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Abstract

Let C be a symmetrisable generalised Cartan matrix. We introduce four different versions of double Bott—Samelson
cells for every pair of positive braids in the generalised braid group associated to C. We prove that the decorated
double Bott—Samelson cells are smooth affine varieties, whose coordinate rings are naturally isomorphic to upper
cluster algebras.

We explicitly describe the Donaldson—Thomas transformations on double Bott—Samelson cells and prove that
they are cluster transformations. As an application, we complete the proof of the Fock-Goncharov duality conjecture
in these cases. We discover a periodicity phenomenon of the Donaldson—Thomas transformations on a family of
double Bott—Samelson cells. We give a (rather simple) geometric proof of Zamolodchikov’s periodicity conjecture
in the cases of AOA,.

When C is of type A, the double Bott—Samelson cells are isomorphic to Shende—Treumann—Zaslow’s moduli
spaces of microlocal rank-1 constructible sheaves associated to Legendrian links. By counting their Fg-points we
obtain rational functions that are Legendrian link invariants.

1. Introduction
1.1. Cluster Structures on Double Bott—Samelson Cells

Bott—Samelson varieties were introduced by Bott and Samelson [BS58] in the context of compact Lie
groups and were reformulated by Hansen [Han73] and Demazure [Dem74] independently in the re-
ductive algebraic group setting. Bott—Samelson varieties give resolutions of singularities of Schubert
varieties and have many applications in geometric representation theory. Webster and Yakimov [WY(07]
considered the product of two Bott—Samelson varieties and gave a stratification whose strata are
parametrised by a triple of Weyl group elements and observed that a family of strata are isomorphic to
double Bruhat cells introduced by Fomin and Zelevinsky [FZ99]. Lu and Mouquin [LM17] introduced
a Poisson variety called generalised double Bruhat cells, which is defined by a conjugate class in a
semisimple Lie group together with two n-tuples of Weyl group elements. Elek and Lu [EL19] further
studied the special case of generalised Bruhat cells where one of the n-tuples was trivial and proved
that their coordinate rings, as Poisson algebras, are examples of symmetric Poisson Cauchon-Goodearl-
Letzter (CGL) extension defined by Goodearl and Yakimov [GY 18].

Motivated by the positivity phenomenon on double Bruhat cells, Fomin and Zelevinsky [FZ02]
introduced a class of commutative algebras called cluster algebras. Fock and Goncharov [FG09a]
introduced cluster varieties as the geometric counterparts of cluster algebras and conjectured that the
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coordinate rings of cluster varieties admit canonical bases parametrised by the integral tropical set of
their dual cluster varieties. The cluster structures on double Bruhat cells have been studied extensively
in [BFZ05, FG06, GSV10].

In this article, we introduce a new family of varieties called double Bott—Samelson cells as a natural
generalisation of double Bruhat cells and study their cluster structures.

Our generalisation goes in two directions: first, we extend the groups from semisimple types to
Kac—Peterson groups, whose double Bruhat cells have been studied by Williams [Wil13]; second, we
replace a pair of Weyl group elements (u, v) by a pair of positive braids (b, d), which we believe is a
new construction. In particular, our double Bott—Samelson cells further generalise Lu and Mouquin’s
generalised double Bruhat cells associated to the identity conjugacy class [LM17] by dropping the
additional data of partitioning the positive braids b and d as two n-tuples of Weyl group elements and
extending the family to include the Kac-Peterson cases.

We present three versions of double Bott—Samelson cells, an undecorated one, Coan(B), and two
decorated ones, Conff] (Ase) and Coan (Aag). The difference between the two decorated versions is
similar to the difference between double Bruhat cells associated to simply connected forms and adjoint

forms. There is one more version of double Bott—Samelson cell Confz (AEE), but it will not play a

significant role in the present article.
We prove the following result on cluster structures of double Bott—Samelson cells.

Theorem 1.1 (Theorems 2.30, 3.45 and 3.46). The double Bott—Samelson cells Coan (Ase) and

Coan (Aaq) are smooth affine varieties. The coordinate ring O (Confz (.Asc)) is an upper cluster al-

gebra and O (Conf? (Aq) | is a cluster Poisson algebra. The pair (Conf? (As) , Conf? (Aqq) | forms
d d d
a cluster ensemble.

Because double Bruhat cells are special cases of double Bott—Samelson cells, it follows from our
result that the cluster structures on double Bruhat cells in the symmetrisable cases are canonical in the
sense that they do not depend on the choice of reduced words (initial seeds), solving a conjecture of
Berenstein, Fomin and Zelevinsky [BFZ05, Remark 2.14].

Inside a given upper cluster algebra, the subalgebra generated by all cluster variables is called its
cluster algebra® [FZ02, BFZ05]. An interesting question to ask is whether an upper cluster algebra
coincides with its cluster algebra. Sufficient conditions to prove this equality include acyclicity [BFZ05],
local acyclicity [Mul14] and CGL extensions [GY 18]. In this article, we provide a new family of cluster
varieties for which this equality holds.

Theorem 1.2 (Theorem 4.13). The upper cluster alegbra (’)(Coan(.Asc)) coincides with its cluster
algebra.

1.2. Donaldson-Thomas Transformation and Periodicity Conjecture

On every cluster variety there is a special formal automorphism called the Donaldson—-Thomas transfor-
mation, which is closely related to the Donaldson—Thomas invariants of certain 3D Calabi—Yau category
with stability conditions considered by Kontsevich and Soibelman [KS08]. Following the work of Gross
et al. [GHKK 18], if the Donaldson-Thomas transformation is a cluster transformation, then the Fock—
Goncharov cluster duality conjecture holds. The cluster nature of Donaldson—-Thomas transformations
has been verified on many examples of cluster ensembles, including moduli spaces of G-local systems
[GS 18], Grassmannians [Wen21] and double Bruhat cells [Wen20]. As a direct consequence, the cluster
duality conjecture holds in those cases.

1See Definition A.18.
2In this article, we always assume that frozen cluster variables are invertible.
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In the present article we explicitly realise the Donaldson-Thomas transformation of the double
Bott—Samelson cell Coan(B) as a sequence of reflection maps followed by a transposition map (see
Subsection 2.3 for their definitions). We prove the following statement.

Theorem 1.3 (Theorems 4.8, 4.10). The Donaldson—Thomas transformation of Coan(B) is a cluster
transformation. The Fock-Goncharov duality conjecture? holds for (Conffl (Ase) » Confz (Aad)).

The key ingredients for constructing Donaldson—-Thomas transformations are four reflection maps,
'r, ir, r* and r;, which are biregular isomorphisms between double Bott—Samelson cells that differ by
the placement of s;:

Conf*i? (A) :’ Conf? ,(A) Conf"* (A) r: Cont?_(A) . (1.4)

We prove the following result on these reflection maps.

Theorem 1.5 (Corollary 4.12). Reflection maps are quasi-cluster transformations and hence are Poisson
maps.

In Section 5 we investigate the periodicity of Donaldson-Thomas transformations for a
class of double Bott—Samelson cells associated to semisimple algebraic groups. We prove the
following.

Theorem 1.6 (Theorem 5.1). If G is semisimple and the positive braids (b,d) satisfy (db°)™ =

w%", then the Donaldson—Thomas transformation of Coan(B) is of a finite order dividing
2(m+n).

Zamolodchikov’s periodicity conjecture asserts that the solution of the Y-system associated to a pair
of Dynkin diagrams is periodic with period relating to the Coxeter numbers of the two Dynkin diagrams.
Keller gave a categorical proof of the conjecture in full generality in [Kell3].

Let A be a Dynkin diagram of finite type and let G be a group of type A. In this article we relate
the product AOA,, to a double Bott—Samelson cell associated to G and give a new geometric proof of
Zamolodchikov’s periodicity conjecture (Corollary 5.10).

As explained in [Kell 1, Section 5.7], Zamolodchikov’s periodicity implies a result on the periodicity
of the Donaldson—Thomas transformation. Weng [Wen21] gave a direct geometric proof of the period-
icity of DT in the case of A,,0A,, by realizing the Donaldson-Thomas transformation as a biregular
automorphism on a configuration space of lines.

Theorem 1.6 gives a new geometric proof of the periodicity of DT in the cases of ATA,,.

Theorem 1.7 (Corollary 5.11). Let A be a Dynkin quiver of finite type. Then DT ana,, is of a finite order

dividing % where h is the Coxeter number of A.

1.3. Positive Braids Closures

Let (b, d) be a pair of positive braids in the braid group of type A,. Every word (i, j) of (b, d) encodes
two sequences of crossings at the top and at the bottom of a Legendrian link A} embedded in the standard

contact R3 (see Subsection 6.2). Legendrian links obtained from different words of (b, d) are related
by Legendrian Reidemeister moves and therefore are Legendrian isotopic. Abusing notations we denote
the corresponding isotopic class of Legendrian links by AZ.

3See Conjecture A.26.
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The reflection maps (1.4) correspond to Legendrian isotopies that move a crossing from top to bottom
or vice versa at the two ends of the link diagram. The following picture depicts such a move for the
reflection maps '7 o r2 : Conf$!*(A) — Conf¢ _ _(.A) of Dynkin type A,.

1 S1851852
§2
// b =s15
S1
S1
d=S1
b=e
51 S1
d = 515152
§2

Shende, Treumann and Zaslow STZ17] introduced a moduli space of microlocal rank-1 sheaves
M (A) associated to any Legendrian link A. By a result of Guillermou, Kashiwara and Schapira
[GKS12], the moduli spaces M| (A) and M (A’) are isomorphic if A and A’ are Legendrian isotopic
[STZ17, Theorem 1.1]. However, one should keep in mind that the isomorphisms between such moduli
spaces depends on the Legendrian isotopies.

By comparing the definitions of M (A;) and Confg(B) we obtain the following result.
Theorem 1.8 (Theorem 6.14). There is a natural isomorphism M (A;) = Coan(B).

Theorem 1.8 implies that the automorphisms on the moduli spaces M (AZ) induced by braid moves
are all trivial; therefore, one can canonically identify M (A;) for different choices of words for (b, d)

and define the moduli space M (AZ) for a pair of positive braids (b, d).

The cells Coan(.A) associated to any generalised Cartan matrices are well defined over any finite
field F,. Let

12(q) := |Contb(A) (F,)].

In Subsection 6.1 we provide an algorithm for computing f' 5 (q). The cell Coan(B) is isomorphic to
Coan(.A) modulo a T X T action. Let r be the rank of the Cartan subgroup T. The orbifold counting of
F,-points of Coan(B) is

b b
gh(q) :=|Conf5(B) (F,)| = [Confg(A) (Fg)| _ f7(a)

TxT(E) (4=

In general, gZ(q) is a rational function, with possible poles at g = 1.

Theorem 1.9 (Corollary 6.15). Let (b, d) be a pair of positive braids in the braid group of type A,.
The double Bott—Samelson cell Coan(B) (as an algebraic stack) and the rational function gz(q) are
Legendrian link invariants for the positive braid closure AZ.
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1.4. Further Questions

Comparison with Generalised Double Bruhat Cells. Letu = (1, us,...,u,)andv = (v,va,...,v,)
be two n-tuples of Weyl group elements and let C be a conjugacy class in G. Define

B,uB, :={[x1,...,xn]eG§<...§<G

+

X; € B+I/liB+}

and define B_vB_ similarly. Lu and Mouquin [[LM17] defined a generalised double Bruhat cell as

GU,V = [xl, . 9xn7
¢ {y1,...,yn]

[xi] € ByuB,, [yi] € B—VB—,;
(X1 %) 1 -oyn)eC T
Note that when C = {e} and n = 1, it coincides with the ordinary double Bruhat cells.

Let us lift u; and v; to positive braid elements and set b = u;...u, and d = vi...v,. The
generalised double Bruhat cell G‘{”ev} is biregularly isomorphic to our decorated double Bott—Samelson

cell Confg (A) via the following map* :

GY" — Conf’(A)

{e}
Uy —5 v By — 25 xi0oBy — > . — ™o ;.. .x,B,
[xl,...,xn, —
yl""’yn]
B. — =B —=y1y:B. —— ... —=y1...yaU-

In particular, this isomorphism shows that the generalised double Bruhat cells Gu“’ev admit natural cluster
structures. It further implies the following new result on generalised double Bruhat cells.

Corollary 1.10. Let u = (uy,...,un), V= (vi,...,vp), 0 = (u},...,up) and v’ = (v{,...,v,). If
ULty = UL Uy, ’anld Vi ...V =V]...V,, inthe braid group, then there is a canonical isomorphism
between GY" and G" V.

{e} {e}

Remark 1.11. We conjecture that the same statement holds for other conjugacy classes C # {e}. In
[LM17], Lu and Mouquin defined a Poisson structure on G‘{"ev} by pushing forward the Poisson structure

on products of flag varieties. In the adjoint form cases G = Gyq, the space Confg (Aaq) carries a
natural Poisson structure from its cluster Poisson structure. We believe that these two Poisson structures
coincide, but a detailed check is needed before we draw any definite conclusion.

In a recent work, Mouquin [Mou19] proved that the generalised double Bruhat cell G-, is a Poisson

{e}

groupoid over the generalised Bruhat cell G‘{”e"}. We believe that the Poisson groupoid structure coincides
with Fock—Goncharov’s symplectic double for cluster varieties [FGO9b]. We further observe that the
inverse map of this Poisson groupoid resembles the Donaldson-Thomas transformation on Conf}, (Aqq),

and we would like to see a further investigation in these directions.

In general, the decorated double Bott—Samelson cells do not cover the cases when C # {e}. Therefore,
we post the following question.

Problem 1.12. Is there a way to generalise the decorated double Bott—Samelson construction to include
all generalised double Bruhat cells? If yes, how do the Poisson structures arising from the two approaches
compare to each other?

We expect that such a generalisation (if it exists) is related to the braid cell defined below.

4The isomorphism was pointed out to us by J.H. Lu.
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Braid Cell. Let G be a split semisimple algebraic group. The general position condition between

Borel subgroups B ——— B’ can be rewritten as B M B (see Notation 2.3). In this case, a double
Bott—Samelson cell can be defined as a configuration space of Borel subgroups satisfying the following
relative position relation:

By— 2 ~B,
Woi \LW()
Bi—->B3

where the top and bottom dashed arrows represent a chain of flags with relative position conditions
imposed by the positive braids b and d, respectively. When the words of b and d are reduced, the double
Bott—Samelson cell Conf?, (A) is naturally isomorphic to the double Bruhat cells G*.

In [WYO7], Webster and Yakimov introduced a variety Py, associated to a triple of Weyl group
elements (u, v, w), which can be defined as the configuration space of Borel subgroups satisfying the
following relative position relation:

BO$BZ

wol lm

B ——=Bs
w

* =1
where w* = wowwa1 in the Weyl group. Because B BN Bs is equivalent to B, LA B3 , the above
relative position relation diagram is equivalent to the following one:

BO—V>BZ

wol lw

Bl<;83

w1

#—1
The chain By —— B, “m B3 —— B; can be treated as a chain of Borel subgroups with relative

position condition imposed by a braid b, where b is the concatenation of any triple of reduced words of
v, uwq and w*~!. The above relative position relation diagram reduces to the following one:

Bo— _ (1.13)

~
Wol b

B <~

Let us take one step further by allowing b to be any positive braid. The moduli space parametrising
the configuration (1.13) is called a braid cell Conf}, (B). By putting decorations on By and B; we can
define its decorated version Confy, (A). The cells Conf}, (A) generalise the open Richardson varieties
[LS16]. Following the proof of Theorem 1.1, one can show that Conf, (A) is an affine variety. We make
the following conjecture.

Conjecture 1.14. The coordinate ring of Confy, (Ay.) is an upper cluster algebra.

Legendrian Link Invariants. As stated earlier, the double Bott—Samelson cell Confg (B) associated
to Dynkin type A, is a Legendrian link invariant for positive braids closures. Furthermore, Legendrian
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isotopies between the positive braid closures AZ and AZi give rise to isomorphisms between Coan(B)
and Coan:(B). We propose the following conjecture.

Conjecture 1.15. The isomorphisms Coan (B) — Coan:(B) associated to Legendrian isotopies
between AZ and AZ: are cluster Poisson transformations.

One strategy to prove this conjecture is to equip M (A) with a cluster Poisson structure for any
Legendrian link A and then show that the Legendrian versions of the Reidemeister moves induce
isomorphisms that preserve the cluster Poisson structures. Note that this is already true for the third
Legendrian Reidemeister moves — that is, the braid moves — but defining a cluster Poisson structure on
M (A) and showing the cluster-ness of the remaining two Legendrian Reidemeister moves still seem
to be quite difficult tasks.

Theorem 1.8 naturally induces a cluster Poisson structure on M (AZ). In [STWZ19], Shende et al.

studied cluster Poisson structures on M (A) for Lengendrian links A ¢ T®R? that come from conormal
lifts of immersed curves in R?. Although their ambient contact manifold 7*°R? is different from ours
(which is the standard contact R?), it is still worthwhile to compare these two setups and the resulting
cluster Poisson structures. Therefore, we pose the following question.

Problem 1.16. How much does M () depend on the ambient contact manifold of A? Do the cluster
Poisson structures obtained from double Bott—Samelson cells coincide with those in [STWZI19] for
Legendrian links that can be embedded in both ways?

Shende, Treumann and Zaslow [STZ17] introduced a category Sh} (R?) of constructible sheaves
with singular support controlled by A, which can be viewed as a ‘categorification’ of Coan(B) =

My (AZ,) Conjecture 1.15 implies that the cluster K; counterpart of Coan(B), namely, Coan (.AEZ),
is a Legendrian link invariant as well. We further ask the following.

Problem 1.17. Is there a categorification of Confz (.AEIC) associated to AZ ?

As observed from the examples, we conjecture that the number of components in AZ is equal to
1 —ordgy= gZ(q). In particular, gZ(q) is a polynomial when AZ is a knot.

2. Double Bott—Samelson Cells
2.1. Flags, Decorated Flags, Relative Position and Compatibility

In this section, we fix notations and investigate several elementary properties of flag varieties.

Let C be an r X r symmetrisable generalised Cartan matrix of corank /. Let 7 :=r + [.

Let (G,B4,B_, N, S) be a twin Tits system> associated to C. Here G is a Kac—Peterson group, B, and
B_ are opposite Borel subgroups of G, N is the normaliser of T := B, N B_ in G and S is a set of Coxeter
generators for the Weyl group W := N/T.

Let ¢ € {+, —}. We define two flag varieties:

B, := {Borel subgroups of G that are conjugate to B} .

The group G acts transitively on . by conjugation, with B, self-stabilizing. Therefore, we obtain
natural isomorphisms

Be = G/B, =B \G

SWe include a summary of twin Tits system in the appendix; see [Abr96] and [Kum02] for more details.
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that identify Borel subgroups conjugate to B, with left and right cosets of B.. When switching left
and right cosets, we get xB, = B,x~!. Abusing notation, we shall use the terms ‘Borel subgroups” and
‘flags’ interchangeably throughout this article.

Let U, = [B,, B.] be the maximal unipotent subgroups inside B .. Define decorated flag varieties

A, :=G/U; and A_:=U_\G.
The inclusions Uz < B give rise to natural projections
A =G/U; - G/B, =B, and A_-=U_\G—-B_\G=5._.

We say that A € A, is a decorated flag over B € B, if B is the image of A under the above projections.
All G-actions in this article are left actions unless otherwise specified. For example, g € G acts on
A_byg.(U_x) :=U_xg™ "
The transposition is an anti-involution of G that swaps B, and B_. It induces biregular isomorphisms
between (decorated) flag varieties:

B+<t—>6_ and A+<t—>,4_.

The images of B and A under transposition are denoted by B? and A’, respectively.

Notation 2.1. We use superscripts for elements in 5., subscripts for elements in B_ and parenthesis
notations for elements in either flag variety; for example,

(1) Elements of B,: B?,B!,B?, ...
(2) Elements of B_: By, By, B,, ...
(3) Elements that are in either B, or B_: B,B(0),B(1),B(2),...

The same rule applies to decorated flags.

In this article we focus on a pair of Kac—Peterson groups Gy and G,q. For semisimple cases, Gy and
Gaq are the simply connected and adjoint semisimple algebraic groups, respectively. In general, when
the Cartan matrix C is not invertible, the construction of Gy, and G,q depends on the choices of a lattice
P c b* and a basis {wi}le of P. See Appendix A for details.

The center of Gg. contains a finite subgroup Z such that G,q = Gg./Z. Note that Z C B,. Therefore,
the flag varieties B, associated to either group are isomorphic. For the decorated flag varieties, the
covering map Gs. — Gag induces a |Z|-to-1 covering map 7 : Ag » — Aad, s, respectively.

Let G be either Gy, or Gag. The group G admits Bruhat decompositions

G= |_| B,wB, = |_| B_wB_

weW weW

and a Birkhoff decomposition

G= |_| B_wB,.

weW
Every x € B_B, = U_TU, admits a unique decomposition (a.k.a. the Gaussian decomposition)
x = [x]-[x]o[x]+

with [x], € Ug and [x]p € T. Such an element x is called Gaussian decomposable.
The above decompositions induce two W-valued ‘distance’ functions and a W-valued ‘codistance’
function that are invariant under G-diagonal actions.
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Definition 2.2. A pair of flags (xB,, yB,) is of Tits distance d (xB,, yB,) =w if x"'y € B,wB.
A pair (xB_, yB,) is of Tits codistance d (xB_, yB,) = w if x"'y € B_wB,.
A pair (By, B”) is said to be in general position (or opposite to each other) if d (Bo, B®) = e.

Notation 2.3. We shall use the following notations to encode the Tits (co)distances between flags:
(1) B —"=B' meansd, (B°,B!) =w.

(2) By —2=B; means d_ (By,B;) = w.

(3) By ——— B" means d (By,B) = w.

We often omit w in the diagrams if w = e. Similar diagrams with decorated flags placed at one or both
ends imply that the pair of underlying flags is of the indicated Tits (co)distance.

Lemma 2.4.

-1
(1) B—2=B’ ifand only if B *— B' .

w wl

B’ .

2) B B’ if and only if B"
Proof. Obvious from the definition. m]
The following lemma will be used many times. Its proof is included in the Appendix.

Lemma 2.5. Let u,v,w be Weyl group elements such that uv = w and l(u) + [(v) = l(w). In each of
the following triangles, the black relative position holds if and only if the blue relative position holds.
Furthermore, each blue flag is uniquely determined by the pair of black flags.

Every dominant weight A of G gives rise to a regular function A ; on G such that A (x) = A([x]o)
for every x € U_TU,. They induce G-invariant functions

Ay A-x A, — Al
(U_x, yUy) = A (xy).

When G = G, we take the fundamental weights w1, ..., wr and set A; ;== A,,.
The following result is an easy consequence of the fact that A ; is invariant under transposition.

Lemma 2.6. A (Ao, A%) = A (&%) (A0)").

A result of Geiss, Leclerc and Schroer (Theorem A.11) allows us to detect that general position of
decorated flags based on the A functions.

Theorem 2.7. A pair (Ag, A®) is in general position if and only if A (Ao, AO) # 0 for every dominant A.

Remark 2.8. It suffices to check the nonvanishing of a finite set of A ;. For example, when G = Gy, it
suffices to check A; # 0 for all i.
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Every w € W admit two special lifts to G denoted as w and w. The following are refined versions of
Bruhat and Birkhoft decomposition:

G=| |umwu. = | |uwTu = | |uTwu..
weW weW weW

The factor ¢ € T is uniquely determined for every g € G in the above decompositions.
Definition 2.9.
(1) A pair of decorated flags xU, —— yU, is compatible if x~'y € U,wU,.
(2) A pair of decorated flags U_x ——= U_y is compatible if xy™' € U_wU_.
Lemma 2.10. For B—>= B’ , a decoration on B uniquely determines a compatible decoration on B’
and vice versa.

Proof. It follows from the uniqueness of the T-factor in the refined version of Bruhat decompositions
and Birkhoff decomposition. O

The following lemma is an analogy of the first case of Lemma 2.5 for decorated flags.

Lemma 2.11. Suppose that uv = w and l(u) +[(v) = [(w).

(1) IfA—=> A’ and N —= A" are compatible, then so is A —— A" .

(2) If A—2= A" is compatible, then there is a unique A’ such that A——= A’ and A’ —— A"
are compatible.

Proof. Tt follows from the fact that w = uv and w=uv. O

Definition 2.12. A pinning is a pair of decorated flags (U_x, yU,) such that xy € U_U,.
Lemma 2.13. The following conditions are equivalent:

(1) The pair (Ag, A) is a pinning.
(2) There exists a unique 7 € G such that (Ag, A%) = (U_z7!, zU,).
(3) we have A, (Ao, AO) = 1 for every dominant weight A.

Moreover, condition (2) implies that the action of G on the space of pinnings is free and transitive. When
G = Gq, condition (3) can be replaced by showing that A, (Ao, AO) =lforl1 <i<V.

Proof. (1) = (2). Suppose that (A, A?) = (U_x, yU,) is a pinning. Then xy = [xy]_[xy], € UTU*.
Let z := x'[xy]- = y[xy];!. Then U_z™! = U_[xy]='x = U_x and zU, = y[xy];'U; = yU,. Note
that U_z™! = U_z’~! implies that z7'z’ € U_ and zU, = z’U, implies that z7'z’ € U,. Therefore,
7727 € U_nU, = {e} and z = 7’. The uniqueness of z follows.

(2) = (3). This is obvious from the definition of A ;.

(3) = (1). By Theorem 2.7, A, (AO, AO) = 1 implies that Ay, A°) is in general opposition. Let
Ao = U_x and A? = yU,. The product xy is Gaussian decomposable; that is, xy = [xy]_[xy]o[xy]. The
condition 1 = A, (A, A%) = A ,([xy]o) implies that [xy]o = e. Therefore, xy € U_U,. o

Corollary 2.14. There is a one-to-one correspondence between pinnings and opposite pairs of flags in
A_ X B, (respectively B_ X A.) given by the forgetful map.

Proof. Lemma 2.13 asserts that every pinning is of the form (U_z‘] , ZU4). Therefore, the forgetful map
is surjective. For injectivity, if (U-z™',zB) = (U-z’"',2’B,) in A_ x B,, then z7!'z” € U_ N B, = {e}
and hence z = 7. A similar proof can be applied to the 5_ x A, cases. O

The next lemma shows that notions of compatibility and pinnings respect the transposition.
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Lemma 2.15.

-1
(1) A—"= A’ is compatible if and only if A" —~— A" is compatible.
(2) A—— A’ isapinning if and only if A" ——— A" is a pinning.

Proof. (1) follows from the fact that w' = w1 and %t =wl, (2) is trivial. m]

2.2. Double Bott-Samelson Cells

The semigroup Br, of positive braids is generated by symbols s; subject to the braid relations

SiSj . =88 (216)
—— =

mij mij

where m;; = 2,3,4, 6 or co according to whether C;;C;; is 0,1,2,3 or > 4.

A word for a positive braid b € Br, is a sequence i = (i1,i2,...,i,) such that b = s;,5;, ...5;,.
Denote by H(b) the set of all words for b.

For an arbitrary Weyl group element, its reduced words are related by braid relations. Hence, there
is a set-theoretic lift W < Br,.

Definition 2.17. Leti = (i, ...,i,) € H(b). An i-chain of flags is a sequence of flags:

B(i) := B(0) —> B(1) —2> ... —" B(n) .

Denote by C(i) the set of i-chains of flags.

Lemma 2.5 allows us to do local changes to a chain of flags with prescribed relative po-
sitions. If w = wujup = vyvy in the Weyl group and I(w) = [(uy) + 1 (up) = [(vy) +
B(1)

uj u

[ (vy), then for every chain B(0)

that B(0) B(3) B(2) . Braid moves are a class of special local changes: whenever the braid
relation (2.16) holds, one can change a chain of flags uniquely from

B(2) , there is a unique flag B(3) such

V1 1%}

S; Or §;

L B(k) B(k+1) 5B(k+2) 2. B(k+myj—1) — =B (k+m)...

to
Sj or s;

Siiny Si ’ Si ’
..B(k) =B’(k+1) =B (k+2) —...B (k+mij—l)*>B(k+m,J)

Leti, j € H(b). Let T be a sequence of braid moves taking i to j. It further induces a bijection

o Ci) — CG).
Theorem 2.18. Ifi =j, then Tl’ is the identity map.

Proof. Leti= (i,...,iy) and j = (ji,..., jn). The map Ti" takes an i-chain B(i) = (B(0),...,B(n))
to a j-chain B(j) = (B’(0),...,B’(n)). It suffices to prove that if iy = jx for all m < k < n then
B’(m) = B(m).

Without loss of generality, we assume that B(i) = B’ € B,. Let By be a flag opposite to B’. By the
second case of Lemma 2.5 for (u, v, w) = (s;, e, s;), we get a unique B such that

I\

B04>Bl'
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The third case of Lemma 2.5 implies that (By, B!) is in general position. Repeating the same construction

through the whole sequence, we obtain an i-chain B(i)°? = (By, By, ..., B,), called an opposite chain
of B(i), such that (By, BX) is in general position for 0 < k < n. The chain B(i)°” is uniquely determined
by the choice of By.

Let us apply a braid move 7 to B(i), obtaining a 7(i)-chain B(7(i)). Applying the same braid move
7 to B(i)?P, we claim that the obtained chain is an opposite chain of B(7(i)). We prove the claim for an
Aj-type braid move below. The same argument works for B;- and G;-type braid moves.

Si Si

Bk+1 S Bk+2 Bk+3

Bk

Bi —= Bist —5> Bz —> B

Bk 55 Brk+l S prk+2 S Bk+3
’ !’
By s; Bis1 5 Braz ) B

Note that a priori it is not obvious that the two pairs of flags in the middle are opposite. On the other
hand, we may run the opposite chain construction with the new top chain starting with the same choice
of By, obtaining the following chain:

Si

Bk 5 Brk+1 Brk+2 Si Bk+3

14 14 144
By s; Biv1 —5 Bz ) Bi43
To show that B; ., = B}, . B;,, = BY,, and B3 = B}/ 5, it suffices to show By.3 = B}/, 5, because the

other two follow from the uniqueness part of Lemma 2.5. Note that w := s;5;5; = 5;5;5; is a Weyl group
element and during the opposite chain construction, Bx43 and B/, ; are both determined by the relative

position relations
Bk

144
Br —> Bis3 Bx —> B3

and BX

Therefore, we can conclude Byy3 = B;<’+3 from the uniqueness part of Lemma 2.5. This concludes the
proof of the claim that the opposite chain construction is braid move equivariant.

Now after a sequence of braid moves from i to j, we reach a j-chain B(j) = (B”,...,B") and its
opposite chain B(j)°” = (B, ..., B}). If ix = ji for m < k < n, we prove B = B"" by induction.

For m = n, it is clear because braid moves do not change the flags at both ends of the chains.
Suppose that inductively we know that B”*! = B""*!Applying the inductive hypothesis to the opposite
chain under the same sequence of braid moves we have B,,;; = B/ . Because the opposite sequence
construction is braid move equivariant, we know that the bottom primed sequence can be constructed
from the top primed chain as an opposite sequence. By construction, B”" is the unique flag such
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g/m i) g/m+l g™ i1 g+l
that \ , and B is the unique flag such that \ . Note that B"™*! = gm+!
Sim+1 Sim+]
B;’n+l B+
and B) | =By41. If ims1 = jms1, then B”" = B™ by Lemma 2.5. O

Theorem 2.18 implies that TIJ is canonical and does not depend on the choice of 7. This allows us to
replace the word i by the positive braid b.

Definition 2.19. Given a positive braid b, the set of b-chains of flags is defined as

C(b) = U C@) /(bijections Tij)

icH(b)

where i runs through all the words of b. We denote a b-chain as B(b). Similarly, let C.(b) C C(b) be
the set of b-chains of flags in B..

Following the proof of Theorem 2.18, braid moves keep the initial and terminal flags of every chain
intact. For B(b) € C(b), we denote its initial flag by B(b); and its terminal flag by B(b),. Because braid
moves are equivarient under the G-actions on i-chains, one can lift the G-action to C(b).

Definition 2.20. Let b and d be positive braids. The double Bott—Samelson cell Coan(B) is
b . B(d); is opposite to B(b);
Conf (B) =G \{(B(b), B(d)) € Ci(b) x C_(d) B(d), is opposite to B(b), |

After fixing words i = (i1,i2,...,i,) and j = (j1, j2,...,Ju) for b and d, one can write a point in
Coan(B) as the G-orbit of a collection of flags

BO i B! Siz B2 gm-1 Sim B™

By B, B, ... By_1 B,

Sj Sjo Sin

Definition 2.21. The decorated double Bott—Samelson cell Conffl (Ase) or Coan (Aaq) is defined to

be the moduli space of configurations of flags that are points in Coan(B) together with a decorated
flag A? over B := B(b); and a decorated flag A,, over B,, = B(d);.

Siy Sim

Al B! B2 . gm-1 B™

Bo B B> e Bu-1 A,

Si1 Sip Sin

Remark 2.22. Alternatively, one may think of Confz (Asc) as having chains of compatible decorated
flags along the horizontal edges, with the top chain determined by A° and the bottom chain determined
by A, and think of Coan (Aag) as having two pinnings along the vertical edges, with the left pinning
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determined by A° and the right pinning determined by A,,, as shown below. See Subsections 3.2 and 3.3
for more details.

| [ ] [ [ ) [ ] : :r [ ) 1 [ ) [ ] i [ ] 1:
Conf?) (Ay) Conf?) (Aaq)

Definition 2.23. The framed double Bott—Samelson cell Coan (.AEL) is defined to be the subspace of

Coan (Ase) whose decorated flags A? and A,, induce a decorated flag over each flag via Lemma 2.10
and Corollary 2.14, so that any two consecutive decorated flags on the perimeter are either compatible
or form a pinning.

Am

Ao A Ay ... At A,

Sjl Sf2 Sin

Remark 2.24. Sometimes the indices on the flags in the diagrams of double Bott—Samelson cells may
not start from 0, as we will see in the next subsection.

There are canonical maps

Conf?, (Airc) —% > Conf? (As)
ln (2.25)

Conf%(B) ~ Conf?) (Aqq)

where the maps e and ¢ are forgetful maps and r is induced by the projection 7 : Ase — Ayg.

Proposition 2.26. Let A = Ay or Ayg. The forgetful map Coan (A) - Conffl(B) makes Coan(A) a
T X T-principal bundle over Coan(B).

Proof. Ttfollows from the fact that T acts freely and transitively on fibres of the projection Ay — By. O

2.3. Reflections and Transposition

In this section we introduce five natural biregular morphisms between double Bott—Samelson cells: four
reflection maps and a transposition map.
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Let us start with the left reflection ;r : Conf?i 4(B) = Confjlfb (B). Recall that elements of Conf fi 4(B)
are equivalence classes of collections of flags of the following relative pattern:

BO—>...

Bo B

§i

By Lemma 2.5, there is a unique Borel subgroup B_; such that

Si
B! B

Si

By —— B

Note that (B~!, B) is in general position. Hence, we get a configuration that belongs to Conffj‘b(B):

8
B! B

814)...

This defines a left reflection
ir : Conf? ,(B) — Conf’i”(B).
One can reverse this construction and get another left reflection that is the inverse of ;r:
ir : Conf’”(B) — Conf? ,(B).
Let us apply the same construction on the right: the flags B”*! and B,,,; uniquely determine each
other and hence we can define two right reflections that are inverse of each other:

. —s B e Bm Si Bm+1

B, Bus1 e — By,

ri : Confl (B) — Conf’*(B),  and  r':Conf}"(B) — Conf}_ (B).

Notation 2.27. We adopt the convention of writing the reflection with the index i at one of the four
corners, indicating the double Bott—Samelson cell from which the reflection map originates.
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For b = si; 55, -+ si, € Bry, we set b° = Si, - - SiyS;,- By composing reflection maps in the four
possible directions we get the following four biregular isomorphisms:

Conf?"?(B) Conf2?" (B)
Conf’(B)
Confj. ,(B) Conf¢,. (B)

The reflection maps on Coan(B) can be naturally extended to reflection maps on Coan (A).
Below we present the construction by using the left reflection ;7 as an example. Let us start with the
configuration on the left. First we reflect By from the lower left-hand corner to become B! at the upper
left-hand corner; then we find the unique decorated flag A~! over B! such that (A~!, A?) is compatible
(Lemma 2.10); finally, we forget the decoration of A? and ‘downgrade’ it to B.

A04>...

N

§i
B! A0
- \
Bl T
Si
A—l BO e
3 \
Bl —_— . B] _—
Below is an illustration of the left reflection r. It moves the decoration before reflection.

S
Al B!

/

By — -

Si

§i
Al Al
NS \
B — -
BO Al Alg)
S /
B, 5 Bo

/

B — -

The following lemma implies that the reflection maps can be restricted to Coan (AEE)
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Lemma 2.28. Let Ay LN A; and A° 2o Al pe compatible pairs. If either of

Si

1 A A°

@ A

Si

Al

is true, then (A1, A®) is a pinning if and only if (Ao, A!) is a pinning.

Proof. Due to the symmetry of the cases, it suffices to prove that under (1), (Ag,A!) is a pinning if
(A1, A?) is. Note that by Lemma 2.5, we know that A Al and A, A%, By Lemma 2.13 we
may assume without loss of generality that A; = U_ and A = U,. Then Lemma 2.5 together with the

compatibility condition on Ag s A; implies that Ay = U_5;. On the other hand, by Lemma A.6 we
know that B! = ¢;(¢)5;B, and hence A' = ¢;(¢)5;U,. Now to show that (Ao, A!) is a pinning, we just
need to notice that

U-5;e:(q)5:Us = U_e_;j(—q)U; = U_U,. o
By Lemma 2.4 and Lemma 2.15, we obtain biregular isomorphisms (-)’, called the transposition

maps, from the double Bott—Samelson cells associated to (b, d) to the ones associated to (d°, b°), as
illustrated below:

A g g gm-1 S pm
Bo 5 B s Bx Bp-1 5, > An
L)
(A)' =2 (Byt) 25 (Byo) —> ... —> (B1)' —> (By)'

B~ ) o B - (B - ()

Proposition 2.29. We have the following commutation relations:

(1) () or;=iro ()
@) () ori=ro(-)
(3) () oir=rio(-)
@) () olr=rio ().

Proof. It follows directly from the definitions of the transposition and the reflection morphisms. O

2.4. Affineness of Decorated Double Bott—Samelson Cells

Theorem 2.30. Both Coan(A) and Coan (Aﬁfc) are affine varieties. In particular, Coan (A) is the

nonvanishing locus of a single function; hence, it is smooth.
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Proof. Because reflection maps are biregular, it suffices to prove the theorem for the cases when
b = e. By Corollary 2.13 every element in Conf¢(.A) admits a unique representative that takes the

form
Us
B B u_t
0 S i 1 S i N in
Let us rebuild the above picture by starting with the right edge Uy —— U_¢ , which is parametrised

by the maximal torus T. We find B,,_; that is s;, away from B_. By Corollary A.7, the space of B,,_; is
parametrised by A!. Then we proceed to find B,,_, that is s;, _, away from B,,_; and so on until arriving
at Bp. The parameter space is isomorphic to T X A". Let us propagate the decoration from U_¢ to By
such that every (Ag, Ax—1) is compatible:

Us

Ao e Ay U_t
S[] Siz " Sin

Finally, we require that (Ag,U,) is in general position. By Theorem 2.7 and Remark 2.8, it is
equivalent to the common nonvanishing locus of a finite collection of regular functions on T X A", which
is equivalent to a single nonvanishing locus of the product of these regular functions. This concludes
the proof of the affineness and the nonvanishing locus nature of Conf?, (A).

The space Conf? (.Aﬁrc) can be realised as a subvariety of Conf?; (As) by imposing the condition
that (U, U_t) and (U, Ag) in the previous picture are pinnings. By Corollary 2.13, it is equivalent to

setting certain regular functions to be 1, which implies the affineness of Conf? (AEL) O

3. Cluster Structures on Double Bott—Samelson Cells
3.1. Triangulations, String Diagrams and Seeds

In this section we construct seeds that define the cluster structures on double Bott—Samelson cells. The
general definition of a seed can be found in the Appendix. Our main tool is the amalgamation procedure
introduced by Fock and Goncharov [FGO6].

We start with the definition of a triangulation.

Definition 3.1. Let (b, d) be a pair of positive braids. A triangulation associated to (b, d) is a trapezoid
with bases of lengths m = [(b) and n = [(d) together with

(1) a word i of b whose letters label the unit intervals along the top base of the trapezoid;

(2) aword j of d whose letters label the unit intervals along the bottom base of the trapezoid;

(3) acollection of line segments called diagonals, each of which connects a marked point on the top to
a marked point on the bottom and they divide the trapezoid into triangles.
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Example 3.2. Below is a triangulation associated to the pair of positive braids (515253, 5351515352).

S1 52 S3

53 S1 S1 53 52
Proposition 3.3. Any two triangulations associated to the positive braids (b, d) can be transformed
into one another via a sequence of moves of the following types:

(1) flipping a diagonal within a quadrilateral;
(2) changing the labelling of the unit intervals along the bases locally according to a braid relation.

The construction of seeds involves one more combinatorial gadget called a string diagram, which is
obtained from a triangulation as follows:

(1) Lay down 7 horizontal lines across the trapezoid; call the ith line from the top the ith level.

(2) For each triangle of the form A we put a node labeled by i on the ith level within the triangle.
Si
Si

(3) For each triangle of the form ; ; we put a node labeled by —i on the ith level within the

triangle.
(4) The nodes cut the horizontal lines into line segments called strings. Strings with nodes at both ends
are called closed strings. The remaining strings are called open strings.

Example 3.4. The blue diagram below is the string diagram associated to the triangulation in Example
32withr=3and!/ = 1.

S1 52 S3
It level AN
2nd level -2 2
3rd level 3 -3 3
4th level / \ \
- 53 s1 - s1 53 52 -

Notation 3.5. We introduce two ways to denote strings in a string diagram: either by a lowercase Latin
letter starting from a, b, c, . . ., or by a symbol (;) with1 <i < 7and j =0,1,2,.... The symbol (;)
indicates that it is the (j + 1)th string on the ith level counting from the left.

A seed s consists of a finite set I of vertices, a subset I'" c I of unfrozen vertices, an I x I
matrix € called the exchange matrix and a collection of positive integers {d,},e; called multipliers.
The entries of € are integers unless they are in the submatrix (I\7'") x (7\I'f). We further require
that ged (d,) = 1 and €, := eubdgl are skew-symmetric. This requirement resembles the data of the
extended generalised symmetrisable Cartan matrix: the 7 X 7 matrix C is equipped with an integral
diagonal matrix D = diag (Dy,...,D;, 1,...,1) such that gcd (D;) = 1 and D !Cis symmetric.

Now we associate a seed to every string diagram (and hence to every triangulation). Let I be the set
of strings and let 1°f be the subset of closed strings. For a string a on the ith level we set d,, := D; for
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1 <i<randd, :=1ifi > r. The exchange matrix € is

€= Z e,

nodes n

The matrix €™ is defined below for n labelled by 1 < i < r. If n is labelled by —i, then € is defined
in the same way except that its entries are given by the opposite numbers.

o Let a and b be the two strings on the ith level with the node 7 as an endpoint as below:

a b

Then we define

(n) _ __(n) _
€ = € =-1.

o Let ¢ be a string on the jth level that intersects with the triangle that contains n. We set

_ _ m _ Cij

C.:
61(1’:') = —6;(,? %, EL(-Z) ="C%» T 5

o The remaining entries are 0.

Remark 3.6. Although €™ have entries with denominator 2, when we sum up all nodes n, the entries
of the resulting matrix € are all integers except for those between two open strings.

When we perform the moves in Proposition 3.3, the corresponding mutations of string diagrams and
seeds are described in the following proposition. Its proof is a direct combinatorial check and will be
skipped. See [FG06, Theorem 3.15].

Sj
Proposition 3.7. (1a) Ifwe flip a diagonal inside a quadrilateral withi # j, the corresponding
Si
nodes in the string diagram on different levels will slide across each other and the seed remains the same.
Si Si
(1b) If we flip a diagonal inside a quadrilateral — , the corresponding
Si Si

two adjacent nodes in the string diagram are switched and the seed is mutated at the vertex corresponding
to the closed string between these two nodes.

l‘l(l 7
«— S

. a . — . a . and
i —i —i i

(2) If we perform a braid move to the labelling of the intervals along one of the bases of the trapezoid,
depending on whether it is of Dynkin type A1 X Ay, Ay, By or Ga, the corresponding string diagram
undergoes changes as described case by case below and the corresponding seed undergoes a sequence
of mutations. We will only depict the cases where a braid move takes place along the bottom base of the
trapezoid; the top base cases are completely analogous.

https://doi.org/10.1017/fms.2021.59 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2021.59

Forum of Mathematics, Sigma 21

o G;; = Cj; = 0: corresponding nodes slide across each other and the seed remains the same.

A Al
Si Sj S Si

o Cij = le' =-1:

—>
Si S Si S Si Sj
a .
1 1 1
—>
J J J
a
/Ja 7
S¢S
o} Cij =-2 andel- =-1:
—>
Si S Si Sj S Si S Si
a . a
1 l 1 1
—>
J b J J b J

Ha Hb Ha ’
S %k ¢ kx ¢ §

o Cij =-3 ande,- =-1:

.m m.
Si S Si S Si S S Si S Si S Si

Hd Hc Hb Ha Hd Hb Hd Hc Ha Hd ,
S k6> %k 6> %k 6> %k 6> %k > %k 6> k ¢ %k > x ¢« §

The picture at the end of Section 2 shows that on the combinatorial level the transposition map
rotates the trapezoid by 180 degrees. The rotation gives rise to a bijection between the triangulations
associated to (b,d) and to (d,b). Correspondingly, there is a bijection between the string diagrams, given
by a horizontal flip plus a change of sign for every node.
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Example 3.8. Below are the bijections between triangulations and between string diagrams. Within the
two triangulations we point out a pair of corresponding triangles and within the two string diagrams we
point out a pair of corresponding strings.

S1 52 $3
- 53 S - S 53 52 -
)
kY 53 S S1 83
53 52 i 51
Istleve] —mMM@@@M@ 1 — 1 — -1
2nd level -2 2
3rd level 3 -3—3
4th level
)
1st level 1—-1—-1
2nd level -2 2
3rdlevel —— -3 — 3 -3
4th level

Proposition 3.9. Transposition induces a seed isomorphism.

Proof. Note that the local exchange matrix € is invariant under a simultaneous flip of the strings and
changing sign of the nodes. The proposition follows. O

It will be proved in later sections that the transposition also induces cluster isomorphisms between
the associated cluster ensembles.

3.2. Cluster Poisson Structure on Confﬁ (Ax) and Coan(B)

In this section we associate a coordinate chart of Coan (Aaq) to every seed s obtained from a triangula-
tion. We show that these coordinate charts are related by the cluster Poisson mutations corresponding to
the seed mutations in Proposition 3.7, equipping Coan (Aag) with a natural cluster Poisson structure.
The space Coan(B) inherits a cluster Poisson structure from that of Conffl (Aaq) via the projection
Coan (Ax) — Coan(B).
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Recall that points in Coan (Aag) are configurations of flags of the following form:

AO 5y Bl Sip BZ Bm—l Sim B™

Bo o B; 5 B, e Bi-1 i A,
When we draw certain diagonals on the trapezoid to make a triangulation, we can view each of the
extra diagonals as imposing a general position condition on the underlying undecorated flags it connects.
The coordinate system we construct will depend on a choice of such triangulation.

By Corollary 2.14 we know that the left edge B A? is equivalent to a pinning and by Lemma
2.13 we may use the G-action to move the whole configuration to a unique representative with By = B_
and A” = U,. We call such a unique representative the special representative and we will use it heavily
for the discussion below. Note that in this particular representative, the underlying undecorated flag of
A? is B,. The key lemma to define the cluster Poisson coordinates is the following.

Lemma 3.10. Fix the special representative with A° = U, and By = B_. One can associate a unique
Si

unipotent element e_;(p) to each triangle of the form ; ; and a unique unipotent element e;(q)

B! in the

to each triangle of the form A with p,q # 0, such that for any diagonal By

Si

triangulation (including the rightmost edge B, —— B™),
B! = xB, .
Bk xB_

where x is the product of unipotent elements e_;(p) and e;(q) are associated to triangles to the left of
the diagonal according to their order from left to right on the triangulation.

Example 3.11. Let us convey the meaning of the above lemma in a concrete example. Consider the
following triangulation. Suppose we have fixed the special representative with A = U, and By = B_.
Then the lemma claims that there exist unique unipotent elements e_;(p) and e;(g) associated to the
triangles (with p, g # 0), such that any pair of undecorated flags connected by a diagonal can be obtained
by moving the pair (B_, B,) by a group element that is the product of those unipotent elements to the
left of that diagonal.

Us B! B3

e_1 (p1)N\e=2(p2) | e-3(p3)
e3(q1) | e1(q2) “_e1(q3) e3(qs) | e2(gs)

B_ 2 B» B4 5 A5
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B! xB, B3 yB,
For example, = with x = e3(q1)e; (q2)e1 (g3)e-1 (p1), and = with y =

Bs xB_ B4 yB_
e3(q1) e1(q2) e1(q3) e—1 (p1) e—2 (p2) e—3 (p3) €3 (qa).

Proof of Lemma 3.10. Let us first look at the leftmost triangle. Without loss of generality, we may
assume that it is of the following shape (the upside-down case is similar):

B+—.>Bl

\/

We would like to show that B! = e_;(p)B, for some unique p # 0. Suppose that B; = xB,. Then
from B_ xB, we know that x is Gaussian decomposable; that is, x = [x]-[x]o[x]+. In particular,
xB, = [x]-B,, so without loss of generality we may replace x by [x]- and assume that x € U_. Now
the top edge also tells us that x € B,s;B,. But U_ N B,s;B. = U_; = {e_;(p)} = A},. This shows that
x = e_;(p) for some p and we know that p # 0 because B; # B,. Also note that for different values of
p, e_i(p)B, are distinct flags. Therefore, B! = e_;(p)B, for some unique p # 0.

Now we move on to the next triangle. But instead of doing a new argument, we can move the whole
configuration by e_;(—p) so that B! becomes B, and then repeat the same argument above. To be more
precise, let us suppose that the second triangle looks like the following:

B, —> e_i(p)B, e-i(~p)By - B,
move the whole
\ / \ ~» configuration ~» \ / \
bye_;(—-p)
_4>Bl —4’91( P)B1

Then by applying the same argument to the second triangle, we get e_;(—p)B; = e;(g)B_ and hence

Bi =e-i(ple;(q)B-.
We can repeat the argument again for the third triangle by first moving the special representative

by (e—i(p)e j(q))_1 and similarly for the fourth triangle and so on. Each step will produce a unique
unipotent element as required by the lemma. O

Definition 3.12. The nonzero numbers p; and g; are called Lusztig factorisation coordinates.

From the construction of G,q (see Appendix A.l for more details), we have a basis {wlv}lrz 1 for the
cocharacter lattice of the maximal torus T,q and we can factor the unipotent elements e¢; (¢) and e_; (p) as

ei(q) =q%eiqg™®  and  e_i(p)=p e p“i.

Therefore, instead of multiplying the unipotent group elements e_; (p) and e; (¢) according to their
order in the triangulation, we can split each of these unipotent group elements into three factors and
associate them to different parts of the corresponding string diagram. More precisely, we associate the
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maximal torus elements with strings and associate e.; with the nodes =+i.
Si

~wei(p) €-i

~w o eq(q) e

§i

We then make the following observation. To a closed string a on the ith level there are two maximal
torus elements attached, one at each end; we can multiply them and get a maximal torus element of the

form X" . To an open string a on the ith level on the left s1de of the string diagram there is one maximal

torus element attached and we can put it in the form Xa . Note that these numbers X, are ratios of
Lusztig factorisation coordinates and hence they are nonzero.
Moreover, any ordered product of unipotent group elements on the triangulation diagram is equal

to an ordered product of maximal torus elements of the form X, @i associated to the strings and the
Chevalley generators e.; associated to the nodes within the correspondmg part of the string diagram,
according to their order on the string diagram. Note that because X« e +j = exjX @ whenever i # J,
ambiguous ordering between factors on different levels does not affect the outcome of the products.
However, the Lusztig factorisation coordinates are not enough to define the cluster Poisson coordi-
nates. After finding all of the Lusztig factorisation coordinates, we can multiply all of the unipotent
elements associated to the triangles together according to the order of the triangulation and get a group

B™ 8B4

element g, and by Lemma 3.10, the rightmost edge of the special representative is

= . Because

B, gB_
A, is a decoration over B,, = gB_, there must be some ¢ € T,q such that A, = u_s! g’l. Furthermore,
because { V}F is a basis for the cocharacter lattice of T,q, we can write t = ]—If | tw"v fort; € G,
Now for an open string a on the ith level on the right side of the string dlagram there may be

one maximal torus element coming from its left endpoint, which we can write as r, ¥ We then define
X, =r;t; € Gy, to be the number we associate to this open string a.

Definition 3.13. We call the numbers X, the cluster Poisson coordinates associated to the seed (string
diagram/triangulation) on Coan (Aaq)-

Example 3.14. Let us demonstrate the construction of the cluster Poisson coordinates associated to the
triangulation in Example 3.11. Remember that we have r =3 and / = 1.

AO 51 Bl 52 BZ 53 B3
P1 p2 p3
q2 q3 q4 qs
Bo 3 B, 5 B, 5 B3 5 B4 5 As

The string diagram of this triangulation is glven 1n Example 3.4. By factoring the unipotent group

elements and taking in the extra factor of t = [, ¢, r 1nduced by the decoration A,,, we get the following
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group elements associated to strings and nodes of the string diagram:

\

X X X X
(o) (M ) 3
1st el el e_1
X X2 X“’2v
®) 6 6]
2nd e_n %)
X< X< X< X<
) ) G ()
3rd e3 e_3 e3
wf
4th ©
where
1
Xy = X = X = Xy =pin
0 92 ) qap 3
1 X = X2y =2
X = P2 (}) ~Ph2as () ~¢s
1 13
@) = X0 = X@) =pada X0 0
X(g) =ta-

Note that we can recover all of the Lusztig factorisation coordinates from the cluster Poisson coordi-
nates and hence we can determine all of the underlying undecorated flags in the special representative

AY A,
with = using the cluster Poisson coordinates.
BO B_

Recall that the transposition map induces a natural bijection between string diagrams of (b, d) and
string diagrams of (d°, b°) and a natural bijection between strings inside the two corresponding string
diagrams, as well as a seed isomorphism between the associated seeds. Now we would like to lift such
correspondence to the level of cluster Poisson coordinate charts.

Proposition 3.15. Let (X,) and (X],) be the cluster Poisson coordinate charts associated to two

corresponding string diagrams under transposition. Then under the transposition morphism t

Coan (Au) — Conf}”)lo (Aaa), X, = X,

Proof. Because cluster Poisson coordinates are computed using Lusztig factorisation coordinates, let us

first take a look at how transposition changes Lusztig factorisation coordinates. Let g be the group element
Vv

that is the ordered product of the unipotent elements associated to the triangles and let = Hle tlfuf be
the maximal torus element used to make A, = U_t"!g~!. Without loss of generality, we may assume
that the last triangle in the special representative is of the following form:

/. m\

gei(-q)B. —— U_r'g™!

https://doi.org/10.1017/fms.2021.59 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2021.59

Forum of Mathematics, Sigma 27

tg!
Then under transposition, this triangle is mapped to the following triangle (here ~%> means move the
whole configuration by rg"):

5
'y, 2 Be. i(-q)g' , U, — Bye_i(—g)t™!

B_
U+—>e i(qt; B,

VA

Therefore, the change of Lusztig factorisation coordinate for such configuration is g — qti_l. By similar
computations, it is not hard to find that under transposition, the Lusztig factorisation coordinates for
corresponding triangles in the two triangulations are related by

Si
transposition
—
Si
Si
transposition
—
Si

Because the cluster Poisson coordinates associated to the closed strings are of the form p/p, ¢q/q,
pq or (pq)~!, they do not change under transposition as a result of the formulas above.

Let a’ be an open string on the ith level on the left of the string diagram after transposition. Then a’
corresponds to an open string a on the ith level on the right of the string diagram before transposition.
If the right endpoint of a’ is a node i, then the left endpoint of a is a node —i. Let p be the Lusztig
factorisation coordinate associated to this node —i. From the construction of cluster Poisson coordinates
and the coordinate transformation formula for Lusztig factorisation coordinates above, we see that

(7"

Xy=pti =Xu.

On the other hand, if the right endpoint of a’ is a node —i, then the left endpoint of a is a node i. Let g
be the Lusztig coordinate associated to this node i. Then again we have

Xo=q'ti = Xu.

Because if we apply transposition twice we get back the identity map, it follows that #* X, = X, also
holds for open strings @’ on the right. This finishes the proof. O

Corollary 3.16. The cluster Poisson coordinates associated to closed strings are unchanged under a
change of decorations over B® and B,
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Proof. From the construction of cluster Poisson coordinates it is obvious that the ones associated to
closed strings are unaffected by a change of decoration on B,,. But then because the roles of B® and
B, are interchanged under transposition and the cluster Poisson coordinates remain unchanged under
transposition, we can deduce that the cluster Poisson coordinates associated to the closed strings are
unaffected by a change of decoration on B. O

This corollary shows that the subset of cluster Poisson coordinates associated to closed strings
actually descend to coordinates on Coan(B). We call these coordinates the cluster Poisson coordinates
on Coan(B) associated to the seed (string diagram/triangulation).

In order to justify the name ‘cluster Poisson coordinates’, we need to show that they actually
transform as cluster Poisson coordinates, which boils down to showing the cluster Poisson analogue of
Proposition 3.7.

Proposition 3.17.
(1) Ifi # j, then

Xc Xd Xc Xd

On the other hand, if we interchange two neighbouring nodes of opposite signs on the same level,

we get
X, X, X, X, X!
ith level —— —i i < i-level . —i <
«—>
Jth level J-level
Xa X/,
where

X, =X Xp (1+ X)), X} =X,
X, =X Xp (1+Xp)™', X, =Xa(1+Xp) %

(2) Ifwe perform a braid move to the string diagram, depending on whether it is of Dynkin type A1 X Ay,
Aj, By or Gy, the cluster Poisson coordinates transform according to the sequences of mutations
described in Proposition 3.7 (we will only depict the case where a braid move takes place among
nodes labelled by simple roots; the cases where they are labelled by opposite simple roots are
completely analogous).

o CijCji =0:
Xa . Xp Xa . Xp
- i i —
>
X{,‘ J Xd X(; / Xd
o} CijCji =-1:
Xa Xb . Xc X, Xé
1 1 1
“—>
J J J
X4 Xe X, x;, X,
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X, =X Xp (1+Xp)7",

X, =X, (1+Xp).

l l l l
“—>
J J— —J —J -
Xe Xb Xf Xe Xb Xf
where
1 1 Fp
X, =X, — X; = 2 X! =X.—
a an b XgXb a c cFa
’ ’ 2 ’ Fb
X, =X4F, X! =X, XX}, — X} =Xy Xp—
F
and
F,=1+Xp+X.Xp Fp=1+Xp+2X.Xp + X2X),.
o Cijj=-3andC;; = -1:
’ ’ /
Xe Xa | Xo | Xy X, X, X, X
— 1 l l l l I —
“—>
J J J = — J J
X, X X4 Xn Xé X! X:i X];
where
’ Fd ’ Fa ’ 1 Fg ’ FEFL
Xa =Xa g b =Xb X =i 7o Xg=Xe—>~
»Fe d XaX;XeXy Fa F3
F, 1 F,
X, = eF—‘ X} =Xy Fp X, :ijgxfxdng— X; =XaXn—2
a p F}
and

Fo=1+Xq+3XpXy+3X]Xq +3Xp X Xa + Xp Xa +2X; X Xa + X; X3 Xa
+2Xo X7 X Xa +2XaXp Xe Xa +2Xo Xy X2 Xa + X2 X X2 X4,

Fp =1+ Xq +2XpXa + X} Xa + Xp X Xa + Xa Xp X Xa

Fe =1+ X4 +3XpXq +3Xp Xa +3Xp X Xa + X; Xa +2X; X Xa + X; X2 Xy
+3X, X} X Xa +3Xa Xp Xe Xa +3Xo X3 X2 Xa +3X2X; X2 Xy

+X2X} X2 Xy
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Fq=1+2Xy+X5+6XpXaq+6X, X3 +6X} Xy + 15X X5 +3Xp X Xy + 3Xp X X5

+2X; X + 20X, X3+ 2X; X Xa + 12X, X X5 + 15X} X3 + 18X} X X3

+3X}X2X5 +6X, X5+ 12X, X X5 + 6X, X2 X5+ X0X7 +3X0 X X5

+3XEX2XS + XOX2X2 43X, X} X Xy + 3Xa X3 X X5+ 3Xa X; X Xu

+ 12X, X)X X3+ 18X Xp X X5 + 6X X2 X2 X5 + 12X, X; X X

+ 12X, X, X2X5 +3Xa X0 X X3+ 6Xo XpX2XS + 33X, X0 X2 X2 + 3X2 X} X2 X

+6X2X, X2X5 +3X2X0X2X5 +3X2XSX2XT + X2X0 X2 X3 (3.19)
The coordinate transformations in the last two cases are written in the form of the factorisa-

tion formula (A.17) and are obtained from the corresponding mutation sequences described in
Proposition 3.7.

Proof.

(1) The case where i # j follows from the Lie group identity e_;e; = e;e_;. The other case follows
from the Lie group identity

Xp wf 1 wf Cijw!
e X, (1+X) (e,.)(X—b) (e_ (1+X) 1_[(1+X) .

(2) The case C;; = C;; = 0 follows from the Lie group identity

€j€[ = e,-ej.
The case C;; = Cj; = —1 follows from the Lie group identity

wY o [ X 1\« o[ Xp \
eiXb’ejei:(1+Xb) i (1+Xb) (ej) (X_b (eiej)(l+Xb) ! 1+ X, '

The other two cases can be proved by a computer check and the technique of cluster folding. See
[FGO6, Section 3.6, 3.7]. m|

3.3. Cluster K, Structure on Confz (Asc) and Conffl (Agfc)

In this section we associate a coordinate chart of the decorated double Bott—Samelson cell Coan (Ase)
to every seed s obtained from a triangulation and show that these coordinate charts are related by cluster
K, mutations corresponding to the seed mutations stated in Proposition 3.7, equipping Coan (Age)
with a natural cluster K; structure. By restricting the cluster K, structure on Coan (Ase) to the framed

double Bott—Samelson cell Confz (Aﬁfc), we also obtain a cluster K, structure on the latter.

Take a point in Coan (Asc). We can propagate the decoration over BY horizontally across the top of
the trapezoid using Lemma 2.10, equipping each flag on the top base with a decoration so that every
adjacent pair is compatible. Similarly, we can do the same on the bottom base: propagating the decoration
over B, horizontally across the bottom and equipping each flag on the bottom base with a decoration.

Si

Al A? ... Al “ AM

Ao : A A . An_i A

Sy Sia Sjn

https://doi.org/10.1017/fms.2021.59 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2021.59

Forum of Mathematics, Sigma

Definition 3.20. Fix a triangulation and consider its corresponding string diagram and seed. Let a
be a string on the ith level in the string diagram (and hence a vertex in the corresponding seed).

Let A; A¥ bea diagonal in the triangulation that a intersects. Let us set

Ag = Ao, (A,,Ak).

For notation convenience we also adopt the shorthand A; ([, k) = A, (Al, Ak )

Because a string may cross many different diagonals, the first thing we need to check is the well-

defined-ness of A,.

Proposition 3.21. The functions A, are well defined.

Proof. 1t suffices to show that for a string a on the ith level that intersects both sides of a triangle, the
functions A, obtained by using each of the two sides of the triangle are equal. Without loss of generality,

we suppose that the triangle looks like the following (after fixing a representative), with 7 € Ty:

Sy
Uy — Al

a

ith level

By Lemma A.6, we know that A! = ¢;(p)5,U,. Then

A, (U_t,Al) = (te;(p)s;)“" = (te_j (p_l)pa}/ej (—p_l))wi = (tpalfy)wi =t

= Aw,— (U—t’ U+) )

w;
where (tp aj ) =t uses the assumption that i # j.
Corollary 3.22. For a triangle of either of the following forms

U, al
| AN
ith level / i \ ith level \—i/
Jjth level / a; \

Jjth level \aj/
Ut ——A

S u_

the underlying undecorated flag B associated to A is

~Cji
quti Aaj

B=exi| =14

+

where the + sign depends on the orientation of the triangle in the same way as the sign of the corre-

sponding node in the string diagram.
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Proof. We will only show the computation for the case on the right; the case on the left is completely
analogous. By comparison, we see that we need to act by 7 to move the triangle in the last proof into the
configuration stated in the corollary. Therefore,

B = rei(p)SiBy = ¢ (17 p) 5By = e; (17p™!) B

But then because A, =%, A, = t“ p and Ag; = t®i for any j # i, we have

—Cji —Ciiw;
[jwi Aq,™ T 7 5 6 1
= =1 Jj It Ip
ApA. plzwi

— t—(li -1

p . o

Proposition 3.23. An assignment of G,, values to all of the functions {A,} associated to a trian-
gulation recovers a point in Confz (Ase). As a corollary, these functions form a torus chart on

Conf’) (Ag).

Proof. The idea is to mimic the proof of Lemma 3.10 and use the unipotent elements given by Corollary
3.22 to construct the b-chain and the d-chain of decorated flags. Without loss of generality, we may
assume that the leftmost triangle is of the following shape:

A —— gl

\/

Then we can set Ag = U_ and A? = rU, with r := []’, ( ) Then by Corollary 3.22 we get
0

Hj#t )

B' = e_; (p) B, with p = W Then the compatibility condition requires that the decorated flag
"M

Al is given by e_;(p)rU, with r := ¢ (t""p)_"iv as a maximal torus element.

The rest proceeds similar to the proof of Lemma 3.10, with one slight caveat: when the triangles
switch orientation (between upward pointing and downward pointing), we need to move the whole
configuration by not just a unipotent element but a product of a unipotent element and a maximal
torus element so that we may continue to use Corollary 3.22. For example, suppose that the second
triangle looks like the picture on the left below. Then we need to move the whole configuration by

r~te_i(-p).

5
U, = e_i(p)ru,

s:
move the whole rle_i(=p)tU, — U
~>  configuration > \
by rle_i(=p) \
— *> B]

Ur*>r le_i(=p)B;

In the end we will get a b-chain and a d-chain of compatible decorated flags, with their initial flags and
terminal flags in general position. Then to get a point in Conf"; (Asc), we simply forget the decorations
everywhere except A® and A,,. O

Definition 3.24. We call the functions A, the cluster K, coordinates associated to the seed (string
diagram/triangulation) on Coan (Ase).
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Because the framed double Bott—Samelson cell Confz (Aﬁfc) has compatible decorated flags around

the perimeter, it can be seen as the subset of Coan (Asc) with all cluster K; coordinates associated to
open strings set to 1. It then follows that the cluster K; coordinates associated to closed strings restrict

to a set of coordinates on Coan (.Afrc), which we call the cluster Ky coordinates on Conffl (Afrc)

associated to the seed (string diagram/triangulation).

In order to justify the name ‘cluster K, coordinates’, we need to show that they actually transform as
cluster K, coordinates.

Proposition 3.25.
(1) Ifi # j, then

Aa Ab Aa Ab

Al A A T

On the other hand, if we interchange two neighbouring nodes of opposite signs on the same level,

we get
A A A A A, A
ith level —%— —i =0 ; ¢ ith level —2— i — " _; ~¢
“—>
jth level Jth level
Aj Aj
where
’r_ 1 —Cji
A= AaAC+gAJ.

(2) Ifwe perform a braid move to the string diagram, depending on whether it is of Dynkin type A} X Ay,
As, By or Gy, the cluster Poisson coordinates transform according to the sequences of mutations
described in Proposition 3.7 (we will only depict the case where a braid move takes place among
nodes labelled by simple roots; the cases where they are labelled by opposite simple roots are
completely analogous).

o CijCji =0:
Aa . Ab Aa . Ab
I — 1
“—>
A A, A, A,
o CijCji =-1:
Aa Ab ) AC Aa . AL
1 1 1
—>
J —J J—
Ag A, Ay Ay e
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where

L,
Ap = = (AgAo+ AcAy) .

A, A, Ay A, Al Ay
i i i i
“—>
A, A, Ay A Ta T
where
AdAs AcAs
Al = 4, Fo, and A, = , Fy

and F, and Fy, are the polynomials in Equation (3.18) with the substitution X; = []; Af K where
€ is the exchange matrix associated to the seed on the left.
o Cij = -3 and le' =-1:

Ae Aa Ab Af Ae . Al Ab Af
— i i i i P —
«—>
J J J — —J J J
Ag A Ag Ap Ag Al A’ Ay
where

, AgAp ,  ApAp ,  AgAp . . AAL
Al = Al = F Al = B Al = F
a Ay a b Ay b c Ay d Af d

and F,, Fy, F., F; are the polynomials in Equation (3.19) with the substitution X; = [, A;"l
where € is the exchange matrix associated to the seed on the left.

The coordinate transformations in the last two cases are written in the form of the factorisation
formula (A.16).

Proof.

(1) The case where i # j is clear from the definition of cluster K, coordinates. For the other case, we
can use Corollary 3.22 to recover the local configuration of decorated flags.

—Ci;
I_I~ AL v . a ¥
J#I a’ a’ Si i J
e[~ AT [TaY U, s A [ A7 0
AqAp e j#i
~Cji
a’ a H]ilA] —a) —aV
U Tl [ A% e - g [ 4
S L O D ApAc b 117
J#i J#i
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By using the Lie group identity e;(g)t = te; (1~ % ¢q), we can simplify the bottom right decorated

a’
flag as U_ (2—;) e (—%). Now we want to flip the diagonal and compute A, along this new

diagonal. Note that

v —Cji
Ao\ Ap [T Aj ' @) oV
(&) (el A T

v

v —-Cj; i
A\ M4~ aV v
= (_C) e i1+ =] e )AT HA;’J

Ap AdAc %
1 —Cji “ af
=ei() | 4= AgAc+ ] 477 [JENGIED!
J#i J#i

Therefore, it follows that A} = t (AaAc + 1w A;.Cj ‘

(2) The case C;; = C;; = 0 is clear from the definition of cluster K, coordinates. For the case
Cij = C;; = —1, we again use the computation in the proof of Proposition 3.21 to recover the local
configuration of decorated flags from the string diagram on the left as follows (to save space we
write the diagram sideways):

uAg A [ AL U

Si

—Ckj —Cp.:
K o Aalisij A
! AqAp

-C; ~Crj ~Cri
U AaiVAn} l—[ Aa;\{e' _Ac ki A ik .. A Tz A / . _Aa ki Ay ki
_Ae e s K €i ApAe j AgA. i ALAL

Similarly, from the string diagram on the right we have the following configuration of
decorated flags:
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Us

—Cr i
oY Y oY Aairij Ay
U—AalAQJ II Akkej _ ,‘

k#i.j ApAd

—Cy.; —Crj
VooV v A Tlesi i A, K AgTpsi i A,
@ Y U . b Hk#i,j 2y . a llk+i,j 2
U_AC’Ab |_Ak el(— ej|- A'bAd

v oV v Ae Tisi ALK A Tl ALK Aa w1 A,KT
U_AYT AT H ATk | L€ k#i,j O Y k#i,j O el =22 k#i,j g
e me LT AL Ae ' AaAc ! Ay Ay

By the uniqueness part of Lemma 2.11, it suffices to show that the last decorated flags from the two
diagrams are equal, which boils down to showing that

—Cp:
Ap [rzi,j Ay “)
- i

—Cry
Ae iz j A" )
LA Y

Aa ks, AL )

“ ApAc Agh, AaAp
—Cr; ’ —Cki —Cu;j
=e; _AL‘ Hk#i,f Ay Y ) _Ab Hk#,j Ay ) ) _A“ Hk#i,f Ay Y
! A A, ' AgAc ! Al Ag '

But this is precisely the Lie group identity

q293 q1492
e-(l)e-(z>e-(3)=e<( )e-<1+ 3)e~(—).
i\qi)e;jlqz)ei\q J g1 +q3 i\g1t4g3)e; 71+ a3

The proof for the other two cases can be found in [GS19, Section 7.6] here O

From the proof of case 1 above we also deduce the following identity, which is useful in the next
section.

Si

Corollary 3.26. Suppose that G = Gg. and Ak ——= A1 and A, —s Ai+1 are compatible pairs
that are part of a decorated double Bott—Samelson cell. Then

Aj(l+1,k)A,~(l,k+1)—A,~(l,k)A,~(l+1,k+1)=HAJ-(*,*)‘CJ"',
J#

where (x,*) means either of (1, k), (I,k+1), ({+1,k)and (I +1,k +1).
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Proof. First we observe that both sides of the equation are regular functions on the decorated double
Bott—Samelson cell and therefore it suffices to show the equality with four extra open conditions:

5
Ak ot Ak+

A — Ars1
o1

But then this reduces to the identity
’ -Cji
Al Ap — AgAc = ]_[ A;
J#i
in case 1 of the last proposition. O
Lastly, let us investigate how the cluster K, coordinates transform under the transposition morphism.

Proposition 3.27. Let (A,) and (A},) be the cluster K, coordinate charts associated to two correspond-
ing string diagrams under transposition. Then under the transposition morphism t : Conffl (Ase) —
Confl (Aa), 1* Al = Aq.

Proof. It follows from Lemma 2.6. m}

3.4. Coordinate Rings as Upper Cluster Algebras

Decorated Bott—Samelson cells are affine. In this section we show that their coordinate rings are
0 (Conffl (.ASC)) = up (MS) and O (Confz (Aad)) = up (.El"fl’) ,

where up (5275 ) is the upper cluster algebra arising from the family of mutation equivalent seeds
associated to (b, d) and up (&” é’ ) is the corresponding cluster Poisson algebra.

Let us start with the first claim. We simplify the notation and write O (Conff, (ASC)) as (’)Z.

Lemma 3.28. The ring (’)Z is a unique factorisation domain (UFD).

Proof. The proof of Theorem 2.30 shows that OZ is the nonvanishing locus of some function on Tx A",
which is also the nonvanishing locus of some function on AN for N = n + dim T. Note that O(AN) is a
polynomial ring. The ring OZ is a localisation of O(AN) and therefore is a UFD. O

Lemma 3.29. The vanishing locus {A. = 0} in Confz (Ase) associated with any closed string c is of
codimension 1.

Proof. Fix a triangulation containing c as a closed string. Suppose that ¢ is on the ith level. We assign
a Tits codistance s; to a diagonal in the triangulation if this diagonal intersects ¢ and assign a Tits
codistance e otherwise. Because c is a closed string, the leftmost and the rightmost diagonals (the two
slanted sides of the trapezoid) must be assigned with Tits codistance e. Therefore, this configuration
describes a subset W, of Coan (Asc). We claim that W, is of codimension 1 within Coan (Asc) and
W, c {A. = 0}. Note that the lemma follows from this claim.

Let us compute the dimension of W,.. Without loss of generality, we can fix the leftmost pair of

flags A —— B for any point in W,. to be U, —— B, which exhausts the diagonal G-action on the
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configuration of flags. By Proposition A.8, we see that for most triangles in the triangulation, under the
Tits codistance assignment, each of them contributes a G,,, factor of W,; the only exceptions are the two
triangles containing the endpoints of ¢ and they contribute a {*}-factor and a A'-factor, respectively.
In the end, there is also another decoration over the last flag of the bottom chain, which gives rise to a
dim T-factor of W... In conclusion, this shows that

W, = Gir(lb)+l(d)—2 > Al xT,

where [(b) and [(d) are the lengths of the positive braids b and d. On the other hand, we recall from
Theorem 2.30 that

dim Conf’) (As) = dim T + () +1(d).
Therefore, W,. is indeed of codimension 1.

To see that W, c {A. = 0}, consider the triangle containing the left endpoint of the closed string c.
Suppose that the triangle is of the following form:

Ak

Si

ith level I c

Aj s Ajei
1

By using the G-action, we may assume without loss of generality that AX = rU, and A ; = U_. Then
Aj1 must be U_s;. Therefore,

Ac = Ay, (?i) = 0.

This shows that W, c {A. = 0}. The case with an upside-down triangle can be proved in a similar
way. ]

Fix a triangulation for Coan (Agc). Take the very first triangle on the left and consider the corre-
sponding node in the string diagram; let a be the closed string on the right of this node and suppose that
a is on the ith level. Its associated cluster variable A, is a regular function on Coan (Ase).

AO N 0 _" i 1 .
. . a A - A F
lgll EVZ% ! ith level - ‘
Jihlev Jjthlevel
AO T) A1 PN AO — e

Lemma 3.30. The function A, is an irreducible element of OZ.

Proof. Let us prove the case of the picture on the right; the case of the picture on the left is completely
analogous. Without loss of generality, we set A’ = rU, and Ay = U_. From Corollary 3.22 we know that

if we impose the general position condition B! ——— B_ , then

B 1Y A, =B
=ej| =——— | siB+
VI VRV b
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t“i A,
jril G
space of all of the flags that are of Tits distance s; away from B,, which is isomorphic to A!. Because
t“i and t“/ (the frozen cluster K, variables) are never zero on Conf’ Z (Asc) by definition, it follows that
A, also parametrises the A' moduli space of flags. Recall from the proof of Theorem 2.30 that such a
parameter is precisely one of the generators of the polynomial ring O(A"). Hence, A, is a unit or an
irreducible element in OZ. However, A, cannot be a unit, because by Lemma 3.29, its vanishing locus

{A, = 0} is nonempty and of codimension 1. Therefore, A, must be an irreducible element. O

On the other hand, we know from Lemma A.6 that the argument parametrises the moduli

Next we will use an induction to prove that all nonfrozen cluster K, coordinates associated to the fixed
triangulation are irreducible elements of OZ. Because triangles in a triangulation possess a well-defined
ordering from left to right, by associating each closed string c to the triangle corresponding to its left
node, we get an ordering < on the closed strings. We will perform an induction according to this order.

Let ¢ be a closed string on the jth level. Let b’ be the positive braid that is the remaining part of the
word for b after deleting all of the letters occurring before the triangle corresponding to the left node of
the closed string ¢ and let d” be the positive braid that is the remaining part of the word for d after deleting
all of the letters occurring before the triangle corresponding to the left node of the closed string c.

b/
AO cee Ak “e Am
. c
J
Ao e A e Arv1 e A,
bj
d/

A% Then as algebras,

Lemma 3.31. Let S be the set of strings that crosses the diagonal A;
1 ,
o [—} = C[A® ® O

d He<c Ae [ e]e<cc d

Proof. The statement of the proposition is equivalent to the geometric statement that the distinguished
open subset (nonvanishing locus) Upy,_ 4, of Coan (Ajc) is biregularly isomorphic to a fibre product

T<c 7)5 Coan: (Agc) where T, is a torus with coordinates {A,},.. and Ty is a torus with coordinates
S
{A f } fes' Note that given a point in Uyy,__ 4, We automatically get a point in 7<. using the coordinates

{A.}.<. and a point in Coani (Asc) by taking the decorated flags in the truncated part corresponding to
the shape (b’, d”) and they are mapped to the same point in the torus T because they both have {A f } as

nonzero coordinate functions. On the other hand, given a point in the fibre product 7. %( Coan; (Ase)
S

we can recover a point in Upy,__ 4, by building some extra decorated flags upon the configuration in

Coanﬁ (Asc) using the nonzero functions {A.},... These two morphisms are obviously regular and

inverses of each other; therefore, Up,_. A, = T<c 7>5 Conff,, (Asc) and the original statement follows
S

immediately. O

Now we are ready to give the proof of the general statement.

Proposition 3.32. A, are irreducible elements in Og for all closed strings c.
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Proof. We will do an induction based on the order < on closed strings. Lemma 3.30 takes care of the
base case. Now inductively suppose that A, are irreducible for all closed strings e < ¢. By Lemma 3.30
we know that A, is an irreducible element of OP. Then A = 1 ® A, is also an irreducible element

inC [Aj]e<c ® OZ: = OZ [ﬁ] (which is a UFD as well because it is a localisation of a
c [A} J_f €S
UFD). This means that the factorisation of A, in OZ must be of the form

A.=F ]_[ Ale (3.33)

e<c

for some irreducible element F. Now to prove that A, is indeed irreducible in O%, it suffices to prove
thatn, =0 forall e < c.

For each e < ¢, consider the subset W, associated with the closed string e as constructed in the
proof of Lemma 3.29. We claim that W, c {A. = 0 but A, # 0}. If the left endpoint of ¢ lies on the
right of the right endpoint of e, then the claim is obvious because any diagonal crossing c is assigned
with a general position condition. On the other hand, if the left endpoint of c lies on the left of the right
endpoint of e, we consider the triangle containing the left endpoint of e. Note that in this case, the level
of ¢ must be distinct from the level of e. By symmetry, let us assume that it looks like the following:

Ak
e
ith level
. Si . Si
Jjth level b -
A ———— A

J

By using the G-action, we can fix Ak =5;tU, forsome t € T, A; = U_ and Ay = Ujje_j (q) for some
q # 0. Because i # j, we have

A, = ij (?je_jE[lU+) = ij (qnj (s; (1)) Ei) # 0.

This shows that W, c {A, =0but A. # 0}, which implies that {A, = 0 but A. # 0} is nonempty.
Therefore, we can conclude that n, = 0 in (3.33). m|

Now because A, associated to closed strings are all irreducible elements in (’)Z, their vanishing loci
D. := {A. = 0} are all irreducible divisors. Furthermore, we deduce the following corollary from the
proposition above.

Corollary 3.34. For any two distinct closed strings ¢ and e, codim (D, N D.) > 2 in Confz (Ase) and
ordp A, =0.

Proof. First note that the codimension statement follows from the order statement. This is because
ordp_A. = 0 implies that A, is invertible along D, and hence D, \ D, is open in D; but then because
D, and D, are both irreducible, this is equivalent to codim (D, N D.) > 2.

To compute the order of A, along D, note that ordp_A, > 0 because A, is a regular function on
Coan (Asc)- On the other hand, ordp_A, > 0 implies that A, is a multiple of A., which is impossible,
as we saw from the proof of last proposition. O

Our strategy to show that (’)Z > up (&i fi’ ) is analogous to Berenstein, Fomin and Zelevinsky’s proof
that the coordinate ring of double Bruhat cells is an upper cluster algebra, which relies on the following
theorem.

Theorem 3.35 ([BFZ05], Corollary 1.9). Fix an initial seed sy and let Ay := {A,} be the corresponding
initial Ky cluster. Let A be the Ky cluster obtained from A via a single mutation in the direction of c.
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If the restriction of the exchange matrix €.,
equal to the intersection

Jutse is full-ranked, then upper cluster algebra up(.A) is

C[Az]n () C[AE] ¢ Frac(C[Ac).

¢ nonfrozen

In geometric terms, the full-rank condition on €| jury; is equivalent to saying that the canonical
map p : Ty, — Tz-uf;sgf is surjective (see Appendix A.2 for definition) and the intersection of
Laurent polynomial rings is precisely the coordinate ring of the union of the corresponding seed tori
Spec C [A%] U U, Spec C [Af].

Going back to the decorated double Bott—Samelson cell Coan (Asc), because we are free to choose
any seed in the mutation equivalent family as the initial seed, for the sake of simplicity let us fix our

initial seed to be one that is associated to a triangulation in which all triangles of the form A

come before triangles of the form ; ; ; that is, a triangulation that looks like the following:

S

Note that any closed string ¢ in the corresponding string diagram lies in a part that is of one of the
following three forms:

A()
C
l l
Ak-1 5 Ak e A 5 A
Si
AO cee Al Al+l
C .
1 —1
(3.36)
Ak-1 5 Ak e Ay
Si Si
Ar-1 Ak e A Al
—i c —i
AO
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The following lemma is essentially equivalent to Zelevinsky’s result on double Bruhat cells [Zel00,
Lemma 3.1 (4)]. But because the decorated flag language we use is significantly different from what is
in his proof, we rephrase his proofs below for the purpose of completeness.

Lemma 3.37. For a triangulation chosen as above and any closed string c in the corresponding string

diagram, the once-mutated cluster Ky variable A}, (as an element in Frac ((’)Z) a priori) belongs to OZ

and Confz (Asc) contains the seed torus Spec C [A:—']

Proof. Let us consider the top case first.

A0
hth level h
ith level z i < i b
Jjth level g b
Ak 5 Ak A 5; Al

Let S denote the set of indices j whose corresponding simple reflections s; occur between the two s;.
Let [; and r; denote the strings on level j going across the triangles corresponding to these two s;. Then
the cluster K, mutation formula says that

’ _ 1 —Cji —Cji
Ai= - Aal_[A,j +Abl_[Alj
Jjes Jjes

as a rational function on Confg (Asc). Note that A, is obviously regular outside of the divisor D..
Along the divisor D, we need to do a small trick. Recall from Corollary 3.34 that

orchAwh (Ak,AO) =0

forall 2 # i. Letus multiply both sides of the cluster K, mutation formula by the product [ ,¢su (i} A;lo'”' .

Now fix a decorated flag A~! such that A~' —= A® is a compatible pair and A_; A~ are in
general position (not necessarily compatible). Such a decorated flag exists because the decorated double
A—l L} A()
Bott—Samelson cell associated to the triangle \ / is not empty. Then Corollary 3.26
A
implies that

, . 1
AL [T A% = (A (A 1+ 1. -1 Ay (1.0) = Ay (L= A (14 1,0))
heSU{i} ¢
+Ap (Ar (k=) Ay (k = 1,0) = A; (k= 1,=1) A; (k,0)))
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1
= (AgA; (I +1,-1) Ac = AgA; (1, -1) Ay

+ApA; (k,—1) Ag = ApA; (k= 1,-1) Ac)
=A A (L+1,-1) = ApA; (k—1,-1).
The last equality was due to the fact that A; (I,—1) = A; (k, —1) because there is no more s; between
the two s;. Therefore, we conclude that®
AN (L+1,-1) = ApA; (k= 1,-1)

A/
_Cli
[Thegsugiy A, "

c

(3.38)

Note that the order of vanishing of the denominator [],¢su ) A,;C’“' is zero. Therefore, A, is a regular
function by the standard codimension 2 argument.
To show that Coan (Agc) contains Spec C [Af] , it suffices to show that we can construct a configu-

ration in Conf?, (As) for any assignment of nonzero numbers to {A%} U{A4} .. When the assignment

of numbers satisfies
—Cji —Cji
Aal_[A,j J +Ab]_[Al, %0,
J
JEeS JES
we can reproduce A, from these numbers and we get a unique point in the complement of the divisor D..
When the above nonvanishing condition is not satisfied, A. = 0 and we need to do a small trick

similar to the one we did in proving that A/, is regular. First we observe that by using the cluster K,
coordinates on the left of A, (including the ones associated to the left open strings and closed strings

AO
that are < ¢) we can build a unique configuration / \

Ag —— - — Arg

Next we fix a decorated flag A~! the same way as before. Let us now consider the cluster K, coordinate
chart associated to the following triangulation:

A—l
// \ (3.39)
Ak-1 5 Ak e A

We claim that the nonzero values of {A:} U {A4}44c can produce nonzero cluster K, coordinates
associated to the above triangulation.

First let us apply Corollary 3.26 to A~! —2 5 A% and Ak—i L>Ak ; the assumption A, =
A; (k,0) = 0 reduces the identity in Corollary 3.26 to

Ai (k,=1) Ay = ﬂAl‘ij".

J#i

Because both A, and A; , are assumed to be nonzero, we can solve for A; (k, —1) using the above identity

and the result is still nonzero. This shows Ay Al and produces nonzero values for the cluster K,

coordinates along this diagonal.

61t is worth mentioning that A”. is independent of the choice of the decorated flag A~!.
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Si
A—l - A()

Let p be an integer with k < p < [. By applying Proposition 3.21 to the triangle \ / )
Ap

we know that for any j # i, A; (p,—1) = A; (p,0) # 0. This combined with the fact that A; (p,-1) =

A; (k,—1) # 0 proves that A, —— A~! and gives nonzero values for all cluster K, coordinates along
these diagonals. Using these nonzero cluster K; coordinates in the triangulation (3.39), we can uniquely
construct decorated flags Ag, Ag+1, - - -, A;.

Next we rewrite Equation (3.38) as

Al ]_[ AC 4 ApA; (k= 1,-1)

A4 T—1) = heSU{i}

Aq

Note that everything on the right is given already (including A; (k — 1, —1) from the choice of A™!).
Therefore, we can compute A; (I + 1, —1) using this equation. Though this equation does not guarantee
that A; (I +1,—1) is nonzero, it is nevertheless a number in A! because the denominator on the
right-hand side is nonzero. Recall from Lemma 3.30 that A; (I + 1, —1) parametrises all of the Borel
subgroups that are of Tits distance s; away from A;; therefore, it can be used to uniquely determine Ay, .
Furthermore, this decorated flag Az must satisfy A; (I+1,0) =A; (I+1,-1) = A,;, # Oforall j #i

Al

and A; (j +1,0) = Ap # 0. Therefore, we know that A,

Once we have the pair of decorated flags Az4; AY _ we can then use the cluster K, coordinates

A —— - —— AT
on the right of A, to build the remaining decorated flags . This finishes the
A —— 0 —— Ay

reconstruction of the configuration from the nonzero numerical assignments to the cluster K; variables

{AL} U{Ad}ase-
Next let us consider the middle case.

A0 Al Si Al+L
mg
gth level
l
hth level / " \
b
ith level a i ¢ —i
rj
jth level
As-1 Ak A,

Let S_ denote the set of indices 4 whose corresponding simple reflections s, occur after the last s;
along the bottom edge of the trapezoid and let S, denote the set of indices j whose corresponding simple
reflections s; occur before the first s; along the top edge of the trapezoid. Let I/, denote the string on level
h € §_, going across the triangle corresponding to the left s;; let r; denote the string on level j € S,
going across the triangle corresponding to the right s;; let m, denote the string on level g € S, N S_,
going across the diagonal separating the upward pointing and downward pointing triangles. Then the
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cluster Ky, mutation formula says that

’_ 1 —Cgi —Chi —Cji —Cgi
Ae = Ao (A“A” ngeSmS_ Amg + (Hhes_ A, ) (l_[jes+ Ary ) (ng¢S_US+U{i} Amg )) '

(3.40)

Note that A’. is obviously regular outside of the divisor D..
Along the divisor D, we again need to do a small trick. First note that by Corollary 3.34,

—Cgi\ _ —Chi ( _Cji)) _
ordp,, (ngé(&ns‘,)u{i} Amg ) = ordp, ((nhés,u{i} Alh ) l_ljeS,\& Ar_,- =0.

Let us call this product M. We multiply both sides of Equation (3.40) by M and then try to do some sim-
A—l

plification. Fix a decorated flag A~! such that A=! — A? is a compatible pair and Ag_
(not necessarily compatible) and fix a decorated flag A,,11 such that A, oy A,+1 is a compatible pair

and Al — A, are in general position (not necessarily compatible). Then by Corollary 3.26 we
have

M [ Aw =28 (+1,-1) Ay (1,0) = A; (n,=1) A; (n+1,0),

geS,NS_
—Chi —Cji —Cgi
w1417 47
heS_ JESk g#S_US, U{i}

=M ( [ Al‘hchf) [ a7

hes._ j2(S\S)U{i}
—Chi —Cji
1_[ Alh " ) l—l Ar-f '
hesS_ JE(S-\SH)U{i}

—Chi 1_[ —Cji
Alh Ar.f

heS_U{i} jeS_\S,
= (]_[ A (k,O)‘Chf) (]_[ Aj(n, 1)‘0-”)
h#i J#

=(A; (k,-D)A; (k=1,0)=A; (k=1,-1)A; (k,0))
(A,‘ (n+l,l)Al- (I’l,l+1)—Ai (I’l,l)Al (I’l+],l+l))

Plugging these into M times Equation (3.40) and remembering

Ai (k’ _1) :Ai (I’l, _1) B
A;(n+1,0)=A; (n+1,1),
Ai (k’O) = Ai (n’ O) :Ai (Vl, l) = AC’

we get that

MAL =AgApA; (n+1,-1) = ApA; (k= 1,-1) A; (n+1,1)
—Agh; (k=) A (n+ L1+ 1) + AcA; (k= 1,-1)A; (n+ 1,1+ 1)

Ag A;(n+1,1) Ac
=det|A; (k—=1,-1) A;(n+1,-1) A;(k,-1)].
0 Ai(n+1,1+1) Ap
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Note that along the divisor D, the upper right-hand corner of the last matrix vanishes. Therefore, we
can conclude that along the divisor D,

A, A; (n+1,1) 0
det|A; (k=1,-1) A;(n+1,-1) A; (k,—-1)
0 Ai(n+1,1+1) Ay
Al = — : (3.41)
A%
mg

g#(S+NS_)u{i}

is a regular function as well.
To show that Conf Z (Asc) contains Spec C [A:jf] , it suffices to show that we can construct a configura-

tion in Confz (Ajgc) for any assignment of nonzero numbers to {A g} U{A4} 2. Most of the arguments
are similar to the top case, so we will be brief. There is nothing to show when

YWl A;f}w(]_[ A NTTA | T A |20

geSiNS_ heS_ JESH g¢S_US U{i}

because we can already recover a nonzero value for A.. When this nonvanishing condition fails,
A; = 0 and we have to do a small trick again. In fact, we only need to focus on the parallelogram

AO JE N Al+l
because everything outside can be constructed from the given values of

At — - —— A,
cluster K5 variables as usual. Therefore, it suffices to show that starting from a given A —— A;_; we

can construct the rest of the decorated flags in the parallelogram based on the nonzero values of the
given cluster K, variables.

With the decorated flag A~! we can find unique decorated flags Az, Ag+1, - - . , A, using the K, cluster
associated to the following triangle:

A—l
Ak 5 Ax e A,

With the decorated flag A,,;+1, we can find unique decorated flags AL AZ A using the Kj cluster
associated to the following triangle:

Si
A() A] “e. Al
A

n+1

To determine the last decorated flag A*!, we need to compute A; (n + 1,1 + 1) using Equation (3.41);
note that the numerical value of everything else in that equation is already given and the coefficient of
A; (n+1,1+1)is A A; (k,—1), which is nonzero. Therefore, we get A; (n+ 1,1+ 1) as an A' number,

which, combined with A,;; Al | determines the decorated flag Al uniquely.
We will omit the proof for the bottom case because it is completely analogous to the top case. O
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Proposition 3.42. The union U := Spec C [Aa—'] U U, Spec C [A%] is of codimension at least 2 in
Confz (Ase)-

Proof. Let Uy := Spec C [Ag] and let U, := Spec C [A%]. Note that

g Dc)m( J v

c

Coan (A)\U =

¢ unfrozen e unfrozen
(U oo N wr)
¢ unfrozen e unfrozen
= U (pen| [ wer
¢ unfrozen e unfrozen
c | wenwey.
¢ unfrozen

From the proof of the Lemma 3.37 we see that D. N U, is a nonempty open subset of D .. Because D
is irreducible, D N (U,)¢ must be at least codimension 1 inside D, and hence at least codimension 2
inside Conf’ (A). o

To prove (’)Z = up (szi 5 ), we still need to verify the surjectivity condition on the canonical map p. We

will do so by realising the map p : Ty, — Tg[uf;sgl' as a restriction of the composition Coan (Age) —
Conf? (Aug) — Confh(B).

Proposition 3.43. Consider the surjective map n : Confz (Ase) — Confz (Aaq). For any closed
string c,

T (Xe) = 1_[ A;m,
a

where €., is the exchange matrix for the given seed.

Proof. Note that it suffices to prove this statement on one seed. Let us again use the seed as in
Lemma 3.37.

A X |

Bo Bi B> Bn-i A,

Then the closed strings again come in three types, as described in (3.36). Let us first look at the top case.

AO
b
ith level ;/ i ¢ i
i r
Jjth level d ’
Bk—l 5; Bk e Bl s Bl+l
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To work out the cluster Poisson coordinate X, we need to first compute the two Lusztig factorisation
coordinates at the two ends of the closed string c. Consider the triangle containing the left endpoint.
By acting by some # € U, we can move the chosen representative configuration into a configuration
with Bx_; = B_ and A? = U,.. Because the cluster K, coordinates are invariant under the G-action, by

Mjwi Ay "
J#
Corollary 3.22 we see that the unipotent element that moves By_; to By is e; A—AJ and hence
attc
-Cji
J#i . L.
the Lusztig factorisation coordinate on the left is g = %. By a similar argument, we get that the
eC
L AT
Lusztig factorisation coordinate on the right is ¢’ = "Zb—A’. Therefore, we obtain
. ¢ _ Aalljsi Ay «
(X)) = L = =]_[Aaw.

—Cj;
q Ab Hj#i All 4 a

For the middle case, the Lusztig factorisation coordinate on the left can be computed the same as

[ A,_.Cji
above, which is ¢ = A—A{
Si
AO . Bl Bl+1
/\ \ /s
ith level a / i ¢ i
Jjth level / / \ \ / J
Br-1 Bk . A,

Si

However, the Lusztig factorisation coordinate on the right is slightly more complicated to compute.

Recall from Corollary 3.22 that when triangles switch orientation, one also needs to move the whole
v

~ a’

configuration by the maximal torus element ¢ := H;:l Am’j. But then in the computation of cluster
Poisson coordinates on Confz (Aaq), we do not allow maximal torus elements appearing in the middle;
therefore, we need to push this extra factor of 7 all the way to the right, resulting in an extra t* factor
(the same technique was also used in the proof of Proposition 3.15). Therefore, the Lusztig factorisation
coordinate p is

—Cji —Cji —Cji
_nj;eiArjjtai_nj;eiArjj A2 _Ach;eiArjI
- - —C; —C;°

ApA, ApA, Hjii Am_,»'l Ap Hj;ti Am_,»'l

Now by the definition of cluster Poisson coordinates, we find that

,Cl.l.

1 AaAp [1j2i Am;
ﬂ'* (Xc):— _ a J#i Fimj :nAscu-

—Cji —Cji
P (M) (M2,

The bottom case can be either computed analogous to the top case or obtained from the top case
using the transposition morphism as an intertwiner. mi
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Proposition 3.44. Consider the seed as in Lemma 3.37. Let mj be the string that passes through the

diagonal A,, —— A" . For an open string f on the ith level next to a node n, denote the open strings
on the same side as f and on the jth level with j # i by aj and denote the string on the other side of f
by b. Then we have

—C;;

njtiAujjl . f . b b . f

A, A, if i or —i ;

£
n* (Xp) = o

Ap [z Am; f . b b . f

= if —i or i
Ar [z Aaj“

If f is a string on the ith level that is open on both ends (which typically happens for i > r), then we
have

r‘-’
* C ji
7 (Xp) =] [ An).
j=1
In particular, these formulas are all in the form

[]

c closed

T (Xr) = - (Laurent monomial in A4 for open string g) .

Proof. The cases where f is on the left side of the string diagram with a node attached can be obtained
in the same way as in the proof of the last proposition. The cases where f is on the right side of the
string diagram with a node attached can then be obtained from the cases on the left via the transposition
morphism. It remains to show the case where f is open on both ends, for which

;
: 4 Wi Cii
7 (Xp) = 0% = 2m O = ] A o
j=l

Our chosen triangulation determines a cluster Poisson seed torus 7o on Coan (Aa,q) and a cluster K,
seed torus Ty on Confg (Asgc)- Because these two seed tori are both cut out by the same general position
conditions on the underlying undecorated flags, the surjective map 7 : Conf’ (As) — Conf? (Aaq)
restricts to a surjective map n : Ty — Tq.

Moreover, the formulas from Proposition 3.43 and Proposition 3.44 showed that r fits in the following
commutative diagram (where the maps e, f, p and g are defined in Appendix A.2):

T‘quf eH Tﬂ

WIS

T‘f[ Hq Tf[uf

In particular, this diagram is just a restriction of the maps in Diagram (2.25) to some open subsets
corresponding to our choice of triangulation.

Because p = g o and both ¢ and 7 are surjective, we know that p is surjective as well. By combining
the surjectivity of p and the codimension 2 condition (Proposition 3.42), we finally prove our first claim
at the beginning of the section.
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Theorem 3.45. 0% = up (,szf b )

Let us look at the other claim at the beginning of this subsection, O (Confz (Aad)) = up (.EZ" 0’,’ ) We

will use a technique similar to the proof of [SW20, Theorem 2.15].
First note that from the commutation diagram above we get an injective algebra homomorphism

* :up (fl’ M ) — up (&75 ) (see Proposition A.28 and Proposition A.30). In particular, an element
F € Frac (up (5[5)) is in up (.52"5) if and only if 7*(F) is in up (52?5).

Theorem 3.46. O (Conf’; (Aad)) = up (5[;)

Proof. Because Coan (Aaq) contains a cluster Poisson seed torus Ty as an open dense subset, we have
Frac ((9 (Coan (Aad))) = Frac (O (Ty)) = Frac (up (&"é’)) which contains both O (Confz (.Aad))

and up (5[ 5 ) as subalgebras. Now consider the following commutative diagram of algebras:

Frac ((’) (Confz (Aad))) 42) Frac (up (5[5))

Frac ((9 (Coan (.Asc))) % Frac (up (ﬂs))

Suppose that f is a regular function on Coan (Aaq). Then we know that y(f) € Frac (up (fl" 5’ ))

To show that y (f) is actually in up (&’ b ), we only need to show 7% o y(f) € up (&f 5 ) by Proposition
A.28. But this is true because 7* o y (f) = a o 7*(f) is in the image of the composition

O (Cont?; (Aw)) " O (Contl (Aw)) = up (a75).

On the other hand, suppose that F is an element in up (Sl"é’). Then we know that y~!(F) is a rational

function on Coan (Aaq). Because r : Coan (Ase) — Confz (Aaq) is surjective, to show the regularity
of y~1(F), it suffices to show that 7* o y~!(F) is a regular function on Coan (Asc). But this is true
because 7* o y "1 (F) = a~! o n*(F) is in the image of the composition

up (3"5) -, up (52[5) il> @ (Coan (.ASC)) . o

4. Donaldson-Thomas Transformation of Bott—Samelson Cells

In this section we will show that the cluster Donaldson—Thomas transformation exists on the unfrozen

uf
Poisson cluster algebra up (.fl” fi’ ) and realise it as a biregular morphism on the undecorated double

Bott—Samelson cell Coan (B). We will first show it for the case (£ Y )uf by constructing a maximal green
sequence, whose existence implies the existence of cluster Donaldson—Thomas sequence (see Appendix

uf
A.2 for more details) and then deduce the general cases (SX é’ ) by using the reflection maps defined in
Subsection 2.3.

4.1. A Maximal Green Sequence for (X{ )uf

Let us consider the cluster Poisson algebra up (¢ )uf associated to the undecorated double Bott—
Samelson cell Conf}, (B). Our goal is to construct a maximal green sequence.
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We should first fix an initial seed. Due to the fact that the positive braid upstairs is the identity e,
the trapezoid is in fact a triangle and there is only one available triangulation in this case, which is the

s] n

Because all of the triangles are of the shape A, the corresponding string diagram only has
Sj
simple roots at the nodes. To better demonstrate the idea, let us use the word
(2,1,3,2,1,3,1,3,2,2,1)

as a running example. The string diagram looks like the following (we will only draw the closed strings
because open strings are not part of the unfrozen seed).

1 1 1 1

Recall that the closed strings become vertices of the seed s*" and the associated exchange matrix € has
two types of nonvanishing entries: 1 for neighbouring vertices on the same horizontal level and +C;
between nearby vertices on the ith and jth levels. Because the magnitude of these entries is determined
by the horizontal levels of the vertices, the only extra data we need to record are the signs. We will hence
use arrows of the form a ———— p to denote the first case with €., = —€p, = 1 and use arrow

a ~~~~~~~s b to denote the second case with €, > 0 and ¢, < 0.
Using such notation, our running example gives rise to a seed that can be described as follows:

We are now ready to describe a maximal green sequence for seeds of such form. First, for each entry
iy of the wordi = (iy,i»,...,i,), we define

tr:=#{l|k<l<nandij=iy}.
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Note that if iy is the first occurrence of the letter i in the word i, then there are exactly 7; many closed
strings on level i.
Next for each ix we define a mutation sequence

Lici= iy © o 0 By © Biny-

In particular, if iy is the last occurrence of the letter i in the word i, then Ly is trivial. We then claim the
following.

Theorem 4.1. The mutation sequence
LyoL, j0---0LlyolL;
is a maximal green sequence.
In the running example, the mutation sequence described in Theorem 4.1 is

LijoLjgolgolgoljoLlgolLsolLsoLl3olyol,
:L90L7OL6OL50L4OL3OL20L1

- (’“‘(?)) ° (“(})) ° (”‘(?)) ° (’“‘(é) °’“‘(})) ° (“(i) °’“‘(?)) ° (“(2) °’“‘(?))
° (“(é) CHE) c’“(i)) ° (“(%) CHE) O“(f))'

Proposition 4.2. In terms of triangles in the triangulation, the mutation sequence Ly, is equivalent to a
reflection map ;. r followed by a change of coordinates corresponding to a sequence of mutations that
Si

moves the new triangle ; ; to the right across all triangles of the shape A

Proof. Recall that if we start with a cluster Poisson coordinate chart on the left, then the reflection
morphism maps it to the cluster Poisson coordinate chart on the right.

B0 — -+ B_IEBOH"'
—
l

In particular, these two cluster Poisson coordinates have isomorphic unfrozen seeds because the sign

change of the leftmost node of the string diagram does not change the exchange matrix entries between

closed strings. Now it remains to show that cluster Poisson coordinates pull back to their corresponding

cluster Poisson coordinates via ;7*. But by the definition of cluster Poisson coordinates, it suffices to
B+

show that if the triangle in the picture on the left is / \ , then the triangle in the picture
ei(q)B. —— B
Si
. Si
€ (q ) B, — B,
on the right is \ / . By the definition of the reflection map ;r, it suffices to show
B_
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Si

that e;(g)B- e_; (q‘l) B, . But this follows from the following computation:
B_ei(q) e (q_l) B, =B_ei(—q)e—; (q‘l) B.
=B_5q"" ei(q)B.
=B_5s;B,. m}

The last proposition shows that the mutation sequence in Theorem 4.1 defines a biregular map that
is a composition of left reflections:

(jur) © (j,r) oo (jr) : Confs(B) — Conf2"(B),

where 5,55, ...5;, = b.

Now it remains to prove Theorem 4.1. For simplicity, let us first investigate what happens when
b = (s1,51,51,51).

It is not hard to see that the initial seed looks like the following:

From Appendix A.2, we can use auxiliary frozen vertices (principal coefficients) to keep track of the
colouring of the vertices. We adopt the convention of labelling the auxiliary frozen vertex connecting
to vertex a in the initial seed by a’.

The sequence of mutations for such a seed described in Theorem 4.1 is then pq 0 tp 0 prg © e © p © g
and the seed after each mutation looks like the following (going from left to right across each row and
going from the top row to the bottom row):

® » v o @
O J
i ()’ (1)’ () ()’

(1)’ ()

S o2 22
(1)’ ()’ ()’ (1)’ ()’ ()’
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‘>‘<‘
1) () ()

The case of a longer positive braid b = (s, s1,...,51) can be done in a similar way. Before we go
into cases with more than one letter, let us first make the following observation for this case.

o W

(1)’ ()

()

Proposition 4.3. If b = (s1, 51, ...,51), then the following is true for the sequence of mutations given
by Theorem 4.1:

o €qp is —1, 0 or 1 for any two vertices a and b.

o In each cycle, the first mutation we do changes the colour of the first green vertex to red (counting
from left to right) and then each mutation we do moves this red colour to the right while restoring
the green colour for the vertices behind.

o At the end of each cycle, all red vertices are to the right of all green vertices and the separation
point is the last node with a simple root labelling (counting from left to right).

1 1 -1 -1

o After going through the mutation sequence in Theorem 4.1 completely, the final seed looks like the
following:

Proof. It follows from an induction on the number of vertices in the seed. O

Now let us turn to the more complicated cases with more than one letter. We start with the following
proposition.

Proposition 4.4. If a seed comes from a triangulation, then between the ith level and the jth level, the
exchange matrix can always be depicted locally by an oriented cycle using the arrow notation as below
(plus some degenerate cases):

o " — @
. : ¢ $
—_— ] - =] — e — - — e
Proof. This statement follows from seed amalgamation. O

Remark 4.5. Please be aware that degenerate cases include situations like the following two:

i .T\.?o
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)
_j _]_]7_] ./J-/JJ_/...\\_\j—t.

Proposition 4.6. If one mutates according to Theorem 4.1, then the following are true:

o €41 = 0 for vertices a and b on different levels.

o €qp Is either —1, 0 or 1 for vertices a and b on the same level.

o Within each cycle, the mutations only change colours of vertices within the level (say the ith) on
which the mutations are taking places and they change the colours in the same way as the case of
positive braids (s;, si, . .., s;) (Proposition 4.3).

Proof. We do an induction on the number of mutations. The base case is trivial. For the inductive step,
let us first prove the claim ‘e, = 0 for vertices a and b on different levels’. At the beginning of each
cycle, the vertex we pick for step (1) always looks like the following:

Note that the squiggly arrows going across different levels always go away from vertex a. Therefore,
when we mutate at a, no new arrow will be added between the auxiliary frozen vertices connected to a
and other vertices on other levels.

When we are in the middle of a cycle, we know from Proposition 4.4 that the part of the seed we are
mutating must look like the following:

[ - i b
. .

E(—'\/\,Q’\f\/—>§

Again, the squiggly arrows going across different levels always point away from vertex a. Therefore,
when we mutate at a, still no new arrow will be added between auxiliary frozen vertices connected to
a and other vertices on other levels. Therefore, the claim that €., = O for vertices ¢ and d on different
levels remains true.

But then because the colour of the vertex c is recorded by €4/, we know that the colour change must
only occur at the ith level. The other two claims then follow immediately from Proposition 4.3. O

Proof of Theorem 4.1. From our last proposition we know that on each horizontal level the colours of
the vertices change in the same way as the single letter case; therefore, it is true that Theorem 4.1 mutates
at green vertices only and eventually all green vertices turn red. m

4.2. Cluster Donaldson—-Thomas Transformation on Coan(B)

Now we have obtained a maximal green sequence for the seed i, associated to one triangulation of
Conf} (B), so we are very close to getting a cluster Donaldson-Thomas transformation; all we need
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in addition is an appropriate seed isomorphism that permutes the rows of the c-matrix, making it
into —id.

Recall from Proposition 4.2 that the maximal green sequence given in Theorem 4.1 can be thought
of as a sequence of left reflections. So after completing the mutation sequence in Theorem 4.1, we get a
triangulation for Confé’ *(B). This implies that we need some cluster isomorphism that maps Conf’e’ (B)
back to Confj, (55). One obvious choice is the transposition map (—)’ from Subsection 2.3. We know
from Proposmon .15 that the transposition map is indeed a cluster isomorphism and combinatorially
it is indeed a seed isomorphism that maps the seed after the maximal green sequence back to the initial
seed with the property that the c-matrix is permuted into —id.

Combining the transposition map with the maximal green sequence from the last subsection, we
can now describe the cluster Donaldson-Thomas transformation on the double Bott—Samelson cell
Conf} (B) geometrically, which is the composition

a sequence of
left reflections transposition

DT : Conf% (B) Conf?" (B)

Conf} (B).

Example 4.7. Let us do another example to state in more details how the cluster Donaldson—Thomas
transformation works. Take b = 515,53 and the cluster Donaldson-Thomas transformation on Conff7 (B)
is given by the following operations:

// \\ | L// j e | L\\j

Let us now look at the general case for double Bott—Samelson cell Coan(B). By a similar argument
as in Proposition 4.2, one can prove that reflection maps r* are more than just biregular maps: they are
cluster isomorphisms that preserve the cluster structures on the undecorated double Bott—Samelson cells.
To be more precise, suppose that b = s;,s;, . . . s;, . Consider the biregular map 77 := r o2 0 - -+ o pim,
This is not only a blregular map from Confb (B) onto Conf?,.(B) but also a cluster isomorphism

uf
between up (5[ 5) and up (fl” §b°) , whose cluster Donaldson—Thomas transformation was shown in

the previous sections.
Because 7 is a cluster isomorphism, by a result of Goncharov and Shen (Theorem A.36), we know that
the cluster Donaldson-Thomas transformation on Conf?, ,(B) can be obtained from that of Conf?;, . (53) as
DTcontt sy =1 © DTcont, . (5) ©11-

db®
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Let us draw a picture to describe what such composition really does. We begin with a triangulation

associated to the pair (b, d) where the first set of triangles are of the shape A (corresponding to

letters of d) and the second set of triangles are of the shape v (corresponding to letters of b).

sequence of 7’ sequence of ;r
[N/ PN 2
transposition sequence of r;
- a

There are some further simplifications that we can perform: first, we can use Proposition 2.29 to turn
each r; o (—)" into (—)? o 'r; then we can cancel the left reflections ; and 'r, which yields the following
simplified version:

sequence of 7!
on the b part
and sequence of ;r

on the d part

[N
transposition
sy

In conclusion, we have proved the following theorem.

Y

Theorem 4.8. The cluster Donaldson-Thomas transformation on Coan(B) is the composition of a
series of reflection maps on both sides and the transposition map as described above.

Remark 4.9. When we computed DTCOan B) = nlo DTCOanbO (B) o1 we chose to work with the cluster

transformation 7 : Coan(B) — Conf?), . (B) defined as a composition of reflections r; alternatively,
one can work with the cluster transformation n” : Coan(B) — Confj, ;(B) defined as a composition of
reflections ‘r. The resulting cluster Donaldson-Thomas transformation DTCoan( ) would be the same

due to the uniqueness of cluster Donaldson—Thomas transformation. Moreover, we could have studied
DTCOM:j B) instead of DTconfe (3 and used it to compute the general case; the result would also be the
same.

The existence of the cluster Donaldson-Thomas transformation is a part of a sufficient condition
(Theorem A.38) of the Fock—Goncharov cluster duality conjecture (Conjecture A.26). In the cluster en-
semble (Confld’ (Ase) s Confz (Aad)), we already proved the surjectivity of the map p : Coan (Ase) —
Coan(B) from the proof of Theorem 3.45 and we just constructed the cluster Donaldson—-Thomas

transformation explicitly on Confz (B). Therefore, we obtain the following result.

Theorem 4.10. The Fock—Goncharov cluster duality conjecture A.26 holds for the cluster ensemble
(Confz (As) , Conf? (Aad)).

4.3. Reflection Maps as Quasi-Cluster Transformations

So far we have considered the Donaldson-Thomas transformation on the undecorated double Bott—
Samelson cell Coan(B), which can be seen as the unfrozen part of a cluster Poisson variety & 5 (up
to codimension 2). In this section we would like to investigate the lift of the Donaldson—-Thomas trans-
formation to the decorated double Bott—Samelson cell Coan (A). Because the Donaldson-Thomas
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transformation on Confz (B) can be broken down into a sequence of reflection maps followed by
a transposition, we can define the lift of the Donaldson-Thomas transformation to Coan(B) to
Coan(.A) to be the same composition of reflection maps and transposition on Coan(.A) according to
Subsection 2.3.

The next question is whether such a lift is a cluster transformation. Unfortunately, the answer is no: in
general, the reflection maps between decorated double Bott—Samelson cells are not cluster isomorphisms
because the underlying seeds are not isomorphic. However, the following weaker statement is true (see
Definition A.32 for the definition of quasi-cluster transformation).

Proposition 4.11. Reflection maps are quasi-cluster transformations.

Proof. Because left and right reflection maps are intertwined by a transposition map, which is a
cluster isomorphism even on the decorated double Bott—Samelson cell level, it suffices to only show
the claim for right reflection maps. But then because r' and r; are inverses of each other and the
inverse of a quasi-cluster transformation is also a quasi-cluster transformation, it suffices to only
consider '

Let us first consider the adjoint case r’ : Coan“" (Aug) — Confzsi (Aaq). Suppose we start with
the following cluster coordinate chart. Then r’ should produce the last configuration according to its
definition.

S
- — B, —t, gfl-(p)B+ reflect the - B,
underlying
/ flag
—
B U_l_] NN U_t_] T) e; (p_l) B_
1
find p— N
compatible
decoration
—>
: -1 -1 aiy e -1
PUT e U (pr) e (—p7)
forget the N
decoration
on U_
—

=B — u_r! (pta,-)a,.V € (_p_l)
§i

According to the construction of the Lusztig factorisation coordinates and the cluster Poisson coordi-
nates, the last picture above indicates that the Lusztig factorisation corresponding to the given trian-
gulation before 7 ends at . ..e_;(p)t, which corresponds to the following cluster Poisson coordinates;
note that the dots represent the factors that possibly come from the other ends of the strings (note that
the squiggly arrow only denotes the sign of the exchange matrix).

T
-1 pt(l,*

. ...p '
ith level \‘i_l ﬁ

1Y

Jth level
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After applying r!, the Lusztig factorisation ends at . .. ¢; (p‘l) t(pt% )“’iv , which corresponds to the
following cluster Poisson coordinates:

/\
(pta)™!

ith level — \i i f}

1% (proi)~Cii

Jjth level

By comparing the two, we see that the pullback of most cluster Poisson coordinates under r* remains
unchanged; the only cluster Poisson coordinates that are different are the ones associated to the open
strings on the right side of the string diagram. In particular, the last frozen variable X; on the ith level
gets inverted:

(X)) = X7
and the last frozen variable X; on any other level (say jth) is rescaled:

(X)) = X%

Because ri| is already known to be a cluster transformation, to show that r* : CoanS" (Aug) —

bs;
Conf ;™" (B)
Confzsi (Aag) is a quasi-cluster transformation, we only need to show that r* is a Poisson map, which
boils down to showing

(X0 X = (X0 X3}

for any two strings @ and b. From the string diagram of Confzsi (Aag) we see that X; only has nonvan-
ishing Poisson bracket with the variable associated to the closed string to the left of it (call it X,) and
the frozen variables X; on the other levels. Therefore, any change to Poisson brackets of cluster Poisson

variables can only occur on {X X! } {X X j’} and {X X ]’ } Because the Poisson structure on a cluster
Poisson variety is known to be log canonical, we apply log to simplify the computation:
{log (ri*Xé) ,log (ri*X;)} = {log X.,log Xi_l} = —{log X.,log X;} = ——
= {log X/, log X/}
{log (r'*X!),log (r’*XJ’)} = {log X, log (XjX;C”)}
= {log X, log X;} — C;; {log X., log X;}
C;; Gy Ci; Cj Cji
=EJj—D—:+E=EJj—D—Jj+E=—EJj+E
= {log X/, log XJ'}

{log (r*X!),log (r[*X]’.)} = {log X! log (Xin_Cij)} = — {log X;,log X; }

Cji Cji , /
= — —D—j = D—] = {logXl,logXJ} .

Here E accounts for the contribution from the earlier parts of the diagram and they are invariant under
right reflections. This finishes proving that the reflection map r* is a quasi-cluster transformation in the
adjoint case.
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Next let us consider the simply connected case. By definition, the action of a quasi-cluster transfor-
mation on a cluster K, variety is induced from its action on a cluster Poisson variety. If we express the
action of 7 on our chosen seed above using the character lattice N of T, it can be expressed as the
following matrix, which consists of an identity matrix for the most part except for the submatrix with
rows and columns corresponding to the frozen variables on the right:

id 0 0---0

0 -1 0---0]ith
O—Cijl-'-O jth
SRR ) B
0 —Cijx 0 --- 1/ kth

By Lemma A .33, the induced quasi-cluster transformation action on the cluster K, variety should then
be acting on the character lattice M of Ty by the matrix that is the transpose inverse of the one above
with C;; replaced by C;;, which is

d o 0 --- 0

0 -1 -Cj; --- =Cy; | ith
00 1 - 0 |[/jth
Do : 0 :
00 O 1 /kth

Therefore, to show that r* : Confzs" (Age) — Confzsi (Asc) is a quasi-cluster transformation, it suffices
to show that all cluster K, coordinates remain the same except the last frozen variable A] on the ith
level, which should transform by

Py = A7 ] A

J#i

So let us verify this transformation formula geometrically. By a similar computation as in the adjoint
case, the reflection map turns the following configuration on the left to the one on the right in the simply
connected case:

- — Uy L’ e—i(p)p_(t‘yu+ Ao T U

BN U_l_l RN U_f_l T) Ufl‘_l (ptai)(lly ei (_p—l)
1

Because the cluster K, coordinates are computed by evaluating the (U-, U,)-invariant function A,
and (a/l.v LW j> = 0;, we see that the only cluster K, coordinate that changes under riis Alf :

FAD) = A (17 () ) = preen,

On the other hand, by computation we get

G —w; wj\—Cji
J#i J#i
which agrees with r#* (A;' ), as predicted by the transformation formula. O
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Because reflection maps are quasi-cluster transformations on the decorated double Bott—Samelson
cells and the transposition map is a cluster isomorphism, it follows that the Donaldson—Thomas transfor-
mation on decorated double Bott—Samelson cells, as a composition of such maps, is also a quasi-cluster
transformation.

Corollary 4.12. The Donaldson—Thomas transformation on any decorated double Bott—Samelson
cell is a quasi-cluster transformation. It then follows that the Donaldson—Thomas transformation on
Confz (Aaq) is a Poisson map.

Using the fact that reflection maps are quasi-cluster transformations, we can also prove the following
sufficient condition on the equality between upper cluster algebras and cluster algebras (Theorem 1.2).

Theorem 4.13. The upper cluster algebra O (Conf’c’l (.ASC)) coincides with its cluster algebra.

Proof. By Theorem 3.45, it suffices to show that O (Confz (Asc)) is generated by cluster variables (with

invertible frozen cluster variables). From Lemma A.33 we know that a quasi-cluster transformation
modifies unfrozen cluster K, variables by Laurent monomials in the frozen cluster K, variables and
maps the frozen cluster K, variables to Laurent monomials in the frozen cluster K, variables. Therefore,
we can apply a sequence of reflection maps to reduce the question to proving that O (Conffl (Ase)) is
generated by cluster variables for any positive braid d.

B B e u_r
0 Si Siy §j

n

Recall from Theorem 2.30 that any point in Confs (Asc) can be represented by a unique representative as
shown above and Conf’ Z (Asc) is the nonvanishing locus of a single function f in TX A", where T captures
the freedom of the maximal torus element ¢ and the coordinates of A" are parametrising the relative
positions between each pair of adjacent flags in the bottom chain. Note that by definition, the function f
is the product of the frozen cluster K, variables on the left and the torus factor T is parametrised by the
frozen cluster K, variables on the right. By assumption, the frozen cluster K, variables are invertible in
the cluster algebra, too. Therefore, it remains to show that the coordinates of the affine space factor A"
are polynomials in unfrozen cluster K, variables and Laurent polynomials in frozen cluster K, variables.

Si
First, from the proof of Lemma 3.30 we know that the first affine parameter of the pair By — > B is
a monomial in unfrozen cluster K, variables and a Laurent monomial in frozen cluster K, variables.
Next we can apply the quasi-cluster transformation ' o ; r to move first letter s;, to the end of the d-

chain. Then Lemma 3.30 implies again that the affine parameter of the pair By =, B, is a monomial
in unfrozen cluster K, variables (not necessarily of the initial seed) and a Laurent monomial in frozen
cluster K, variables. The same argument can be applied to the rest of the affine parameters and we can
conclude that O (Conffl (Asc)) is generated by cluster K, variables (with invertible frozen variables). O

5. Periodicity of DT transformations and Zamolodchikov’s Periodicity Conjecture

In this section we prove the periodicity of DT transformations for a family of double Bott—Samelson
cells. We give a new geometric proof of Zamolodchikov’s periodicity conjecture.

Below G is a semisimple algebraic group. The longest Weyl group element w( can be uniquely lifted
to a positive braid. Its square Q := w(z) is a central element in the braid group Br. Let b = s;;s;, . . . 5;, be
a positive braid. Recall that b° = s;,, ... s;,5;, .
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Theorem 5.1. Let b and d be positive braids such that (db°)"™ = Q". The cluster Donaldson—Thomas
transformation of Coan(B) is of a finite order dividing 2(m + n).

Example 5.2. Let G = PGL;. Its Weyl group is the symmetric group S7. Take the element u =
(123765) € Sy in cycle notation. The length of u is 7. Its lift to Br satisfies u> = wq. Letd = u" € Br.
Then d® = Q™. The order of the DT transformation of Conf?, (B) divides 12 + 2n.

Proof. The cluster Donaldson—-Thomas transformations on Coan(B) and Conf?,. (B) are intertwined
by a sequence of reflection maps on the right; hence, they share the same order. It suffices to consider
the cases Confy (B) with b = Q". Let b = s; 5, . .. 5;;. We start with a configuration

Sipy

The cluster DT transformation of Conf}, (B) is a sequence of left reflections followed by transposition.
Concretely, we obtain a collection of Borel subgroups By, . . ., B; by the reflections ‘r

Sip

\/

and then apply the transposition map to get a new configuration in Conf}, (B)

/ \ .

sll 1

Let us apply the cluster DT transformation to (5.4) again, obtaining

/ 5.5)
i l+1 Siy

i, 211 Si

To better describe the patterns, we introduce the following notations for Borel subgroups in ,:
B = T(BO), By =By, B = T(Bl), B =By, B4 =By,

where 7 is a natural isomorphism from B_ to B, that takes B_g to g~ 'w(B,. Recall the automorphism
x on By by B — B* := 7(B’). The configurations (5.3)—(5.5) can be rewritten as
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B?z) B

w w w
" RRLIR / \VG / \ (5.6)

B -~~~ Bo B%**gw»Bb B ----- » B

Here in each configuration we abbreviate the bottom b-chain into a single dashed arrow. We adopt the
same convention in the rest of the proof.
Let us cut the first and last triangles in (5.6) at B(2). We claim that the obtained chains

wo wo b b wo wo
B(2) —=Bu) —=B) - = =By, B(2) == >Bw —=Bz) ——=By

are equivalent under the braid moves from Qb to bQ. Indeed, let B; be the unique flag such

;f wosS;
that B(y) — s B /1 B(o) - The first left reflection in the first DT is

s;
B B —— B
i re / \ N W(/ y\/o
Bo) —— 7(B! ) 5 e B (B! ) 5. e B

Let us cut them at B(,). The obtained chains are equivalent under the braid moves wys;, = s:.‘l wo:

W b
B ——B(1) ——= B — -~ > B

-1

s; b
T(Bl) — 1— > B(z)

wo wo Siy

B2 By B(o)

* -1

S s'.
B] all T(Bl)*L>B(2)

Bt

= Bp ——=B)

Repeat the same procedure for the rest of the left reflections. Eventually the braid moves from wyb to b*wy

turn the chain B(y) .y B oy B — b B2y into B(y) My By — L B(3) A B -

Similarly, the second DT turns the latter into B2y — LA B M B3 . B(2) by braid moves.

Applying the transformation DT? recursively, we obtain the configurations

Bok-1 B2k+1)
Bok-2) --- ;7 B(2k) Bk ------- » Bk

Let us concatenate max{m,n} + 1 copies of the chain By, L B2m+2) R Bm+1) o Bom) - We

apply DT? to move Q = w(z) to the right. The braid moves (bQ)"*! = p"*1Q!*" give rise to
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b w w b w w
+- =2 Bams2) == Bems1) —> Bm) == Bams2) = Bms1) —> Biam)

W b W w w Wy
. 9O|3(2m+2) —> Bmsa) = Bm+3) = Bom+2) = Bm+1)) = Bm)

b b W W Qn
. == B min)) == Bumn)+2) - B (man)+1) = B2 (m+n)) == Bm) -

Conversely, we apply DT~ to move b to the right and obtain

b w W b w( w
oo == Boms2) = Bm+1) = Bm) —> Bm+2) = Bms) = Bom)

W 0 b W W b
oo == B(m-1) —= Bam-2) == Bam) —= Bam-1) — Bam-2) ~> B(am)

w b w w b b
.. —B@m-4) —> Bam-2) = Bam-3 — Bam-4) —> Bam-2) => Bam)

Wi b W Y b b b b
=...—=B() ~>B@) — B — B > B > B —> ... —> Bam)

wi b W w Qr

Here the last step uses the condition that 5™ = Q".
Let us compare the two final chains under the above braid moves. By Theorem 2.18, we get

b Wi Wi
B) —> B2 —> By — Byo)

b wo wo
= B (mn)) —> Beunin)+2) = Bmin)+1) = B@mn)) »

which concludes the proof. O

Zamolodchikov’s periodicity conjecture

A Y-system is a system of algebraic recurrence equations associated with a pair of Dynkin diagrams.
The periodicity conjecture, first formulated by Zamolodchikov in his study of thermodynamic Bethe
ansatz, asserts that all solutions to this system are of period dividing the double of the sum of the Coxeter
numbers of underlying Dynkin diagrams. This periodicity property plays a significant role in conformal
field theory and statistical mechanics. It was first settled by Keller [Kel13] in full generality by using
highly nontrivial techniques including cluster algebras and their additive categorification. We refer to
[Kel13] for an introduction to the periodicity conjecture.

Let us reformulate the periodicity conjecture in terms of cluster mutations. Let A be a Dynkin
diagram with the Cartan matrix C. A bipartite colouring on A gives rise to a seed with the same vertex
set I, multipliers {d,} and the exchange matrix

S c(a)Cpq ifa # b,
ab =10 otherwise,

where c(a) = 1 if the vertex a is coloured black and c(a) = —1 if it is coloured white.
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Given two bipartite Dynkin diagrams A and A’, their square product AOA’ is defined to be a seed
with vertex set I X I’ and exchange matrix

—c (i) g ifi’ = j’,
€GN, (") = S(i)fi’j’ ifi=j,

otherwise.

Example 5.7. The quiver D40O0Aj is as follows:

[e] ®—— O —— @
o O —— @ <—— O O —— @ «—— O

ST RN W

®—— 0 —— @
D4 A3 D4I:IA3

Let 7 = 7_ o7y, where 7, is a sequence of mutations at the black vertices of ADA’ and 7_ is a sequence
of mutations at white ones. Note that 7 preserves the quiver AOA’. Following [FZ03], the mutation
sequence T gives rise to the Zamolodchikov transformation Za on the cluster Poisson variety Xaga-. Let
h and &’ be the Coxeter numbers of A and A’, respectively. By [Kell3, Lemma 2.4], Zamolodchikov’s
periodicity conjecture is equivalent to the identity

Za"h = 1d. (5.8)

Below we give a new geometric proof of (5.8) for ADA,,. Let G be a group of type A and let 3 be its
flag variety. We fix a bipartite colouring on A and set

b :=sp,Sp,...Sp and W= Sy Swy -« Swy, -
~—— ———
black vertices white vertices

Let

p=wbw... and ¢q=bwb...
~—— ———

n+1 factors n+1 factors

Recall the construction of seeds for double Bott—Samelson cells. The quiver associated to the following
triangulation of Conf? (B) is ADA,,.

BO W.pgl 2. g2 _pgi_*t
Bo B e B> Bs W

b

Bn+1

Bn+1

b

Therefore, Conff; (B) is birationally isomorphic to the cluster Poisson variety Xxpa

ne
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Lemma 5.9. The transformation Za acts on Confg (B) as

g0 _w. gl_b g _w _pg3_°t gn-1 B" B+l

Bo—>Bi—>B— =By —; Bn-1 B Bn+1

B2 _Ww.pgl_ b _pgo_w _pgi_Pt gn-3 B2 gn-1
B ——>B3—>Bs——=>B5— B B2 B3

where B™% and B™! are the unique flags obtained by reflecting By and By on the left and B> and B3
are obtained by reflecting B"™ and B" on the right. In other words, Za is equivalent to the composition
of a Coxeter sequence of reflections on the left from bottom to top with another Coxeter sequence of
reflections on the right from top to bottom.

Proof. The colours of the closed strings (vertices of the seed ATA,,) look like the following:

w b w b

white vertices in A ° °

black vertices in A (]

b w b w

Note that black vertices in the quiver ADA,, correspond to strings cut out by triangles with the same base
labellings. Mutations at all of the black vertices of AOA,, correspond to a collection of diagonal flips
within a quadrilateral with the same base labellings (either b or w). This turns the above triangulation
into the left one below:

w b w b b w b w b

Now reflect the leftmost collection of triangles with base labelled by a b-chain to the top and the rightmost
collection of triangles (with base labelled by either a b-chain or a w-chain) to the bottom and then flip
the rest of the nonflipped diagonals. The resulting triangulation is depicted by the above right picture.
Because these reflections and the diagonal flips only involve triangles that are labelled differently, no
mutation is involved. By shifting the top chain to the right by two units we get the following triangulation
on the left:

w b w b w b w b

https://doi.org/10.1017/fms.2021.59 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2021.59

Forum of Mathematics, Sigma 67

Similarly, mutating at the white vertices of AOA,, corresponds to another collection of diagonal flips,
which turns the above left triangulation to the above right one. Let us again reflect the leftmost collection
of triangles to the top and the rightmost collection of triangles to the bottom and flip the rest of the
diagonals. The resulting triangulation coincides with the initial one.

In the whole process there are two sequences of reflections on the left from bottom to top (one for a
b-chain and the other for a w-chain) and two similar sequences of reflections on the right from top to
bottom, which is the action described in the lemma. O

Corollary 5.10. Za"+"! = 1d.

Proof. Let R be the isomorphism from Conff]7 (B) to Confg o (B) by reflections on the right. Elements
in Conff] o (B) are described as

B2n43
Bo Y B ——=B: b T Ban Y Ban+1 —5,=> Bons2
Consider the Coxeter element ¢ = bw. We have ¢" = w(z) as positive braids. Therefore, the

W W(
chain By,,42 s B2,43 LA Bo can be written as & copies of ¢ chains as below, where B(;) = By; for
0<i<n+l:

C
- «—— Bu3)

o N

B(n+n) B(n+2)
C/ C
B(o) B(n+1)

Bs) —— B3
C

After conjugation by R, the transformation Za acts on Conf Z p° (B) by rotating the above circle clockwise
by one step. Therefore, Za**! = Id. O

Asin [Kell 1, Sec.5.7], Zamolodchikov’s periodicity implies that

2(h+h')

DT H™ =1d, h = —,
(DTaza’) where m scd(h )

We close this section by presenting a direct proof of the above identity for ADA,,.

2(h+n+1)

Corollary 5.11. (DTADAn)m = Id where m = W
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Proof. In the braid group we have

h
ged(h,n+l)

o h h(n+l) (n+1)
(qp )gcd(h,nH) e bWbWbW . bW = cecd(hn+l) = (Qecd(h,ntl) |
——— ————

n+1 copies of bw

2(h+n+1)

By Theorem 5.1, the order of the DT transformation of Confg (B) divides 2edhntD) "

6. Points Counting and Positive Braid Closures
6.1. Points Counting over a Finite Field

The proof of Theorem 2.30 showed that the space Coan(A) can be realised as the nonvanishing locus

of an integral polynomial given by Theorem 2.7. Therefore, Coan(A) is well defined over any finite
field F,. In this section we present an algorithm’ counting its F, points

ff(q) = |C0an(A) (Fq)| .
Let u and v be Weyl group elements and s; a simple reflection. We set

q ifv=s;uand (s;u) < I(u),
g-1ifv=uand! (s;u) > l(u),

u,v _
P = 1 if v =s;uand (s;u) > I(u), ©.1
0 otherwise.
Theorem 6.2. Leti = (iy,...,i,) be aword of db°. Then
B@=@-0" > []per 63)

(W15eeestty 1) EWn-T k=1
where ug = u, = e and ¥ = dimT.

Proof. Because Coan(A) = Conf?,. (A), it suffices to count F,-points of the latter space. Note that
every configuration in Conf?, . (A) has a unique representative such that the pair of flags associated to its
left side is Uy —— B_ . Then let us fix a triangulation by taking diagonals from the top vertex to all of
the bottom vertices and label all of the diagonals by Weyl group elements indicating the Tits codistances
between the top flag and the bottom flags. It gives rise to a decomposition of the space Conf?, . (A).
Moving across the triangulation from left to right, we associate the number of possible configurations
to each triangle based on Lemma A.8: ¢ for A, ¢ — 1 for G,,, 1 for {*} and 0 for 0. In the end there is
another decoration A,, over the last flag B,,, which gives another multiple of (¢ — 1)" = |T (Fq) | Taking
the summation over all possible cases, we get (6.3). O

Inspired by a recent result of Galashin and Lam [GL.20] on computing the F,-point count of positroid
cells, we relate the computation of f 5 (q) with Hecke algebras.

Let us first briefly recall the definition of Hecke algebra H associated with a generalised Cartan
matrix C. As a noncommutative algebra, H is generated over Z [¢*'| by the elements {7;}; s, where S
is the set of Coxeter generators. The generators 7; satisfy the usual braid relations (A.4) imposed by the
Cartan matrix as well as the following identity:

(Ti+q)(T;-1)=0  Vies. (6.4)
7This algorithm was suggested to us by J.H. Lu.
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Note that (6.4) implies that

T = ¢ 'Ti+ (1 _q—l) Vies. (6.5)
For any positive braid b € Br* with braid word (iy, i3, . .. ,i;), we define
Ty =T;T;, - - Ty

Note that this is well defined because the generators 7; also satisfy the braid relations. Because any
Weyl group element w € W defines a unique positive braid via any reduced word of w, we define T,
to be the corresponding product of the generators 7; according to the reduced word. In particular, as a
consequence of (6.4), for any Weyl group elements u, v € W with v = s;u, we have

T, {T if I(v) > [(u),

(1 -q)T, +qT, if [(v) < I(u). (6.6)

It is known that {7}, },, cw forms a linear basis of H; thatis, H = @, . Z [¢*'] Tw. We define a
[ —1] -linearmap e : H — Z [q ]

lifw=e,
€(Tw) = {0 otherwise.
Corollary 6.7. Leti= (iy,...,i,) be aword of db° and let ¥ := dim T. Then

£5(a) = (a - 1V q"e (73,
Proof. By comparison with (6.3), it suffices to show that
relra)= X []ee
(ut15eeesttp—1) EWnT k=1
Without loss of generality, let us assume that b = e. Let (i1,i2,...,i,) be a braid word for d. Then

T, = T;‘T;}l -+-T;'. By substituting in (6.5), we get

g (17') = (Tiy + (= D) (Tiy, + (g = D) -+ (T + (g = D).
For each 0 < k < n, define kX (g) to be the coefficients in the expansion

(Tic + (g =1) -+ (Ty, + (g = 1)) = > hk(g)Tw.

weW

We claim that for any uy € W,

> ]_[ P = 1k (), (6.8)

(ua1,..osup—) WK1 I=1

and the theorem will follow from this claim and the definition of the linear map e.
We will do an induction on k. The claim is trivial for the base case k = 0. For the inductive step, we
define u = uy and v := s;,, ,u. If [(v) > [(u), we have

(Tior + (g = D) K ()T = KK (T, + (¢ = DEK (9T,
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which covers the middle two cases in (6.1). On the other hand, if [(v) < [(u), then by (6.6) we have

(Tipn, + (g = 1) ()T, = hE(9) (1 = )T, + T, + (g - DT,) = hk(q)qT,,

which covers the first case in (6.1). By combining these cases, we see that (6.8) remains true for k + 1
and hence the induction is finished. O

The group T X T acts on Confz (A) by altering the decorations A? and A,,. It induces a transitive Tx T-
action on each fibre of the projection x : Coan (A) — Confg (B). As stacks we have the isomorphism

Coan(.A) J(TXT) = Coan(B).
Therefore, the number of F,-points of Coan (B) as a stack is

|Coan(A) (Fq)| _ 1b(q)

b - b —
gd(Q) = iconfd(B)(Fq” = |T < T(Fq)| - (q- H

Note that, in general, gs (g) is a rational function with possible poles at ¢ = 1. We include the code of a
Python program that computes gZ(q) for positive braid closures in Appendix A.3.

Example 6.9. Let G = SL,, b = e and d = s1s515]. Let us fix a triangulation given by drawing diagonals
from the top vertex to all of the vertices at the bottom. Below are all possible cases of different Tits

codistances:
S1 S1 51
.ﬁ ,&
S1 S1 S1 S1 S1 S1
S1 S1 S1

The first case gives (g — 1)3, the fourth case gives 0 and each of the rest give g(q — 1). Therefore,

THOE ((q—1)3+2q(q—1))(q—1)=q4—2q3+2q2—2q+1-

P L
gd(q)—(q_l)z—q +1.

Remark 6.10. This example coincides with Example 6.38 in [STZ17]. In the next section, we show that

Coan(B) is isomorphic to the moduli space M (AZ) of microlocal rank-1 sheaves in [STZ17].
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6.2. Legendrian links and Microlocal Rank-1 Sheaves

Let us briefly recall some basic definitions about Legendrian links. The space R is equipped with the
standard contact structure from the 1-form a = ydx — dz. A Legendrian link in R? is a link A such that
the restriction of @ to A vanishes. Two links are Legendrian isotopic if there is an isotopy between them
that preserves the property of being Lengendrian at every stage. A Legendrian link A can be visualised
by its image under the front projection n from R? to the xz-plane. The constraint a|y = 0 implies that
the y coordinate of A is determined by the slope of its front projection.

Shende, Treumann and Zaslow [STZ17] have associated to every Legendrian link A a category
Sh} (R?) of constructible sheaves on the xz plane with singular support controlled by the front projection
of A. Using a theorem of Guillermou—Kashiwara—Schapira [GKS12], they proved that the category
Sh;\(Rz) is invariant under Legendrian isotopies. As a consequence, the moduli space M(A) of
microlocal rank-1 sheaves in Sh} (R?) is a Legendrian link invariant.

In this section we investigate Legendrian links arising from a pair (b, d) of positive braids of Dynkin
type A,. Leti and j be reduced words of b and d, respectively. Associated to (i, j) is a Legendrian link
A}, whose front projection is described by the following steps:

(1) We draw 2r + 2 many horizontal strands on the xz-plane.

(2) The top r + 1 strands have crossings encoded by i and the bottom r + 1 strands have crossings
encoded by j.

(3) We close up both ends of the strands by cusps.

Example 6.11. Let r = 2. Leti = (1,2) and j = (1). The front projection 7 p (Aj.) of A} is
)

//

S1

S1

Connected components of the complement of 7 (A}) are called faces. We use fi, to denote the face
enclosed by the (r + 1)-th and the (r + 2)-th strands and f,y to denote the unbounded face. Crossings
and cusps of g (A}) cut its strands into segments called edges. Two faces are said to be neighbouring
if they are separated by an edge e. Note that one of the neighbouring faces is above e and the other is
below e with respect to the z-direction in the xz plane.

Let us present an equivalent working definition of microlocal rank-1 sheaves associated to A; See
[STZ17] for the original definition.

Definition 6.12. A microlocal rank-1 sheaf JF associated to A;: consists of the following data:

o assigned to every face f is a finite-dimensional vector space Vs over a field k;
o assigned to every edge e is a full-rank linear map ¢, : Vy — V,, where f and g are neighbouring
faces separated by e, with f sitting below e

such that

o the dimensions of vector spaces assigned to any neighbouring faces differ by 1;
o dimVg =r+1anddimVy, =0;
o for every crossing illustrated on the left below, the following sequence is exact:

Vv, —Gswbsel gy Senten (6.13)
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o for every cusp illustrated on the right below, ¢ o 0 g =idy,:

One can think of a microlocal rank-1 sheaf as a quiver representation and two microlocal rank-1
sheaves are isomorphic if they are isomorphic as quiver representations. Let Ml(Aj) be the moduli

space of isomorphism classes of microlocal rank-1 sheaves associated to A; The space Ml(/\}) is
invariant under Legendrian isotopies.

Theorem 6.14. Let i and j be reduced words of positive braids b and d, respectively. There exists a
natural isomorphism from M (A}) to Coan(B).

Proof. Let F be a a microlocal rank-1 sheaf. Let us align the cusps of 7p (A}) on a horizontal line that
separates the xz-plane into two halves. We slice up the bottom half vertically at the crossings. For each
slice, the sheave F gives rise to r + 2 vector spaces with full-ranked linear maps connecting them. See
the first graph in Figure 1. Let

Ui =Im(V; > ... > V).

By Definition 6.12, every local linear map is a codimension 1 inclusion. Therefore, we obtain a complete
flagB=(0=Upc Uy C--- CUpp =Vyg,).
LetB=(UyCc U C---CU, CUpyp) and B’ = (Uj C U C --- C U] C U!,,) be flags associated

to two adjacent slices sharing a crossing on the jth level. By the exactness condition (6.13), we get
Uj # U’ and U; = U] if i # j. Therefore, B Y, B’ in B_. Because the crossings of the strands in the
bottom half are encoded by j, by associating flags to the slices, we get a j-chain

Sii Sia Sin

Bo By — B, .

Similarly, let us slice up the top half vertically at the crossings. For each slice, we get the data as
shown on the the second graph in Figure 1. The dimension condition forces dim V; = i and the linear
maps are all surjective. Let

Wi =ker(Voyg =V, > - 5 V).

It determines a complete flag B = (O =W,qycW,.c... W= Vﬁn). Similarly, a crossing on the ith
level at the top half imposes the condition that two adjacent flags are of Tits codistance s; in the flag
variety B,. Therefore, the top half of a microlocal rank-1 sheaf F gives rise to an i-chain

Siy Sim

B™ .

Now we have obtained an i-chain and a j-chain from F. From the construction of the braid closure, we
know that the left cusps are nested as in the third graph of Figure 1. By Definition 6.12, the composition
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‘/7“*‘1’1 = Vfout VO = Vfin

—— ——

Figure 1. Flags obtained from microlocal rank-1 sheaves.

Vi = Vi1 — 'V, is the identity map idy,. Therefore,
U nW; :=im(V; - V,.y1) Nker(V,4 — Vi) = 0.

Therefore, the flags B® and By are in general position. Similarly, the flags B™ and B,, are in general
position. Putting them together, we get a configuration

BO

By —— B .. ——B,

This defines a map
M, (A}) — Confz (B).

It is not hard to show that this construction can be reversed to get an isomorphism class of microlocal
rank-1 sheaves from a point in Coan(B). O

Theorem 6.14 is a slight generalisation of [STZ17, Prop 1.5]. It shows that M (A}) is equipped with
a natural cluster Poisson structure. As a direct consequence, we obtain the following.

Corollary 6.15. The space Coan (B) (as an algebraic stack) and gZ (q) are Legendrian link invariants
for closures of positive braids (b, d).
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A. Appendix
A.l. Basics about Kac—Peterson Groups

In this appendix we collect the necessary information on Kac—Peterson groups (a.k.a. minimal Kac—
Moody groups). We will mostly follow S. Kumar [Kum02].

A generalised Cartan matrix is a matrix C = (C;;) whose diagonal entries are all 2 and whose
off-diagonal entries are nonpositive integers, such that C,; = 0 if and only if C;; = 0.

A realisation of an r X r generalised Cartan matrix C is a quadruple (9, §*, IT", IT) such that

o b and h* are dual complex vector spaces of dimension 7 := r + [, where [ is the corank of C;
o M={ay,....,ep} ch*and 11 = {a),..., )} C b are linearly independent subsets;
o (a;/,a'j> = Cij fOI'i,j = 1,...,}’.

Every C admits a unique up to isomorphism realisation ([Kac83, Prop. 1.1]).
The Kac-Moody algebra g¢ associated to C is a Lie algebra, with the generators E;, E_; (i = 1,...,r)
and b and the relations

[H,H']=0 (H,H' €Y),

[H,Ei] = (H,a;) Ei,

[H,E_i]z—(H,a/i)Ei (i:],...r;HEf)),

[E[,E,j] =6ija'ly (i,j=1,...,r), (Al)
1-C;;

adlEiCJEjZO,

adEfi ”E*JI =0 (l¢])

From now on, let C be a symmetrisable generalised Cartan matrix; that is, there is an invertible
diagonal matrix D such that D~'C is symmetric. The matrix D may be chosen such that its diagonal
entries are positive integers with ged = 1. Let (h, §*, IT1Y, II) be a realisation of C. We further fix once
and for all a lattice P C §* with a basis {wy, ..., wz} such that IT c P and

(o) ,w;) =06 fori=1,...,rand j=1,...,F

The lattice P is called the weight lattice. A weight A € P is dominant if (e, 1) > 0 for every @ € II.
Denote by P, the set of dominant weights.
The elements wy, . . ., w; are called the fundamental weights. They extend C to an 7 X 7 matrix

~ C DA
c=0=[2%)
such that a; = Zf:] Cijwifor j=1,...,r.

Lemma A.2. The matrix C is invertible.

Proof. The matrix C is of corank /. We may apply elementary column transformations to the first r
columns of C and obtain a matrix

z, (0 C’” DA

¢ = (L * 0 ) )
The first 7 column vectors of C are linearly independent because IT is a linearly independent subset of
b*. Therefore, the [ X [ submatrix L is invertible. Meanwhile, the matrix C is symmetrisable. Therefore,
the first » row vectors of C are linearly independent and the r X r submatrix (C’ DA) of C’ is invertible.
It follows then that C’ (and hence C) is invertible. O
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Using the matrix C we can extend IT to a basis {ai}le of h* such that

i-’
(Zj = ZC[I'(U[.
i=1

Let {aiv}le and {a)l\/}; be, respectively, the dual basis of {w;}/_, and {e;}"_,. Then

i=1
s
(ylyzzcijw}{ and <aiv,a/j>=C;j (i, j=1,...,7).
=

Define Q := @f:] Za; C P. The quotient group P/Q is a finite abelian group of order | det(C)|.
We define two algebraic tori

T :=Hom (P,G,;;,) and T, :=Hom(Q,G,,).

Both Ty and Tyq have b as their Lie algebras. The embedding Q C P induces a surjective homomorphism
from Ty to T,q, whose kernel Z is isomorphic to P/Q.

The Kac—Peterson group Gg (respectively G,q) is generated by Ty (respectively T,q) and the one-
parameter groups

U; :={exp (pE;) | p € G.}, ie{xl,...,+r},

with relations determined by (A.1). They are also known as the minimal Kac—Moody groups, in the sense
that they are constructed by only exponentiating the real root spaces of g¢c. The group Z is contained in
the centre of Gg. The surjection from T to T,q induces a |Z|-to-1 covering map

7 Gge — Gag.

We refer the reader to [Kum02, Section 7.4] for more details on Kac—Peterson groups.

Notation A.3. We will write e;(p) instead of exp (pE;) and omit the argument p if p = 1. Let T be
either Ty or Taq. For a character A of T and ¢ € T, we set ! := A(¢). For a cocharacter 1V of T and
p € Gy, we set pt' = 21Y(p).

Let G be either Ggc or Goq. Let N be the normaliser of T in G. The Weyl group W := N/T is generated
by S := {s;}/_, with the relations s? =1 for all i together with the braid relations

SiSj... =88 .. Vi#j (A4)
S~—— ~——
mij mij

where m;; = 2,3, 4,6 or co according to whether C;;C;; is 0, 1,2, 3 or > 4. The elements

5= ei_le_,-ei_1 and ?i = eie:}ei (A.5)
are both coset representatives of s; € N/T. They satisfy the braid relations and therefore determine two
natural representatives for every w € N/T, which are denoted as w and w.

Let U, (respectively U_) be the subgroup of G generated by Uy, ..., U, (respectively U_y,...,U_;).

Define the Borel subgroups
B; := U,iT, B_ :=U_T.
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The transposition g +— g' is an involutive anti-automorphism of G such that
ei(p) =e_i(p) Vie+l,..., +r; hW=h VheT.

The transposition swaps B, and B_.
Recall the definition of Tits system in [Kum02, Section 5.1]. The tuple (G, B4, B_, N, S) forms a twin
Tits system; that is,

o the quadruples (G, B4, N, S) and (G, B_, N, S) are Tits systems;
o if I(ws;) < I(w), then B_.wB,s;B, = B_ws;B,;
oB_s;NB,=0fori=1,...,r.

From the twin Tits system we obtain two Borel decompositions and a Birkhoff decomposition
G=| |BuB.=| |B B, G=| |BwB,.
ueWw vew weWw

Recall the flag varieties B, = G/B, and B_ = G/B_. As in Subsection 2.1, the above decompositions
induce Tits distance functions d. : By X B, — W and a Tits codistance function d : B, x B_ — W.
The quintuple (B., d., d) is an example of twin buildings.

Proof of Lemma 2.5. For the first case, without loss of generality, let us assume that B,B’,B" € B;.
From the assumption uv = w and [(u) + [(v) = [(w) we get

B,wB, = B,uB,vB,.
Therefore, if B—%> B’ — > B” , then B —*= B” . Conversely, if B —". B” , then there exists a
flag B’ such that B —“> B’ — = B’ . Itremains to show the uniqueness of B’.

Assume v = s;. Let B"” satisfy B —~> B —* . B” . Note that B,s;Bys;B, = B, LIB,s;B,. If

B’ # B"”, then we get B’ s p, Putting all of the flags together, we get

TT—

Because [(us;) = I[(u) + 1, from the red arrows we get B —"_ B, which contradicts with the blue

B B/I

B’ Si

u
arrow B —— B’”” . Therefore, B’ = B"”’. For general v, we first fix a reduced word v = s;,s;, ... ;.

Sil

ws;
By the above discussion, there is a unique B’”’ such that B — L pB” 1. B”. Then we focus

wsi
on B——>B"” . The uniqueness of B’ follows by induction on the length of v.
For the third case, using the second condition of twin Tits system recursively, we get

B_uB, = B_wB,v 'B,.

w u u

-1
Therefore, if By B~! 2~ B, then By BY . Conversely, if By B? , then there exists

w

-1
aB~! such that By B! = B" . The uniqueness of B~! follows from the same inductive method
as in the proof of the first.

All other cases are analogous to the third case. O

Next let us investigate the space of flags that are of Tits distance s; from a fixed flag.
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Lemma A.6. If B, ~% . B, thenB= ei(q)5:By for some g € Al

Proof. The space of flags of Tits distance s; to B, is the quotient (B,s;B;)/B;. By Lemma 6.1.3 of
[KumO02], we get B, = U;Q;, where the subgroup Q; = B, N s;B.s;. Therefore,

(B4+s;By)/ By = (U;Q;s;B4)/ By = (U;s;Q;By)/ By = (U;s;By)/ By = {ei(q)5:B4} . ]

Corollary A.7. Let B be in either By or B_. The space of flags of Tits distance s; away from B is
isomorphic to A,

u

Proposition A.8. Let u,v € W and let s; be a simple reflection. Fix a pair B BY . Then the space

of flags B that fits into either of the triangles

BO B L} B()
u v
and % u
B() T B B()

is isomorphic to
Al ifv =siuand I (sju) < 1(u),
Gy ifv=uandl (s;u) > l(u),
{«} ifv =siuandl (s;u) > l(u),

0 otherwise.

Proof. By symmetry, we will only prove the first case. Without loss of generality, let B® = uB, and
Bp = B_. The set of flags of Tits distance s; to B_ is

{B_ei(p) | p € G} U {B_si}. (A.9)

If [ (s;u) < I(u), then we obtain the the first case by Lemma 2.5 and Corollary A.7.
If I (s;u) > I(u), then the root & := u~' («;) is positive. Therefore,

B_e;(p)uB, =B_uey(p')By = B_uB,.

Among all of the flags in (A.9), only B_s; is of Tits codistance s;u away from B_u, from which we
arrive at the third case. The rest are of Tits codistance u, which proves the second case. O

Now let us focus on Gg.. Let V; denote the irreducible representation of Gg. of highest weight 1 € P..
Let O [Gy.] be the algebra generated by the matrix coefficients of V, A € P,.

Theorem A.10 (Kac—Peterson, [KP83, Theorem 1]). Consider the Gy. X Gyc-action on O [Gg.| by

((21,82) 1) () = f (87882
Then as Gy X Ggc-modules,

OlGe) =P v;eva.
AePy
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Let Y- O [Gg.] be the subring of left U_ invariant functions. By Theorem A.10, we get

Let A, € V, be the unique highest weight vector such that A y(e) = 1. Given A, u € P, the product
AaA,, is a highest weight vector in V., and satisfies the normalisation condition. Therefore,

Ay = DMaA .

Theorem A.11 (Geiss—Leclerc—Schroer [GLS11], 7.2). An element x € Gg is Gaussian decomposable
if and only if A, (x) # O for all fundamental weights w;.

A.2. Basics about Cluster Algebras
We include here the basic facts about cluster algebras that will be needed.
Definition A.12. A seed is a quadruple s = (1, I e, {da} ge ;) satisfying the following properties:

(1) Iis a finite set and I*f c I;

(2) €4p is a Q-valued matrix with €, € Z unless (a, b) € I x s

(3) {d.} is a collection of positive integers with gcd (d,) = 1 such that the matrix é,p = eabdgl is
skew-symmetric.

Elements of I are called vertices, elements of I*! are called unfrozen vertices and elements of I \ I'! are
called frozen vertices. The matrix € is called the exchange matrix and d, are called multipliers.

Definition A.13. Given a seed s and an unfrozen vertex ¢ € I'f, a mutation at ¢ produces a new seed
s'=pes= (I, 1", €, ,{d,}) with ' =1, " = ', d/, = d,, and

ab’
o - { —€ab if ¢ € {a, b},
ab €ab T+ [Eac]+ [Ecb]+ - [_euc]+ [_Ecb]+ if ¢ ¢ {a’ b}v

where [x]; := max{x,0}. Seeds obtained by a sequence of mutations on s are said to be mutation
equivalent to s.

Let T be an |I uf|-regu1ar tree. The edges of T are labelled by elements of /' such that the labelling of
edges connecting to the same vertex are distinct. Every mutation is involutive: u2s = s. Therefore, we
can associate the vertices of T with seeds from a mutation equivalent family, such that any two vertices
associated to a pair of seeds related by a mutation u. are joined by an edge labelled by c. The decorated
tree T is called the mutation tree of s.

We assign to each vertex s of T two split |/|-dimensional algebraic tori: a Ky seed forus Ty s and a
Poisson seed torus Tq.s. The tori Ty.s and Ty are equipped with coordinate systems {Aa;s}a <l and
{Xa;s}a <> respectively. We often drop the subscript ; s if it is obvious or not important. The torus T
admits a canonical 2-form

dAuss dAps
Q= Eaps—— A ~.
az,b azs Aa;s Ab;s

The torus T admits a canonical Poisson structure determined by the bivector field

0 0

1= Z éab;SXa;SXb;SaT A ﬁ
ass S

a,b
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’

For every edge s in T, the associated seed tori are related by the transition maps

He He
Tysc---->Tyy and Tggs<---->Tqy

In terms of the cluster coordinates, the transition maps are expressed as

[ ELbs] €cbs ) - _
1 (Aax) = ”(Hb )(““”Ab;s Jira=c (A.14)

Ags ifa #c,

—~1 . _
Xcs ifa=c,

—enes (A.15)
Xass [S k. (14 Xes) “ ifa # c.

He. (Xa;S') = {

The maps p. preserve the 2-form Q and the bivector field II.

Lets and s’ be any two not necessarily adjacent vertices on T. By composing the transition maps along
the unique path connecting them, we get birational maps s,y : Toys --> T and psg - Taris > Ty
Fomin and Zelevinsky [FZ07] proved the following factorisation formulas for the pullbacks of cluster
coordinates:

(Fu N - (em), (A.16)

lu:—>s’ (Aa;s/) = (l_[ Ai(;sbis—m/

b

| |XLabs—>s') | | Fb Eab;s’
S—)S
b

where cgp:sy and gup:s—s are I X I matrices with integer entries and F,s_,¢ are polynomials in
the initial cluster Poisson coordinates {Xa;s}. They are called the c-matrix, the g-matrix and the F-
polynomials associated to the mutation map ps_,g, respectively. We have the following properties:

, (A.17)

*
/‘ls—>s tl S

(1) (matrix identities) €.¢ g.s—s = Cisms Ess;

(2) (sign coherence) row vectors of c-matrices and column vectors of g-matrices are sign coherent; that
is, their entries are either all nonnegative or all nonpositive;

(3) (constant term) F-polynomials all have a constant term 1;

(4) (positivity) F-polynomials all have positive integer coefficients.

In addition, the following properties are immediate consequences of the factorisation formulas:

(5) (Laurent phenomenon) pg g (Aa;sf) is a Laurent polynomial;
(6) Caps—s = ordx, u o (Xa), where ordy f yields the lowest degree of x in f if f is a polynomial

and ord, (%) :=ord, f — ord,g.

Let us fix an initial seed s. The sign coherence of c-vectors allows us to assign a colour to each vertex
a € I inaseed s’: we say a is green if ¢4p.s—¢ = 0 for all b and red otherwise. Note that a mutation at
the vertex ¢ changes its colour, but it may change the colours of other vertices as well.

From the above definition, all vertices of the initial seed s are green. A sequence of mutations that
turns all vertices red is called a reddening sequence and a reddening sequence consisting of mutations
only in the direction of green vertices is called a maximal green sequence.

There is a combinatorial way to compute the c-matrix using principal coefficients. Given a seed
s= (1, I, e, {d.}), we define the corresponding seed with principal coefficients as

sprin:(ll_ll,l“fl_l(l),(es ld) {da} U {d, })
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s

. . . . €y Csoy
By applying the sequence of mutations g5 tO Sprin, We obtain a seed with exchange matrix ( : S8 )

whose upper right-hand corner is precisely the c-matrix we need.

Definition A.18. Fix an initial seed s in T. We define the upper cluster algebra to be
up () = ﬂﬂ:—m' (O (Tays)) € Frac (O (Tu3))
s/
and define the cluster Poisson algebra to be

up (X) = [\ iy (O (Triw)) € Frac (O (Ts)) -

Note that O (Tq.y) is a Poisson algebra for each seed s’ and the mutation maps preserve the Poisson
structure. Therefore, up (') is naturally a Poisson algebra.

The algebras up (&) and up (") do not depend on the choice of an initial seed, because all mutation
maps are algebra isomorphisms on the fields of fractions and u? = id.

Definition A.19. The geometric counterparts of up(</) and up(Z) are the cluster K, variety o/ and the
cluster Poisson variety® &, obtained by gluing the seed tori via the transition maps u:

A = |_|Td;s/{,uc} and ' = I_IT%;S/ {ue}.

In particular, O(&f) = up(&f) and O(X') = up(X).

Because the mutation maps between Ty.s preserve the canonical 2-forms €, these 2-forms can be
glued into a canonical 2-form Q on the cluster K, variety &/. Similarly, because the mutation maps
between Tq s are Poisson maps, the cluster Poisson variety 2 is naturally a Poisson variety.

Definition A.20. Let s and s” be two seeds on T. A seed isomorphism o* : s — s’ is a bijection
o* 1 — I'suchthat o* (I'') = I, d; = d () and €apis = €0+ (a) o (b) s -

Definition A.21. A seed isomorphism o* : s — s’ induces algebra automorphisms o* on up(/) and
up(Z’) defined by

0" (Ags) = Agr(ayy  and " (Xas) = Xo(a):s -

Abusing notation, we still denote by o the induced biregular automorphisms of the corresponding
cluster varieties. Such automorphisms are called cluster transformations.

A cluster transformation pulls back cluster variables to cluster variables according to the factorisation
formulas (A.16) and (A.17). Therefore. it makes sense to define the c-matrix, the g-matrix and the F-
polynomials of a cluster transformation o with respect to a choice of initial seed s; we denote them by
C.os» 8:0s and F. 4.5 respectively.

The following criteria determine when a cluster transformation is trivial.

Theorem A.22 ([GS18, GHKKI18, CHLI18]). Let o be a cluster transformation on o and . The
following statements are equivalent:

o o acts trivially on < ;
o o acts trivially on & ;
o the c-matrix with respect to one (and equivalently any) seed is the identity matrix;
o the g-matrix with respect to one (and equivalently any) seed is the identity matrix.

8The cluster Poisson variety & is not a variety in the traditional sense because it often fails to be separated.
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By Theorem A.22, the group of cluster transformations on & coincides with the group of cluster
transformations on 2. We call this group the cluster modular group and denote it by &.

Definition A.23. Fix a seed s = (I, 1", €4, {d4}). Let d = lem {d,}. We define the Langlands dual
seed s¥ := (I, 1", —€pq, {d/d,}) and the chiral dual seed s° := (I, 1", —€ap, {da}).

The following facts are easy to check:

(a) s¥V =sands® =s;

(b) pes” = (pes)” and pes® = (ue8)°;

(c) the following are equivalent for a bijection o : [ — I:
o o*:s — s’ isaseed isomorphism;
o o*:s¥ — sV is a seed isomorphism;
o o*:8° — §’° is a seed isomorphism.

Thanks to (b), the mutation trees of s, s¥ and s° are naturally isomorphic. We can define the Langlands
dual versions and chiral dual versions of cluster algebras and cluster varieties the same way as before and
we will denote them with superscripts ¥ and °, respectively. Nakanishi and Zelevinsky [NZ12] proved
the following tropical duality relating the c-matrix and g-matrix associated to the same sequence of
mutations when applied to Langlands dual seeds:

cfs_)s, = g;‘si_)s,v; (A.24)
they also proved the following identity relating the c-matrices associated to the opposite sequence of
mutations when applied to chiral dual seeds:

-1
Cisny = Cigoos°- (A.25)

It follows from (c) and the tropical duality that a cluster transformation is trivial if and only if the
corresponding cluster transformation on the Langlands dual (respectively chiral dual) is trivial. Thus, the
Langlands dual (respectively chiral dual) cluster modular groups are isomorphic; that is, & = &V = g°,

Cluster varieties & and & are positive spaces; that is, they are equipped with a semifield of positive
rational functions Q. (/) and Q, ('), respectively. Given a semifield S, we define the set of S-points

ﬂ(S) := Homgemifield (Q+(*Qf)s S) P ‘EZ‘(S) := Homgemifield (Q+(‘E[)s S) .

LetZ' = (Z, min, +) be the semifield of tropical integers. Fock and Goncharov proposed the following
conjecture on Langlands dual cluster varieties.

Conjecture A.26 ([FG09a, Conj. 4.1]). The coordinate ring O(&f) admits a basis &-equivariantly
parametrised by XV (Z') and O(X) admits a basis €-equivariantly parametrised by of¥ (Z!).

Definition A.27. For a seed s = (I,1'f, €, {d,}) with ged{d,},cpw = 1, we define its associated
unfrozen seed to be s"t = (I'1, 1T, €| juryjur, {da} gegur)-

Let o/* and 2 be the cluster varieties constructed from an unfrozen seed associated to a seed that
defines &/ and &'. Then among their seed tori we can define four maps

e T.Q{uf;suf — Tﬂ;s f : T‘Q{uf;suf — Tj{';s
. [ Aggr ifae ", . ,_ €abss
€ () = | 1l  as) = [ 452
belvf
p: T&{;S g Tg‘uf;suf q: Tg[;s g T‘%‘uf;suf
P (Xar) = | A5 4" (Xagor) = Xass.
bel
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By direct computation one can verify that these four maps commute with the mutation maps u. Therefore,
we can glue them together and obtain four regular maps in the following commutative diagram:

Let € be the cluster modular group associated to the cluster varieties &/ and 2 and let €% be the
cluster modular group associated to the cluster varieties &/* and 2!, Tt then follows from the above
formulas that € is a subgroup of €',

Proposition A.28. Let 7 : Ty.s — Tors be a group homomorphism of algebraic tori for some fixed seed
s such that f = mo e and p = q o n. Then 1 induces group homomorphisms of algebraic tori between
seed tori associated to any other seed in the mutation equivalent family. Moreover, they glue into a
well-defined regularmap m : of — X.

Proof. The conditions p = m o e and f = g o m imply that the only freedom in defining r is the frozen
factor (the first factor) in

m (Xa;s) = 1_[ Abs

bel\IYf

celuf bel\IYf

for each frozen vertex a. But such a factor need not change under mutation: we can just define 7* (X5 ) :=

(Hbe T\ A;_’S,) f* (Xaw) for any other seed s’ and such maps n automatically commute with the
mutation maps. o

Remark A.29. There is another way to describe the map n. Let M and N be the character lattices of
Ty.s and Tq s, respectively. Then n induces a linear map of character lattices 7* : N — M. The cluster
Poisson coordinates {X,:s} correspond to a basis {5} of N and the skew-symmetric matrix €4, defines
a skew-symmetric form {-,-} on N. We can view a seed mutation s’ = u.s as a change of basis on the
lattice N given by

—ecss ifa=c,
€ays = .
€as + [6ac;s]+ ecs ifa #c.

By viewing the seed tori Ty, and Tq ¢ as algebraic tori with character lattices M and N, we can redefine
the mutation map u. between the corresponding seed tori by the following coordinate-free formula:
/Jz (Xn) - xn (1 + Xec;s)—{"deC‘iC;S} ,
" —(m,dce:c;s)
#i (Am) = Am (1 + AP (eC;S)) b

where X" is the character function corresponding to n € N and A™ is the character function corre-
sponding to m € M. By using this description, it is not hard to verify by computation that the following
diagram commutes:

Hc
Tys— —>Tys

ni ln
T&”;s T >'T£l”;s

where the two vertical maps 7 are induced by the same linear map 7* : N — M.
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Proposition A.30. If in addition to the assumption of Proposition A.28 the map ©t : Tg.s — Tqs is
surjective, then the resulting regular map n : o — X is also surjective (and equivalently the induced
algebra homomorphism nt* : up(Z’) — up(H) is injective) and F € Frac (up(X)) is in up(X) if and
only if n*(F) is in up(f).

Proof. If 7 : Ty.s — Tq s is surjective for one seed s, then 7* : N — M is injective, which implies that
the induced maps 7 : Ty.¢y — Tq.¢ are surjective for any seed s’ in the mutation equivalent family by
the above observation. Then it follows that 7 : o — & is also surjective.

Lastly, because n* : Ty s — Tg s maps monomials to monomials for every s, F is a Laurent
polynomial on T s for all s if and only if 7*(F') is a Laurent polynomial on Ty ¢ for all s, which implies
that F € up (X) if and only if 7*(F) € (). O

Next we will make use of the alternative description of a seed in Remark A.29 to define quasi-cluster
transformations. A more detailed discussion can be found in [Fral6, GS19].

Definition A.31. Let s and s’ be two seeds on T. Let N be the lattice as described in Remark A.29, with
a skew-symmetric form {-, -}. Let {e4:s} and {eq.s } be the bases of N corresponding to the seeds s and
s’, respectively. Then a lattice isomorphism o* : N — N is said to be a seed quasi-isomorphism if

uf — ™ between the unfrozen seeds such that o (e5) =

(1) there exists a seed isomorphism o™ : s
o (a)y foralla € I';

(2) o preserves the skew-symmetric form {-, -} on N.

Note that a seed quasi-isomorphism o* also induces a lattice isomorphism M — M because M is dual
to NV up to a rescaling.® We abuse notation and denote the induced automorphism on M by o*.

Definition A.32. A seed quasi-isomorphism ¢* naturally induces an automorphism o* on up(&/) and
up(Z’) defined by

o (A7) = AZ™ and o (X2) = X5 ™,
we call such automorphisms quasi-cluster transformations. In turn, such automorphisms also define
biregular automorphisms on the corresponding cluster varieties, which we also call quasi-cluster trans-

formations. Because a seed quasi-isomorphism preserves the skew-symmetric form {-, -}, a quasi-cluster
transformation on up(2’) is automatically a Poisson automorphism.

Lemma A.33. Let o be a quasi-cluster transformation corresponding to a lattice isomorphism o*
between two seeds s and s’. Suppose that m and n are two integer matrices such that

o (Ais) = 1_[ AT and o (Xis) = el
J

Jss N
J

Then md’ = d(n')~", where d and d’ are the multiplier matrices associated with the seeds s and s,
respectively, and t denotes the transposition of a matrix.

Proof. By definition, we have o (e;) = 2 nije;. for the linear isomorphism o* : N — N. On the other
hand, we know from [GHKK18, Appendix A] that the two f-bases of M are given by f; = e}/d; and

f j' = e}* /d’"., respectively. It follows from linear algebra that the induced map o™ : M — M is given by

]

o (f) =D d () f
J

Because every cluster transformation is a quasi-cluster transformation, the quasi-cluster transforma-
tions form a group that contains the cluster modular group <.

9The rescaling is nontrivial only in the skew-symmetrisable cases; see [GHKK 18, Appendix A] for more details.
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Example A.34. Below is a simple example that demonstrates the difference between a cluster transfor-
mation and a quasi-cluster transformation. Consider the following quivers, which differ by one single
mutation:

1 ]
[ ) [ ]
2/ \3 = 2/ \3
O O O«+«———0O

Note that these two quivers are not isomorphic, so they cannot possibly define a cluster transformation.
On the other hand, if we define

o' (e1) =€}, o'(er) =ej+e}, 0" (e3):=¢),

we see that o defines a seed quasi-isomorphism. Therefore, o induces a quasi-cluster transformation
on up(&/) and up(X’) that acts by

o) =X, = o (A1) = j—; -2tn

O'*(Xz)ZXfXé:L O'*(A2)=Aé=A3
1+X;3

O'*(X3)=X2/=X2(1+X1) 0'*(A3):A3:A2‘

The cluster Poisson algebraup (2 “f) admits a natural extension into a Poisson algebra of formal series.
Goncharov and Shen defined a unique Poisson automorphism on such extension called the Donaldson—
Thomas transformation. In all known cases the Donaldson-Thomas transformation preserves up (2 uf)
and hence descends to a Poisson automorphism on up (). In most known cases the Donaldson—
Thomas transformation is a central element in the cluster modular group €%, and when this happens
we say that the Donaldson—Thomas transformation is cluster.

In the reverse direction, there is an easy way to check whether a cluster transformation is the
Donaldson—Thomas transformation by using the c-matrix, and we will use it as the working definition
in this article.

Definition A.35. A cluster transformation in £ is the cluster Donaldson-Thomas transformation if its
c-matrix (with respect to any choice of seed) is —id.

The following theorem justifies the omission of the phrase ‘with respect to any choice of seed’.

Theorem A.36 ([GS18, Theorem 3.6]). If o is a cluster transformation with c.,.s = —id, then ¢,o.¢ =
—id for any seed s’ mutation equivalent to s.

Recall that the c-matrix of a sequence of mutations can be computed using principal coefficients. It
follows by definition of the cluster Donaldson-Thomas transformation that any two isomorphic seeds
that give rise to the cluster transformation are related by a reddening sequence. On the the other hand,
it is known that a reddening sequence always produces a seed that is isomorphic to the original seed
and one can choose an isomorphism such that the associated c-matrix is —id. Therefore, we have the
following implications:

a maximal green a reddening
sequence exists sequence exists
H (A.37)
Donaldson-Thomas Donaldson-Thomas
transformation is rational transformation is cluster
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Let us explain the importance of Donaldson-Thomas transformations. First, in the skew-symmetric
case (where all d, = 1), the Donaldson—-Thomas transformation encodes the Donaldson—Thomas
invariants of an associated 3D Calabi—Yau category of dg modules (see [GS18]). Second, by combining
results of Goncharov and Shen [GS 18] and results of Gross et al. [GHKK 18], one obtains the following
sufficient conditions for the cluster duality conjecture.

Theorem A.38 ((GHKK18, Prop.8.28]). Conjecture A.26 holds if the following two conditions hold:

(1) The Donaldson—Thomas transformation of & s a cluster.
(2) The algebra homomorphism p* : up (X ) — up () is injective.

A.3. Python Code for Computing gf;(q) Jor Positive Braid Closures

o

from sympy import *
q = symbols(’q’)

# The Weyl group associated to Dynkin type A_(n-1) is the symmetric

# group S_n. We denote elements of S_n by an n-tuple u consisting of
# integers from O to n. Below are left/right multiplication of u by

# a simple reflection s_k

def left mult(k,u):
ulk-1],ulk] = ulk],ulk-1]
return(u)

def right_mult(k,u):
for i in range(len(u)):
if uf[i] == k-1:

ufi]l =k
elif u[i] == k:
ufi] = k-1
return(u)

# Below is an algorithm that converts an integer O<=m<2+1l into an 1
# tuple of 0s and 1s corresponding to the binary expansion of m.

def binary(m,1):

output = []

while 1 != 0:
a=m//2%¥*(1-1)
m = m-a*2**(1-1)
1 =1
output.append(a)

return(output)

# Now we are ready to define the function g#b_d(q).

# The computation needs the input of a triangulation t. However,
# the output should not depend on t.

# Let 1=1(b)+1(d)
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# The input of b and d will specify the choice of words. We then
# represent a triangulation t by an 1-tuple of 0s and 1s, with 0
# representing a nabla-shaped triangle and 1 representing a Delta-
# shaped triangle.

def g(n,b,d,t):
# First we should test that t is actually a triangulation for (b,d).

if t.count(®) != len(b) or t.count(l) != len(d):
return("Error: Wrong Triangulation!")

# Next we combine b and d into a 1-tuple "braid" of pairs (s,k),
# where s=0,1 indicates the orientation of the triangle
# and k indicates the simple reflection.

braid = []
for i in range(len(t)):
if t[i] == 0:
braid.append([t[i],b.pop(®)])
else:
braid.append([t[i],d.pop(®)])

# The variable "polynomial" will be the final output g*b_d(gq)*(g-1)A(n-1)
polynomial=0

Wihen we go across the triangulation from left to right, at each
step we can either multiply or not multiply s_k.

Therefore at most we only need to consider 2A1 number of cases.

We go through all these cases using a parameter O<=m<241

By converting this parameter m into a binary expression of length 1,
we exhaust all possible cases.

1 means the multiplication takes place,

and ® means the multiplication does not take place.

FH oH K OH H W W W

for m in range(2**len(t)):
occurrence = binary(m,len(t))

# Start with the leftmost edge being of Tits codistance u=e.

u = [j for j in range(n)]

F*

The 1-tuple "factors" collects the factors coming from each
triangle in the triangulation.

*H

factor = []

# We now go from left to right across the triangulation and
# impose Tits codistance conditions u according to the binary
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# expression of m.

# Note that letters of b correspond to right multiplications
# and letters of d correspond to left multiplications.

# The computation is governed by Lemma 6.1.

for i in range(len(t)):
if braid[i][®] == 1:
if occurrencel[i] == 0:
if ulbraid[i][1]-1] > u[braid[i][1]]:
break
elif occurrence[i] == 1:
if ulbraid[i][1]-1] > u[braid[i][1]]:
factor.append(q)
else:
factor.append(1)
u = left_mult(braid[i][1],w)
else:
factor.append(g-1)
else:
if occurrencel[i] ==
if u.index(braid[i][1]-1) > u.index(braid[i][1]):
break
elif occurrence[i] == 1:
if u.index(braid[i][1]-1) > u.index(braid[i][1]):
factor.append(q)
else:
factor.append(1)
u = right_mult(braid[i][1],uw)
else:
factor.append(g-1)

if u == [j for j in range(n)]:
term = 1
for p in factor:
term *= p
polynomial += term

return(cancel (polynomial/(q-1)**(n-1)))

Acknowledgements. We are grateful to A.B. Goncharov for introducing us to cluster ensembles and the amalgamation of cluster
varieties. We thank J.H. Lu for suggesting a method to count F; -points of double Bott—Samelson cells and for helpful conversations
on generalised double Bruhat cells. We thank H. Gao and E. Zaslow for valuable discussions on Legendrian links and microlocal
rank-1 sheaves. L.S. is supported by the Collaboration Grant for Mathematicians from the Simons Foundation (No. 711926).

Conflict of Interest: None.

References

[Abr96] P. Abramenko. Twin Buildings and Applications to S-Arithmetic Groups, Vol. 1641 of Lecture Notes in Mathematics
(Springer, Berlin, 1996). doi: 10.1007/BFb0094079.

https://doi.org/10.1017/fms.2021.59 Published online by Cambridge University Press


http://dx.doi.org/10.1007/BFb0094079
https://doi.org/10.1017/fms.2021.59

88 Linhui Shen and Daping Weng

[BFZ05] A. Berenstein, S. Fomin and A. Zelevinsky, ‘Cluster algebras. III. Upper bounds and double Bruhat cells’, Duke
Math. J. 126(1) (2005), 1-52. doi:10.1215/S0012-7094-04-12611-9.

[BS58] R. Bott and H. Samelson, ‘Applications of the theory of Morse to symmetric spaces’, Amer. J. Math. 80 1958,
964-1029. doi:10.2307/2372843.

[CHL18] P. Cao, M. Huang and F. Li, ‘A conjecture on c-matrices of cluster algebras’, Nagoya Math. J. 238 (2020), 37-46.
doi:10.1017/nmj.2018.18.

[Dem74] M. Demazure, ‘Désingularisation des variétés de Schubert généralisées’, Ann. Sci. Ecole Norm. Sup. (4), 7 (1974),
53-88.

[EL19] B. Elek and J.-H.Lu, ‘Bott—Samelson varieties and Poisson ore extensions’, Int. Math. Res. Not.. Preprint, 2019,
arXiv:1601.00047.

[FGO6] V. Fock and A. Goncharov, ‘Cluster X -varieties, amalgamation, and Poisson-Lie groups’, in Algebraic Geometry
and Number Theory, Vol. 253 of Progr. Math. (Birkhduser Boston, Boston, 2006). 27-68.

[FG09a] V. Fock and A. Goncharov, ‘Cluster ensembles, quantization and the dilogarithm’, Ann. Sci. Ec. Norm. Supér. (4)
42(6) (2009), 865-930. doi:10.24033/asens. 2112.

[FG0O9b] V. Fock and A. Goncharov, ‘The quantum dilogarithm and representations of quantum cluster varieties’, Invent. Math.
175(2) (2009), 223-286. doi: 10.1007/s00222-008-0149-3.

[FZ99] S. Fomin and A. Zelevinsky, ‘Double Bruhat cells and total positivity’, J. Amer. Math. Soc. 12(2) (1999), 335-380.
doi: 10.1090/S0894-0347-99-00295-7.

[FZ02] S. Fomin and A. Zelevinsky, ‘Cluster algebras. 1. Foundations’, J. Amer. Math. Soc. 15(2) (2002), 497-529.
doi:10.1090/S0894-0347-01-00385-X.

[FZ03] S. Fomin and A. Zelevinsky, ‘Y -systems and generalized associahedra’, Ann. Math. (2) 158(3) (2003), 977-1018.
doi:10.4007/annals.2003.158. 977.

[FZ07] S. Fomin and A. Zelevinsky, ‘Cluster algebras. IV. Coefficients’, Compos. Math. 143(1) (2007), 112-164.
doi:10.1112/S0010437X06002521.

[Fral6] C. Fraser, ‘Quasi-homomorphisms of cluster algebras’, Adv. Appl. Math. 81 (2016), 40-77.
doi::10.1016/j.aam.2016.06.005.

[GL20] P. Galashin and T. Lam, ‘Positroids, knots, and g, ¢-Catalan numbers’. Preprint, 2020, arXiv:2012.09745.

[GLS11] C. GeiB, B. Leclerc and J. Schroer, ‘Kac-Moody groups and cluster algebras’, Adv. Math. 228(1) (2011), 329-433.
doi:10.1016/j.aim.2011.05.011.

[GSV10] M. Gekhtman, M. Shapiro and A. Vainshtein. Cluster Algebras and Poisson Geometry, Vol. 167 of Mathematical
Surveys and Monographs (American Mathematical Society, Providence, RI, 2010). doi:10.1090/surv/167.

[GS18] A. Goncharov and L. Shen, ‘Donaldson-Thomas transformations of moduli spaces of G-local systems’, Adv. Math.
327 (2018), 225-348. doi: 10.1016/j.2im.2017. 06.017.

[GS19] A. Goncharov and L. Shen, ‘Quantum geometry of moduli spaces of local systems and representation theory’,
Preprint, 2019, arXiv:1904.10491.

[GY18] K. Goodearl and M. Yakimov, ‘Cluster algebra structures on Poisson nilpotent algebras’. Preprint, 2018,
arXiv:1801.01963.

[GHKK18] M. Gross, P. Hacking, S. Keel and M. Kontsevich, ‘Canonical bases for cluster algebras’, J. Amer. Math. Soc. 31(2)
(2018), 497-608. doi:10.1090/jams/890.
[GKS12] S. Guillermou, M. Kashiwara and P. Schapira, ‘Sheaf quantization of Hamiltonian isotopies and applications to
nondisplaceability problems’, Duke Math. J. 161(2) (2012), 201-245. doi:10.1215/00127094-1507367.
[Han73] H. C. Hansen, ‘On cycles in flag manifolds’, Math. Scand. 33 (1974), 269-274. doi: 10.7146/math.scand.a-11489.
[Kac83] V. G. Kac. Infinite-Dimensional Lie Algebras, Vol. 44 of Progress in Mathematics (Birkhduser Boston, Boston,
1983). doi:10.1007/978-1-4757-1382-4.

[KP83] V. G. Kac and D. H. Peterson, ‘Regular functions on certain infinite-dimensional groups’, in Arithmetic
and Geometry, Vol. II, Vol. 36 of Progr. Math. (Birkhduser Boston, Boston, 1983), 141-166. www—
math.mit.edu/kac/not-easily-available/regularfunctions.pdf.

[Kelll] B.Keller, ‘On cluster theory and quantum dilogarithm identities’, in Representations of Algebras and Related Topics,
EMS Ser. Congr. Rep. (European Mathematical Society, Ziirich, Switzerland, 2011), 85-116. doi:10.4171/101-1/3.

[Kell3] B. Keller, ‘The periodicity conjecture for pairs of Dynkin diagrams’, Ann. Math. (2) 177(1) (2013), 111-170.
doi:10.4007/annals.2013.177.1.3.

[KS08] M. Kontsevich and Y. Soibelman, ‘Stability structures, motivic Donaldson-Thomas invariants and cluster transfor-
mations’. Preprint, 2008, arXiv:0811.2435.

[Kum02] S.Kumar, Kac-Moody Groups, Their Flag Varieties and Representation Theory, Vol. 204 of Progress in Mathematics
(Birkhauser Boston, Boston, 2002). doi:10.1007/978-1-4612-0105-2.

[LS16] T.Lam and D. Speyer, ‘Cohomology of cluster varieties. I. Locally acyclic case’. Preprint, 2016, arXiv:1604.06843.

[LM17] J.-H. Lu and V. Mouquin, ‘On the T -leaves of some Poisson structures related to products of flag varieties’, Adv.
Math. 306 (2017), 1209-1261. doi:10.1016/j.aim.2016.11.008.

[Moul9] V. Mouquin, ‘Local Poisson groupoids over mixed product Poisson structures and generalised double Bruhat cells’.
Preprint, 2019, arXiv:1908.04044.

https://doi.org/10.1017/fms.2021.59 Published online by Cambridge University Press


http://dx.doi.org/10.1215/S0012-7094-04-12611-9
http://dx.doi.org/10.2307/2372843
http://dx.doi.org/10.1017/nmj.2018.18
http://dx.doi.org/10.24033/asens. 2112
http://dx.doi.org/10.1007/s00222-008-0149-3
http://dx.doi.org/10.1090/S0894-0347-99-00295-7
http://dx.doi.org/10.1090/S0894-0347-01-00385-X
http://dx.doi.org/10.4007/annals.2003.158. 977
http://dx.doi.org/10.1112/S0010437X06002521
http://dx.doi.org/10.1016/j.aam.2016.06.005
http://dx.doi.org/10.1016/j.aim.2011.05.011
http://dx.doi.org/10.1090/surv/167
http://dx.doi.org/10.1016/j.aim.2017. 06.017
http://dx.doi.org/10.1090/jams/890
http://dx.doi.org/10.1215/00127094-1507367
http://dx.doi.org/10.7146/math.scand.a-11489
http://dx.doi.org/10.1007/978-1-4757-1382-4
https://www-math.mit.edu/kac/not-easily-available/regularfunctions.pdf
http://dx.doi.org/10.4171/101-1/3
http://dx.doi.org/10.4007/annals.2013.177.1.3
http://dx.doi.org/10.1007/978-1-4612-0105-2
http://dx.doi.org/10.1016/j.aim.2016.11.008
https://doi.org/10.1017/fms.2021.59

Forum of Mathematics, Sigma 89

[Mull4] G. Muller, ‘A = Ufor locally acyclic cluster algebras’, SIGMA 10 (2014), Paper 094. doi:10.3842/SIGMA.
2014.094.
[NZ12] T.Nakanishi and A. Zelevinsky, ‘On tropical dualities in cluster algebras’, in Algebraic Groups and Quantum Groups,
Vol. 565 of Contemp. Math. (Amer. Math. Soc., Providence, RI, 2012), 217-226. doi: 10.1090/conm/565/ 11159.
[SW20] L. Shen and D. Weng, ‘Cyclic sieving and cluster duality for Grassmannian’, SIGMA 16 (2020).
[STWZ19] V. Shende, D. Treumann, H. Williams and E. Zaslow, ‘Cluster varieties from Legendrian knots’, Duke Math. J.
168(15) (2019), 2801-2871. doi:10.1215/00127094-2019-0027.
[STZ17] V. Shende, D. Treumann and E. Zaslow, ‘Legendrian knots and constructible sheaves’, Invent. Math. 207(3) (2017),
1031-1133. doi:10.1007/s00222-016-0681-5.
[WYO07] B. Webster and M. Yakimov, ‘A Deodhar-type stratification on the double flag variety’, Transform. Groups 12(4)
(2007), 769-785. doi: 10.1007/s00031-007-0061-8.
[Wen20] D. Weng, ‘Donaldson—Thomas transformation of double Bruhat cells in semisimple Lie groups’, Ann. Sci. Ec. Norm.
Supér. 53 (2020), 291-352.
[Wen21] D. Weng, ‘Donaldson-Thomas transformation of Grassmannian’, Adv. Math. 383 (2021), 107721.
doi:10.1016/j.aim.2021.107721.
[Wil13] H. Williams, ‘Cluster ensembles and Kac—Moody groups’, Adv. Math. 247 (2013), 1-40. doi:10.1016/j.aim.
2013.07.008.
[Zel00] A.Zelevinsky, ‘Connected components of real double Bruhat cells’, Internat. Math. Res. Not. 21 (2000), 1131-1154.
doi:10.1155/S1073792800000568.

https://doi.org/10.1017/fms.2021.59 Published online by Cambridge University Press


http://dx.doi.org/10.3842/SIGMA.{\protect \penalty -\@M } 2014.094
http://dx.doi.org/10.1090/conm/565/ 11159
http://dx.doi.org/10.1215/00127094-2019-0027
http://dx.doi.org/10.1007/s00222-016-0681-5
http://dx.doi.org/10.1007/s00031-007-0061-8
http://dx.doi.org/10.1016/j.aim.2021.107721
http://dx.doi.org/10.1016/j.aim. 2013.07.008
http://dx.doi.org/10.1155/S1073792800000568
https://doi.org/10.1017/fms.2021.59

	1 Introduction
	1.1 Cluster Structures on Double Bott–Samelson Cells
	1.2 Donaldson–Thomas Transformation and Periodicity Conjecture
	1.3 Positive Braids Closures
	1.4 Further Questions

	2 Double Bott–Samelson Cells
	2.1 Flags, Decorated Flags, Relative Position and Compatibility
	2.2 Double Bott–Samelson Cells
	2.3 Reflections and Transposition
	2.4 Affineness of Decorated Double Bott–Samelson Cells

	3 Cluster Structures on Double Bott–Samelson Cells
	3.1 Triangulations, String Diagrams and Seeds
	3.2 Cluster Poisson Structure on Confbd(Aad) and Confbd(B)
	3.3 Cluster K2 Structure on Confbd(Asc) and Confbd(Ascfr)
	3.4 Coordinate Rings as Upper Cluster Algebras

	4 Donaldson–Thomas Transformation of Bott–Samelson Cells
	4.1 A Maximal Green Sequence for (=142 =168 =194 =195 =512   ==88==88 X   eb)uf
	4.2 Cluster Donaldson–Thomas Transformation on Confbd(B)
	4.3 Reflection Maps as Quasi-Cluster Transformations

	5 Periodicity of DT transformations and Zamolodchikov's Periodicity Conjecture
	6 Points Counting and Positive Braid Closures
	6.1 Points Counting over a Finite Field
	6.2 Legendrian links and Microlocal Rank-1 Sheaves

	A  Appendix
	A.1 Basics about Kac–Peterson Groups
	A.2 Basics about Cluster Algebras
	A.3 Python Code for Computing gbd(q) for Positive Braid Closures


