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Abstract

We introduce a generalized form of the Hankel transform, and study some of its properties.
A partial differential equation associated with the problem of transport of a heavy pollutant
(dust) from the ground level sources within the framework of the diffusion theory is treated
by this integral transform. The pollutant concentration is expressed in terms of a given flux
of dust from the ground surface to the atmosphere. Some special cases are derived.

1. Introduction

Integral transforms: Let/ (0 be a given function defined on an interval (a, b) and
belonging to a certain class of functions. An integral transform of/ (f) is a mapping
of the form

T[f(t);s]=f(s)= / K(s,t)f(t)dt,
J a

provided the integral exists; K(s, t) is a prescribed function called the kernel of the
transform [5, 11, 12]. Among the well-known transforms are the Laplace, Mellin,
Stieltjes and Hankel transforms. The Laplace transform has been more widely used
and is particularly suitable for problems governed by ordinary differential equations as
well as problems in the theory of heat conduction. On the other hand, for problems in
which there is axial symmetry and the radial variable ranges from 0 to oo, the Hankel
transform is found to be most appropriate. It is defined as

-f
Jo

Hv[f (z); s] = fv(s) = / z/ (z)/B(«) dz,
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where Jv(z) is the usual Bessel function of first kind of order v [8, 13].
In the application of the Hankel transforms to physical problems, it is useful to have

available some formulae connecting the Hankel transforms of derivatives of functions.
For example,

provided both zf (z) and zf '(z) tend to zero as z -> 0, oo.

The diffusion of dust problem: Studies concerning environmental protection have
lead investigators to tackle important problems dealing with the transport of pollutants
in the atmosphere. A number of factors are involved in this phenomenon: weather
conditions, the type of source and the properties of the pollutant. Initial studies were
concerned with the transport of pollutants from industrial sources elevated from the
ground level [3] and a technique for measuring air pollution from such sources was
developed. However, the mathematical models governing the transport of pollutants
from the ground-level sources have been defined primarily for cases of light particles.
It is therefore of great interest to investigate the entrainment and transport of heavy
particles (those with an intrinsic settling velocity such as dust of natural and industrial
origin) into the atmosphere. There are many sources of such pollutants such as
mine-waste, dumps, outdoor industrial yards, production areas and sand storms.

Many people have investigated the question of entrainment of heavy particles from
the ground surface on which they lie and their transport in flow. Thus a theory of a
particle-carrying heavy flow was developed by Barenblatt [2]. He showed that if the
flow carries fairly heavy particles (or, in the case of lighter particles, if their concen-
trations in the flow are high), the flow turbulence energy is significantly suppressed,
because some energy is expended on stripping the particles off the underlying surface,
and on maintaining them in the suspended state. In this case one must analyze jointly
the transport of the particles in the flow, and the flow itself.

The flow structure remains virtually unchanged by the presence of particles in it if
the work expended by the flow on keeping the particles in suspension is small. In this
case the transport of the particles in the flow can be treated within the framework of
the diffusion theory.

The inequality w/av* < 1 was presented by Barenblatt [1, 2] as a criterion for the
extended residence of particles in the flow where v« is the friction velocity, w is the
particle settling velocity, and a is the von Karman constant. Byutner [4] conjectured
that when w/avt > 1, the motion of the particles in the flow could be described by
a series of up and down jumps. This type of motion is called saltation, which is the
main mechanism of particle transport in sand storms.

Nowadays it is a common practice to solve complicated problems of atmospheric
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diffusion numerically, since numerical techniques admit a vast range of coefficients
of equations, and boundary conditions that describe a given process. Nevertheless,
analytical methods have their own merit, owing to their clarity and a global view of
the development of the solution.

In this paper, we first introduce a generalized form of the Hankel transform and
study some of its basic properties including the transform of a modified differential
operator. Then we deal with the problem of transport of a heavy pollutant (dust) from
a ground level aerial source within the framework of diffusion theory. An analytical
solution of the problem is obtained by an appeal to the generalized Hankel transform.
Different cases of the positive flow of dust to the atmosphere are considered, and
some examples are given. The pollutant concentration is expressed in terms of known
functions which can be tabulated easily.

2. The generalized Hankel transform

We define the generalized Hankel transform as

Hv[f(x,z);s,a,c]=f zaf (x,z)Jv(szc)dz = fv{x,s;a,c) = fv(s), (1)
Jo

where v, s, a, and c are real numbers, and/ (x, z) belongs to a certain class of functions
for which the integral exists. It is not difficult to establish the corresponding inversion
formula by virtue of the Hankel inversion theorem [7], that is,

f(x,z) = cz20"1-1 [ sfv(x,s;a,c)Jv(szc)ds, c> 0. (2)
J
[
o

For a = c = 1 we have [11]

Hv[f(x,z);s,l,l]= ( zf(x,z)Jv(sz)dz=fv(s), (3)
Jo

and

f{x,z)= I sf'As)Ju(sz)ds. (4)
Jo

Parseval type results: Let
,00

fv(x,s;a,c)= / zaf(x,z)Jv(szc)dz,
Jo

and

gv(x,s;a,c)= zag(x,z)Jv(szc)dz,
Jo
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where / and g are absolutely integrable functions on R. Then we have

f zaf(.x,z)gv(x,s;a,c)Jv(szc)dz= [ zag(x,z)fv(x,s;a,c)Jv(szc)dz, (5)
Jo Jo

and

(7)

f sgv(x,s;a,c)fv(x,s;a,c)ds = - f z2ic-c)+lg(.x, z)f (x, z)dz. (6)
Jo c Jo

E l e m e n t a r y propert ies of the generalized Hankel transform: A simple change
of variables in the defining integral leads to

1 f s ~\
Hv[f{x,pz)\s,a,c] = —— Hv \f(x,z);—,a,c\ ,

pa+l L PC \

while another simple relation is obtained by making use of the recurrence relation

2v
1 (-v\ 1 (-v\ _1_ / (-v\ (\ (Si\

J v~ 1 \-^ / " v\^) ~> "U+lV-^/ — ^ \ " /
X

in the following form:

c,z);s,a,c]}. (9)

Differential properties: The generalized Hankel transform of derivatives of a given
function f(x,z) are found to be

Hv[fz(x,z);s, a, c]

= (vc - a)Hv\^f (x, z);s,a, c\- scHv^[zc-lf (x, z)\s,a, c), (10)

Hv[fzz(x,z);s, a, c]

+ vc)(a + vc-l) tc-\e, ^ , , i
— Hv_2[z f(x,z);s,a + c-l,c]

(a + vc)(yc -2c-a + \) (vc - a)(vc + 2c + a - 1)
+

v-
zc~lx Hv[zc~lf(x,z);s,a + c- l,

(vc - a)jyc - a + 1)
T C - i f , s , , n l

Hv+2[zc lf(x,z);s,a + c-l,c]\,

where z"fz{x, z) and z"f (x, z) tend to zero as z —*• 0, oo. Let us define the auxiliary
operator
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where A. and p are constants such that p/k = 2{a — m) + 1. Such operators are useful
when dealing with a number of boundary value problems. The generalized Hankel
transform of the operator Q is

v[z2c-m-if\s,a,c\, (12)

where

j^ + pA JV(SZCA = z°-m (kzj^ + pA JV(SZC)
oo

(13)

The conditions on / and fz when z -> 0, oo depend on the particular problem.

Proofs:
1) Integrating Hv[fz(x, z);s, a, c] = f^°zafz(x, z)Jv(szc)dz by parts and noting

that [13]

^-(Jv(szc)) = cszc-lJv-i(szc) - —Jv(szc),
dz z

we obtain

Hv[fz(x,z)\s, a,c]

= zaf(x,z)Uszc)\™- f f(x,z

= (cv -d)Hv -f(x,z);s,a, c\ - C5 / / I ) _ 1 t z c " 1 / ( x , z);s,a,c],

which proves (10).
2) To obtain (12) we use (1) to find the generalized Hankel transform of the operator

• + — T - .
Zm~' dZ* Z dZ

Integrating by parts and grouping terms we obtain

r - 4 - + ——;s,a,c \= A+ / f(x,z)Ldz, (14)
zm - 1 3z2 zm 3z J j 0

where

- 4-1 3 /

A = Xz" m+'Jv(sz ) — +f(x,z)
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and

Differentiating and regrouping like terms, and utilizing formulas 3 and 4 in [13, p. 97]
we obtain

L = kz-m-l[-c1s2z2c+aJv(szc)] - kz"-m-lJv(szc)[a2 - c V - m(m - 1 + p/k)]

with p/k = 1 — 2(w — a). Finally, we obtain (12) by substituting L in (14), and by
rearranging and utilizing definition (1).

3. Diffusion of dust from ground-level aerial sources

Here we consider the problem of transport of a heavy pollutant (dust) from a ground
level aerial source within the framework of diffusion theory [1, 7, 9]. We assume the
Barenblatt criterion w/av0 < 1 [1] as a sufficient condition in order to use diffusion
theory in the present analysis. The equation of turbulent diffusion of a heavy pollutant
in a plane parallel flow is expressed as

dq dq 3 / dq
uT--wir = r(kyir

dx dz dy \ dy
where q is the pollutant concentration, w is the settling velocity of the particle, ky and
kz are components of the turbulent exchange coefficients, and u is the wind speed.
The x-axis points along the wind, the z-axis points vertically upward, and the y-axis
is perpendicular to the xz-plane.

Consider the strip of ground 0 < x < L, —oo < y < +oo being covered by dust
particles. The propagation of dust from this strip will be governed by the equation

dx dz dz \ Zdz)

Let us assume that u = uiz**; H l , f t e R ; / i > 0 and kz = kxz; k\, w € R. The lower
boundary condition (at z = 0) which ensures a positive flow of dust to the atmosphere
at 0 < x < L is

(17)
z=0

which, in general, is a function of x. Physically, / denotes the pollutant flux from
the ground surface to the atmosphere. In this statement of the problem / is to
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be determined from the observational data as a function of the weather conditions,
properties of the ground surface and of the dust itself. Furthermore, we assume that
the turbulent pollutant flux on the underlying surface outside the strip is equal to zero

= 0. (18)
o

Since it is assumed that the strip is the only source of pollutant, it follows that

q(0, z) = 0, limq(x,z)=0. (19)

Solution of the problem: The equation

dq dq d ( dq\

dx dz dz \ dz)

can be written as

Applying the generalized Hankel transform to (21) and using the differential property
(as applied to the differential operator) with

f°°
fv(x,s;a,c)= / zaf(x,z)Jv(szc)dz,

Jo
w w —v(l + u

( 2 2 )

c = (1 + /x)/2, X = ku and p = &i + w, we have

A - AcVtfJz^Oc, z);s, a, c] = u{^-[Hv{z»q(.x, z)\s, a, c]], (23)
dx

A = Wi^TTy (24)

where

The value of A is obtained by using the given boundary conditions and the asymptotic
expansions of the Bessel functions Jv(szc) as z —> oo, as well as their behavior for
small values of z [8,13]. It is observed that the condition p/k = 2a + l = {kx + w)/ki
is satisfied. The solution of the ordinary differential equation (23) for //„[...] is

sve-kc2s2x/u, rx
HAz'qix, z);s, a, c] = / e*A " - / (t) dt. (25)

M,21T(V + 1) Jo
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Now, by an appeal to the inversion formula (2), we get

Jo
„ [sJv(sz

U\L 1 (V -t- I) Jo

(26)

and hence

_-M+2c-a-l rx

/Mi2ur(v + 1) J U J

rx r /.oo -i

Jo Uo J

Evaluating the s-integral using Weber's integral formula [8, p. 132]

/ e-"2x2JAbx)xv+ldx = bl' ^ / 4 f l i , a, fe > 0, Re v > - 1 , (28)
Jo \^a )

we obtain

_ ( H I / * I ) V r /a) ( u^ \
'z) ~ (i + M)2"+I«r(v + i) A (* 0"+1 exp U.d + A*)2(* - oJ

(29)

with 0 < x < L, which provides us with an expression for the pollutant concentration
in terms of / (x) - flow of dust into the atmosphere.

4. Examples

We consider here some special cases of the solution (29) for a prescribed/ (t). Let
/ (t) = Aot

s in (29), Ao and 5 being constants with S + 1 > 0. Then we obtain

Zw(l+")(l«l/*l)''+lAo f t' ( -K.z'-W \
9U'z;"«,r(v + i)(i + ^«+i/0 (jc-O'+'^Ud + ^C'-oy

(30)

If we set K(z) = utz
l+fl /kt(l + fi)2 and u = K(z)/(x - t), then (30) may be written

as

«(JC' z) = r< T [ '
r(v

K(z)lx i u \

By an appeal to the integral formula (6) in [10, p. 324], we get

, z) = r ^ ^ +
+ ̂  (K{z)/xYe-K™*W + 1, w + 1; K(z)/x), (32)
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where ijr(a, y;z) is the confluent hypergeometric function of the second kind [8]
defined as

t, Rea, Rez > 0. (33)
" - " ~ r(a)Jo

The expression for the pollutant concentration given by (32) is a general result and a
number of special cases can be derived from it.

Let 8 = (v - l)/2. Then by virtue of the formula [8]

(34)Kv(z) = y/nO-zYe-^iy + 1/2, 2v + l;2z),

and (32) reduces to

A0r(u/2
q(x,z) = (K(z)/xY/2e-K(z)/2xKv/2(K(z)/2x), (35)

where Kp(z) is the modified Bessel function (MacDonald function) [8, 13].

FIGURE 1. Ground level concentration q(x, 0) for 5 = 2, and v = —0.8, —0.6, —0.4.

If we set 8 = 0, fu. = n € Nin(32), that is, the positive flow of dust to the atmosphere
in 0 < x < L is assumed to be constant Ao, then we obtain the well-known result
[7,9]

q(x,z) = r(v, K(z)/x), (36)

where I"(a, x) is the complementary incomplete gamma function [8] defined as

f°°
Jx
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(b) v = -0.8

(c) v = -0.001

FIGURE 2. Pollutant concentration q(x, z) for x € [0,100], z e [0, 7]. AQ — 10~4, /x = kt = «, = 1,
S = 2, and w = -0 .8 , -0 .2 , -0.001.

with v as in (22). Here we have used the formulae \j/(l — a, 1 — a;x) =
and V(a, b\x) = J t ' - ^ d + a - ft, 2 - 6;JC).

As another example, let us consider/(/) = Aot
se~Y', where Ao,«5 and y are

positive constants. Then, from (29), the pollutant concentration becomes

zw(1+'t)(M,/ifc,)1'+1Ao
r,z) =

which can be rewritten as

r tse~yl

/o (x - 0-»
(37)

X J

J J
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(K(z)/x)v-r e- , v - r ). (38)
r=0

If we set y = 0 in this result, it reduces to (32), while y = S = 0 leads to (36).

(c) S = 2

FIGURE 3. Pollutant concentration q(x, z) for v = -0.4, and S = 2,1,0.

5. Discussion of the results

We have defined a generalized form of the Hankel transform and obtained some of
its properties. This transform can be used to solve some partial differential equations.
As an example we have considered the problem of the transport of a heavy pollutant
(dust) from ground level aerial sources. Pollutant concentration q(x,z) in the strip
0 < x < L is derived, and expressed in terms of the flow of dust to the atmosphere
f(x). Two separate models have been considered; when the flow of dust to the
atmosphere is represented by a power function, and, in the second case, as a product
of a power and an exponential function. The results are expressed in terms of known
special functions [6, 8, 13].
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FIGURE 4. Pollutant concentration q(L, z) for z e [1,12].

The general result (29) can yield the pollutant concentration at the edge of the
strip x = L, that is, q(L,z). Using an integral representation of the solution of an
analogous problem with arbitrary initial pollutant distribution obtained by Berlyand
[3], together with q(L,z), one can obtain the pollutant concentration q(x,z) for
x > L. We propose to discuss the details in a subsequent paper. In this case (x > L)
one can obtain the ground level concentration q{x, 0), and the corresponding results
for lighter particles.

The following figures represent the pollutant concentration q(x, z) in the strip
0 < x < L for various values of S and v - result (32). These figures are only
indicative of the relative dependence of q(x, z) on the parameters involved, and are
not based on actual meteorological data. Figure 1 shows the ground level concentration
q(x, 0) for different values of v, where we note that larger negative values of v (that
is, larger settling velocities) result in higher concentrations at the ground level. Figure
2 represents the pollutant concentration q(x, z) for x e [0, 100], and z e [0,7]. Here
we have set Ao = 10~4, fi = fc, = M, = 1, S = 2, and v = -0 .8 , -0.2, and
—0.001 . As the settling velocities decrease there is more pollutant concentration in
the atmosphere. In Figure 3, q(x, z) is shown for a fixed value of v = —0.4 while
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S = 2, 1, and 0. Here again we have Ao = 10~4, fx = kx = ui = I, 0 < x < L,
0 < z < 7, and L — 100. As expected, q(x, z) increases with both x and S. Finally,
Figure 4 represents q(L, z) for 1 < z < 12, where v = —0.001, —0.4, and —0.8, and
S = 0,1, and 2. This figure indicates that smaller negative values of v (that is, smaller
settling velocities) result in higher concentrations at high altitudes.
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