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Summary

The theory of Cosserats’ couple-stresses is briefly described in a
cartesian system of coordinates, and is applied to the problem of stress
distribution in a semi-infinite medium which possesses a non-homogeneous
elastic property of an exponential type. Effects of couple-stresses on the
stress concentration factors are determined both in homogeneous and non-
homogeneous materials.

1. Introduction

The classical theory of deformation of an elastic solid body has been
developed on the understanding that the stress tensor is symmetric. This
is because of the fact that only in special types of media, for example, granu-
lar soils [1], the stress tensor is found to be non-symmetric. But, under cer-
tain circumstances, the common materials in which stresses are believed
to be symmetric may behave as those having non-symmetric properties for
the stresses. These are the cases where moments, for example magnetic
moments, are acting at each point of the medium. A theory which takes into
account these moments, called the couple-stresses, and which introduces
as a consequence the non-symmetric properties of the stress tensor, was
developed by Cosserats [2] long ago. It is only in recent years [3—14]
that the theory is being revived. The development and applications of this
theory will no doubt open up a new branch in the theory of deformations of
solid bodies.

The present paper is concerned with the application of the Cosserats’
theory of couple-stresses to the problem of stress distribution in a semi-
infinite solid which possesses the non-homogeneous elastic properties [15]
of a specified nature, and is stressed by surface tractions. A method of suc-
cessive approximations is adopted for the solution of the problem. The ef-
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fects of couple stresses on the anti-symmetric part of the stress components
are shown graphically in both the cases when the material is homogeneous
and also when it is non-homogeneous to an approximation of the first order.

2, Cosserats’ equations of equilibrium

We write the equations of equilibrium in cartesian coordinates that
hold in a stressed body when the couple stresses are taken into account, be-
sides the usual normal and shearing stresses [8]. In two dimensional problems,
let (04, 0.,) denote as usual the normal and shearing stresses on a plane
perpendicular to the z-axis, while u, denotes the couple-stress per unit area
on this plane. Similarly, we denote by (o,,, 0,,) the normal and shearing
stresses on a plane perpendicular to the y-axis, and the couple-stress on
this plane by pu,. The consideration of the equilibrium of forces, as done by
Mindlin [8], parallel to the z and y axes gives the equations

aaﬂz =0 30'__,, + 30’,, —
dy ’ ox oy

if the body forces are neglected. The consideration of the equilibrium
of moments implies

0,

00,
(2.1) Pee |

e 2,

2.2
(22) ox oy

4+ 0,—0,, =0,

if the body-couples are omitted. Equations (2.1) and (2.2) are called Cosse-
rats’ equations of equilibrium for the stressed body. Equation (2.2) shows
that the usual assumptions of the symmetric property o,, = o,, need not be
necessarily true if the couple stresses are taken into consideration. The so-
lutions of these equations in terms of stress functions may be obtained as
follows.

Equations (2.1) are satisfied if

= L, __
=" v or’
(2.3)
o, =02, _
v oz ! v 8y
and then the equation (2.2) is satisfied if
dp d
2.4 =% _ =2,
( ) My ay P15 Hy ox +¢2

Hence all the components of stresses and stress-couples may be expressed
in terms of three stress functions ¢, ¢, and ¢,.
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3. Kinematics of deformations

In a state of plane strain parallel to the zy-plane, the non-vanishing
components (#, v) of the displacement vector are functions of  and y. The
strain components

. ou . ov ov ou

€ - T (4 = = -
== b WS T Ty
are associated with the stress components o,;, while the local rotation com-
ponent
w=13 (@ _ fff)
ox oy

will be associated with the couple-stresses u, and u,. The couple-stresses
#, and p, will produce a curvature «, of the material fibre parallel to the
z-axis. Similarly, u, will give rise to the curvature «, of a fibre parallel to

the y-axis. From geometry, it has been shown by Mindlin [8] that
ow ow

1 =2, =,

(3 ) Ky ax K‘l ay

The compatibility condition between the strains is

o%, 0%, 0%
3.2 = =,
(8.2) oy? + ox? 0x oy

while that between the curvatures is obtained from (3.1) as
(3.3) 2 =7,

A compatibility condition between «, (or «,) and the strain components
may be found by eliminating w, so that

(3°4) K¢=%_'_—'

It may be noted that other compatibility relations may be deduced from
the three relations (3.1), (3.2), (3.3), and may be used if required.
4. Constitutive relations

We assume that the curvatures are proportional to the couple-stresses so
that [8]

1
(4'1) y E:uv»
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where B is a modulus of curvature characteristic of the material. By putting
B = 0 we can recover the results for the corresponding cases when couple-
stresses are neglected, that is, when the stresses are symmetric.

In the case of plane strain the normal strains (e,,, ¢,,) are related to the
normal stresses (o, 6,,) as

Cop = l__E'_i, [G:w: (00104 ],
(4.2) 1
vw %—1 [O'W_y(azx'l‘dw)]'

where E is Young’s modulus and » is the Poisson ratio. The symmetric part

O, = %—(ax,—}-a'w)
of the shear stresses (o,,, 0,,) produces the shear strain ¢,, and hence

1 1
(4.3) oy = ~= O, = il

G 8 T (azv+avx)'

where G = 2E[(1+») is the shear modulus. The anti-symmetric part

(4'4) 04 = %(va—aya:)

of the shear stresses produce the rotation w, and the relation between o,
and o may be obtained with the help of equations (2.2), (4¢.1), and (3.1).

5. Fundamental equations in non-homogeneous material

The material coefficients E, v and B are in general functions of coor-
dinates in a non-homogeneous material [16]. In the present discussion we
shall consider » and B as constants while E (z, y) will be taken as a function
of position coordinates (z, y) and later of y only. Equations (3.3) and (4.1)
then show that we may take

i Ad
5.1 =2, _
so that y is the potential function for the couple stresses. The functions
@1, s in equations (2.3) can be eliminated with the help of (2.4) and (5.1) as

2 2y el el
(5.2) ) %=5x—2+5;37/’
Rep By Pp By
Ty T T iy T
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Thus the stresses and stress-couples can be expressed in terms of two func-
tions @ and y. If relations (4.2), (4.3) and (5.2) are utilised the compatibility
equations (3.2) and (3.4) yield respectively

1—v» 1 e % (1 e % (1
1y W2gVe )1 P (2} L ZX T (2
E Vig—VigV (E)+3x2 axz(E)+3y2 By’(E)
Ry (2 2\ /(1 Ry Py By &2 1)
+ ox dy (5;’5 B ;')—y_z) (E‘) + {2 oxdy 0a® + 5!}7} ox dy (E
0 0 2 (1
—p) — (V2 2 ve)l (2
+ 209 & )+ 5 o) 1 (3)

(5.3)

+ [0 1 20— = ) 5 (3) =0,

1 3y 19 2(1—») 8
\ (V2
5 ay( ®)

e iy Py\ 0 /1
54 e amta  a) w (2)

oy Py )3 1)
2(2% _ —Wig) — (=) =0
+ (3;1/2 woy | 7)oy (E

Equations (5.3) and (5.4) determine ¢ and y if the boundary conditions are
prescribed.

6. Non-homogeneous semi-infinite media with surface loads

In order to illustrate the foregoing theory and the effect of couple-
stresses on the non-homogeneity of the material, we consider the problem
of a semi-infinite elastic medium with a surface load. Let y = 0 be the bound-
ing plane and suppose the medium occupies the space y = 0. Let the sur-
face load on y = 0 be equal to (—A4, cos mz), and the shearing force and
the couple-stress on it be zero. Thus the boundary conditions on y = 0 are

Pe Py
O =y T o P = —4, cos mz,
Po | Py
(6.1) ()'uz = — ___ax ay axz p— 0,
o
‘uy = 5; == 0.

Moreover, all physical quantities must tend to zero as y tends to infinity.
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Let the law of variation for Young’s modulus be assumed as

1

—_ = —.—El—o (1—}—&',8_#”)

(6.2) &

where B is positive, but « may be positive or negative, so that E varies from
the value Ey/(1+4a) at y = 0 to Ey at y — o0, Such assumptions are very
frequent in the literature on non-homogeneous materials [16]. By putting
« = 0, the results for homogeneous materials may be deduced.

Now if the relation (6.2) is used in equations (5.3) and (5.4) we obtain

(1—») (14 ae?)Vip—afe?v {vﬂV2¢p—/3 2%:)

(6.3) ) ,
) 55 (V) — 5 (V7)) =
Loy open (B0 _ F¥
6y ©F ~ e (5~ g )
' d d
— —By [ - — _— =
(e (= (Po9)=2(1—) 7 (V)] =0,
where
2(14%)B & o
2 = = — —_
(6.5) e A -

It can be shown that [ is of the dimension of length [8]. Let us take
(6.6) p = F(y)cosmz, = (y) sinma.
Then the equations (6.3) and (6.4) yield

(6.7) (D*—m2)2F = —oaehv [P (D)F + = i Ps(D)]

2(1—»)

(D*—md)f — D(D*—m?)F

(6.8) .
= ';L ae—ﬂ”[2(l—"")Pz(D)F—mPAI(D)f]

where

>

1 d
2 ___ —
ml—mz-{—l-z, D_cTy

and we have introduced the operater functions
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1
Py(D) = (D*—m?)?—2pDAD*—m)+f(D*—m?) + —— mp,
—y

Py(D) = D(D*—m?)—B (D s mz) ,

Py(D) = D*—pD—m?,
P,(D) = D*—28D—m2.

(6.9)

The boundary conditions (6.1) now imply
Ay
(6.10) F(0) = ot DF(0)—mf(0) = 0, Df(0) = 0.

It is important to note that m; — 00 as I — 0 and hence the results in the
following sections are to be taken when / # 0, that is, when m, is finite.

7. Solution of the problem

Equations (6.7) and (6.8) will be solved by a method of successive ap-
proximations. Assuming that the parameter a characterising the non-homo-
geneity of the material is small, we take

(.1) Fy) = i “F(y), ) = g-oa'ff(y)-

Substituting these values in equations (6.7) and (6.8) and equating like
powers of «, we obtain the approximations of the zero-th order as

2(1—»)

(12) (D*—m¥)Fo=0,  (D'—md)fy— D(D*—m?)Fy =0,

while the approximations of the first order are as follows.

(D*—m2)2F, = —e#v I:Pl(D)Fo+ lﬁiﬁv Pa(D)fo] ,

(7.3) 2(1—»)

=)y = ) DD F, = - M[2(1-)Py(D)F,

—mPy(D)fo].
Similarly, the »th order approximations are

(D*—m2)?F, = —e# [PI(D)F,_l-I- {i_ﬂ—v Pa(D)fr—-l] ,
(7.4)
(D2—mi)f, —

2(1’;’) D(D*—m*)F, = }n e=#[2(1—3)Py(D)F,_,

—mPy(D)f,_]-
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The boundary conditions (6.10) now imply

(15)  Fol0) =22, DE,0)-mh(0) =0, Dfy(0) =0

and,

(8)  F0)=0  DF(0)-mi0)=0, Di(0)=0
k=12 ---

Solutions for F, and f, are obtained from (7.2) as

Fy = (ap+boy)e™,

o = Coe ™ Y—4(1—»)Pmbye™,

(1.7)

if the vanishing conditions for y — oo are used. The boundary conditions

(7.5) yield
A, A, m
(7.8) ay = prl by = vt Co = 4(1—v)i? (mld) 4,
where
A = 144(1—v)2m? (1—ﬁ),
my
so that

(1.9) F,= %(1 + %g) e, f, = 4(1—)12(4,)4) [;n’f’- e""l”—e""":l.

1

Using these values in the first of the equations (7.3) and' then integrating

we obtain
oy A 0 e—(B+mw m
F, = (a,+by)e™ + m {2 (1+2m2l2+2 -/—9—)
A4 d4m(m+B m
(7.10) C1—v (1—9))(B+2m) 1w y}
4A0mzl2(1+ﬂm1l2) —(8+my)y
 pmy(14-2Bm, 24 212)A '

Now, the second of equations (7.3) gives

2(1—v)D(D?*—m2)
m(D2—m?) !

fh=Ge™v +

(7.11)

1
+ B

D) £ B (=) Po(D) Fo—mPy(D)fe}].
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To evaluate the second term in the right hand side of this equation, we use

the expression for F, as given by (7.10). It is seen after a little lengthy cal-
culation that

D(D*—m?) Agl2e—tmbw
R A F —_— 272 —my
Di—m® e B amp(1—2mpP ) 4

m m 2
X lﬂ(ﬂ+2m) (m+-8) (kl— - y) +15 (2m +6mﬁ+3ﬂ2)}
44,m3(14-Bm, %) (m,4-B)

e—muthly
pEmy (B+2m,) A ’
where
_ m 4 2m(m-+B) 2 2
=2 (1+2’”212+2F) T 11— {ﬂ(ﬂ+2m) - 1-2m,312—,3212}‘

Also, we have the identity
M [e#{2(1—») Py(D)Fy—mP,(D)fo}]
3(1—n)dltetmtiw [ pA )
T m(1—2mplr—p2%) 4 {1_,, — 2(m+p)+-4pm*l?

pm 2(mB) 12
- m(

m  14-28m,!
y— 1_—%37—_/37)} AT B o) ¢

—(mi+8y

Substituting these values in (7.11) we obtain

2A0126—(vn+ﬂ)v
m(B+2m) (1—2mpl2—p212) A

i =ce™v—4(1—v)byml2e—™ -

X [ﬂmzy— ﬂj—”gm + 4(1—v»)pm2i2 {m (4— mﬁl) +2ﬂ}
_ 2ﬂ(m+,3)m2l2] 8(1—v)Agm(L+pm 12) (m+B)
1—2mpiz— g2t Bim, (B+2m;) 4
4(1—v) Agm(1+2m, 12)
Bmy (B+2my) A

(7.12)

e—m+h)y

+

s g—matB)y

To evaluate the constants of integration a,, 3,, ¢, involved in (7.10) and

(7.12) we use the conditions (7.6) for the case £ = 1. These yield the follow-
ing equations.
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A, my 4 dm(m+p)
iy BT 2 (ceemrs25) = 555 = g am)
' 44 m?1%(14-Bm, 1?)
pmy(1+2pm P4-p215) 4
(7.14) ma,—{1+4(1—v)m?I%}b,+mc;+ay = 0,
(7.15) 4(1—»)m212b,—mycytcy = O,

where a, and ¢, are defined by

4, m 4 dm(m-+B)
= m [(ﬂ ) {2 ((1—[—-m212+2 E) T 1 (1—v)ﬁ(ﬂ+2m)A}
+ 2 ] _ 4AmAP(14-Bmy ?) (B+ma)
1—y pm (1 +2pm P+ B21%) A

24,12 m
(116) -+ g o [4(1_1:),3m212 {m (4—;1) +2ﬁ}
_ 2w 2Bt pmel ]+ 8(1—)Agm? (1+Bmy 2) (my+B)
Btom  1—2mplr—pn Bimy (B1-2m.) A
L 409 Agm (142 )
pm,(B+2m,)A
and
24,2 2m
= (Bt em) (1—2mpP—pr) A [(m+’3 ) {/3+2m
2 272
8(1—») om(1+ﬂm1l2)(m1+ﬂ)
B prm(Bt-2m) 4
_ 4(1—»)4 Om(l+2ﬂmll2)(ml+ﬂ
pmy (B+2m,) A

Equation (7.13) determiines a,, and then equations (7.14) and (7.15) give
b, and ¢;. Thus the problem:is formally solved. Detailed discussion of the
effects of couple-stresses is given in the subsequent sections.

Since the value of ¢, will be required afterwards, we determine it from
(7.14) and (7.15) as

4(1—»)m?l2(ma,+-a,+ca) ¢,

(7.18) T Tt (— )M (my—m)
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8. Effect of couple-stresses on the stresses
in a homogeneous material

The functions Fy and f, given by (7.9) correspond to the solution of the
problem for the homogeneous material. To obtain an estimate of the effect
of couple-stresses in the homogeneous material we consider the anti-symme-
tric part of the stress tensor, which is most important from the standpoint
of the present discussion. This is given by the equation (4.4) together with
the last two equations in (5.2), that is,

(8.1) 04 = (00 —0s) = —3Vp.
Recalling that f = f, in the homogeneous case, we obtain, after substitution
from (6.6) and (7.9),

2(1—»)4,m

e~™Y sin m.
my 4

(8.2) 04 =

Since ¢,, = 0 on y = 0, this gives

(8.3) (04)ym0 = (0uy)ymo = —2(1—¥)Amy sin mz,
where

1
(8.4) —=md=m [l—{—4(1—v)l2m"‘ (1 — .""T'l)] :

Thus y is the influence factor for couple-stresses. It depends upon the Pois-
son ratio » and the load distribution factor m as well as the parameter /.
It is easily seen that y — 0 when ! — 0, while y — 1/m(3—2») when [ — oo,
so that y varies from the value zero to the asymptotic value 1/m(3—2v).
In fact, y ~ ! for small values of /, while

_1—(1j2rmY)
T m(3—2v)

>

for large Z. Table I gives the values of y for different values of / and », where
we have taken m =1 in the non-dimensional coordinates. Figure 1 gives their
graphical representations. It is however to be noted that ! is generally small,
so that the graph in the neighbourhood of the origin is most representative.

TaBLE 1

Values of y for various values of / and v (m = 1.0)

] 0o 0.2 0.4 0.6 0.8 1.0 5.0
00 | 00 0.173 0.251 0.304 0.319 0.326 0.333
03 | 0.0 0.180 0.204 0.347 0.375 0.389 0.416
05 | 00 0.185 0.315 0.383 0.422 0.448 0.498
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0.5 1 - 1 [
¥ 40.0
0.4 03 [
=
a~ »=0.0
4
03 | -
0.2 o
0.1 4 -
N
] 1 ¥ T
0.0 0.2 0.4 0.6 0.8 1.0
Figure 1

9. Effect of couple-stresses on the stresses
in a non-homogeneous material

Equation (7.1) shows that the functions F; and f; characterize the ef-
fect of the couple-stresses on the stress distribution in a non-homogeneous
material to a first approximation. As in the previous section, we consider
the anti-symmetric part of the stress tensor, that is,

04q4 = %(Uzv*au) = —%Vz"/"

Since f = af, in the present case, the substitution from (6.6) in the above
relation gives

(9.1) 0, = —1a(D?f,—m?f,) sin mz.

Since 0,, = 0 on y = 0, we have
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(9.2) (0a)ymo = (Tay)ymo = —%oN sin mz
where
(9.3) N = (D¥f,—m?;)y 0

represents the effect of the non-homogeneity to the first approximation as
seen from (7.1), and also contain the effect of couple-stresses. Substituting
the value of f; from (7.12) we obtain

2 2
N = ;—; + = (1_22’;4&?_5”2) - [4(1—v)ﬂm2l2 (4m+2ﬁ—— %\)
om(2m—B)  2B(m-Lp)m
T T ptem 1—2m,312—,32z2]

8(1—9)Agm(1+pmy12) (my 1) 1+-2m fl+ 20
prmy(B-+2m,) A 2
4(1—)Agm(1+26m,02) 1-+2m, G2+ p2i2

pm(Brem)d Z

b

where ¢, is determined by (7.18).

The influence stress N is thus a function of / and other parameters such
as the load factor m and the exponential factor . In non-dimensional coor-
dinates we can always take m = 1. Moreover, there will not be much loss of
generality by taking g = 1 for detailed discussion of the value of N. The
parameter / is generally small and hence we may neglect /2 and higher powers
of / in comparison with unity. Then we obtain

2
g = \/ll-}-l ) A4 =144(1—), 21]_ = 1—4(1—»)l,

and relations (7.13), (7.16) and (7.17) simplify to

a, = —%Ao{ﬁ — 3(111_7)} {1—4(1—»)1%,
19
(0.5) ay =34, ‘12 — (1——-v)} (1—4(1—)12)— 24, P—2(1—9) A, 2,

cp = —2AJ2—2(1—») 4[24+ 4+ 12— 4(1—»)2)[I4+V14+12]
Hence from (7.18)

8
27(1—v)

(0.6) ;_21 — 4(1—»)4, 02 {% —

Ca

J+7
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Moreover, (9.4) now simplifies to

N = 4(1—v)A0l{%

Cy 2
(9.7)

27(1—)

_—7;52_4(1—v)zz] (142014124 02).

By the statement in Section 6, the value of N given by (9.7) is valid if
is a finite non-zero (small) quantity. As / tends to zero, it may be seen that
N tends to a finite value. In fact, [N/{4(1—v)A}] — 1. But putting / = 0
in earlier equations (6.4) or (7.12), it is found that the function  and hence
the functions f, are all identically zero. That is, the non-homogeneity alone
cannot produce non-symmetric stresses, as is also well known. The discon-
tinuity of N at/ = 0shows that, if the material is assumed to be even slightly
non-homogeneous, the effect of couple-stresses becomes immediately pro-
nounced.

The values of N/2-84 for different values of / are given in Table IT and
the graphical representation in Figure 2, where we have taken » = 0-3 for
definiteness. As seen from the figure, the non-symmetric surface stress in-
creases with the increase of the parameter of the couple-stresses.

TasLE II
(» = 0.3)

i 0.001 0.01 0.06 0.1 0.2 0.5

N/2-84, 1.000 1.025 1.126 1.336 1.535 1.637

2.0 1

v=0-3

N/(284,)

1.0 -

0.0 0.06 0.1 0.15 0.2
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