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Abstract

In this note the L2-angle between two concentric rings and between the ring and the exterior
of the disc in the complex plane are calculated. In the second part we prove that the LZ-angles
between domains 4 and B and between A x C and B x C are equal. We give also some examples
of discontinuity of the L2-angle between domains.

1980 Mathematics subject classification (Amer. Math. Soc.) (1985 Revision): 30 C 40, 32 H 10,
46 C 10, 46 E 20.

Introduction

The alternating projections and L2-angle in the theory of the Bergman func-
tion were introduced by M. Skwarczynski [4, 5]. The application of this pro-
cedure leads in some cases to the explicit-analytic calculations of L2-angle
between domains in CV (see [2, 5]).

Let 4 and B be two domains in CV, and put D = AUB. Set F = L’H(D) :=
{f € L¥(D): f is holomorphic in D}. Denote by F;, i = 1,2, the subspaces of
L%(D) consisting of functions holomorphic in 4 and B respectively. Assume
that m(A\B) > 0 and m(B\A4) > 0 (here, as well as in the rest of the paper, m
denotes the Lebesgue measure in CV). The L2-angle y(4, B) € [0, %] between
A and B is given by (see [5, Section 1 (1)])

(N cosy(A,B)=sup{M:f,~eE\{0},f,-LF, i=1,2}.
1AL
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Under the additional assumption that L2H(A) # 0 or L2ZH(B) # 0, one can
prove (see [5]) that

1/ W5 + 1113

T + 171, 7 € MO L F,

(2) cos®y(4, B) = sup {
and f holomorphic in Int(B\A)} .

(Here f is the Bergman projection of f | 8 in B.)

In this note we calculate the L2-angle between two concentric rings on
the complex plane, and between the ring and the exterior of the disc. We
prove also a result on the L2-angle between cartesian products of domains.
Moreover, we give examples of discontinuity of the L2-angle.

1. The case of rings

LCtA:{ZGCZO<"1 <|Z|<r2},B={Z€C:R]<|Z|<R2},
where ry < R < r; < Ry. Let F| = {f € L}(D): f e Hol(4)}, /, = {f €
L?(D): f € Hol(B)}.

THEOREM 1.
In(Ry/r;)In(Ry/r3)

2 —
cos* (4, B) = In(R2/Ry)In(rz/ry)

Proor. Consider a function f such that f € F;\{0},
(3) (f,8) =0 for every g € L*H(D),

and f is holomorphic in Int(B\A). This function on 4 and B\ A4 has power
series expansions

Na(z)=3anz",  flpu(z)=)_ buz".

nez neZ

Denote ||z"||3, = U(n). We calculate the expression in (2)

11z =D lan|*(A\B)(n),

nezZ
1A% =D laal*A(n),
nez
13 = D 16a*(B\A)(n).
nezZ
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Denote by P the Bergman projection in D. Since f is orthogonal to L>H(D),
we have Pf = 0. Therefore, for every n € Z, 0 = (Pf,z") = (f,z") =
ayA(n) + by(B\A)(n), and so

A
@ o = BB Ay
Hence
n
11200 = g'“"'z(B\A (1)’

Similarly, iff =) ,ezCnz" in B, then forevery n € Z, ¢c,B(n) = (f, z")p =
(f18,2")p = an(AN B)(n) + by,(B\4)(n), and so

1A% =Y leal*B(n)

nezZ
(AN B by(B\A)(n)|?
-y |an( )(’222:) (B\A)(n)| B(n)
(AN B)(n) — A(n)
B(n)

neZ

= Z lanlz

neZ

by (4). Therefore the numerator and denominator in (2) are respectively

2
1f1as + 1713 = 3 lanP { = By + <A\B)<n>}
neZ
and ,
2 2 2 A(n)
Note that ((4 N B)(n) — A(n))? = (A(n) — (AN B)(n))? = ((4\B)(n))?. Now
we have
17125 + 1713 Ui, +<A\B><n>
T+ 17T, ne A( )+
_ o (AB)m |1+ ST (A\B)(n) (B\A)(n)
et A [1 | TheE A B
For n # —1,

2 R,
(4\B)(n) = ||z"||3,\8 = / [ ssdsae
(R — (2™,

n+l

https://doi.org/10.1017/51446788700031700 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700031700

272 Piotr Jakébezak and Tomasz Mazur 4

Analogously, i
A(n) = 2= (B - (),
(B\A)(n) = 5 ()™ = ()",
B(n) = T (RY™' = (RH™).
Forn = -1,

1 Riq R,
(A\B)(=1) = |z~ [L.ovg = 27:/ Lds=2nn L,
ry 1

R,

—=, B(-1)=2zln &
r

_ n 1=
A(-1) =2nln o (B\A)(—1) =2=xIn R,
Setting a =r?, b = R}, ¢ = r2, d = R, we obtain

In(b/a)In(d/c) b™ —a™ d™ - c’")
In(d/b)In(c/a)’ d™ — b cm—a™ )’
m=n+1#0.

(5) cos®y(A4,B) < sup (

On the other hand, if we define the functions f, by setting f, equal to z”
in 4 and to —A(n)/(B\A)(n)z" in B\A, then f, sati§fy the conditions from
(2), and it is easy to check that sup,ez {(|l/ W45 + IF1I3)/(Nfal% + 1 fall5 0}
is equal to the right-hand side of (5). Therefore we have the equality in (5).
It is easy to see that
b—ad—-c_ bm"-amdm—c"
d-bc—a~dn-bmcm—agm’
We want to show that
In(b/a)In(d/c) b-ad—c nb/a) lngd/c)

In(d/b)In(c/a) > d-bc—a o W@z In(c/a)

m=12,....

> 1, a<b<c<d.

For b = ¢, the left-hand side is 1, so it suffices to show that the first factor on
the left is increasing with respect to b on the interval (a,c). Without loss of
generality we may assume that ¢ = 1, and consider the expression
(Inb)/(b - 1)
(In(d/b))/(d - b)’
We shall show more: this expression is decreasing for b € (1,d). Substituting
b=ds s € (0,1), it suffices to show that
(sind)(d* - 1)
(T=5)nd)/(d - &)
is decreasing for s € (0, 1), or equivalently that
s d-d°
T-sd"—1

l<b<d.
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is decreasing for s € (0, 1). Assuming 0 < s <t < 1, we want to show that
s d-d’ S t d-d
l-sds—-1" 1-td' -1
of (after dividing both sides by s) that
s l—ds“> t 1-d!
-5 ds—-1 l—t dt—-1"~
Without loss of generality we may assume that s = k/n, t = m/n are rational,

with n equal to some power of 2, and k, m even. Then 1 —s = (n/k)/n,
1—t=(n—m)/n. Let p =d'/" > 1. We shall prove that for k < m,

k/n 1-pk-n S m/n 1 —pmn
(n-k)/n pk—1 = (n—-m)/n pm—1"

or equivalently that

k pn—k_l m pm_kpn—m_l
n—k pk-1 n—m prk—1°

Note that by dividing by p(™~%)/2 we obtain the inequality

k pm—1 1 m prm—1
(m—k)2¥
(6) n—k pk — 1 pim=k)/2 > n—m? prk—1°
It is known that
pm-1 1 prl+pmie 41

pk — 1 pm=k2 — pm+k)2=1 1 ... ¥ pim—K)]2
is increasing for p € (1,00) and that
mog2P"Tm =1 _priiTl 4. 4 pBh
pn—k_l pn—k—1+...+]

is decreasing for p € (1,00) [5]. Hence it suffices to verify (6) for p = 1, in
which case it reduces to

k m m n—-m

n-kk n-mn-k’

which is obvious.

2. The case of ring and exterior of a disc

Let
A ={zeC:r<|z|< 1}, Br={zeC: R<|z|}, O<r<R<1
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THEOREM 2.
In(R/r)

COS Y(AI',BR) ln(l/r

Proofr. Now the considered function f (see equation (2)) has power series
expansions

fla (@)=Y ez, flaaa(z) =Y dnz"
nezZ n<-—1

Similar calculations to those in part 1 (separately for n < ~1, n = —1 and
n > —1) lead to the following expression:

In(R/r) (R})™ — (r?)m ~
In(1/r)’ 1= (r2)m )’ m=12,....

Put a = (R/r)?, B=(1/r)2. Then 1 <a < B and

cos? y(A4,, Bg) = sup (

Ina o™ -1
2 — .
cos” y(A,, Bg) = max (lnﬂ’ F s 1) .

Since (a—1)/(f-1)> (a™ - 1)/(B" —1),m=1,2,..., we have

Ina a-1

1)

It is easy to see that the first number on the right-hand side realizes the
maximum, which completes the proof.

Denote by C, the disc with radius r and by Dy the ring with radii 1 and
R, 1 < r < R. Since the mapping z — 1/z transforms C,\{0} and Dy
biholomorphically onto By, and 4,z (where B;;, and 4,z have the same
meaning as in Theorem 2), and since L2H(C,\{0}) = L>*H(C,) (more general
results of this type were obtained by J. Siciak in [3]), we have by Theorem 2
and by [2, Theorem 3], that

cos? y(A,, Bg) = max (

In(R/r)

InR
If R — oo, this expression tends to 1. On the other hand, if D = limg_,o Dy
=Ug>1 PDr = {z € C: |z| > 1}, then by [2, page 658] and by [5, Theorem 3],
cos y(C,, D) = 1/r. Therefore, the following holds:

cos? y(C,, Dr) = cos® y(Ay/r, By)y) =

THEOREM 3 (Discontinuity of the L2-angle).
lim cosy(C,, Dr) # cosy (C,, lim DR) .
R—o0 R—o0

Note that in contrast to the above result, if we consider the domains 4, =
{zeC:r<|zl<1l}and Bg={Z € C: R<|z]<p},0<r<R<1<p,
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and let p tend to infinity, then by Theorem 1,

_ In(R/r)Inp . In(R/r)

“ In(p/R)In(1/r) " In(1/r)

which is equal, by Theorem 2, to cos?y(4,,Br). Hence in this case the
“continuity” of the L2-angle holds.

cos’ y(4r, Bg,)

3. Higher dimension case

In this section we prove a result on the L2-angle between cartesian products
of domains. We give then some examples of “discontinuity” in a higher
dimension case. In order to make the presentation more concise, we use the
following notations: given domains A, B,C,... in C” and G in C™, we will
write Ag,Bg,Cg,... instead of A x G,Bx G,C xG,....

THEOREM 4. Let A and B be two domains in C" such that m(A\B) > 0
and m(B\A4) > 0 and

(7) m((B\A)\Int(B\4)) =0,

(where m denotes the Lebesgue measure in C"), and let G be a domain in C™
such that L2H(G) # 0. Then the L?-angle between Ag and Bg is defined and
satisfies the equality

cos y(Ag, Bg) = cosy(A4, B).

We need the following lemma:

LEMMA 5. Suppose that domains A,B C C" are such that
m((B\A)\Int(B\A4)) = 0,

and let G be a domain in C™. Set D = AUB. Let h € L>(Dg) be such that
h is holomorphic in Ag and in Int(Bg\Ag), and h is orthogonal to L*H(Dg).
Then for every w € G, the function h(-,w) belongs to L*(D), is holomorphic
in A and in Int(B\A), and is orthogonal to L*H(D).

ProoF. Since # is square-integrable and holomorphic in A4; and
Int(Bg\Ag), it is well known that for each w € G, the function A(-,w) is
holomorphic and square-integrable in 4 and Int(B\A4). Since

m((B\A\Int(B\4)) = 0

by assumption, we have also 4(-,w) € L?(D). In order to prove that A(-, w)
is orthogonal to L2H(D) take arbitrary functions f and g from L2H (D) and
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L2H(G) respectively. Define the function h; on G by hs(w) = (h(-,w), f)p,
w € G. (This definition makes sense, because h(-, w) € L?(D)). Since, by the
Schwarz inequality,

/Ih, (W) dm(w /(/ [z, )| | 72| dm( z)) dm(w)
/ ( / |(z,w)]? dm(z) / 1z |2dm(z)) dm(w) = |f13 A1,

the function A is in L2(G). Let {D,}32, be an increasing sequence of com-
pact subsets of D such that U‘;"zl D, = D. It is then well known that the
funtions (hs)n(w) = (h(-,w), fp, = fD,. h(z,w)f(z)dm(z) are holomorphic
in G, and by an estimate similar to that in (8) we see that they are also in
L*(G). Moreover, by the same manner as in (8), we obtain the inequality
by = (Bo)all> < (1 /13, 18112\ p,),- Since the last expression tends to zero as
n — oo, and since (), are in L2H(G), which is a closed subspace of L%(G),
hs belongs to L2H(G). The function f(z)g(w) is in L2ZH(Dg). Therefore,
by the assumption on 4,

=t f2)sw) = [ ([ Wz wiTEdm(z) gwidmw) = by, gho.

This means that 4, is orthogonal to L2H(G), and thus since A, is itself in
L*H(G), hy = 0. Hence, for every w € G, he(w) = (h(-,w), f)p = 0. Since
f € LH(D) was taken arbitrary, we conclude that A(.,w) is orthogonal to
L2H(D).

PrROOF OF THEOREM 4. We show first that cos y(A4, B) < cos y(Ag, Bg). As
in the introduction, let F, (respectively F>) denote the subspace of L2(D),
consisting of functions which are holomorphic in 4 (respectively in B). Sim-
ilarly, let G, and G, be the subspaces of those functions from L2(Dg), which
are holomorphic respectively in A and in B;. Take any f; € F;\{0} with
fi L L2H(D), i = 1,2. Let g be an arbitrary function from L2H(G)\{0}.
Then the functions f|(z)g(w) and f,(z)g(w) are in G{\{0} and G,\{0} re-
spectively. Moreover, since every function from L?H(Dg) can be approxi-
mated in the L?-norm by functions of the form A;(z)g,(w)+- - -+ h,(z)gn(w)
with h; € L*H(D) and g, € L*H(G), we conclude from the orthogonality
conditions on f; that fi(z)g(w) L L2H(Dg), i = 1,2. Hence,

A gw), S(2)g@))nl
®) cos?(46: Bo) = e e wiinllfo(2)gw) o,
_ Aol _ 1 fadol
Al AlolzlE = 1Al
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Since cos (A4, B) is the supremum over all expressions occuring in the right-
hand side of (9) with f; and f; as described above, we are done.

In order to prove the opposite inequality, suppose first that L2H(A) is
nontrivial. (The case when L?H(B) # 0 is treated analogously.) Then (see
[5, Theorem 2]) the formula

A1 5y + 1PohIG, |
12115,
h e G\{0},h L L’H(Dy),

(10) cos® y(Ag, Bg) = sup {

h is holomorphic in Int(BG\AG)}

holds (here Pp, denotes the Bergman projection in Bg). By virtue of Lemma
5, for every w € G, the function f(-,w) belongs to Fy, is holomorphic in
Int(B\A), and is orthogonal to L2 H (D). Therefore, again by [5, Theorem 2],
for every w € G we have the inequality

IAC, w55 + 1 Peh(, w)lIG
A, w)llp
(with P the Bergman projection in B). Let Kp, K; and Kp, denote the

Bergman functions for domains B, G and B respectively, and set S =
(B\A\Int(B\A4). By Bremermann’s theorem,

Kp (s, t;z,w) = Kp(s, z)K¢(t, w).

Moreover h(s, ) € L2H(G) for every s € B\S, and m(S) = 0. Therefore, we
have

(11) < cos’ (4, B),

PBGh(z,w)7=/ Kp (s, t; z,w)h(s,t) dm(s)dm(t)
Bg

= Kp(s, 2) (/GKG(t,w)h(s, t)dm(t)) dm(s)

B\S
_ / K5 (s, 2)h(s, w)dm(s) = (Pgh(-,w))(z),
B\S

z€ B, weG. Thus
1l myg + IPacly, _ StlACw)Ep + IPsRC, w)I3) dm(w)
2113, S IAC, w13 dm(w)

Because of (11), this last expression does not exceed cos® y(4, B). Taking the
supremum of those expressions over all 4 as above, we obtain by (10), that
cos? y(Ag, Bg) < cos?y(A,B). At least, if L2H(A) = L2H(B) = {0}, then
also L2H(Ag) = L?H(Bg) = {0}, and thus, by [5, Theorem 1], cos y(4, B) =
cos y(Ag, Bg) = 0. This completes the proof.
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We give now some further examples of “discontinuity” of the L2-angle. Let
C, and D have the same meaning as in Theorem 3. Let G be any domain
of holomorphy in some C™” with L2ZH(G) # {0}. Then, by (the proof of)
Theorem 3, and by Theorem 4, we have limg_,o, cos y((C;)g, (Dr)g) = 1, and
similarly, if D = limg_,oo D = {z € C: |z| > 1}, then cos y((C,)g, Dg) = 1/r.
Thus the above example exhibits the discontinuity of the L2-angle, as in
Theorem 3. Note that (C,)g, (Dr)g and D¢ are domains of holomorphy.

Another example of discontinuity of L?-angle is the following. Let 1, =
{(z,w)€C?*:Rez > 1}, II_ = {(z,w) € C?: Rez < —1}. Set also

A=T_U{Rez < 1,(Imz)? + |w|? < 1},
Ap={-2<Rez< 1,(Imz)* +|w]* < 1},
B=II,U{-1<Rez (Im? + |w]P? < 1}.

Since L2H(C) = {0}, then also L2ZH(I1,) = LH(I1_) = {0}, and so L2H(A)
= L?H(B) = {0}. Also L2ZH(AU B) = {0}, F, is orthogonal to F», and so
cosy(4,B) = 0 by (1). On the other hand, consider the sequence {4,}3°,
of bounded domain in C2?, such that 4y C 4, C ..., Uiy 4n = 4, and
AnNB = A)nB foreveryn =0,1,2,.... Set F) = L2H(A;UB) = {0}, F\" =
{f € L*(4; U B): f is holomorphic in 4;}, and F{" = {f € L*(4; UB): f is
holomorphic in B}. Let f; be a function which is equal to one in 4; and to
zero in I1; and let g; be equal to one in 4;\B and to zero in B. Since the
domains 4; are bounded, the supports of the functions f; and g; have finite
measure, and so we have f; € F{”\{0} and g; € F{"\{0}. Then

> gl _ _ m(4i\B)
[filllgll ~ V/m(A)m{AnB)’

cosy(A;, B) > |

where m denotes the Lebesgue measure in C2. This last expression tends to
one as i tends to infinity.

Note that in contrast to the previous example, the cosine of the L2-angle
between limit domains in the present situation is equal to zero. In the last
example the considered domains are not domains of holomorphy.

REMARK. Note that in all the aforementioned examples of the disconti-
nuity of the L?-angle, the space L2H(A4 U B) is trivial. It would be inter-
esting to find some sufficient conditions, under which the continuity of the
L?-angle holds; for example it is not known to us whether the condition
L2H(AU B) # {0} would be sufficient.
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