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Abstract. In present paper we define a new kind of quantized enveloping algebra
of sl(2). We denote this algebra by U,,,, where r, ¢ are two non-negative integers. It is
a non-commutative and non-cocommutative Hopf algebra. If r = 0, then the algebra
U, is isomorphic to a tensor product of the algebra of infinite cyclic group and the
usual quantum enveloping algebra of s[(2) as Hopf algebras. The representation of this
algebra is studied.
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1. Introduction. Quantized enveloping algebras for Kac—-Moody algebras were
introduced independently by Drinfel’d and Jimbo [1, 3] in studying the quantum
Yang—Baxter equation and two-dimensional solvable lattice models. There is a rich
mathematical theory developed for these objects and their representations with
connections to many areas of both mathematics and physics.

Suppose the Kac-Moody algebra is s[(2). Then the usual quantum enveloping
algebra is generated by E, F, K, K~'. The four generators satisfy some relations.
We obtain the extended quantum enveloping algebra U,; of sl(2) by adding new
generators J, J~!. U, ,is an algebra generated as an algebra over a field by six generators
E,F,K,K~',J, J~'. They satisfy the following relations:

K'K=KK'=uyJ'=71=1, (1.1)
KEK™' = §*E, (1.2)
KFK™' = ¢7F, (1.3)
K—-KJ
EF —FE = ———, (1.4)
q—4q

This algebra can be obtained from the weak quantum enveloping algebra of sl(2)
defined in [11]. We can introduce co-multiplication and counit on the U, to make it
into a Hopf algebra. It is a non-commutative and non-cocommutative Hopf algebra.
If » =0, then the algebra U,, is isomorphic to a tensor product of the algebra of
an infinite cyclic group and the usual quantum enveloping algebra of sl(2) as Hopf
algebras. We will study the representation of this algebra in this paper.

Let us outline the structure of this paper. In Section 2, we give the definition of
U, and obtain some properties of U, ,. For example, we prove that U, is a Noetherian
domain, a Hopf algebra. In Section 3, we study the representation of U,,. Using the
theory developed in Section 3, we character the centre of U,, in Section 4. Unlike
the representation theory of usual quantum enveloping U,(sl(2)) of s((2), there exist
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finite-dimensional non-semisimple U, ,-modules. But we can prove that the tensor
product of two simple U,,-modules is semisimple, in Section 5. We also obtain
a decomposition theory about the tensor product of two simple U,,-modules. In
Section 6, we briefly discuss the representation of U, in the case where ¢ is a root
of unity. In Section 7, we use the U, to construct a Hopf algebra with dimension /e3
for any positive integers /, e, where e > 2.

Throughout this paper k is a fixed algebraically closed field with characteristic zero;
N is the set of natural numbers; Z is the set of all integers. For the other undefined
terms we refer to [5-7, 9].

2. The definition of U, and its basic properties. In this section, we will define the
extended quantum enveloping algebra U, of the Lie algebra sl(2) and study its basic
properties. Recall that the three matrices E = () (), F=( ) and H = (} °,) consist
of a basis of s[(2). Before giving the definition of extended quantum enveloping algebra
of s1(2), we introduce some notations first. Let us fix two indeterminates ¢, J.

For any integer n, set

—a" _ a0 n n
[n]zmzq 1+q 3_|_...+q +3+q +1

We have the following version of factorials and binomial coefficients. For integers
0<k<mnset[0]=1,

(k]! = [1][2]. . . [&],
if k > 0, and

ARG =
k|~ [k[n— k]!

With this new notation we can prove the following proposition by induction:

LEMMA 2.1. If x and y are variables subject to the relation yx = ¢>xy, then
‘ n
_ (n—k)k —k
(X+y)”—§q” [k} Xy

for any positive integer n.

Let k be an algebraically closed field with characteristic zero. We use k, to denote
the fraction field of the domain k[g, ¢~'].

DEFINITION 2.2. Let 7, ¢ be two fixed non-negative integers. We define U,, =
U,.(sl(2)) as the k,-algebra generated by six variables E, F, K, K1, 771, J, where J
and J~! are in the centre of U, ,, with the relations

K'K=KK'=ys'=JU=1, 2.1)
KEK™' = ¢’E, (2.2)
KFK™' = ¢7?F, (2.3)
K — K—l r
EF — FE = —1‘] (2.4
q—q°
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From the definition, we can prove that there is an algebra automorphism w; of U, ,
such that wy(E) = FJ*, wyF) = EJ™, wyK)=K"'J", oK) =KJ™", wJ)=
J, ws(J~") = J~! for any integer 5. Moreover, we have the following proposition:

PROPOSITION 2.1. There exists a unique algebra anti-automorphism w of U, , such that
w(E)=KF, o(F)=EK™!, oK) =K, o(KH)=K"!, o(/)=J, o(JH=J"".

Proof. To show this proposition, we only need to check the following relations:

o(K)o(E) = ¢ *o(E)o(K),  o(K)w(F) = ¢*o(F)o(K),

K) — oK Ho(J" K- K
o), o] = )q‘i(q_l)w( ) ELss

The first two relations result directly from definition. We compute the third one as

K—Kl

[w(F), w(E)] = EK"'KF — KFEK' = EF — FE = —
q—q

by relations (2.2) and (2.3). ]

LEMMA 2.3. Let m > 0, and n € Z. The following relations hold in U,,:

EMK" — q—ZmnKnEm, FME" — qunKnFm, (25)

—(m—l)K _ qm—lK—IJr

EF" — F"E = [mFm-14

q9—q" 26
qm—lK _ q—(m—l)K—lJr .
— [m] — Fm—l’
q9—4
—(m—l)K _ m—]K—lJr
E"F — FE™ = [m]4 T £
q9—9q9
Q@.7)

mflK _ qf(mfl)Kfl‘]r

— [m]Emflq 1
q9—9

Proof. The first two relations result trivially from relations (2.2) and (2.3). The
third one is proved by induction on m using

[E, F"] = [E, F" 1F + F"'[E, F].

Similarly, we can prove (2.7). O

THEOREM 2.4. The algebra U,, is Noetherian and has no zero divisor. The set
{ETFIK!'J*}; jen.1.sez is a basis of U,,.

Proof. Let Ay =k,[K,K~',J,J7']. Since A4y is a homomorphic image of a
Noetherian algebra, it is a Noetherian algebra. Moreover, the family {K'J*|l, s € Z} is
a basis of Aj.
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Consider the automorphism «; of 4y determined by o (K) = ¢°K, a;(J) = J and
the corresponding Ore extension 4] = Ay[F, o, 0]: the latter has a basis consisting of
the monomials {F/'K'J°|j e N, I, s € Z}.

It is easy to prove that A, is the algebra generated by F, F~!, K, K~!,J, J~! and
the relations

FK = ¢*KF, FJ =JF.

Define
a(FK'J*) = ¢ FK'J, (2.8)
8Ky =8(J%) =0, (2.9)
Jj-1
S(FIK'Jy =" F'8(F)(q ¥ K)K'T", (2.10)
i=0

where 8(F)(g~ %K) = %, and j > 1. We claim that § extends to an «-
derivation of A;. We must check that for all j, m € N, and [}, b5, 51, 55 € Z, we have

S(FKM"J* - F"K2J9) = a(F/ KN J)S(F K2 J) + (K" J*)F" KR g%, (2.11)
Let us compute the right-hand side of the above equation. We have

a(F/KNJS(F"K2T2) + 8(F K" J)F" K"
m—1

— q72l| Fth J Z mel(S(F)(qfﬂK)KlzJSz

i=0
j-1
+ Z Fi—l 5(F)(q_2[K)K1‘ JlemKlstz
i=0

m—1
— Z qullmF]#»m?lS(F)(quiK)K11+lzJS|+Sz
i=0
m+j—1
+ Z q—leanj+m—l8(F)(q—2iK)K/1+/2JX1 457

— q_ZIlmS(Fm+1K[]+[2Jsl+sz)
= S(F KN J Fm KR g2,
We now build an Ore extension A, = A{[E, «, §]. Then the following relations hold
in Azl
EK = «(K)E + 8(K) = ¢ *KE,
EJ=a()E+8(J)=JE,
and

K—K'J

EF = a(F)E + 8(F) = FE + —
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From these one easily concludes that A, is isomorphic to U,,,. Then the properties of
U, are warranted by the properties of the Ore extension. O

To make the algebra U, into the Hopf algebra, we define the following three maps

AE)=J"QE+E®KJ", (2.12)
AF)=K ' V" VeF+FeJ™, (2.13)
AK)=KQ®K, AKHY=K'eK™!, (2.14)
A =T ®J, AU HY=Ju1er !, (2.15)
eK)y=eK H=e()=e(J =1, (2.16)
e(E) = e(F) = 0, (2.17)
and
S(E) = —EK™!, S(F)=—KFJ™, SWJH)=J", (2.18)
SUH=y, S(K)y=K"!, S(K™" =K. (2.19)

THEOREM 2.5. Relations (2.12)—(2.19) endow U, , with a Hopf algebra.

Proof. (a) We first show that A defines a morphism of algebras from U,, into
U,; ® U,;. It is enough to check that

AKAK DY =AK HAK) =1®1,
ANAJI =AU HAJ) =1®1,
AK)AE)AK™) = ¢ A(E),
AK)AF)AK™") = g2 A(F),
A(K) — A(K~HAUT)
q—q!

A(E)A(F) — A(F)A(E) =

’

and
A(X)A(J) = A(J)AX),
for X =E,F, K, K~'. We give a sample calculation for A(E)A(F) — A(F)A(E) =

AK)-AK AU
q—q7!

as follows:

[AE), A(F)|=(J"QE+EQKJYK TV F+FJ™
_(K—IJV(H-l) ®F+F® J—V[)(J—rf ® E+E® KJV[)
K—-K'Jy K-Kl

=K' ® — + —®K
q9—9q° q9—9q
_AK) = AKTT)
q-q7! '

(b) Next, we show that A is coassociative. It suffices to do it on the six generators. We
give a sample calculation for £. On the one hand, we have

AQIAAE)=(ARQid)(J "QE+E®KJ")
=J"QJ "QE+J "QEQKIJ"+EQKJ"®KJ".
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On the other hand, we have
(id @ N)AE) = (id @ A)J " Q@ E+ E®KJ™)
=J"QJ "QE+J"QEQKJ"+EQKJ"Q® KJ",

which is the same.

(c) It is easy to prove that ¢ defines a morphism of algebras from U,, to k, and
satisfies the counit axiom.

(d) It remains to see that S defines an antipode of U, ,. We have first to check that
S is a morphism of algebras from U, into U;7*, namely the following relations hold:

S(K)S(K™") = S(KHS(K) =1, SWNHSJIH=SUHSWU) =1,
S(KHS(E)S(K) = ¢*S(E),  S(K™)S(F)S(K) = g >S(F),

S(K) — S(K-)S(J")

[S(F), S(E)] = =
—q

: (2.20)

and S(X)S(J) = S(J/)S(X) for X = E, F, K, K~!,J~ L.
We only give the computation for (2.20). We have

[S(F). S(E)) = KFJ"EK~' — EFJ ™"
= (FE—EF)J~

_S(K) - S(KH)S(T")
B q—q! '

It is easy to check that
D xySxe) =Y S(xa)xe) = (x)1
(x) (x)
holds when x is any of the generators E, F, K'.K,J,J'. Since S is an anti-

automorphism of U, ,, S is an antipode. O

PROPOSITION 2.2. (1) If r = 0, then Uy, is isomorphic to Kk [Z] ® U,(sl(2)) as Hopf
algebras, where ky[Z] is the group algebra of infinite cyclic group Z, Uy(s\(2)) is the usual
quantum enveloping algebra of s1(2).

(2) We have S*(u) = KuK~" for any u € U,.,.

Proof. Obvious. 0

PROPOSITION 2.3. For alli,j € Nand all l, s € Z, we have

i J . .
AE'FIKLJ) = Z Z g0 =2i=G—v) [1} [J}
u=0 v=0 u v
X (Jr(t+l)v(j—v)—rut+s ® th(i—u—v)-‘rx)

% (EiquvKlfjJrv ® EquvalJrifu).

https://doi.org/10.1017/50017089509005096 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089509005096

EXTENDED QUANTUM ENVELOPING ALGEBRAS OF s((2) 447

Proof. First observe that

AE'FIK' %) = AEY A(FY A(K) A(J)
=(J"QE+EQKJYK IV QF + F®J "Y(K'J @ K'J).

Since

J"QENE®KI)=qg 2 (EQKJ)J " QE),

MEY = (I @ E+E®KJ")
_ Z u(i—u) |: i|(J—rt ®E)M(E®KJII)I u

_ un(z u) |: :| J—rru ® 1)(E1 u ®EuK1 u)(l ®Jl(l u)t)

by Lemma 2.1. Similarly, we have
AFYy =KD QF+ FeJ )

J .
— qu(/'—v) I:{)} (F ® J—rl)v(K—ljl‘([+l) ® F)j—v
_ qu(] v) [ :| (Jr(r+l)(/ v) ® J—)tv)(FvK/ VR F] v)

Hence

i . .
AEFKJ) =) % " gt M m
u=0 v=0
X (J—I‘ut+l‘(j—v)(f+l) ® J—vrt+rt(i—u))

X (Eifu ® EuKifu)(Fva(jfv) ® ijv)(KlJS ® KIJS)

— quu(z u)+v(j—v) |: :| |:J:| (J—f'(ut—(/—v)(t+1))+s
v

u=0 v=0
®th(1 u— v)+s)(Et—quK—(j—v)Kl ® EuKi—qu—vKl)

_ quu(l w)+v(j—v)=2(>i—u)(j— U)|: :| |:J:|

u=0 v=0 v
x (Jr(t-i—l)u(]—v)—rut-ﬁ-s ® J)‘t(l—u—v)+.¥)

x (EllquUKl*jJr‘U ® EquvalJrl'fu).
By now the proof is completed. U
Finally in this section, we give some remarks.

REMARK 2.6. Suppose G is an abelian group, and g, & € G are two fixed elements.
Then we can define a Hopf algebra U, ; as follows:

(1) As vector spaces Uy is isomorphic to the tensor product of k[G], the group
algebra of G over the field k, and U,(s((2)), the usual quantum enveloping algebra of
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sl(2), which is generated by four variables E, F, K, K~!. Any element of k[G] is in the

centre of Uy ;. The other generators satisfy the following relations:

K'K=KK'=1,

KEK™' = §*E,
KFK™' = ¢7°F,
K—-K g
EF —FE=———=.
q—9q-

(2) The other operations of Hopf algebra U, ; are defined as follows:

AE)=h"®@E+E®hK
AF)=K'hg@ F+ FQh™!
AK)=K®K, AKHY=K'T@K™!,

Al@)=a®a, aegG,

eK)=eK )=¢e(@) =1, a e G,

&(E) =¢e(F) =0,
and
S(E)=—-EK™',  S(F)=-KFg ',
S(a) =a', aeg, S(K)=K!, S(KY =K.

.21
(2.22)
(2.23)

(2.24)

(2.25)
(2.26)
(2.27)
(2.28)
(2.29)
(2.30)

(2.31)
(2.32)

REMARK 2.7. By using the above method, we can construct extensions of quantum
enveloping algebras of others Lie algebras (or Kac-Moody algebras [4]) by group

algebras.

REMARK 2.8. We can assume that ¢ is an element of k. If ¢* # 1, then U, is a Hopf
algebra over k. In the remainder of this paper we always assume that ¢ is an element

ink and ¢* # 1.

REMARK 2.9. One can study the dual algebra U, of U,,. In the case r = 0,

U, = Hom(Up,1, k) =~ Homy(K[Z], Uy(s1(2))"),

by Proposition 2.2. Moreover, one can determine whether U, is quasi-triangular or

not.

3. The representation of U,.,. In this section, let ¢ be an element in the
algebraically closed field k with characteristic zero. Moreover, we assume that ¢ is
not a root of unity. We shall determine all finite-dimensional simple U,,-modules in

this section.

For any two elements A, o € k and any U, ,-module V/, we denote by

VP = (v e V|Kv = iv, Jv = ov).

The pair (A, ) is called a weight of V if V¢ £ 0.

https://doi.org/10.1017/50017089509005096 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089509005096

EXTENDED QUANTUM ENVELOPING ALGEBRAS OF sl(2) 449
LEMMA 3.1. We have EV*% C V& ¢ gqud FV*« C V4 *a,

Proof. For any v € V*%, we have

KEv = ¢?EKv = ¢’ AEv
JEv = EJv = o’Ev ’

and

KFv=¢q?FKv =g \Fv
JFv = FJv = a?Fv ’

So this lemma holds. O

DEFINITION 3.2. Let V' be a U,.,-module and (A, «) is a pair of scalars. An element
v # 0 of V is the highest weight vector of weight (A, «) if Ev =0, Kv = Av and
Jv = a*v. A U,,-module is the highest weight module of highest weight (A, &) if it is
generated by the highest vector v of weight (A, «).

PROPOSITION 3.1. Any non-zero finite-dimensional U, ,-module contains a highest
weight vector. Moreover the endomorphisms induced by E and F are nilpotent.

Proof. Since k is algebraically closed, V is finite-dimensional and JK = KJ, there
exists a non-zero vector w and (i, «) such that

Kw = pw, Jw = o’w.

If Ew = 0, then the vector w is the highest weight vector and we are done. If not, let
us consider the sequence of vectors E”w, where n runs over the non-negative integers.
According to Lemma 3.1, it is a sequence of eigenvectors with distinct eigenvalues.
Consequently, there exists an integer n such that E"w # 0 and E""'w = 0. The vector
E"w is the highest weight vector.

In order to prove that the action of £ on V' is nilpotent, it suffices to check that 0
is the only eigenvalue of E. Now, if v is a non-zero eigenvector for E with eigenvalue
A # 0, then so is K"v with eigenvalue ¢~>"A. The endomorphism E would then have
infinitely many distinct eigenvalues which is impossible. The same argument works
for F. ]

LEMMA 3.3. Let v be a highest weight vector of weight (A, «). Set vo = v and
v, = ﬁFPvforp > 0. Then

Kv, = q’zpkvp, Jv, = azvp, Fuv,_ = [plv,,
and

Ev, = Vp—1. 3.1)
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Proof. We only check equation (3.1). By Lemma 2.3, we have

&%zé(WE+MW”q

_ q—(p—l))\' _ qp—lk—laZI'
q—q!

—(p—l)K _ qp—lK—lJr
1 >U0
q9—4

Up_1.

O

THEOREM 3.4. (a) Let V be a finite-dimensional U, ,-module generated by the highest
weight vector v of weight (A, ). Then

(D) 2 = eq"a", where € = £1 and n is the integer defined by dimV =n + 1.

(ii) Setting v, = ﬁva, we have v, =0 for p > n and in addition the set {v =
Vo, V1, ..., Uy} is a basis of V.

(iif) The operator K acting on V' is diagonalizable with (n + 1) distinct eigenvalues

n.r n—2 . r —n+2 . r —n_r
{eqd"a", eq"“a’, ..., €q o' eq "a'},

and the operator J acts on V by a scalar o.

(iv) Any other highest weight vector in V' is a scalar multiple of v and is of weight
A, o).

(v) The module is simple.

(b) Any simple finite-dimensional U, ,-module is generated by the highest weight
vector. Two finite-dimensional U, ,-modules generated by highest vectors of the same
weight are isomorphic.

Proof. According to Lemma 3.3, the sequence {v,|p > 0} is a sequence of
eigenvectors for K with distinct eigenvalues. Since V is finite-dimensional, there is
an integer n such that v, # 0 and v,;; = 0. Then from the formulas

Eu qf(pfl))\ _ qpfl)\'flab’
vy = Up—1,

we obtain v,, = 0 for all n > m and v,, # 0 for all m < n. Moreover,
q—nk _ qn)\‘—la2r

0= Evyy = .
q9—4q

Uy

Hence A% = ¢*"a®", which is equivalent to A = eq"a’. The rest of the proof of (i)—(iii)
is easy. So we omit it.

(iv) Let v be another highest weight vector. It is an eigenvector for the action of
K and J; hence it is a scalar multiple of some vector v;. But the vector v; is killed by E
if and only if i = 0.

(v) Let V' be a non-zero U, ,-submodule of V" and let v’ be the highest weight
vector of V’. Then v’ also is the highest weight vector for V. By (iv), v’ has to be a
non-zero scalar multiple of v. Therefore v is in V. Since v generates V', we must have
V' = V', which proves that V' is simple.

(b) By Proposition 3.1, any simple finite-dimensional U,,-module V' contains a
highest weight vector v. Let V’ be the submodule of V' generated by v. Since V is
simple, V' = V' and hence V is generated by the highest weight vector v. The rest
results of (b) follow from (a). Il
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We denote the (n + 1)-dimensional simple U,,-module-generated highest weight
vector v by V¢ ., Where v satisfies

Ev =0, Jv = o?v, Kv =¢q"a"v.

Let pe.n.« be the corresponding morphism of algebras from U, to End(V o).
Observe that the formulas of Lemma 3.3 may be rewritten as follows for V ,, 4:

_ n—2p _r _ 2 _
Kv, = eq" Pa'vy, Jvp, = a”vp, Fu,_; = [plvp,
and

qn—(p—l)ar _ qp—l—nar
qa—q!

Vp—1 = €a'[n—p+ 1]v,_1. (3.2)

As a special case, we have V, o, = k. The morphism px ¢, is given by

pe,O,a(K) = Ear» pe,O,a(E) = pe,O,a(F) =0, pe,O,a(']) = 0[2.

LEMMA 3.5. There exists an element C of the centre of U,, acting by 0 on Vo, and
by a non-zero scalar on V. ,, , when n is an integer greater than zero, and €, €' = 1.

Proof. Define C = C, — e%, where C, = EF + % First we show
that C, is in the centre of U,,. Let us calculate KC,K ! and E C(,])

—lK K—]JI‘
KGK' = KEFK- + L 2042 2
(g—q7"
71K Kfljr
— EF + %
(g—q7h
=G,
Since
K—KJr gK + g 'K
L
Hence
K+ g 'K
EC, = EFE+ 21 2 1
(g—q7h
—lK K—lJr
— EFE + %
(g—q")
= C,E.

Similarly we can prove FC, = C,F. So C, is in the centre of U,,. Consequently C is in
the centre of U,,.
Cactson Vo4 by

anr+q—l€al‘ qar+q—lar
— €
(g—q ')y (g—q7')?
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Since C acts on Ve, 4 by

qn+1 o 4 q —1-n o’ qur 4 q—lar
B = ) —€ - =0
(a—q7") (a—a")
we have to show that 8 # 0 when n > 0. If 8 =0, we would have (¢"*> — e€')(¢" —
e€’) = 0, which would be contrary to the assumption, that ¢ is not a root of unity. [

THEOREM 3.6. When q is not a root of unity, any two-dimensional U, ;-module
V' is isomorphic to either Voo @ Ve op, 0F Ve1,q, 0F a module V(oz €, y) with basis
{v1, va} such that p(E) = p(F) =0, and p(J) = (02 o). p(K) = (Egr Fear ) where p is
the algebra homomorphism determined by V(«, €, ).

Proof. Suppose V is simple. Then V' is isomorphic to V., by Theorem 3.4.
Otherwise there exists a proper submodule ¥’ of V. Since the dimension of V' is equal
to one, we can assume that {vq, v,} is a basis of V satisfying

Kv; = ea’vy, Kvy, = €'B'vy + xvy,
Ju; 20121)1, Jvy =/32v2 + yvy.
Since €’ B(B%vy + yv1) + xa?v; = JKvy = KJvy = B(€/ B v2 + xv1) + yea' vy, x(a® —
B?) = y(€' B’ — ed”).

If ea” # €’B" and o # B2, then vy, vy =)+ o /ﬁ, LU =0+ 3 zvl is another
basis of V. Since Kv, = €' v} and Jv, = v}, V =ku, EB kvjisa dlrect sum of U,.;-
modules.

If o> = p? and €'B" # e, then y = 0. Let v5 = v + - o5 V1. Then Jv) = BV,
and K v2 = €'B'v) Consequently V = kv, @ kv is a direct sum of U, ,-modules.

If o # B2 and ¢ ‘B = ea’, then x = 0. Let v) = vs + 5" ;1. Then Jv, = Bv)
and Kvj = €'B"v). Consequently V' = kv @ kvj is a direct sum of U, ,-modules.

Next we assume that ea” = €/, and o> = 2. Since Ev; is an eigenvector for K
with eigenvalue eq’a” # e’ it is zero. Let us prove that Ev;, is zero too. Indeed, writing
Evy = vy 4 pvy, we have

ea'Avy + plea vy + xvy) = KEvy = qusz = q2E(ea"v2 + xvy) = qzea"(kvl + pvy).
Hence

{ewA +xp = q’ea’ (3.3)

pea’ = g uea’.

Since ¢*> # 1, we obtain A = p = 0 from (3.3). One can show in a similar way that F

acts as zero on V. Since [E, F] acts as zero, we have K = K~!'J" on V. In particular,

since K~ 'vy = ea™"vy — xa vy,

J Ky =ea™"J vy — xea"v) = €a’vy + (erva’™> — x)vy.

Hence erya’™ —,‘x—x and x= gea' 2. So p(E)=p(F)=0, and p(J)
(0 2), p(K) = (5, 2“” "), where p is the algebra homomorphism determined b
V(a €, ).

<=

REMARK 3.7. If y # 0, then V(a, €, y) is not a semisimple U, ,-module.

https://doi.org/10.1017/50017089509005096 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089509005096

EXTENDED QUANTUM ENVELOPING ALGEBRAS OF s((2) 453

REMARK 3.8. Suppose that the submodule V'’ of a module ¥ is simple of dimension
greater than 1 and the dimension of '/ V) is 1. Then there exists a one-dimensional
module ¥, such that V' = V| @ V5. In fact, let the one-dimensional quotient module
V/ V' has weight (ea”, ). Let us consider the operator

—1 7

. qo" +q o’
(g—q )’

it acts by zero on V'/ V. Consequently, we have CV C V. On the other hand, C acts

on V' as multiplication by a scalar y # 0. It follows that iC is the identity on V7.

C=C,—

Therefore the map iC is a projector of V onto V. This projector is a U, ,~linear since
Cis central. Let 1, = ker(%C). Then V =V'& V>.

THEOREM 3.9. The dual module V¥, , of the simple U, ,-module V., is a simple

€,n,o
¢ ~
module, and V}, , ~ Ve po.

Proof. Since U, is a Hopf algebra, the dual of any U, ,-moduleisstill a U, ,-module.
First we prove that V' is a simple module if and only if V* := Homy(V, k) is a simple
module. Since V is finite dimensional, V' >~ V**, We only need to verify the implication
that V* is simple if V' is simple. Let L be a non-zero submodule of V*. If L # V*,
then W={xe V|f(x)=0 for all xelL}#0. For any x € W and any f € L,
we have f(Kx) = (K~'/)(x) = 0, f(Jx) = (J~'f)(x) = 0, 0 = (= Ef)(Kx) = f(Ex) and
0 = (—FKf)(J"x) = f(Fx) = 0. Hence W is a submodule of V. Consequently, W = V.
So L =0. This is contrary to our original assumption. Hence V* is simple. Now
suppose Ve .« 1s spanned by {vy, ..., v,} with relations

n—2p _.r 2
Kv, = eq" Pa'v, Jv, = a’vp, Fv,_1 = [p]up,

and

Let {vj, ..., v} be the dual basis of {vy, ..., v,}. Then

(Evi)(v) = v (EK 'v) = ea’¢*"[n — i + 1]v}(vi_y) = 0,

(Kv)(v) = vi(K ') = g% "ea v} (v) = ¢"ea v} (v;)
and
JvH() = i o) = a2 (vy).

Thus, v? is the highest weight vector with weight (¢"a~", &) of Vi, and hence
1284 = Venat- O

€,n,a

Finally in this section, for any given finite-dimensional semisimple U, ,-module V,
we construct a scalar product, i.e. a non-degenerated symmetric bilinear form (, ) on
V such that

(xv, V") = (v, W(x)V) (3.4)
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for all x € U, and v, v' € V. The linear map w has been defined in Proposition 2.1.
This is done in the following theorem:

THEOREM 3.10. On the simple U, ,-module V., . generated by the highest weight
vector v, there exists a unique scalar product such that (v, v) = 1. If we define the vectors
v = ﬁF v for all i > 0, then they are pairwise orthogonal and we have

i(i+1—n) | 7
(v;, vj)=q(+1 n)[i] 8j.

Proof. Let us first assume that there exists a scalar product on V¢, , such that
(v, v) = 1. Next we will show that (v;, vj) = ¢ “*D="["]s;. By definition and (3.4) we
have

1 4
— (v, o(F" ;) =

o (v (EK ).

(viv U/) == (FiU, UJ) =

]! ]!
By (2.5) we can prove that (EK~') = ¢'*DK—E’ for any i > 0. Consequently, the
vector w(F')v; is a scalar multiple of E'v;, which is equal to zero as soon as i > j.
Therefore (v;, v;) = 0if i > j. By symmetry, we also have (v;, vj)) = 0if i <.

We need the formula

Eivj = (e [n[ i-]’_] ! Vj—i
to compute (v;, v;). We have
(vi, vj) = W S0, KT Ei)
- (ear)z‘qi(m)%(v i
— i+ o

[n— !

This proves the uniqueness of the scalar product. Let us now prove its existence.
Clearly, there exists a non-degenerate symmetric bilinear form such that

(U,‘, U/) = qi(iJrlin) |:’l11| 5,/ (35)

We have to check that it satisfies relation (3.4). It is enough to check this for
x=E, F,K, K", J and J~!. We shall do this for x = E and x = F, since the other
computations are easy.

For the case x = E. On the one hand, we have

l

E <’ : = r _. 1 i— K j = ' (l l)l n)—
(Evi, vj) = ea'ln — i+ 1)(vie1, ) = €ag [ — 1t — !

81 lj-
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One the other hand, by Proposition 2.1 and by (3.4), we have
(vi, o(E)v;) = (vi, KFv))
= [/ + 1(vi, Kvjy1)
— ecirqi(iJrl711)Jr;172(j+1)[]~ 4 1]
[1]!

TESTITI A

_ [ o
[ — i 7!
— ea’ =i
= (Evi, v).

For the case x = F. On the one hand, we have

]!

(Fui, v)) = [i + 1(vig1, ) = gD A — i =11l 1]!8i+1j'
One the other hand, by Proposition 2.1 and by (3.4), we have
(vi, o(F)v) = (vi, EK~'v))

= eq_"qu_"(v,-, Ev))

= ¢7"[n —j + 11(vi, vj-1) -

— iA1= 1) —np,, _ 2 U )

1 b | Vet — %!
_ q(i+1)(i+2—n)L 8
[Mn—i—171"

= (FUi7 v])

This completes the proof of this theorem. O

4. The Harish-Chandra homomorphism and the centre of U,,. Our objective in
this section is to describe the centre Z of U, in case ¢ is not a root of unity. We assume
this throughout this section.

Let us fix (A, @), where e # 0. Consider an infinite-dimensional vector space
V (A, a) with denumerable basis {v;|i € N}. For p > 0, set

Ky, = q‘z”)»vp, Jv, = a2vp,
_ q—p)h_qp}\—la%
EUPJFI = TUP, (41)

Evy =0, Fv, =[p+ 1vp41.

K’lv,, = q2pvp, J’lvl7 = ofzvp. 4.2)
LEMMA 4.1. Relations in (4.1) and (4.2) define a U, ,-module structure on V (A, ).

The element vy generates V (A, o) as a U,,-module and is the highest weight vector of
weight (A, a).

Proof. Immediate computation yield

K 'Kv,=KK v, =v,,  J v, =JJ"v, =,

KEK'v, = ¢*Ev,,  KFK 'v, = q *Fu,,
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q—p)" _ qp)"—lOer q—p+1)\' _ qp—l)t—lO[Zr

[E, Flv, = ([p + 1] —[p] )y
8 q—q! q—q! 8
7217)\‘ _ Zp)\fl 2r
_1 q S 4.3)
q9—9q9
K—-KlJ
= U
q—q!
This show that the relations in (4.1) and (4.2) define a U, ,-module structure on V' (A, a).
The proof is complete. O

Let UK be the subalgebra of U, of all elements commuting with K.
LEMMA 4.2. An element of U, belongs to UX if and only if it is of the form
> F'PE',
>0
where Py, Py, ... are elements of K[K, K1 J’l].

Proof. This is a consequence of the fact that {F'K'J*E/|i,j € N, I, s € Z} is a basis
of U, and that

K(FK'JENK™ = ¢ 9FK'J°E".

LEMMA 4.3. We have I = U,,EN UK = FU,, N UX and

UK =k[K, K ;7,0 eI

Proof. Letu =Y ,_ F'P,E" € U, be an element of UX. If u also lies in U,,,E, then
Py = 0. Hence u belongs to FU,, N UX and conversely. Since the form Zz’zo F'P,E!is
unique for any element of UX we get the desired direct sum. O

It results from I = U,,EN UX = FU,, N UX that I is a two-sided ideal and the
projector ¢ from UX onto k[K, K~!;J, J~!] is a morphism of algebras. The map ¢ is
called the Harish-Chandra homomorphism. It permits one to express the action of the
centre Z on the highest weight module.

PROPOSITION 4.1. Let V(A, ) be the highest weight module of U, with highest
weight (A, &). Then, for any central element z € Z and any v € V, we have

zv = (2)(A, ).

Recall that ¢(2) is a Laurent polynomial in K, J, and ¢(z)(A, &?) is its value at K = )
and J = o?.

Proof. Let vy be the highest weight vector generating V' (A, «) and z a central
element of U,,,. The element z can be written in the form

z=¢@(z)+ ZFiPiEi.
i>0
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Since

Evy =0, Jvy = 0121107

KU() = )»v(),
we get zvg = @(2)(A, @®)vo. If v is an arbitrary element of V(A ), we have v = xvy for
some x € U,,, hence zv = xzvy = ¢(z)(A, a?)v. d

LEMMA 4.4. Letz € Z. If (z) = 0, then z = 0.

Proof. Let z be an element in the centre such that ¢(z) = 0. Assume z # 0.
Since z € UX, we can assume that z = Zﬁzk F'P,E' € FU,, for some k > 1, where
Py, Pyyq, ..., Py are non-zero Laurant polynomials in K and J. Consider a Verma
module V(X, @), The relations in (4.1) and (4.2) show that Ev, = 0 if and only if p = 0.
Let us apply z to the vector v of V' (A, ). On the one hand

zvk = @(2)(A, )y = 0.
On the other hand, we get
zvp = FFPLER v, = cPr(A, otz)vk,

where ¢ is a non-zero constant. It follows that P(A, «?) = 0 for any non-zero A and a.
Thus P, = 0. This is impossible. ]

THEOREM 4.5. When q is not a root of unity, the centre Z of U, is a polynomial
algebra generated by the element C, over the algebrak[J, J ~11. The restriction of Harish-
Chandra homomorphism to Z is an isomorphism onto the subalgebra of K[K, K=", J=!, J]
generated by gK + g~ ' K~J".

Proof. For any integer n > 0, consider the Verma module V(¢""'a’, «) for any
non-zero element «. By (4.1) we have Ev, = 0. Thus v, is the highest weight vector
of weight (¢~ 'a’, «). By Proposition 4.1 a central element z acts on the module
generated by v, as the multiplication by scalar ¢(z)(g~""Va’, «?); but since v, is in
V(g"'a", a), the element z also acts as the scalar p(¢"'a", o). Thus

9"’ a?) = p(2)(g "V’ %) (4.4)
for any @ # 0 and any n > 0. Suppose ¢(z) = P(K, K~', J, J~!). Then (4.4) implies
P Va6 a7t = P, ¢ e ok ). (4.5)
Let
Vo(x) = P(¢" ' x, gqa'x71, a?, a72).
Then ¥, (¢") = ¥.(¢~") for any integer n by (4.5). Hence

Va(X) =Y aie)(x+x7"Y,

i=0
where a;(er) € k[, a!]. Therefore

Va(qKa™) = ala)(qKe ™ + ¢ 'K 'a") = P(K, K", o? a™?), (4.6)

i>0
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for any non-zero «. Since
PK, K", (—a)®, (—a) ) = P(K, K", &%, a7?),
Z ai(e@)a " (gK + ¢ ' Koy = Z al(—a)a " (gK + ¢ ' K™Y
>0 i>0

Hence a;() = a”bi(e?). So

> bla)gK + ¢ Koy = P(K, K™ o?, a7?). 4.7
i=0
Consequently,
o)=Y . J VNgK+q 'KT).
i>0
Since ¢(C,) = %, o(J) =Jand o(J~!) = J~!, ¢ is a surjective map from Z to

the subalgebra of k[K, K~!, J~!, J] generated by ¢K + ¢~'K~'J". Using Lemma 4.4,
we obtain the proof of the remaining results of this theorem. ]

5. The generalized quantum Clebsch—-Gordan formula. We now prove a
generalized quantum Clebsch—Gordan formula for the finite-dimensional simple U, ;-
modules. Since

Ve,n,a = Ve 0 ® Vl,n,la

and V' ,,1 can view a module over U,.,/(J — 1) == U,(s1(2)), we get the following lemma
by using the quantum Clebsch—Gordan formula for the usual quantum enveloping
algebra U,(s((2)) of sl(2).

LEMMA 5.1. Let n > m be two non-negative integers. There exists an isomorphism
of U, -modules

Ve,n,a ® Ve’,n,ﬁ x Vee/,n+m,a/3 @ Vee’,n+m—2,a/3 @ et @ Vee/,n—m,aﬁ~

Proof. It is obvious that V9o ® Ve 0, 2 Vee'0,4p- Thus this lemma follows from
the above remark. O

In the remainder of this section, we always assume that n > mand e = ¢’ = 1. In
the case o” = 1, we can determine the all highest weight vectors of Ve ;4 ® Ve s p In
the following lemma.

LEMMA 5.2. Let v™ be the highest weight vector of weight (q"a”, &) in Vi ..o and v™

be the highest weight vector of weight (¢" 8", B) in Vi . g. Let us define v}(,") = ﬁFPU(”),

v,(,m) = ﬁFPU(’"),for all p > 0. Suppose o = 1. Then

P . .
pntm=2p) _ Z(_l)l [m—p+i[n—i]! —i(m—2p+i+1)132rt(n—i)Ul(n) ® I(’Vf)l
i=0

[m — pli[n] "

is the highest weight vector of weight (¢"*"~" ", af).
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Proof 1t is clear that v{" ® v[(,m), has weight (¢"*"~%B", aB). Let us check that
Evtm=20) — (. Recall that

AE)=J"QE+EQKJ".

It follows that

Ev(ner 2p) Z( m [ D+ l}'{ ] ]!q—i(m—2p+i+l)[m —p+ i+ 1]
m—p

x 1321“1 D1y, (’1) ® v(’”)

P
+ Z(_l)t [m p+ l]|[ ] —i(m—2p+i+1)+(m— 2p+21)[n i+ 1]

[m — p]l[n]!
XIBZIt(n i+, ('1) | ® Uj(am)z

P p .

_ Z(_l)i [m—p+il[n—i+1]! -2 -t 1)+
[m — p]![n]!

_ ﬂZ}‘t(n—i+l)+r)vl(n) ® v(m)l

—1

=0.
Thus this lemma is true. OJ

We wish to go one step further and address the following problem. We now have
two bases of V1, ® V1, p at our disposal. They are of different natures, the first one,
adapted to the tensor product, is the set

PP @0 <i<n0<j<m
the second one, formed by the vectors

(n+m—2p) __ LFkv(n.g_m_z,;)

Uk BTal

with0 < p <mand0 < k < n+ m — 2p,is better adapted to the U, ,-module structure.
Comparing both bases leads us to the so-called generalized quantum Clebsch—Gordan
coefficients {’ '7 ”+”,'<_2p} defined for0 <p <m,and0 <k <n+m—2p by

(ntm-2p) _ n om n+m-=2p (m)
Yk = 2 {i j k }v’(n)‘@”j :

0<i<m0<j<m

In particular,

] 7i(m72p+i+l)'32rt(n7i)

{n m n+m—2p} -1 ),[m p+illln—
i j 0 B [m — p]![n]!

_|n m n+m-=2p =D
i 0 ’
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P =] is the usual quantum Clebsch-Gordan coefficients, is also called

quantum 3j-symbols in the physics literature.

where [;

PROPOSITION 5 1 Fix p and k. The vector v,(anrm ) is a linear combination of vectors

of the form v" ® v l+k Therefore we have {7 "} "My — O wheni+j # p+ k. We
also have the lnduclzon relation

{n m n+m-— Zp}:[f‘*‘l]q%_n {n m n+m—2p}

ij+1 k41 k+1] i k
[7] n m  n+m—2p| o
+[k+1]{i—1 j+1 N

Proof. This goes by induction on k. The assertion holds for £k = 0 by Lemma 5.2.

Supposing
(n+m 2p) Z x; v(n) ® U(m)erk’
we have
[k + 1] l((rﬁm 2p) — Fv (n+m 2p)
= Z XK @ Fv(m)erk +Fu" @J" ;(am)z+k)
=Y xilp—i+k+ 1" @0
+li+ 1187 1(1)1 ® (m)erk)
= ilp— i+ k+ 1" + x 1877
i
x v ® v;)'f)l.+k+1.
The rest follows easily. g

‘We now prove some orthogonality relations for the generalized quantum Clebsch—
Gordan coefficients. Let us equip Vo and V7 ,, g with the scalar product (, ) defined
in Section 4. Consider the symmetric bilinear form on V7,4 ® Vi, p given by

(v1 ® v}, v2 ® V) = (v1, V2)(V], V)),

where vy, v2 € Vi, and v}, v5 € Vi p.
PROPOSITION 5.2. (a) We have

b Jdm—p+n—0s+p+k—i—s]
! = ! XO: X(;( D [ — Il — 1!

—i(m—2p~+i+1)+(k—s)(s+2i— n)IBZrt(n i— A) () Qv (m)

X q Vits p+k—i—s‘

(b) (") Y — O ohenever p + k # q + 1.
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Proof. Since A(F) = J' VK1 @ F+ FJ™,

A(Fk) qu(k v)|: ] J)(H-l)(k s)FsK (k—s) ®J—)erk s)

Hence
(r+m=2p) _ i |k m—p 4l !
Vi k]! Z Z( D [ ] — p'[n]!
i=0 s=0
X q—t(m—2p+1+l)+(k—s)3ﬁ2rt(n—i)
x Fst(kfs (”) ® Jfrtstfsv;)'Z)i
(k] [m—p+il[n—i]
= 1) X
| Z Z( — pl'[n!
& 20V T
q—z(m 2p+1+1)+(21—n+s)(k—s)ﬁer(n—i)—2rt.stvl(") ® Fk—sv;’f)i
_ ZZ( 1), (k1 [m—p+in—"00i+sp+k—i—s]
& Y ) i — pIANTE —
% qft(m 2p+i+1)+Q2i—n+s)(k— s)ﬁZit(n =)y (”) ® v(m)l
ptHk—s—i*
By Theorem 3.10, (v, ](fu)(v("fk e ;’Z), ) = Ocitheri+s #j+uorp+k—

i—s#q+I1—j—u Ifi+s—]+uandp+k—z—s—q+l j—u, then p+k=

g+ [. Hence (v,(("’Lm_z” ). v}"””_zq)) = 0 whenever p + k # g+ [. g

REMARK 5.3. Similarly to [3], one can study the categorification of tensor products
of arbitrary finite-dimensional irreducible modules over the U,;.

6. In the case ¢ is a root of unity. Our main aim is to find all finite-dimensional
simple U,, in the case when the parameter ¢ is a root of unity # £1. Denote by d the
order of ¢, i.e. the smallest integer greater than 1 such that ¢¢ = 1. Since we assume
¢* #1,d > 2. Define

% when d is even.

. {d if d is odd
It is easy to check that [#] = 0 if and only if n = 0(mod e).
LEMMA 6.1. The elements E¢, F¢ and K¢ belong to the centre of U,,.

Proof. K¢ commutes with E and F because ¢** = 1. So K¢ is in the centre of U,,.
Since [¢] = 0,

q —(e— l)K qe lK lJr
q—q!

[E€, F] = [e] El=0.

Moreover KE‘K™! = (KEK™') = (¢*E)¢ = E. So E° belongs to the centre of U,,.
Similar arguments can be applied to F°. ]

LEMMA 6.2. There is no simple finite-dimensional U,, module of dimension greater
than e.
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Proof. Let us assume that there exists a simple finite-dimensional module greater
than e. We shall prove that V" has a non-zero submodule of dimension less than or
equal to e. Hence, a contradiction.

(a) Suppose there exists a non-zero vector v € V such that Kv = Av, Jv = «?v and
Fv = 0. We claim that the subspace V'’ spanned by v, Ev, ..., E'v is a submodule of
dimension less than or equal to e. It is enough to check that V' is stable under the action
of generators E, F, K, J. This is clear for K, J. Let us prove that V" is stable under the
action of E. The vector E(E’v) = EP~'v belongsto V' ifp <e—1.If p = e — 1, then
the action of E°¢ on the irreducible module V is given by a scalar ¢, as E° is in the centre
of U,,. So E(E“")v = cv belongs to V. Finally, V"’ is stable under the F by Fv =0
and Lemma 2.3.

(b) Suppose there is no common eigenvector v of K and J satisfying Fv = 0.
We claim that the subspace V' spanned by v, Fu, ..., F' e=ly is a submodule of V,
where v satisfies Kv = Av, Jv = «?v. Since F¢ is in the centre of U, Fv=cv
for some ¢ € k and ¢ # 0. Thus V’ is stable under the action of F. It is easy to
prove that V7 is stable under the actions of J, K. Let us show that V' is stable
under the action of E. Recall that C, = EF + M = FE 4+ KK s in

(g+q71)?
the centre of U,,. Hence there exists a € k such ﬁlat C,w = aw for any vector

w e V. Hence Ev = LEFey = 1(C, — CEHK I ypeoty  1(q — ¢t lia®ype-ly,

(g+q7")? (g+q7")?
For any p >0, EFP*ly = ([p+ |E5CK g prol py = (L2802 ) 4
- %)Fl’v. From the above computation, we show that V" is stable under the
action of E. Hence V' is a submodule of V. O

THEOREM 6.3. Any non-zero simple finite-dimensional U, , is isomorphic to a module

of the form
@) Venawith0 <n<e—1,
(#)) V. w.a» where Vi 4 has a basis {vy, vy, . .., v._1} such the action of the generators
of U, given by
Kv, = q?v,, 0<p<e—1, (6.1)
vazazvp, O<p<e-—1, (6.2)
717)»71 2r P
Fopn=12 % 00 1y, 0<p<e—1, (6.3)
q—9q
Ev,=v,41, 0<p<e—1, (6.4)
Fvy =0, Ev._; = avy, (6.5)
(iii) Vi.a.ap Where b 0 and V; 4 45 has a basis {vo, vi, ..., ve_1} such the action

of the generators of U, given by

Kv,=q %v,, 0<p<e-—1, (6.6)

Jv, =a’v,, 0<p<e—1, (6.7)

Evyyy = (W[p—i—l]—i—ab)vp 0<p<e—1, (6.8)
Fv,=v,41, 0<p<e—1, (6.9)

Fv._1 = bvy, Evg = av._1, (6.10)
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Proof. Suppose the simple module V' with dimV < e. Then we can prove V is
isomorphic to V¢, «, as we have done in the proof of Theorem 3.4.

Suppose the simple module V' with dimV = e. Then we can obtain that V' is
isomorphic to either V; 4 4, Or V} 4.4 from the proof of Lemma 6.2 O

REMARK 6.4. In Sections 3 and 6, we describe the irreducible representations of
U,;. An irreducible representation of the quantum group U,(sl(2)) can be realized
in terms of the space of functions on some algebraic varieties [2]. We will study the
representations of U,.; on some spaces of functions, and establish the relations between
the representations of U,, and hypergeometric series as in refs. [7, 10] in the future

paper.

7. Finite-dimensional Hopf algebra. The basic problem in the theory of Hopf
algebras is to classify finite-dimensional Hopf algebras (see [8] and references therein).
So one need to construct various Hopf algebras. Our main aim in this section is to
construct a kind of finite-dimensional Hopf algebras by using the algebra U,,. We
assume that the parameter ¢ is a root of unity # £1. The definitions of ¢ and ¢ were
given in Section 6.

LEMMA 7.1. Let U' = U,,/(E¢, F¢). Then U’ has a basis {E'F/ K™J"|0 < i,j < e —
1,mnelZ}.

Proof. From Theorem 2.4, we know that U’ is generated by {E'F/K"J"|0 <
i,j <e—1,mneZ}. We only need to prove the elements in {E'F/K"J"0 <i,j <
e — 1, m, n € Z} are linearly independent. Suppose

Z = > A E'F K" J" = 0.
0<ij<e—1,ri<m<s|,ra<n<s;
Let V be a U,;-module with basis {vg, vy, ..., v._1} such that Ev,_; =0, Ev; =
—py—1,,2r q
viyp for0<i<e—1, Fuy = %[p%—l]v‘n for0<p<e—1,and Fvy =0,

Kv, = ¢* \v,, Jv, = av,, where X is neither zero nor a root of unity. Then
ZVo_| = E Qio1ymet 1A v; = 0.
I<i<e—1,ri<m<s|,r,<n<s»

Hence

Z < Z aielmnazr> A" =0, (7.1)

r=m=s; \In=<n=s;

for any 0 <i <e— 1. Writing (7.1) for s; — r; + 1 distinct elements A € k, we get a
linear system whose determinant is not equal to zero. Consequently,

aie—lmnazn = 0, (72)
>

ra<n<s

for any m. Similarly we can prove a;._1,,; = 0 for any »n from (7.2).

Next, we apply Z to the vector v._,. We get d;o_2,, = 0 for all i, m, n by the same
argument as above. Applying Z successively to the vector v,_, down to vg, one shows
that all coefficients a;,,, vanish. O
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LEMMA 7.2. Let U" = U,,/(E¢, F¢, K¢ — 1). Then U" has a basis {E'F/ K"J"|0 <
hjm<e—1,neZ}.

Proof. We use d(Z) (resp. §(Z)) to denote the degree in K (resp. K~!) of the element
Z e U'. It is clear that the set {E'FFK"J"|0 < i,j,m < e — 1,n € Z} span the algebra
U”. It remains to check that they are linearly independent. If

Z= > A E'FTK™J" = 0

0<i,jm<e—1,r;<n<s
in U”, then in U’
Z=(K—1)Y

= Y bymEFK"
0<ij<e—1,m,neZ (73)
_ Z b_i/'mn Ei Fj K" Jn’

0<ij<e—1,m,neZ

where ¥ = Zog,jge—l,m,nez by E'F'K™J". Since

Z= > aju E'FFK™J",
0<ij,m<e—1,r1<n<s
0 <8(Z)<d(Z) < e. From (7.3) we obtain d(Z) = d(Y) + ¢ and §(Z) = §(Y). Thus

d(Y)=d(Z)—e <0< 8(Z)=45(Y). This is impossible, hence Z = 0 in U’. Therefore
all coefficients aj,, vanish. O

LEMMA 7.3. Let U, = U,,/(E¢, F¢, K¢ —1,J"' —1). Then U,,; has a basis
(EEFFK™J"0<ijjm<e—1,0<n<I[—1}.

Proof. The proof is similar to that of Lemma 7.2. O

THEOREM 7.4. Let U,,; = U,,/(E, F¢, K¢ — 1, J'—1). Then U, .1 has a unique
Hopf algebra structure such that the canonical projection from U, to U, is a morphism
of Hopf algebras. Moreover the dimension of U, is equal to le>.

Proof- We only need to check that

A(E) = A(F) = AK)—1=A(J)—1=0, (7.4)
e(E)=¢e(F)=¢e(K°—1)=¢(J' —1)=0, (7.5)
S(E¢) = S(F*) = S(K)—1=S(J)—1=0. (7.6)

The only non-trivial computations concern the vanishing A(E€) = A(F¢) = 0.
Following Proposition 2.3,

e
A(Ee) — Z qu(efu) I:Z] (JfrtuEefu ® th(efu)Eu).
u=0

Since[] = 0for0 < u < e, A(E°) = E°® J™ + J "¢ ® E¢. Thus A(E°) = 0as E¢ = 0.
One can prove that A(F¢) = 0 in a similar way.
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By Lemma 7.3, we obtain a Hopf algebra U,,,; with dimension e, U
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