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Positive Solutions of Impulsive Dynamic
System on Time Scales
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Abstract. In this paper, some criteria for the existence of positive solutions of a class of systems of
impulsive dynamic equations on time scales are obtained by using a fixed point theorem in cones.

1 Introduction

Let T be a time scale, i.e., T is a nonempty closed subset of R. Let T > 0 be fixed and
0, T be points in T. An interval (0, T)t denote time scales interval, that is, (0, T)t :=
(0, T) N T. Other types of intervals are defined similarly.

The theory of impulsive differential equations is emerging as an important area
of investigation, since it is a lot richer than the corresponding theory of differen-
tial equations without impulse effects. Moreover, such equations may exhibit sev-
eral real world phenomena in physics, biology, engineering, efc., (see [11,20,24,31-
33,37,38]). At the same time, the boundary value problems for impulsive differ-
ential equations and impulsive difference equations have received much attention
[2,18,19,25,26,29-31,39]. Recently, the theory of dynamic equations on time scales
has become important (see, for example, [1,7,8,17,21]). There are also some papers
([3-6,22]) about dynamic equations on time scales that should be cited here. In [3],
R. P. Agarwal et al. considered a class of singular second-order dynamic equations
with homogeneous Dirichlet boundary conditions that includes those problems re-
lated to the negative exponent Emden—Fowler equation. Some sufficient conditions
for the existence of multiple positive solutions were obtained by using perturbation
and variational techniques. In [22], a monotone sequence of solutions of linear prob-
lems converging uniformly and quadratically to a solution of a class of second order,
nonlinear, three-point, time scale boundary value problems was obtained by means
of the method of upper and lower solutions and the generalized quasilinearization
technique. To enlarge the field of applications of the dynamic equations on time
scales and to have more theoretical opportunities M. U. Akhmet and M. Turan ([5,6])
proposed to generalize the transition operator and to investigate differential equa-
tions on time scales with transition condition and differential equations on variable
time scales with transition condition. In [4], Agarwal et al. studied the Wirtinger-
type inequalities for the Lebesgue A-integral on an arbitrary time scale.
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Naturally, some authors have focused their attention on the BVPs of impulsive
dynamic equations on time scales [9, 10, 12,1416, 27,28, 36]. In particular, for the
first order impulsive dynamic equations on time scales

y2) + pM)y(o() = f(t,y(1), t € J:=[a,b], t #ti,k=1,2,....,m,
(1.1) y(t) =L(yt,)), k=1,2,...,m,
y(a) =n,

where T is a time scale that has at least finitely-many right-dense points, [a,b] C T,
p is regressive and right-dense continuous, f: T x R — R is a given function, [} €
C(R, R). The paper [9] obtained the existence of one solution to the problem (L.I)
by using the nonlinear alternative of Leray-Schauder type.

In [15], Geng et al. considered the following impulsive periodic boundary value
problem on time scales T:

y20) = flt,y®), te]:=1[0,Tl, t#t,k=12,...,m,
(12) ImP(J’)(tk) = Ik(y(tk_))a k= 1,2,...,17/1,
y(0) = y(a(T)),

where f: J x (—o0,00) — (—00,00) is continuous in the second variable,
Ii: (—00,00) — (—00,00) is continuous, fx € (0, T)rand 0 < t; < --- < t, < T,
Imp(y)(tx) = y(tf) — y(t; ). The existence of extremal solutions to the problem
(L2) was obtained by virtue of the method of lower and upper solutions coupled
with monotone iterative technique.
In [36], the author considered the following first-order impulsive periodic bound-

ary value problem on time scales T:
(1.3)

x2(t) + pt)x(a(t)) = f(t,x(o(t), t € J:=[0,T]r, t #t, k=1,2,...,m,

x(t) —x(ty) = L(x(t,), k=1,2,...,m,

x(0) = x(a(T)).

The existence of positive solutions to the problem (L3]) was obtained by means of
the well-known Guo—Krasnoselskii fixed point theorem [13].
However, to the best of our knowledge, there is little work concerning the system
of impulsive dynamic equations on time scales.
In this paper, we are concerned with the existence of positive solutions for the
following system of impulsive dynamic equations on time scale:
(1.4)
x2(t) + P(t)x(o (1)) = F(t,x(0(1))), t € J:=[0,Tlr, t # tx, k=1,2,...,m,
x(t) —x(ty) = L(x(t,), k=1,2,...,m,
x(0) = x(a(T)),

where (7 stands for the transpose)
X = (x17x2) . axﬂ)‘T, P(t) = dlag[Pl(t)7P2(t)7 LI 7pn(t)]7
F=(fi, foreoon ST, Be= (LI 1T
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Fori € {1,2,...,n}, p;: [0, T]r — (0, 00) is right-dense continuous (that is p; €
R*, where R* will be defined in section 2), f;: J x [0,00)" — [0, 00) is continuous,
I,i: [0,00)" — [0,00) is continuous; txy € (0,T)1,0 < t; < --- < t,, < T, and
foreach k = 1,2,...,m, x(t))) = limy_o+ x(tx + h) and x(t, ) = limy_ - x(t + h)
represent the right and left limits of x(¢) at t = ;. For each x = (x1,x,, . .. Jxn)7 €
R", the norm of x is defined as |x| = "7, |x;|.

The main results in this paper are proved by means of a fixed point theorem [23]
that is different from those used in [9, 15, 36]. Note that papers [34, 35] discussed
problem (4]) and obtained some results about the existence of solution or positive
solution to problem whenn=1andI; =0,k =1,2,...,m. Moreover, for the
case of n = 1, problem (L4) reduces to the problem (L3).

In the remainder of this section, we state a fixed point theorem [23].

Theorem 1.1([23]) Let X be a Banach space with a cone K. Assume (1,2, are open

subsets of X with 0 € Q, Q; C Q. Let @: KN (2, \ Q1) — K be a completely

continuous operator such that

(1) [|Px]| < ||x]|| forx € KN IQy (orx € KN OY,), and

(ii) there exists ) € K\{0} such that x # ®x+ \p forx € KNOQ, (orx € KNI )
and A > 0.

Then ® has a fixed point in K N (€, \ ).

Remark 1.2 In Theorem[L] the use of (ii) gives better results than using the com-
mon assumption || Px| > ||x|| for x € K N 9N, (or x € K N INy).

2 Some Results on Time Scales

In this section, we state some fundamental definitions and results concerning time
scales, so that the paper is self-contained. For more details, one can refer to [1,7,8,
17,21].

Definition 2.1 Assume that x: T —Rand fixt € T (ift = sup T, we assume ¢ is

not left-scattered). Then x is called delta differentiable at ¢ € T if there existsa # € R
such that for any given € > 0, there is an open neighborhood U of ¢ such that

!x(a(t)) —x(s) — Olo(t) — 5|‘ <eglo(t)—s|, seU.
In this case, 6 is called the delta derivative of x at t+ € T and is denoted by § =

x2(1).
IfFA(t) = f(t), then we define the delta integral by

/ f(s)As = F(t) — F(a).

Definition 2.2 A function f: T —R is called rd-continuous provided it is contin-
uous at right-dense points in T, and its left-sided limits exist at left-dense points in
T. The set of rd-continuous f: T —R will be denoted by C,,.
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Lemma 23 Iff € Cyandt € T, then ftg(t) f(s)As = u(t) f(t), where u(t) =
o(t) — t is the graininess function.

Lemma 2.4 If f® >0, then f is increasing.

Lemma 2.5 Assume that f,g: T —R are delta differentiable at t, then
(f9)2(1) = f2(0)g(t) + f(o(1)g™ (1) = f(1)g™ (1) + [ (1)g(a(1)).
Definition 2.6 A function p: T —R is regressive provided
1+ p(t)p(t) # 0 forall t € T,
The set of all regressive and rd-continuous functions will be denoted by R.
Definition 2.7 We define the set R* of all positively regressive elements of R by
R ={peR:1+ul)pt) > 0forallt € T}.

Definition 2.8 If p € R, then the delta exponential function is given by e, (t,s) =
exp(fstg(T)AT), where

L

) p(n), if (1) = 0,
g(r) = .
o Log(1 + p(T)u(r)),  if u(7) # 0,

where Log is the principal logarithm.

Lemma 2.9 Ifp € R, then

(i) ept,t) =1;

(ii) ep(t,s) = 55

(i) ep(t, u)ey(u,s) = ey(t, s);

(iv) €5 (t,t0) = p(t)ey(t,to), fort € TE and ty € T.

Lemma 2.10 Ifp € R" andty € T, thene,(t,ty) > 0 forallt € T.

3 Main Results

Throughout the rest of this paper, we will always assume that the points of impulse
tr are right-dense foreach k = 1,2, ..., m.
We define

PC ={x€[0,0(T)]r — R" x5 € C(Ji, R"), k=1,2,...,m, and there exist

x(tf) and x(t, ) with x(t, ) = x(t), k=1,2,...,m},

where x¥ is the restriction of x to Ji = (tx, trs]r C (0,0(T)]r, k= 1,2,...,mand
Jo =10, t1]t, Jiws1 = o(T).
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Let

X = {x(0):x(0) = (10, 20),...,5(0) € PC, x(0) = x(o(T)) }

with the norm |[|x|| = Y"1, |xi|o, where |x;]y = SUP, < (0.0(1)), [Xi(t)|- Then X is a
Banach space.

Definition 3.1 A functiony € PCNC'(J\{t1,t2,...,tm}, R) issaid to be a solution
of PBVP (4) when n = 1 if and only if y satisfies the dynamic equation

)/A(t) + p(t)y(o(¥)) = f(t,y(c(t))) everywhere on J\{t1,t2,...,tm},

the impulsive conditions
y(t;)—y(t{)zlk()’(t;)), k:1727°"7ma

and the periodic boundary condition y(0) = y(o(T)).

Lemma 3.2 ([36]) Suppose h: [0, T]r — R is rd-continuous, then y is a solution of
o(T) m

y(t) = / Gt, )h(s)As+ > Glt, t)I(y(te), t € [0,0(T)]r,
0 k=1
where
ep(s,t)e,(o(T),0)
ep(J(T)vo) -1 ’

ep(s,t)
ep(a(T),0) — 1’

0<s<t<a(T),
G(t,s) =
0<t<s<a(T),

if and only if y is a solution of the boundary value problem

yA0) +pM)y(at) =h(t), t € J:==[0,Tlr, t #tx, k=1,2,...,m,
y(t]:—)_y(tk_)zlk(y(tk_))v kzlvza"'vmy
y(0) = y(o(T)).

Remark 3.3 When T = R, Lemma[3.2is reduced to [25, Lemma 2.1].
Lemma 3.4 Fori € {1,2,...,n}, let Gi(t,s) be defined by

ey, (s, t)ep (0(T),0)
ep,(a(T),0) =1’

0<s<t<o(l),

G,’(t,S) =
ep,;(s,1)
_ 0<t<s<o(T
o1 O=teesol
then .0
A; e ; < Gi(t,s) < ep,-(CT( ) 0) & B;.

ep(0(1),0) — 1~ ep(0(T),0) — 1
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Define A = min <<, A, B £ max <j<, Aj, and let
K = {x(t) : x(t) = (x1(1), x2(t), . .. ()T € X i xi(t) > Olxilo, i=1,2,.. n,

where § = % € (0,1). Obviously, K is a cone in X.
We define an operator ®: K — X as follows:

(@x)(t) = ((@1x)(1), (P2x)(1), ..., ((an)(t))ir’
where
o(T) n .
(®ix)(t) = / Gi(t,s) fi(s,x(a(s))) As + ZGi(t,tk)Ii(x(tk)), t € [0,0()]r.
0 k=1

By Lemma[322] it is easy to see that fixed points of @ are the solutions to the system

(4.
Lemma 3.5 ®: K — K is completely continuous.

Proof Supposex € K; itis easy to see that @x € X. Then forallx € K, by Lemma[3.4]
we get

a(T) m.o
|®ix|p < B; / fi(s,x(a(s))) As + B; ZI,’((x(tk)) .
0 k=1

So,

o(T) n .
(<I>ix)(t)=/ Gi(t,s)fi(5,x(0(s))) As+ > Gilt, 1) (x(t))
0

k=1

o(T) m_
a5 [ X)) Bst A Y HGx(n)
0

k=1
A, o(T) m_
= 5 {B,‘ / fi (S,JC(CT(S))) As + B; Z I;{(x(tk)) } > 5|®;x|o.
1 0 k=1

This shows that ®: K — K. Furthermore, with similar arguments as in [36], we
can prove that ®: K — K is completely continuous. ]

Notation Let

) foa( ) (s, x) s ) foq( ) F(s,x) s
“=  lim sup , = m inf
xeK, [lx]|—a [l ] xeK, [|x]|—a ]
and
" Ii(x) " Ii(x)
I"= lim sup ZF#, I,= lim inf Z:F#,
x€K, ||x||—a ||XH x€K, ||x||—a ||x||

where a denotes either 0 or oco.
Now we state our main results.
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Theorem 3.6 Assume that the following conditions are satisfied:

H) 0 < F,I° < 5

(Hy) 55 < Foo,Ise < 0.
Then system (L4]) has at least one positive solution.

Proof Since 0 < F°,I° < L

237 we may choose p; > 0 such that

a(T)
(3.1) /0 F(s,x)As < < ZI (x) < é for 0 < ||lx|| < p1.

Set Q; = {x € X : ||x]| < p1}, then Q4is a bounded open subset of X and 0 € ;.
Thus, if x € K N 0€, then from (3.1]), we have

@] = Z ixly < BZ/ s o @N|As+ B S i)

i=1 k=1

o(T)
P1 P1
—B F As+BS I <B. B-PL— o — k.
/O (s, x(0(s)) As + kEI K (x(t)) g tB =/ [lx|l

This implies
(3.2) [|Px|| < ||| for x € K N 0%;.
On the other hand, in view of 5 1 < Foo, oo < 00, there exists n > p; such that
for [|x]| =7
o(T) m
/ Fls, 008 > (Foo — )i, S 10) > (Lo — &)
0 ,
j=1

where € is chosen so that 0 < ¢ < %(FOO + I — %) Let p, = g and ), =

{x € X : ||x|| < p2}. Obviously, €2, is an open subset of X with Q; C ©,. Choose
Y =(1,1,...,1)7 € K\{0}, then we can claim that for any x € KN 3, and A > 0,

(3.3) x # Ox + M.
In fact, if not, there Sxist X € KNI, and A > 0 such that x = &x + Xw.
Then ||X|| = ||®% + A¢||, that is

n
pr =%l = 1@+ No
i=1

>AZ/ |fiGs, x(a(s)))\ASwLAZZ|I}((x(tk))|+n/\

i=1 k=1

a(T) m
:A/ F(s,%(a(s)))As+AZIk(X(tk)) + 1\
0

k=1

> Apy(Foo + 1o — 26) + 1\ > py + 1.
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This is a contradiction.

Therefore, by Theorem[I.1] it follows from Lemma[3.5] (3.2), and (3.3) that ® has
a fixed point x* € KN (2, \ ;) with p; < ||x*|| < p, which is a positive solution of
system (IL4)). [ |

Remark 3.7 Using the following (h}) instead of (H;) and (H,), the conclusion of
Theorem[3.6]is true.
(h}) FP+1° < $and Foo + Ic < 7.

Theorem 3.8 Assume that the following conditions are satisfied:
(H;) P=1"=0;

Then system (4] has at least one positive solution.
Since the proof similar to that of Theorem 3.6] we omit it here.

Theorem 3.9 Assume that the following conditions are satisfied:
(Hs) 0 < F,I° < 2
(HG) i < F0710 < 0.

Then system (L)) has at least one positive solution.

Proof Since 0 < F>,]*° < 5&, we may choose p; > 0 such that

o Xl < [
(3.4) /0 Fs0ns < 0 ]lej(ao < 22 for ] > ps.

Set 3 = {x € X : ||x|]| < ps}, then Q3 is a bounded open subset of X and
0 € Q3. Thus, if x € K N 0€)3, then from (3.4), we have

n n o(T) n m }
[@x]| = [®ix]o < BZ/ |fi(s, x(0(s)|As+B> > [Li(x(t))]
i=1 i=1 70

i=1 k=1

a(T) m
= B/O F(s,x(0(s))) As + B;Ik(x(tk)) <B- % +B- % = [|x]|.
This implies
(3.5) | x| < ||x|| for x € K N 0.

On the other hand, in view of ﬁ < Fy, Iy < o0, there exists 0 < py < p;3 such
that for 0 < ||x|| < ps,

o(T) m
| Fensz (Rl Y160 = (o ol
0

j=1
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where &g is chosen so that 0 < g9 < 3(Fy +Ip — ).
Let Q4 = {x € X : ||x]| < pa}. Obviously, Q24 is an open subset of X with

Q4 C Q3. Choose 1 = (1,1,...,1)7 € K\{0}, then we can claim that for any
x€KNoQand >0

(3.6) x # Ox 4+ .

In fact, if not, there exist x € K N 9§l and & > 0 such that X = ®X + 7). Then
%] = ||®x + ||, that is,

n
5] = 3 @ + 7l
i=1

n

a(T) noom_
2 AZ/ (s, Ko@) As+AD S |LE®)| +

i=1 /0 i=1 k=1
o(T) m
=A / F(s,%(0 () As+ A L(E(t)) + nfi
0 k=1
> A(Fy — o) ||X|| + AT — &) ||%|| + nz > ||%]| + nf.

This leads to a contradiction.

Therefore, by TheoreElED:Iit follows from Lemma[3.5] (3.5)), and (3.6) that ® has
a fixed point x* € K N (23 \ Q) with p; < ||x*|| < p5 which is a positive solution of
system (L4). [ ]

Remark 3.10 Using the following (h}) instead of (Hs) and (Hg), the conclusion of
Theorem[3.9]is true.

(h3) F° +1° < gand Fy + ) < .

Theorem 3.11 Assume that the following conditions are satisfied:
(H7) F* =1 = 0;
(Hs) Fo = Io = oo.

Then system (L) has at least one positive solution.

Since the proof similar to that of Theorem [3.9] we omit it here.

4 Example

Example 4.1 LetT = [0, 1] U [2, 3]. We consider the following PBVP on T

x2(t) +x(o(t) =F(t,x(o(t))), t € [0,3]r, t # 3,

(4.1) x(37) =x(57) =1(x(3))
%(0) = x(3),

where n = 2, P(t) = diag[p(¢), p»(t)] = diag[1,1], T = 3, and

filt,x) =01+ 1‘)x%7 fHt,x) =1+ t)xg, I'(x) = xf, P(x) = xg.
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Then it is easy to see that F* = [° = 0, F, = I, = oo. Therefore, together with
Theorem[3.8] it follows that system (4.)) has at least one positive solution.
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