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DEFORMATION OF THE UNIVERSAL
ENVELOPING ALGEBRA OF I'(a, 03, 03)

YIMING ZOU

ABSTRACT.  The defining relations for the Lie superalgebra I'(oy, 07, 03) as a con-
tragredient algebra are discussed and a PBW type basis theorem is proved for the cor-
responding g-deformation.

1. Introduction. In this note, we study the g-analog of the universal enveloping
algebra of the Lie superalgebra G = I'(0, 03, 03). This Lie superalgebra is special: as
a contragredient algebra, the defining matrix of G over the complex number field C de-
pends on a parameter, the algebra itself already admits a one-parameter deformation. To
apply the idea of Drinfeld and Jimbo to define the g-analog of the universal enveloping
algebra U(G), one needs to work with a non-integer defining matrix. Hence in general,
the deformation is defined over some transcendental function field extension of C (or just
the field C, if one takes the deformation parameter to be a suitable complex number). The
deformation thus defined will actually be a two-parameter family of algebras.

We discuss the defining relations for G as a contragredient algebra in Section 2. Al-
though these defining relations are known to the experts (cf- the discussion in [8]), we are
unable to find a suitable reference, so we provide a complete proof for these relations.

In Section 3, we define the deformation U of U(G) and study its structure. As in
the other cases of type II classical contragredient Lie superalgebras (see [4] for the
definition of type II Lie superalgebras, see [S] for a definition of the g-deformation of
U(osp(m, 2n)), the usual Drinfeld-Jimbo deformation of U(G) does not contain a copy
of the standard deformation of U(Gy), where Gy is the even part of G, since there are not
enough group like elements in it. However, we show that in our case, one can introduce
suitable elements in U such that a PBW type theorem (Theorem 3.3) holds for U.

2. The defining relations for G. We use the notation adopted in [9]. Recall that the
algebra G is defined as a contragredient Lie superalgebra with three nonzero elements
o1, 03, 03 € C satisfying o) + 0 + 03 = 0, with generators ¢;, f;, h; (i = 1,2,3) and the
defining matrix (@;;)3x3 given as follows:

0 20, 203
(—1 2 0 )
-1 0 2
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The grading on G is given by
degh; =0,i=1,2,3; dege;=degfi =0,i=2,3; dege; =degfi = 1.

PROPOSITION 2.1.  The defining relations for G as a contragredient Lie superalgebra
are

(1) [hi,h1=0, 1ij=123;

(2) [hi,e]] = ajej, [hi,fi] = —ayf;, i,j=1,2,3;

3) lenfil=0b;hi, i,j=1,2,3;

(4) (ade)' () =0, (adf)"u(f)=0, i=2,3, j=1,2,3;
(5) [e,e11=0, [fi,fil=0.

Relations (1)+(5) clearly hold in I'(0}, 07, 03), so we assume that G is defined as a
contragredient Lie superalgebra by using the given generators and these relations and
show that G is isomorphic to (o1, 02, 03). The proof will be organized in several lemmas.

Note that by the Jacobi identity, we have

lei,[er,ed] =0, [A,[A.4]]=0, i=2,3.
Let
eo = 201" [en s, [ez, 1]
= Qo)) ler, es), [e2, 1],
fo= @y [ [ A1

= Qo) If.AL 1441,
hO — [eO,jb]-

LEMMA 2.2. The subalgebra (e, fo, ho) of G generated by ey, fy, hg is isomorphic to
sl(2), and (e;, fi, hi; i = 0,2,3) = s1(2) & sl(2) & sI(2).

PROOF. A straightforward computation shows that
hy = (20’1)“1(20'2}12 +203h3 — 2hy).

Hence [ho, e0] = 2eq, [ho.fo] = —2/o, and (eq, /o, ho) = s1(2). For the second statement,
first we note that by the definitions of ¢ and fy, we have

[eo,fi1=0. [fo,e]=0, i=2,3.
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Then we note that
lez,e0] = Qo) [, [[er, ] e, 1]
= Qo) [[ez, le1,e3), [ez,el]]
= Qo)) |[es, ler, 11 [er,e]
= —(401) " [es, [lez, e, [en, €]

= —(401)™" [63, [ez, [el, [ez,el]]”
= O’
and similarly
[es,e0]l =0, [H,001=0, [f,/0]=0.

Now the lemma follows from these identities.
Let Go = (e, fi, hi; i = 0,2,3) (Lemma 2.4 below will show that Gy is indeed the
even part of G and thus justify our notation).

LEMMA 2.3. Letej = [e;, [ea, el]], then as a Go-module via the adjoint represen-
tation, the submodule (e,) generated by ey, is isomorphic to C? ® C* ® C?, where C?
is the two-dimensional natural representation of s1(2).

PROOF. By the definition of ey, €11; # 0. Note that we have [e;, e111] = 0,i = 2,3.
Note also that [ep, e;] = 0, so since [e;, e;] = 0 for i,j # 1, we see that

[eo,e111] = [eo, [es, [6’2,61]]]

= [e3, [62, [30’61]]]
=0.

Thus e is a highest weight vector. Now since [k;, e;11] = ej1; and (ad f;)*(e111) = 0
@@ = 0,2,3), by the representation theory of the semisimple Lie algebras, the lemma
follows as desired.

Define the following elements of G:

ez = [f,eml, e = [fH,eml,
f2 =154 fo =50 for = [, 16.A1)
Then ey, f1, together with the e and the f;,, form a basis of the Go-module (e111).

LEMMA 2.4. Table I in [9] holds for the elements we defined above, where (ijk)
corresponds to the ey or the fij with (122) « e; and (211) < fj.

PROOF. We only verify that e3;, = 0, the other relations can be verified similarly.
Since [e, e;] = 0, we have

ez, [er,e1]] = 2[[ez,e1),e1] = O,
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and hence by applying ad e, and using (4) in Proposition 2.1, we have

[[62"’1], [ez,el]] =0.

Therefore

x = [[63,[32’61]],[62,631]] = 1/2[e3, [le2,e1], [ez,en]]] =0,

and thus
[enn,emn] = [e3,x] = 0.
PROOF OF PROPOSITION 2.1.  The proposition follows from Lemma 2.2-Lemma 2.4

with Gy being the even part of I'(0y, 02, 03), (e111) being the odd part of T'(y, 02, 03) (for
the structure of I'(01, 02, 03), see [9, Section 2]).

3. Deformation of U(G) and a PBW type theorem. Let ¢ be a variable over C,
andletq; = g7, ¢; = ¢°° (i = 2,3) (the g; are well defined complex value functions as
long as g # 0). Let 4 = C[g™!; ¢!, i = 2,3], and let F be the quotient field of 4.

We define the algebra U to be the Z,-graded associative algebra with 1 over F gen-
erated by the elements E;, F;, Kf! (i = 1,2,3), with grading given by

degE; =degF; =0, i=2,3; degk'=0, i=1,2,3;
degE, = degF| =1,

and with the following generating relations:

G.1 KK =KK;, KK '=K'Ki=1, 1<ij<3,
(3.2) KEK ™' =q"E;, KFK'=q “F, 1<ij<3,
K, —K!
e — (— ab H — ..—’ L
(33) Bl = CORE =0 =g
a=degE;, b=degF;, 1<i,j<3.
3.4 EyEs = E3Ey, FoFs = F3Fs,
(3.5) E?El —(g: +q,~_1)E,-E1E,»+E1E,2 =0, i=2,3,
FIF\ — (qi+q; WRF\Fi+ FiF2 =0, =23,
(3.6) El=F =0.
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The algebra U is a Z,-graded Hopf algebra with comultiplication A, antipode S and
counit € defined by

(3.7 AE=EQ1+K QFE, AF,=F QK '+1®F, AK, =K ®K;
(.8) SE;= —K;'E,, SF,=—FK; SKi=K';

3.9 eE;i=0, eF;i=0, eK;=1
There exists a C-algebra anti-automorphism 8 of U given by
(3.10) 0E;=F, OF =E, 0Ki=K;', 6g=gq"

and O(uv) = 0(v) O(u), for all u,v € U.
The adjoint action of U on itself is given by

@3.11) adx(y) = 3 (—1)%eGIde0g,y5(p;),
where Ax = Y a; ® b;. Note that by using the adjoint action, relations (3.4) and (3.5) can
be replaced by
3.12) (d,E) ~%E =0, i=23, 1<j<3.
q 'j

Introduce the following elements of U:

En = ad,Ey(E1) = EsEy — g5 'ErE,
(3.13) Eiz = adyBx(Ey) = B — 43 ' E\Es,
Eny = adyEsadgEx(Ey) = ady(EsE2)(Er),
Eo=(q2+q; DEiEm1 + (g3 + 43 DEmE + (9303 — @5 ' @2)E21Enna,

and let

(3.14) Fri2 = 0E121, Fp1 =0En2, Fu =0Ey, Fo=0E,.

LEMMA 3.1. The following formulas hold in U:

(D) B2 =0,F% =0,

(2) E\Exn + @3E1mE| = 0, F1Fy2 + q3Fp0F) =0,

(3) E\En2 + q2E112E1 = 0, F\Fp) + q2F 0 Fy =0,

(4) ExpEnm +q3E1mnEng =0, F1Fon + q3FnFa =0,
(5) ExEn + q2E11En1 = 0, FaipFan + qaF 20 F212 =0,
(6) E\Eny +q M EyE) + @aE1E 1 + ¢3E121En = 0.

PROOF. We only need to prove those formulas involving E, those involving F can
then be obtained by applying 8. Formulas (2) and (3) are clear, (4) and (5) can be verified
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by using Ej; = ad,E»(E\21) or En = adyE3(E)12), (6) can be verified by using (2) and
(3). To verify (1), note that formulas (3.5) and (3.6) imply that

E\E2E) = (q;+ q; DE\E:E\E; = (q; + ¢; DEE\EE,, i=2,3.
Thus E2,, = 0, E3,, = 0. Similarly, using £2,, = 0 and (ad,E3)*E11» = 0 instead of
(3.5) and (3.6), we get
2
B}y, = (ad,Es(En))” = 0.

The proof of the lemma is now complete.
The following lemma provides some formulas involving the element Ej.

LEMMA 3.2. The following formulas hold in U:

(1) EoEr = ErEy, EoE3 = E3Ey, EoFy = FREo, EoF3 = F3E,

(2) EoEr — ¢ ErEo = qa(1 — ¢*)E\EnE),

(3) EoEr21 = EvaiEo, Evi2Eo = EoE112, EoE111 = EnnEo.

PROOF. The proofs for those formulas involving only the E’s are just direct applica-
tions of Lemma 3.1. To verify the last two formulas in (1), we use the following formulas

FyE\1; — EnaoFs = EiK5
(3-15) FyEp = Ei1F,,
FEn — EnFy, = E;iK; ',

FiE12 = E1pF3,
(.16) F3E1y — EinF3 = E\K3 !,
F3Ein — EnnFs = Ejpks .

REMARK. Compare with the corresponding formulas in U(G), one would like to
have a vector Ey which satisfies (1) in Lemma 3.2 and has a better commutation relation
with £, but this does not seem to be possible, since a search along this line will lead to
the left hand side of (6) in Lemma 3.1, which is 0.

Let 77 be the A-subalgebra of U generated by E;, F;, KF! and

K — K

[K;;0] = i
qi — q;

i=1,2,3.
Fore € C*, let U, = Ug/(q — €)Ug. Then the algebra 7, is an associative algebra

over C with generators E;, F;, K;, H; = [K;;0] (i = 1,2,3) and the defining relations
(which can be verified easily):

(3.17) K; are central elements with K? = 1,
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(3‘ 18) [ElsF}] = 61]&5 [l-[hE'j] = ainiE‘js [I-IHF}] = _ainiF‘j’
(3.19) (dE)' ™ (E) =0, (adF) ™ (F)=0, i=23, j=123,

(3.20) E2=0, F2=0.

Therefore, U, /(K; — 1;i = 1,2,3) = U(G), the universal enveloping algebra of G.
Note that the image of Ey in U(G) is 2ey, where e is defined in Section 2.

Let U*, U, U° be the subalgebras of U generated by the E;, the F;, and the K:!
(i = 1,2,3) respectively. Then just as in the Lie algebra case (see [7]), one can show that
U = U~ U°U* and (use the comultiplication) that U = U~ ® U° ® U* as F-vector
spaces.

For 6 = (61,02,63,04),6; = 0or 1; m = (m,ma,m3),m; € Z,, let

EC™ = B}y, B,

G.21) Epo By Eg By
FOm _ piy 5ty i

EY
Fort = (t1,t2,13), t; € Z, let
(3.22) K' = K"K2KD.

Then the K* form a basis of U°, and we have the following theorem:

THEOREM 3.3.  The elements of the form E®™ (resp. F®™) form a basis of U* (resp.
U™), and the elements of the form

F(é,m) K E(é’,m’)

form a basis of U

PROOF. We only need to prove that the elements of the form E®™ form a basis of
U, since the statement about U~ will follow from symmetry and the statement about
U will follow from the fact that U = U~ ® U’ ® U*. We first show that these elements
span U", that is, by using the commutation relations in 1" we can express any monomial
of U as a linear combination of these elements. In fact, Lemma 3.1 and Lemma 3.2
along with the defining relations of U provide the commutation relations we need. In
particular, to bring the terms EE1,; and E|Eyy; to the right order, we use formula (6)
in Lemma 3.1 together with the definition of Ey. Then, we show that these elements are
linearly independent over F. Note that by (3.13), these elements are in fact in Ug. So if
we have a linear relation

(3.23) z c;E®m) = 0,
i=1
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with 0 # ¢; € F (1 < i < r), then by multiplying a suitable element from A4, we
may assume that ¢; € 4. Now if there exists a ¢; such that ¢;(1) # 0, then the image of
the right hand side of (3.20) gives a nontrivial linear relation in U(G). But by the PBW
theorem of U(G), the images of the E®™ in U(G) form a basis of U(G), and we have a
contradiction. If ¢;,(1) = 0 for all 1 < i < r, then by the results in [1, Ch. 3, Section 3],
we may assume that the order of 1 for ¢; is n;, and set n = min{n; : 1 <i < r}. Then
lim,_ic; /(g — 1)* # 0 for some i, hence by (3.20) we have

llm(  ECom) ) = (llm

=1\ — 1) = E ,_21 (g — 1)”
which provides a nontrivial linear relation in U(G) contradicting the PBW theorem for
U(G). Hence the elements of the form E®™ are linearly independent, and the proof of
the theorem is now complete.

)E(é m) —
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