debris thickness at the base of slope eventually becomes
greater than at the cone apex. Debris thickness on the cone slopes,
outside of the pit, never exceeded ~0.08 m during this simulation.
Figure 8c shows how cone slope changed during development. The
cone slope steepened quickly above the pit and became steepest at
the edge of the pit. Cone slope then decreased with distance from
the edge of pit.

Figure 9 illustrates cone development from a 0.5 m diameter pit
and three debris depths: 0.25m (Fig. 9a,d,g), 0.5 m (Fig. 9b,e,h)
and 1.0 m (Fig. 9¢,f,i). The first row of plots (Fig. 9a,b,c) shows
cone height (2), ice height (s)) and debris thickness (%) at the apex.
Deeper debris-filled pits produced taller dirt cones. Debris thick-
ness at the apex decreased as the cone heights increased until the
simulations were stopped when 4’ = 0.01 m. Figure 9d, e and f
show the rates of change of ice height, debris thickness and cone
height at the apex, relative to the surrounding bare ice. A thin ver-
tical line marks the time of pit inversion. For the 0.25 m deep pit
(Fig. 9a,d,g), pit inversion occurred 15 days after the simulation
began. For the 0.5m (Fig. 9b,e,h) and 1.0 m (Fig. 9¢,f,i) deep pits,
pit inversion occurred after 27 and 48.5 days, respectively.

The initial pit depth controls the melt rate at the cone apexes
(Fig. 9d,e.f, solid blue lines). Deeper pits, with correspondingly
greater debris depths, resulted in faster cone growth because of the
lower melt rate at the cone apex. When debris thickness at the apex
h’ < 0.2 m, the rate of change in ice height decreased rapidly. This
debris thickness corresponds to a melt rate between one-half and
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one-third of the bare ice melt rate. Finally, the cone growth rates
approached zero as debris thicknesses at the apex approached zero.

The rate of change in debris thinning rate (Oh’/0t) at the cone
apex begins at zero and becomes increasingly negative as the cone
emerged (Fig. 9d,e,f, dash-dot orange lines). The more negative the
debris thinning rate at the apex, the faster debris moves away from
the cone apex. After the initial decrease, the pit depth influenced
the debris thinning rate as the cones develop. For the shallowest
0.25m deep pit (Fig. 9d), the debris thinning rate decreased until
the pit inverted, then increased slowly and approached zero as the
simulation ends. For the 0.5m (Fig. 9¢) and 1.0 m (Fig. 9f) pits,
after the initial sharp decrease in the thinning rate, the debris thin-
ning rate at the cone apexes was approximately constant until the
pits inverted. After inversion, debris thinning rates increased and
approached zero.

The cone growth rate (92’ /0t) is the sum of the debris thin-
ning rate and the ice growth rate (Fig. 9d,e,f, dashed green lines).
For all three pit depths, the cone growth rates were greatest as the
cones emerged and sharply decreased during the first few days
of development. As with the debris thinning rates, the pit depths
influenced cone growth rates. The cone growth rate for the 0.25m
and 0.5 m deep pit (Fig. 9d,e) decreased steadily to zero when the
simulation ended. For the 1.0m deep pit (Fig. 91f), after the ini-
tial, sharp decrease in growth rates during cone emergence, growth
rates decreased more slowly. Once debris thickness at the apexes
decreased below ~ 0.2m (b’ < 0.2 m), the cone growth rates
decreased more rapidly and approach zero.

Figure 9g, h and i examine the time evolution of mean cone
slopes (2x height/width). Deeper pits produced cones with steeper
mean slopes throughout development. For all three simulations,
the cone slopes steepened rapidly as the cones emerged. Then, the
cone slopes continued to steepen, but more slowly than during the
initial period. Cone slopes reached a maximum steepness when the
magnitude of the debris thinning rate was greatest. After reaching
maximum steepness, cone slopes decreased until the simulations
ended.

We also examined the relationships between cone heights ()
and total ice melt at the base of the cone (As, = byAt). The cone
growth factor (z’/As,) decreased throughout cone development
(Fig. 10). The growth factor did not decrease linearly and did not
approach a constant value. Pit geometry also influenced the cone
growth factor. Deeper pits had larger growth factors than shallow
pits for a given amount of ice melt at the base of the cone.

5.2. Debris volume and cone height

These experiments illustrate how debris volume influences cone
height. We varied the volumes of the debris filled pits from 0.01
to 2m? by varying the radii and depths of the pits. Figure 11
shows that cone heights increased as debris volume increased.
Cone height follows a power law scaling relationship with debris
volume, z’ ~ V%3, Differing pit dimensions containing the same
debris volume produce cones with slight differences in height (Fig.
11). However, pit geometry influenced cone height to alesser extent
than changes in debris volume.

5.3. Controls on cone geometry

Here, we examine the influence of the characteristic length, ¢ =
D/by, on cone geometry. These experiments began with debris-
filled pits 0.5 m deep and 0.5 m in diameter. Both D and b, were
varied to produce a range of values for ¢. This allowed us to
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Figure 7. An example simulation of cone development from
a debris-filled pit 0.5 m wide and 0.5m deep. The shade of
gray corresponds to the debris thickness. Black indicates
debris thicker than h. = 0.08 m. (a) The simulation begins
with a circular pit of debris. (b) After 18 days, a cone has
formed with the debris-filled pit at the cone apex. (c) After
36 days, the pit has exhausted its debris supply, inverted,
and the cone is covered in a thin layer of debris.
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Figure 8. Time slice transects depicting cone development from a debris-filled pit 0.5 m wide and 0.5 m deep (b, = 0.04md~%, D = 0.009md~%, h. = 0.08 m, S, = 1.15). (a)
Time slices of the ice surface elevation (blue) and the debris surface (black) every 12 days. The bare-ice surface surrounding the pit melts more rapidly than the debris-filled
pit, causing the cone to emerge. As cone height increases, the debris diffuses down-slope and widens the cone. (b) Time slices of debris thickness at 12 day intervals. Debris
is exhumed from the pit and transported down slope as it undergoes topographic inversion. (c) Time slices of the cone slopes at 12 day intervals. The slope magnitude is
greatest across the edge of the pit. For (a), (b) and (c), the cone apex is at the 0.0 m position.

demonstrate that the characteristic length controls cone heights
and slopes when pit geometry is held constant
2/ — 10~ (0.045+0.56) p—(0.115+0.21)

5 — 10~ (0.065.+0.76) p—(0.165.+0.25)

We compared the modeled cone heights and slopes with the val-
ues predicted by the empirical scaling relationships (Fig. 12b,d).
The mean residual errors of the cone heights is o,, = 0.015m
and the mean residual error of the predicted cone slopes is
o9 = 0.021 mm™". The greatest residual errors in the predicted
cone heights and slopes occurred with the shortest characteristic
lengths. The residual errors are smaller for the middle range of ¢
values we examined.

The characteristic length is the ratio £ = D/b,. Figure 12a and
¢ show that the value of ¢ (and to a lesser extent, S.) controls cone
geometry, not the individual values of D or b;. To further illustrate
this point and to understand why the characteristic length influ-
ences cone geometry, we examined cones that developed from ‘infi-
nite’ pits of debris. All of the simulations began with a 100 m deep
pit of radius 0.25 m. In the first set of three simulations, the melt
rate was b, = 0.04md~! and the diffusion constants were D =
0.001,0.005,0.01 m?d~!. We ran these simulations for 30 days,
causing 1.2m of bare ice melt at the base of the cones. For the
second set of simulations, the melt rate was b, = 0.03md~! and
the diffusion constants were D = 0.00075, 0.00375,0.0075 m> d~'.
These simulations were run for 40 days to also produce 1.2m of
bare ice melt at the base of the cones. The combinations of D and
b, use in these two sets of simulations result in the same three char-
acteristic lengths, ¢ = 0.025,0.125, 0.25 m, making it possible to
explicitly show that £ controls cone geometry. Figures 13 and 14
illustrate the results of these experiments.
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For a given value of /, the cone heights and widths were iden-
tical. Figure 13a shows cross sections of two cones with ¢ =
0.025,0.25 m after 30 days of growth with b, = 0.04md™" (the
cross section for £ = 0.0125m was omitted from this plot for
clarity). As expected from previous results, the shorter character-
istic length (f = 0.025m) produced a taller, steeper cone than
the longer characteristic length (/ = 0.25m). Figure 13c shows
cross sections of two cones with £ = 0.025,0.25 m after 40 days
of growth with b, = 0.03md™" (as before, cross section for ¢ =
0.0125 m was omitted from this plot for clarity). For each value of
£, the cones produced in these two sets of experiments (Fig. 13a,c)
grow to the exact same heights and widths after 1.2 m of bare ice
melt occurred.

For a given value of /, the cone slopes are also identical. Figure
13b shows the slopes along the transects for each of the three
characteristic lengths at by = 0.04md~!. Slopes reached a max-
imum magnitude at the edge of the pit, then decrease from the
edge of the pit toward the base of the cone. Figure 13d shows
the slopes along the transects for each of the three characteristic
lengths at by = 0.03 m d~. The slope transects for these three sim-
ulations (Fig. 13d) are identical to the three simulations shown in
Figure 13b.

Finally, we examined how the characteristic length influenced
the mean debris flux (Q) and the debris thickness (k) on the outer
edge of the pit. Figure 14a and c show the infinite pit results for b, =
0.04 m d~! and Figure 14b and d show the results for b, = 0.03. For
a set value of b, decreasing ¢ decreased debris flux over the edge
of the pit (Fig. 14a,b). Comparing the results shown in Figure 14a
and b shows how the diffusion constant influences debris flux over
the edge of the pit. Even though the characteristic lengths used in
these two sets experiments are the same, greater diffusion constants
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Figure 9. Cone development from three pit geometries. Each column corresponds to a single pit depth. Pit depths increase left to right: 0.25m, 0.5m and 1.0 m. The pit
radius was 0.25m. Each column shares the same horizontal axis. Plots (a), (b) and (c) depict the debris thickness at the cone apex (h’, gray dash-dot line), cone height (z,
black dashed line) and ice height at the cone apex (s, blue line). The left axes are cone/ice height and the right axis is debris depth. Simulations were stopped when the
debris depth at the cone apex h’ < 0.01 m. Plots (d), (e) and (f) show the rate of change in ice height, debris thickness and cone height at the apex as a functions of time.
The time when the debris pit inverts is marked with a thin vertical line. Plots (g), (h) and (i) show the mean cone slopes (2x height/width). Cone slope decreased when the

debris thickness at the cone apex was less than the debris thickness on the slopes.

results in higher debris flux out of the pit (Fig. 14a,b). Debris thick-
ness on the outer edge of the pit, however, depends only on ¢. Figure
14c and d show that the debris thickness on the outer edge of the
pit is the same for each value of £. Therefore, debris thickness does
not depend on the specific value for D or by; only the ratio D/b,
matters.

6. Discussion
6.1. Time-dependent behavior

The model demonstrated that debris-filled pits in the ice develop
into dirt cones similar to those observed on the Kuskulana Glacier.
Meter-scale cones can develop in <60 days when subjected to
realistic bare ice melt rates, which is well within the duration of
a single melt season. Only two conditions are necessary to produce
dirt cones: (1) a contrast in melt rates caused by a debris-filled pit
and (2) hillslope transport of that debris as relief develops.
Deeper pits produced taller cones with steeper slopes (Fig. 9).
As pit depth increased, the contrast in melt rate and the total
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volume of debris increased. Greater contrasts in melt rates also
allowed steeper slopes to develop, and the greater debris volume
held within the deeper pits allowed the cones to grow for longer,
producing taller cones.

We infer three stages of cone growth based on the results
from the time-dependent experiments (Fig. 9): emergence, flux-
controlled growth and melt-controlled growth. The characteristics
of each stage are described below.

6.1.1. Emergence

The emergence stage of cone growth is characterized by a rapid
increase in cone slope, rapidly accelerating rate of debris thinning
at the cone apex, and negligible melt at the cone apex during the
first few days of development (Fig. 9b). As the cone first emerges,
debris within the pit is thick enough to make sub-debris melt
negligible (b > h,). Initially, the topographic slope at the cen-
ter of the pit and the transportable debris thickness are zero. Ice
melt around the outside of the pit increases the thickness of trans-
portable debris layer and increases the slope between the debris
and the bare ice surface. In response, debris flux away from the
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cone apex rapidly increases. The rate of change in debris thickness
at the apex (Oh’/0t) quickly becomes negative as debris diffuses
away from the apex of the emerging cone and onto the ice outside
of the pit.

6.1.2. Flux-controlled growth

Debris flux out of the pit depends, in part, on the transportable
debris thickness. During flux-controlled growth, the rate at which
new debris becomes transportable depends on the contrast in melt
rates between the cone apex and the outside edge of the pit. Cone
slope and transportable debris thickness increase as the cone peak
develops. This allows debris transport to the outside edge of the pit.
However, as debris accumulates on the outside edge of the pit, the
melt rate on the outer, debris-covered edge slows, which decreases
the rate at which new debris becomes transportable. In this way,
debris transport over the edge of the pit acts as a negative feed-
back on the exposure of new transportable debris. This is why the
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infinite pit simulations with thicker debris at the pit edge actually
have lower debris fluxes, despite having a deeper cross-section for
transporting debris (Fig. 14).

The development of the cone slope outside of the pit depends
on the contrast in melt rates between the bare ice at the base of the
cone and the debris-covered slope outside of the pit. Thicker debris
on the slope increases the contrast in melt rates. This increases the
slope at the base of the cone and consequently increases debris flux
toward the base of the cone. Therefore, if debris thickness increases
on the upper slope this increases debris flux toward the base of the
slope, while simultaneously having a negative influence on debris
supply from the pit. Conversely, if debris thins on the slope, then
this reduces flux toward the base and increases flux from the pit.

During flux-controlled growth, the balance between these con-
trasting influences of slope debris thickness on debris fluxes at the
top and bottom of the slope produces a quasi-steady-state configu-
ration (Fig. 15). To explore this concept, we developed a simplified
model of the cone slope, where we assume the debris thickness
on the slope is constant in space and time (Fig. S1). This steady-
state analytical model provides a close approximation to the cone
slopes and debris thicknesses produced by the numerical model
(Figs S3 and S4). Sediment flux from the top of the cone is a
decreasing function of debris thickness (Eqn (S9)), and sediment
flux at the cone base is an increasing function of debris thick-
ness (Eqn (S10)). If debris is too thin on the slope, then the flux
from the top (Q,o,) Will be greater than the flux leaving the slope
at the bottom (Qy,). In this case, the debris on the slope will
thicken. If the debris on the slope is too thick, then Qpage > Qgops
and the debris will thin. Consequently, the debris on the slope is
driven toward a steady-state thickness, h, where the flux onto the
slope from the top and off of the slope at the bottom are approx-
imately equal. This is reflected by the nearly constant debris flux,
thickness and melt rate obtained in the infinite pit simulations
after the initial emergence stage (Fig. 14b,c). The slow increase in
debris flux and decrease in debris thickness during this period may
result from the radial growth of the cone and increasing slope area,
an effect that is ignored by our simplified model. Flux-controlled
cone growth continues until the sub-debris melt at the cone apex
becomes significant, i.e. i ~ h,.

6.1.3. Melt-controlled growth

Melt-controlled growth commences when debris thickness at the
apex is small enough that sub-debris melt at the apex poses a sig-
nificant limit on the cone growth rate. At the same time, the thinner
debris at the apex limits the debris diffusion rate (Eqn (3)). In our
model, the increasing melt and decreasing flux at the apex occur
simultaneously because we used the same critical debris thick-
ness, h, to scale both the melt rate and the debris diffusion rate.
Although this assumption was made to simplify the model, it is
likely that the critical debris thicknesses for the decay in the melt
rate and debris diffusivity are comparable in magnitude. As debris
at the apex continues to thin, the contrast in melt rates decreases,
0N’ /Ot approaches zero, and the cone reaches its maximum height.

6.1.4. Steady-state cones and cone decay

Near the end of our simulations, dirt cones approach a final steady-
state form, where debris becomes very thin and melt rates are
approximately equal to the bare ice melt everywhere. However,
our criteria for stopping the simulations, a debris depth of 0.01 m,
is still slightly short of this steady state, since the cones are still
slowly growing. For thinner debris, the numerical solution eventu-
ally becomes unstable. However, we would not expect this steady
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Figure 12. Simulated cone height (a) and mean slope (c) as functions of the length scale, £ = D/b, for three critical slope thresholds (S.). All simulations began with a
debris-filled pit 0.5 m deep and 0.5 m in diameter. The values for bare ice melt rate and diffusion rate were varied across the range of reasonable values presented in Table 1.
Smaller values of ¢ produced (a) taller and (c) steeper cones for all critical slopes. The simulated cone heights and slopes followed power law functions of ¢ and S.. (b) The
residual errors in predicted cone heights using the power law function shown in (a). (d) The residual errors in predicted cone slopes using the power law function shown in

(c). The mean residual errors in cone heights and slopes decreased with increasing S..

state to occur in nature. When the debris supply at the cone apex is
exhausted, real dirt cones will decay, because debris thinner than a
few centimeters enhances the melt rate relative to bare ice (Ostrem,
1959).

6.1.5. Inferring bare ice melt from cone height

It has been suggested that the heights of dirt cones could
yield an estimate of bare ice melt during cone growth (Drewry,
1972). However, physical experiments (Drewry, 1972; Hénot and
others, 2023) and a numerical model (Hénot and others, 2023)
produced conflicting results on the possible relationship between
cone height and total ice melt at the base. Drewry (1972) found
that cone growth factors (2’ /by At) were generally <0.5. From this,
Drewry (1972) concluded that cones never exceed heights
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greater than half the total melt at the base. In contrast,
the numerical and physical experiments by Hénot and oth-
ers (2023) produced cones with growth factors >0.5 and
reported no clear relationship between cone height and bare ice
melt.

We found that cone growth factors varied in time and were often
significantly >0.5, depending on the initial conditions (Fig. 10).
Importantly, our experiments showed that it is the ratio of debris
diffusivity to the melt rate that controls cone height. We speculate
that the conclusion Drewry (1972) made resulted from their phys-
ical experiments only using relatively thin patches of debris. Thus,
these cones only underwent ‘melt-controlled’ growth. Based on our
model results, we find it unlikely that cone height can be used to
accurately approximate the total bare ice melt in the field.
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Figure 13. The characteristic length £ = D/b,, rather than the specific values of D or by, controls cone geometry. All simulations began with the same pit radius (R =0.25m).
(a) Topographic and ice surface transects for two cones after 30 days of development with by = 0.04md=* (1.2m of bare ice melt). (b) Slope transects after 30 days of
development for the two cones shown in (a), with an additional slope transect from the simulation with £ = 0.125m. Increasing the length scale decreases cone slopes. (c)
Topographic and ice surface transects for two cones after 40 days of development with b, = 0.03 m d~* (1.2 m of bare ice melt). The characteristic lengths in these simulations
are the same as shown in (a), but the diffusion constants (D) and bare ice melt rate (by) are different. The cone heights and widths are identical to those shown in (a). (d)
Slope transects after 40 days of development for the two cones shown in (c), with an additional slope transect from a simulation with £ = 0.125 m. Even though the diffusion
constants (D) and bare ice melt rate (b,) differ from the simulations shown in (b), the characteristic lengths and slopes are identical. In summary, these plots illustrate that
the characteristic length controls cone geometry for an equal amount of ice melt at the base.

6.2. Debris volume and cone height

Increasing the volume of debris increased the height of the cones
(Fig. 11). This qualitatively makes sense because a greater volume of
debris can cover a larger cone and can produce a greater contrast in
melt rates. Cone height followed a power law scaling relationship
with debris volume with exponent 0.5. To better understand this
relationship, we examine the geometry of a cone.

We begin with the formula for the volume of a right circular
cone:

)

where r is the radius of the cone and z is the height of the cone. If
we cover the cone with a uniform layer of debris (h), when h < z,
we can approximate the volume of debris (V) needed to cover the
cone:

Vd:M_ﬂzz.

3 3 ®
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The cone slope is S = z/r. By substituting r = z/S and approxi-
mating for a thin debris layer, where h < r, we get an equation for
the debris volume as a function of cone height:

2mh
V= —z2. 9
4= 357 ©)
From this, we find the expected scaling relationship between debris
volume and cone height for a cone covered with a uniform debris
layer:

x Vi (10)

Our experiments demonstrate that the maximum dirt cone
heights (z oc  V3~) follow this expected geometric scaling
relationship. Therefore, the initial debris volume needed to create a
cone can be inferred by the height of the cone, provided the debris
thickness is approximately uniform. For example, dirt cone DC-7
was ~2.5m tall, was covered with a debris layer ~0.1 m thick and
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Figure 14. Mean debris flux (Q) and debris thickness (h) on the outer edge of the pit for the six simulations shown in Figure 13. The line colors and line styles match those
used for the simulations in Figure 13. The horizontal time axes are normalized by the total simulation time. Plots (a) and (c) correspond to the diffusion constants and bare
ice melt rate used in Figure 13b. Plots (b) and (d) correspond to the diffusion constants and bare ice melt rate used in Figure 13d. (a) The mean debris flux across the edge of
the pit increases as D increases. (b) Debris flux at the outer edge of the pit is less than in (a) for a given characteristic length because the diffusion constants (D) are smaller
than those in (a). (c) Longer characteristic lengths result in thinner debris at the edge of the pit. (d) Debris thicknesses at the outer edge of the pit are identical to those
shown in (c), despite these simulations having different values for D and b,. In summary, varying the diffusion constant and/or the bare ice melt rate will vary debris flux rates.

However, debris thickness on the slope is controlled solely by the characteristic length.

had an approximate slope of 0.8 m m~!. Using Eqn (9), we find that
~1.6 m? was needed to produce this cone.

6.3. Broaderimplications

Complex, hummocky topography on debris-covered glaciers
increases melt rates by changing surface meltwater drainage pat-
terns and enabling pond formation. While contrasts in debris
thickness are essential for relief production via differential melt,
the magnitude of relief also depends on the characteristic length
¢ = D/b,. Conceptually, the characteristic length is a measure of
competition between differential melt and debris transport on cone
development. At distances greater than ¢ from the debris source,
melt becomes more effective at generating relief than diffusion is
at smoothing it. Therefore, we might expect debris properties that
influence mobility, such as clast size or water saturation, to influ-
ence the development hummocky topography. Further exploration
will require parameterizing supraglacial debris diffusivity, as well
as measuring melt rates and changes in debris thickness over a few
years.
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Several earlier models examined the influence of supraglacial
debris on the topographic evolution of debris-covered glaciers
(Anderson, 2000; Anderson and Anderson, 2016; 2018; Molg and
others, 2020; Ferguson and Vieli, 2021; Moore, 2021). However,
these models assumed a relatively smooth ice surface and small
gradients in debris thickness. Simulating the development of
dirt cones required an approach that accounted for an irregular
ice surface with sharp contrasts in debris thickness. We used a
sink-filling algorithm to calculate the thickness of ‘transportable’
debris above the edges of debris-filled pits. This approach works
irregular ice surfaces, such as debris-filled crevasses and pits. It
could be applied at larger scale to model surface debris trans-
port in cases where the ice surface and debris thickness are
known.

Although ice cliffs are important drivers of melt and topo-
graphic evolution on debris-covered glaciers, the model we imple-
mented cannot simulate ice cliffs. Without a mechanism to remove
debris from the base of the cliff, debris accumulates and slopes
decrease. Including debris transport in supraglacial streams could
make it possible to simulate ice cliffs with this debris flux model.
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Figure 15. A conceptual model illustrating how debris thickness on the cone slope influences debris flux at the top and base of the cone slope. The cone reaches a quasi-
steady-state geometry when debris flux at the top and base of the cone are equal (Qpye = Qup = Q) and debris thickness on the slope is hg,. The blue arrows and solid
line illustrate how debris flux at the base of the cone responds when debris thickness deviates from hg,. The red arrows and dashed line illustrate how debris flux at the top
of the cone slope responds when debris thickness deviates from h. At the top of the slope, an increase in debris thickness decreases Q,,, because it decreases the melt
rate at the edge of the pit, which decreases the rate new debris within the pit becomes transportable. Thicker debris at the base of the slope increases Q. because of the
greater contrast in melt rates at the base of the slope and the bare ice. If h < hg: debris flux at the top of the slope is greater than the base of the slope (Qu, > Qpase)-
This increases debris thickness on the slope, which causes Q, to decrease and Qu, to increase. If h > h: debris flux at the top of the slope is less than at the base of
the slope (Qp < Qpase)- This decreases debris thickness on the slope, which causes Q, to increase and Q. to decrease. In both cases, the system is driven toward the

quasi-steady-state at kg, as indicated by the arrows.

The hyperbolic melt model (Eqn (1)) also influences cliff devel-
opment because it does not account for the melt-enhancing effect
of very thin debris. Thus, thin debris on a steep slope reduces the
melt rate compared to bare ice. Additionally, radiation and turbu-
lent heat fluxes not included in our model further increase melt on
the cliff face and are essential to existing models of ice cliff devel-
opment (Han and others, 2010; Steiner and others, 2015; Buri and
others, 2016).

Finally, we note that dirt cones bear some resemblance to
ice sails, another feature that develops on debris-covered glaciers
(Evatt and others, 2017; Fowler and Mayer, 2017). Fowler and
Mayer (2017) argued that ice sails grow from an instability
that results from the positive relationship between debris thick-
ness and melt rate for very small debris thickness. While the
model for ice sail development involves unstable positive feed-
back, the development of dirt cones involves negative feedback
that produces a quasi-steady-state form before the debris supply is
exhausted.

7. Conclusion

Glacier dirt cones are unique topographic features that develop
from differential melt. We constructed a model of cone develop-
ment from debris-filled pits in the ice surface and compared the
results to observations of dirt cones on the Kuskulana Glacier
in Alaska. The model demonstrated that dirt cones compara-
ble in height and slope to the cones we observed can develop
from debris-filled pits in the ice surface within a few weeks. The
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characteristic length / = D/b, derived from the dimension-
less model captures the relative influence of melt rate con-
trasts and debris diffusion on cone development. This charac-
teristic length controls the heights and slopes of the cones for
a known debris volume. Short characteristic lengths produce
taller, steeper cones because debris diffusion is slow relative to
the rate at which differential melt produces relief. Long char-
acteristic lengths produce shorter, less-steep cones because of
rapid debris diffusion away from the cone apex as relief devel-
ops. Importantly, the characteristic length predicts that increasing
melt rates increase relief, hillslope steepness and debris thick-
ness on hillslopes of the hummocky topography on debris-
covered glaciers. Thus, changes in the characteristic length via
a change in melt rate or debris mobility influence the mor-
phology of hummocky topography. Finally, this model success-
fully demonstrated a method for handling supraglacial debris
diffusion over an irregular ice surface. This approach can serve
as a building block for constructing more all-encompassing,
process-based topographic evolution models of debris-covered
glaciers.

Supplementary material. The supplementary material for this article can
be found at https://doi.org/10.1017/jog.2025.32.
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