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The computabifity

of group constructions II

R.W. Gatterdam

Finitely presented groups having word, problem solvable by

functions in the relativized Grzegorczyk hierarchy,

{E"(i4) | n € N, A c N (N the natural numbers)} are studied.

Basically the class E consists of the elementary functions of

Kalmar and E is obtained from E by unbounded recursion.

The relativization E (A) is obtained by adjoining the character-

istic function of A to the class E^ .

It is shown that the Higman construction embedding, a finitely

generated group with a recursively enumerable set of relations

into a finitely presented group, preserves the computational

level of the word problem with respect to the relativized

Grzegorczyk hierarchy. As a corollary it is shown that for

every n 2 h and A c N recursively enumerable there exists a

finitely presented group with word problem solvable at level

En(A) but not f~1(A) . In particular, there exist finitely

presented groups with word problem solvable at level E but

not c for n 2 1* , answering a question of Cannon!to.

Introduction

In Part I [0] the concept of the relativized Grzegorczyk hierarchy of
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28 R.W. Gatterdam

computable functions was defined, each class being denoted by En(A) for

n t. 2 and A c N , the natural numbers. Following Rabin, [9], En(A)

groups were defined as groups having "indices" which are En(A)

computable. A particular form of E (A) index, called a standard index,

was developed, and it was shown that for finitely generated (f.g. ) groups

the standard index reflected the computability level of the word problem

and was independent of the particular finitely generated presentation

involved. The effect of the constructions of direct product, free product,

and free product with amalgamation on the computability levels was

investigated leading to the Higman, Neumann, Neumann Theorem for E (/I)

groups: every E 04) group for n i 3 can be embedded in a f.g. E (A)

standard group and, for n > k , every E (J4) standard group can be

embedded in a f.g. E (A) standard group.

In Part II the group constructions developed in Part I for countable

groups are applied to the Higman construction embedding f.g. groups in

finitely presented (f.p. ) groups, [6]. We show that every f.g. E (A)

standard group, for n > k and A recursively enumerable, can be embedded

in a f.g. E {A) standard group. This result is a generalization of

Clapham, [72] and [73], that the Higman construction preserves recursively

enumerable degrees of unsolvability and also of Gatterdam, [4], that the

Higman construction preserves primitive recursive levels of computability.

Whereas Clapham's proof parallels the original construction [6], our proof

uses the technique of Shoenfield [75] as modified in [4]. It was shown in

[4] that this technique also produces the Clapham result. The problems of

generalizing [4] to groups in the Grzegorczyk hierarchy were discussed in

[74]. The stronger results for the usual group constructions and the

techniques developed in Part I, together with a restriction to standard

indices has permitted the resolution of these difficulties.

We also show, as a corollary, the existence of f.p. E standard

groups for n > h which are not c ~ standard, answering a question

raised by Cannonito, [7].

Our notation and definitions will be taken from Part I and used
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ComputabiIity of group constructions 29

without further explanation. Frequent references will be made to

statements found in Part I. In particular we begin our numbering of

sections and statements at 6. Reference to sections or statements

preceeding 6 (for example, Theorem 5-5) are to Part I.

6. Higman groups and benign subgroups

We consider the question of embedding particular finitely generated

(f.g. ) E {A) groups in finitely presented (f.p.) groups. We assume that

the groups in question are given standard indices or indices related to the

standard by identity isomorphisms which are c {A) computable relative to

either index. In view of Theorem 5-5 the above restriction is not severe

since for n 2 h any t' [A) group can be embedded in a f.g. En{A)

group. Also, by Proposition k.h, Corollary U.9 and Corollary 5-U we may

use the indices given for the construction of direct products , free

products, free products with amalgamation and strong Britton extensions

since these indices are related to the standard by identity isomorphisms

computable at the appropriate level. As in Sections 4 and 5 we require all

embeddings to be E (A) embeddings in the sense of Definition U.I.

DEFINITION 6.1. Let G be a f.g. En{A) standard group. We say

G is EnU) Higman if there is an En{A) embedding of G into a f.p.

E (A) standard group.

The following is immediate from the definition and Proposition U.2.

PROPOSITION 6.2. If G and G are f.g. En{A) standard and

^{A) Higman for n 2; 3 then G1 * G2 is f.g., E n U) standard and

E*U) Higman. D

Similarly from Theorem k.6, Lemma U.20 and the fact that En(A)

decidable subgroups are En(A) compatible with the group embedding we

have the following.

PROPOSITION 6.3. Let G± and G^ be f.g., EK(A) standard and
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and En{A) Higman groups for n t 3 • Also assume H < G are f.g.

E (A) decidable subgroups for a = 1, 2 and <|> : H -*• H is an

•isomorphism such that <f> and <f are En(A) computable. Then G. *. G?

is f.g., En+1(A) standard and En+I(i4) Higman. D

In Proposition 6.3 the requirement that the H are f .g. i s needed so

that i f Ga •* La are the original embeddings-, the embedding

Gl *<f> G2 K Ll % L2 i S S u c h t h a t Ll *<(. L2 i S f ' p -

Recall the construction of strong Britton extensions, G, , discussed

in Section 5. For G an ^{A) group and H < G an En(A) decidable
subgroup l e t G^ denote the group G. for <j> the identity isomorphism on

G res t r ic ted to H . By Theorem 5-3, i f G i s f .g. and En(A) standard

for n > 3 and H < G i s E^U) decidable then Gn i s E " + 1 ( / 1 )
a

standard. We make use of the following slightly stronger result.

PROPOSITION 6.4. Let G be f.g. and En(A) standard for n > h

and H < G En(A) decidable. Then G^ ia E " U ) standard.

Proof. Consider L = (G*( r; >) *„, [G *(s; >) for G a copy of

b y g l~* g-\ and V : G * rHr~ •* G^ * sH^s~ by g >—+ g. and

rhr '—• 8h~8 . Since G and G, have standard indices the encoded

multiplication and inverse in them is bounded by an E function. Clearly

the encoded * i s bounded by an E function and so using the coset

representative function given by minimalization, Lemma 2.6 can be used to

bound the recursion involved in the encoding of multiplication and inverse

by an E function. Since n > It , L i s En(A) with respect to this

normal form index. An almost identical argument shows that the process of

rewriting a word in the generators of L into normal form, when encoded,

i s bounded by an c function and so L is c(A) standard with the
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identity isomorphism E (A) computable relative to these indicies.

Then G^ < L is the set fixed by the homomorphism x : L •*• L by

g M - j , r H - s , ^ (-• j and s i—»• 1 , which is clearly e (4)

computable relative to the standard hence normal form index, so Gg < L is

E n U ) decidable. Thus by Corollary 3-7 it is E"(4> standard. •

The construction G, and particularly the special case Gu will be

used extensively. In some of the proofs which follow it will be convenient

to refer to the construction and notation used in the proof of Proposition

6.1* without specific reference. For more details the interested reader is

referred to the proof of Theorem 3.1 of [4].

DEFINITION 6.5. Let G be a f.g. En{A) standard and En(A)

Higman group for n t h . - An E (A) decidable subgroup H < G is said to

be En(A) benign if Cg is E n U ) Higman.

Notice that by Proposition 6.U, for n > 1* , <?„ in the definition

above is f.g. and E (/I) standard and so it makes sense to consider the

question of it being E (A) Higman. The following characterizations of

En(A) benign subgroups are of technical use.

LEMMA 6.6. Let G be a f.g. En{A) standard and E n U ) Higman

group for n > h and let H < G be an E M U ) deaiddble subgroup. The

following are equivalent:

(i) H is ^(A) benign;

(ii) for G1 a copy of G , G *u Gx= (G, G^, h = hx Wi € W>

is E {A) Higman;

(iii) there exists an E " U ) embedding of G into a f.p. En(A)

standard group K which has a f.g. En(A) decidable subgroup

M < K such that M n G = H and G is M, En(A) compatible
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in K via a right coset representative system having an E bound.

Proof. (Reference the proof of Proposition 1».3 of [4] .)

(i) •» (ii) GH < L i s En(A) decidable and L is En(A) standard

from the proof of Proposition 6.1*. We consider {G, 8 rGr~ 8) < Ga < L .
a

Since Gfl i s assumed t o be c(A) Higman and s ince {G, a" rGr~ a) < Gff

i s f . g . we show G *g G1 - {G, 8~ rGrs'1} by an En{A) computable

isomorphism and {G, e^rGr^a} < Gfl i s En(A) deeidable.

F i r s t , {G, a~ rGr~ a) = jrffi" , eG 8~ \ < L by an inner automorphism

which is therefore En(A) computable. By Lemma U.19 and the "spelling"

argument, of Proposition 3.2 of [4] , rGr i s G * rHr , En(A)

compatible in G * < r; > and sind-larly eG e" i s G * efl' e ' 1 , En{A)

compatible in G, * < a; > . An inspection of th i s "spelling" argument

reveals that the resul t ing right coset representative systems in G * < r; >

and G. * (8; > have an E bound. Moreover

Thus by Lemma 4.20, with Lemma 2.6 bounding the recursion, L i s given an

E (A) index which i s related to the standard index by the E (A)

computable identi ty isomorphism and in which •jrGr , aG 8~ I i s En(A)

decidable. Thus {G, s'^-rGr'^-a} < L is En(A) decidable.

Now suppose G has k generators and l e t F^. b.e the free group on

2k generators, a.,...,eu and a', , aV . Then the homomorphism

Fo, •* L by a. •-* ra.r'1 € rGr"1 and a'. t-+ sfaA^a'1 ( aG^a'1 i s E^U)

computable (L having standard index). I ts image is
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\rGr~ , eff e" > = rGr'1 *^i 8Ge"1 - G *„ G

where t\ = V\rBr~ . Thus G *„ GL is £"(/!) standard and is isomorphic

to {G, a^rGr^e] (which is E " U ) Higman) by an E"(4) computable
isomorphism.

(ii) •» f i i i ; Let G *H Gx -*• K be the E"U) embedding implied by

CiiJ for X f .p. and E"(J4) standard. Then the embeddings

G * G *a G1 * K and ^ • G *ff Ĝ^ •»• X are also E"U) embeddings. In

particular Gx < K i s £"(4) decidable, f.g. and sat isf ies ff n ff = H .

That G is G1 , E " U ) compatible follows from Lemma I*.l8 and the

"spelling" argument in the proof of Proposition U.3 of [4]. From the

spelling argument i t i s clear that the resulting coset representative

system has an E bound.

(Hi) • (i) Let K and M be as in (Hi). Then Ku i s E^U)
M

standard and f.p. since K i s f .p. and M f .g. Moreover since G i s

M, c(A) compatible in K by a right coset representative system bounded

by an E3 function and n > k , GNrQ = Gfl < KM is an E"U) embedding

by Lemma 5.9 with Lemma 2.6 used to bound the recursion. O

PROPOSITION 6.7. Let G be a f.g. E"U) standard E"U) fligman

group for n 2 1» and Zet H < G be a f.g. £"1/0 decidable subgroup.

Then B ie f1 iA) benign.

Proof. Let 5 + « be an E"U) embedding for M f .p. and E^yl)

standard. Since H < G < M , G i s H, En(A) compatible in M and

therefore G i s c(A) invariant under the identity isomorphism re s t r i c t -

ed to B . Hotice that the encoded identity isomorphism on B has an

E bound as does the right coset representative function. Therefore Lemma
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2.6 applies to bound the recursion used in Lemma 5.9 and the embedding

ff •+• Mv i s an En(d) embedding. Moreover M being f.p. and B f.g. ,
a a

Ma i s f .p . D
a

A part icular technique used in the proofs of Lemma 6.6 and Proposition

6.7 is worth note as i t wi l l be used again. Namely we applied Lemma 5-9 to

the si tuat ion of <(> the identity res t r ic ted to B and KB, En(A)

compatible by an En{A) r ight coset representative system having an E

bound (this occurs whenever B < K and also when the coset representative

system arises from a "spelling" argument involving a normal form index).

We were able to conclude that for n 2 1* the embedding #ffnK
 K Gg is an

EWU) embedding.

LEMMA 6.8. bet G be a f.g., ^(A) standard, En(A) Higman group

for n i h and K < G be a f.g. E^U) deoidable subgroup. Then an

E"U) deoidable subgroup B < K is £"(4) benign in K iff B < G is

£"(4) benign in G .

Proof. If B i s E"U) benign in G , say Cfi + M an ^ U )

embedding for M f .p . and E (A) standard then i t suffices to show

Kg < GR is an E"(i4) embedding for then Kg •*• Cff + M shows B i s En(A)

benign in K . As before, the bounds being E and n 2 k , Lemma 5-9

applies and the embedding Kg < £„ i s an En{A) embedding.

Conversely l e t

L' = U*<r; >) *,j,| (X1*<a; >) < L = (G*<r; >) *y [G^iB; >)

for ¥ : G * rBr~X -*• G * BB B'1 by g •—»• g and rhr~ •—• «^ e" . The

embeddings Kn •*• L' , L' •*• L and Gu •*• L are a l l ^ U ) embeddings as
a n

we have seen (relat ive to the obvious indices). Now
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Ka * <8; > = (K, t, 8; tHt"1 = ff>a

, K±, r , e ; k = k±, Vfe (. K, rhr'1 = e ^ s " 1 V7i € H} = V .

Here the indices involved are related by rewriting processes having E

bounds when encoded and therefore the isomorphism i s E (A) using Lemma

2.6. Thus Kn being En(4) Higman, say by Ka -* M , L' i s En(A)n a

Higman b y L' = Ka * < 8 ; > •* U * < 8 ; > .
a

Define G - G~ by g i—+• g~ and m : K •*• Gn by k t—• k . Consider

L' * u G2 = ^X, ^ j r , e , C2; fe = kx, rhv~X = s ^ a " 1 V^ i H, k = k2 Vfc €

, r , a , X, G2; ? 1 = g2, rhr"X = s ^ s " 1 Vh t H, k = k2Vk

, r , 8 , Gj_; ? = 8-1, rhr"1 = e ^ e " 1 Vh € H) = L .

Again the rewriting process when encoded has E bounds and so by Lemma

2.6 the isomorphism i s c (A) computable re lat ive to the indices implied

by the constructions. Notice in t h i s regard that to when encoded w i l l

have an obvious E bound.

As we saw, V i s £"(4) Higman, by L'*M*<e; > and by

assumption G i s En{A) Higman say by G •* P . Since M * <e; > and P

are £"(4) standard and since U) has an E bound, (M*<8; >) *u P i s

E (4) standard and by our specia l usage of Lemma 3-9 the embedding

Gr, < L = L' * Go •*• (M* <s; >) • P i s an £"(4) embedding. Thus s ince M

and P are f .p . and domain ID = K i s f . g . , (W*<8; >) * u P i s f . p . and

Cn i s E"(i4) Higman. D
a

In view of Lemma 6 .8 we may speak of an E"U) • benign subgroup

without regara to the group i t i s a subgroup of so long as a l l groups and

subgroups involved are £"(4) decidable in some suitable f . g . E"(4)
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36 R.W. Gatterdam

standard, t {A) Higman group.

The next three lemmas are useful for the construction of benign
subgroups. They are similar t o Lemmas U.2, It.3 and h.h of [4] modified and
strengthened for our purposes. The proofs are almost identical to those in
[4] so we only sketch them below indicating the slight modifications.

LEMMA 6.9. Let G be a f.g. En(A) standard, En{A) Higman group

for n > h and H < G , K < G E*U) deoidable and En{A) benign

subgroups. Then B n K is ^(A) benign.

Proof. Clearly B n K is ^(A) decidable. Using the characteriz-

ation of Lemma 6.6 let G *„ G. + M and G *v Go -»• N be E"U)
a ± A d

embeddings and M, N ^(A) standard and f .p . Then M *Q N i s f .p.

(since G f .g . ) and ^ U ) standard (since M and N are En(4)

standard and the amalgamating isomorphism has an E bound). In M *„ N ,

ff. n ff, = [GriG-i) n ('^'p^ = B n K and so by Lemma 6.6 (Hi) i t suffices to

shew G, i s C , ^(A) compatible in M *„ N . This compatibility i s

shown by a "spelling" argument having the property that for any W € M *g N

the right coeet representative function is bounded by the index w . d

Hotice that in Lemma 6.6 (Hi), M and G being f.g. and ln{A)

decidable in K are then E " U ) benign in K by Proposition 6.7 and so

H = M n G is ^(A) benign in K by Lemma 6.9 and EnU) benign in G

by Lemma 6.8. Thus the condition "G i s M, E"U) compatible in K . . . "

in Lemma 6.6 (Hi) i s superfluous.

LEMMA 6.10. Let G be a f.g. {"(A) standard, En(A) Higman group

for n > k and H < G , K < G En(A) deoidable and E " U ) benign

subgroups. Then if {H, K} < G is {^(A) deoidable it is ^(A) benign.

Proof. Under the notation used in the proof of Lemma. 6.9 i t i s shown

that {B, K) = {G^y G2) n G < M *Q N - Then since {Gv G^ and G are
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f.g. they are En(4) benign i f ^(A) decidable and so {B, K} i s E^U)

benign by Lemma 6.9. Thus i t i s required that

{ C 1 , G2) < {G *B Gj *G [G *K G2)

be E"(/l) decidable. This follows from Lemma It. 19.

{G^, K) n G = {B, K) = {G2, B) n G

and the fact that {£, , K) is C, £*(/!) compatible in G *„ G, by an
L ti L

right coset representative function having an E bound (similarly
f o r {G2, H} in G *RG2). D

LEMMA 6.11. Let G and G' be f.g., ^U) standard and En{A)

Higman groups for n 2 h and $ : G •*• G^ be an E " U ) computable

homomorphism. If H < G is an E"(4) decidable, E (A) benign subgroup

and ${fl) < G' is En(A) decidable then <t>{H) is E"U) benign. If

K < G' i s an c{A) decidable, En(A) benign subgroup then $ (K) is

E"U) decidable and ^{A) benign.

Proof. We consider G x G' which is f . g . , EnU) standard and

^(A) Higman by Proposition 6.2. Then Q = {[g, Hg)) \ g t G] < G x G'

is En{A) decidable and isomorphic to G hence f.g. and En(A) benign.

I t i s shown i n [ 4 ] t h a t {H, G'} < G x G' and {{B, G'}rQ, G) < G * G'

are En{A) decidable and 4>(i?) = {{fl, G'}nQ, G) n ff1 which is then En{A)

benign by Lemmas 6.9 and 6.10.

Clearly ^(K) i s E"(A) decidable. I t is shown that

{G, K) < G * G' and {{G, K}nQ, G'} < G * G' are E^U) decidable and so

•"^•(X) = {{G, K}rQ, G'} n G i s E^U) benign by Lemmas 6.9 and 6.10. •

The following proposition provides an example of an c benign

subgroups which is not f.g. This particular subgroup is also of use l a t e r .
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38 R.W. Gatterdam

PROPOSITION 6.12. Let F2 = <a,b; > be the free group on two

generators and U < F the subgroup generated by all elements a~^baV for

i > 0 . Then V is E deoiddble and E benign in £"„ .

Proof. By Lemma 3 . 1 , F is E3 standard and by Proposition 3.1 of

[ 4 ] , U < F2 . is E decidable. We consider a : F -*• F by a >—• a2 ,

b *-*• b and 6 : F^ •*• F^ by a <-*• a and b •—• aba'1 . I t i s easy to see

a and 6 are E isomorphisms in F (see the proof of Proposition It.5

of [4]) and so [p
o)n o i s E standard by Lemma 5-10. Moreover by a

o

spe l l ing argument U i s E invariant under a and 6 and so by Lemma

5.11 , for

/ —1 2 —1 -1 2 -1 - l \

{U, t^, £2> < (^ 2 ) a „ i s E decidable and {U, t^, t^} n F^= U . By

the construction {£/, fc. , £„} i s generated by a i>a , t and t and

so {I/, t. , £_} i s c benign. By Lemma 6.9, # i s t benign. d

The crucial re la t ionship between E (X) benign subgroups and t (X)

Higman groups now can be established.

LEMMA 6.13. Let G be a f.g. E"(X) standard group for n > 1* awd

1 * X -»• F -2+ G * 1 a presentation with F f.g. and free, K < F E"(X)

decidable. Then G ie E"U) Higman iff K ie E"(X) benign in F .

Proof. If G i s E"(X) Higman then {l} < 5 is E"(X) benign and

so K = o"1 ({l}) is E"(X) benign by Lemma 6.11.

Conversely i f K i s En(X) benign then by Lemma 6.6 for F' a copy
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of F t he r e i s an En(A) embedding F *v F' •+ M for M f . p . and En(A)

s tandard. Now F *R F' < M x G i s EWU) decidable and

<(> : F *K F' •+ M x G by / > - * ( / , o ( / ) ) V/ € F and / ' >-* ( / ' , 1)

V/' € F ' i s E"U) computable (notice for k i K = K' , k i-* {k, l ) ) .

3y considering the f i r s t fac tor we see <j> i s monic. Moreover for

q = kp.q, ... p q £ F *v F' , k € K , p. € F , q. € F' in normal form

<J>(<7) = [q, o{p1 . . . p^)) so range <J> i s EWU) decidable and <f~ i s

c (i4) computable, t h a t i s , ((> i s an E {A) isomorphism in M x G . Also

observe t h a t s ince G i s E (/I) s tandard the encoding of 0 i s by

minimalization and so <f> and <|> have E bounds. Thus s ince M * G

is E (J4) standard and n > h , Lemma 2.6 can be used to show (M*G), is

E {A) standard (the proof would be almost a cop_y of the proof of

Proposition 6.U with <f> replacing the restricted identi ty).

Now G •* (MxG), is clearly an En(A) embedding and (M*G). is f.g.

The relations of (MxG), are those of M (finitely many), those of G ,

the commutators of generators of M with generators of G (finitely

many), and those of the form t~ ft = (/', o{f)) for f a generator of F

and t f t = / ' for / ' a generator of F' (finitely many). Let

w i F , w' correspond in F' and assume W € K . Then

wa(w) = (u, a(w)) = t wt = t w't = u' = u

and so o(w) = 1 . That is, the relations w = 1 for w £ K are

redundant in (M*G), which is then f.p. •

7. Benign sets and benign predicates

Lemma 6.13 reduces the study of Higman groups to a consideration of

benign subgroups of f.g. free groups. As a next step we reduce further to

a study of subsets of f.g. free groups.
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DEFINITION 7.1. Let F = <a±, ..., a^, > be a f.g. free group and

P c F be an En(A) decidable subset for n > k (that i s , P i s any

c(A) decidable set of freely reduced words on the a. ) . Define

E = {XzX'1 V# € P> < F * < s; > . Then P is En(A) benign i ff F p i s

c(A) benign as a subgroup of F * ( a ; > .

Notice F * ( z; > = < a. a , z; > is the free group on m + 1

generators and so the words XzX freely generate Ep which is then an

E {A) decidable subgroup of F * < z; > . Thus i t makes sense to ask i f

Ep i s E " U ) benign. If P is in fact a subgroup of F , then i t may be

said to be En(A) benign as a subgroup (that i s , i f Fp i s E"(i4)

Higman) or as a subset. The next two lemmas state that for P a subgroup

the two notions of benign coincide.

LEMMA 7.2. Let P < F = < av ..., a^, > bean E"U) deaiddble

subgroup for n > h . If P is En(A) benign as a set then it ie EMU)
as a subgroup.

Proof. (This proof i s very similar t o the proof of Lemma 5-1 of [4]

and is based on Shoenfield [75]; however th i s lemma being the crucial step

in the argument, details are reproduced here.)

The t ac t i c of the proof i s to embed F in a f .p . E standard group

K by an E embedding and then use the properties of E (A) benign

subgroups to show P < K i s c(A) benign in K and hence in F by

Lemma 6. 8.

L e t G = F * < c, d; > = < a., . . . , am, a, d; > and- X. , X~, . . . b e an

E enumeration of the elements of F . For {a} < G and {dX } < G , for

every X i F , define <J> : {a} •+ {dX } by c i-* dX . Then G i s E3
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standard and each 4> is an E isomorphism in G so

G = G = \Gt ~tv iX € Fi 'tvctv = dX VAT € F)
<?, .<7p» • • • \ •* A X I

i s a countably generated, E standard group ( i t i s E by Lemma 5.9 and

the quotient homomorphism < a , , . . . , a , o, d, ty VAT € F; > •+ Gm i s E

computable since G was E standard and each of the <j> , <t> , when

encoded, has an E bound using Lemma 2.6) . Now le t H1. : Gm •* Gm by

a • '—*• a• , c ' *• o , d ' *• <&z. and t v ' *• t Y ^or j — 1, • • •, rn .v v j A OL A
3

Observe that the conditions defining V. yield an E automorphism of
3

<a^, — , am, a, d, ty iX € F; > which permutes the relations of Gm and

so the ¥. are E automorphisms of G . Let K = (ffj w v . Then

h 3
G being E standard and each f. having an E bound when encoded,

3
y ^ i s t standard using Lemma 2.6 as before with respect to

1 ' ' m
the generators a . , . . . , a , a, d, tY VAT t F , a ' , , a ' for a'.

i (77 A M iii J

corresponding to V. . We show X is f .p. and so c* standard relative

to any finite set of generators by Theorem 3.U. The relations of K are

(1) V * x = d j r ' V ^ € f >

(2) ala-af1 = a. , Vi = 1, . . . , m and j = 1, . . . , m ,

(3) aica}'1 - o , Vt = l « ,

(U) alda!"1 = da. , W = 1, . . . . m ,
lr tf W

(5) aitjz'.'1 = t , Vi = 1 m and VAT € F .

Let t = t . for A the identity (empty word) in F . For X € P an
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arbitrary (freely reduced) word on the a. , le t X' be the corresponding

word formed by replacing each a. by a! . By (5), X'tX''1 = tv and so

the generators ty for X t A are redundant and X is f .g. by

a^, . . . , a^, o, d, t, a^, . . . , a'm . Also the relations (5) can be deleted

and ( l ) replaced by

( I 1 ) [X'tX'~X)a{x'tX1'1)'1 = dX , VX € F .

From ( 3 ) , X ' c X ' " 1 = t? and X'^oX' = a; and from ( l » ) , tat'1 = d . Thus

t h e l a t t e r by ( 2 ) and (h). Thus ( l 1 ) can be r e p l a c e d by

(1") tat'1 = d ,

and K i f f .p . and c standard. The embeddings F -*• Gm •* K are c
embeddings.

To show P < X is E"U) benign we show P = K n {o, d, tx \IX € P}

and {a, d, ty VAT € P} is E"(i4) benign. Then F i s t* benign being

f.g. and P i s £^(4) benign by Lemma 6.9- As a f i r s t step we show

{a, d, ty V# € P} is E"(i4) decidable in Gm and hence in X . Let

G = G. . . < GM for q = 1, 2, . . . and

G(P) = ( G > *^ VJf f P ; *^e*]fL = ^ ^ f

Clearly from the construction of G^ (see Lemma 5-10), G < Gm are r

decidable for a l l q and for any g d G^ the minimal q so that g € G

can be obtained by an E process. Thus to show ^ip) < ''oo *s ^ )

decidable i t suffices to show G,p, n G < G is E"(i4) decidable for a l l

q . We proceed by induction on q noting that for q = 0 , G = G and

C,p> n G = G . Assume G,ps n G < G is E"(4) decidable. If X + 1 f P
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then G,p, n G + 1 = G,pi n G< G < G and i s En(A) decidable since

P i s . I f X q + 1 * P , {c)<G{p)nGq a n d {dXq^} < G ( p ) n Gq s o

G,ps n G i s EnU) invariant under <t> . Moreover $ + 1 i s E

computable and the right coset representative functions for

{a} < G < G,p, n G and {dX } < G < G.p. n G can be given by

minimali zation and so have obvious E bounds. By Lemma 2.6 and Lemma

5-9- °{p)n V i = ^ ( p ) ^ ) ^ < (ff^^+1 " V i i s E" u ) decidable-

By relat ion ( l ) , {a, d, t% VX (. P] = { e , d, i^ VAT € P, P} . Since P < F

i s E"U) decidable, {a, d, P} = P • < a, d; > < G i s E*U) decidable.

Moreover for a l l X d P , {o} < {c , <i, P} and idx) < {a, d, P> so

{a, d, P} i s E"U) invariant under * for a l l X € P . Again the

required right coset representative functions can be given by

minimalization and so have E bounds as do the <t> so by Lemma 2.6 and

Lemma 5 .11 , {a, d, t% VAT 6 P} = {0, d, t% IX f P, P} < Ĝ  < K i s

decidable in K . Also by Lemma 5 .11 , {a, d, tx VX € P} n G = {e , d, P}

so {e, d, t^ V* € P} n F = (o , d, ? } n ? = P .

Die proof i s completed by showing {a, d, t^ VX € P} i s c (i4)

benign in K . Let 5 = < a^, ..., am, c, d, z; > = F * < 0, d, z-s > . As

previously observed {XzlT1 VX Z P} < F * (z-t > i s Ert(i4) decidable and

by assumption z'(A) benign. Since F * < z; ) < E i s obviously an E

embedding, UaX"1 VX € P} i s E"(i4) decidable and E"(i4) benign in £

by Lemma 6 .8 . Now {c, d} < ff i s E decidable and Ê  benign so

{a, d, XzX'1 VAT € P} = {XsX~X VX € P} * < e, d; > < E i s En(4) decidable

and E"(;4) beni«n by Lemma 6.10. Let n : E •* K by a^ •-*• a^ , o *->• a ,

d i—• d , 3 •—»• t . Clearly n i s Ê  computable and
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n({c, d, XzX'1 VX € P}) = {a, d, t% VX €€P} since X'tX1'1 = tx in

Therefore since {a, d, tx VX t P} < K is E^/O decidable, i t i s En(A)

benign by Lemma 6.11. D

LEMMA 7.3. If P < F = < o^ affl; > ie an E*U) decidable,

Bn(A) benign subgroup for n >k then P is an E^U) benign subset.

Proof. Consider <J> : F * < z; > •+ F by a. H-* a. and a •-*• 1 . Then

4> i s E3 computable and kerij) = {XsA:"1 VX € F} is E3 decidable and E

benign by Lemma 6.11 since {A} < F is E benign. Moreover, P < F

being E"U) benign, {P, s} < F * < s; > is E"U) decidable and EnU)

benign by Lemma 6.10. Therefore

Ep = {XzX'1 VX € P} = {Xz^"1 VX f F} n {P, s}

i s t (A) benign by Lemma 6.9- ^

I t should be observed that for P c F = < a , . . . , affl; > the

decidabili ty of Ep < F * < z\ > is the same as the decidability of P .

This observation together with Proposition 6.7. Lemma 6.8, Lemma 6.9 and
Lemma 6.10 yield the following statements.

PROPOSITION 7 .4 . Every finite subset of F = < a 1 , . . . , a^, > is

c benign. D

PROPOSITION 7 .5 . J / P c F = <a ; L , • • • » a m ; > i« E n U ) decidable

and f?(A) benign in F for n 2 k then

P c G = (ax, ..., am, bx, ..., b ; >

is E"( /1) decidable and E " U ) benign in G and conversely. •

PROPOSITION 7.6. If PczF = <a1 am; > and <3 c F are

decidable and E " U ) benign for n > h then P n Q and P v Q are
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EnU) deoiddble and E"U) benign. •

Let F = < CL, ..., a • > and G = < fc., . . . , b ; > . We consider

set maps <(> : F ->• G . The reader i s warned that in the following the above

notation is used for set maps which may or may not be homomorphisms. We

res t r i c t our attention to a certain class of computable set maps from F

to G .

DEFINITION 7.7. Let F = < c^ am; > , 5 = 1 ^ 1 ; > and

<(> : F •*• G be an En(A) computable set map for n > 3 . An E"U)

associate of <}> is an' E (4) computable homomorphism

<F : F * <s; > -»• G * < z; > such that for * € F , ^{XzX'1) = (frUMU)""1 •

If Q : F -*• F is an EnU) computable bijection such that <J>~ is also

€*(A) computable then ()) is E"U) nice i f i t has an En(A) associate

V which is ah automorphism of F * < z\ > with Y En(yJ) computable.

Of course i f <|> is an E (A) computable homomorphism then

V : F * < 3; > •*• G * < z; > by a^ •-* ^(a^) , « ^ z is an Ew(4)

associate. In particular i f <j> is an Bn(A) computable automorphism of

F such that <J> i s c (A) computable then <(> is E (A) nice. I t is

immediate from the definition that the composition of E {A) computable

maps having c U) associates has an E"U) associate and the composition

of £"(/!) nice bijections is an ^ U ) nice bijection.

PROPOSITION 7.8. Let F = <a^, .•. , am; > and Y € F . De/ine

Ly : F f F by X t-* U \tX € F and Ry : F •* F by X t-t- XX VAT € F . Then

3 3

Ly and Ry are E computable and E nice.

Proof. Clearly iy and ify are E computable bijections with E

computable inverses. Inner automorphism by X € F * <s; > is an E

3 3
computable automorphism with E computable inverse and is an E
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a s s o c i a t e of L^ s ince XzX'1 •-»• y^aX" 1 /" 1 = YXz{YX)~X . To cons t ruc t an

a s s o c i a t e for By l e t t : F * (z; > •+ F * < z; > by a^ i—• a . and

z »—• ysY" . Then f i s an E computable automorphism with E

computable inve r se given by a • •—* a . , 2 1—• y sy and an E as soc ia t e

of i?y s ince XaX"1 *-+ XXzY^X'1 = ATysCAT)"1 . D

The following is analagous to Lemma 6.11.

LEMMA 7.9. Let F = <a1> . . . , am; ) 3 G = (b^ b ; > and

<t> : F t—*• G aw E^U) computable set map having an E^U) associate for

n 2 U . 2%ew £ / P c f ie En(4) deddable and E " U ) benign and

• ( P ) c c is EM(/l) deddable, ${P) is En(A) benign.

Proof. S p < F * < s ; > i s E n U) decidable and En(4) benign,

E . , p j < G * <a; > i s E " ^ ) decidaKLe-and the re i s an En(A)

homomorphism 4 " : F * < 3 ; > -» -G*<3 ; > s a t i s f y i n g

by assumption. Then EA./p) = *(S
D) which is En(A) benign by Lemma

6.11. ' D

The following definition and Lemma describe a technique used to

construct c {A) benign se t s .

DEFINITION 7.10. Let F = <a1> . . . , a^; > , P <= F and Q <= F and

<(> : F •*• F be a set map having an associate. We say P is (<f>, 6)

invariant i f tt t fi (* € P •«-+• <J>(X) € P) . We say P is invariant under

(j> i f i t is (<(), F) invariant.

LEMMA. 7 . 1 1 . Let F = < a^ a^, > and P, Q^ • • • , <2 *e E n U )

decidable En(A) benign subsets of F for n > k . Let <f>1, ..., <t> be

computable bisections of F onto F which have E"U) computable
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inverses and are E [A) nice via associates V , . . . , ¥ . Further assume

the V. and tfieir inverses have E ~ (A) bounds. Let R be the smallest

subset of F containing P and (<}>., Q.) invariant for i = 1, , q

and assume R is En(A) deddable. Then R is En{A) benign. In

particular, if the smallest subset of F containing P and invariant

under the <t>. is En(A) deciddble, it is En(A) benign.

Proof. (This proof i s similar to the proof of Lemma 5.U of [ 4 ] ; some

detai ls are reproduced here for completeness.)

Let G = F * z;> and 7 . = "F. \Ea . Since the ¥. and Y^1 are

E"(il) computable and En~1(A) boimded, the ?^ are ^(A) isomorphisms

in G also having E^ (A) bounds. Thus by Lemma 2.6 and Theorem 5 .3 ,

V-V
= (f , a, t 1 , . . . , tqi tjXzrHf = ^ U J a t y X ) " 1 W tQtVi = 1 }

and

. s ^ 1 = *t(»)..Vi j . 1, . . . . q VJ - 1

are E^(A) standard. Also \Ch •$ ' is then E"(4)
1 i \ \ * ,

s tandard and Ufc; -^ = Gu> u< f o r ly t h e

l?i ' ^ % IV--'V\ ^
identity on E- by Tietze transformations. Moreover since these groups

i

are E (A) standard the ident i ty isomorphisms between the various standard

and normal form indices are E {A) computable. Thus

Of •? < S >y i x i s EW(4) decidable and, since
1'"'' a 1 q' i ' # # " ' q
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G™ ™ , is En(A) Higman, i t suffices to show ED i s EMU)
* 1 ' ' " ' V 1'"' <7 W

benign in ftj- TJ- . By assumption i? is En{A) decidable in F and
*1 *q

thus EK < G < fc 7̂ is E"U) decidable.
* *1 Vq

Let H < C be the smallest subgroup of G containing Ep and

satisfying iJiHrE = ?Jff n fl for i = 1, . . . , q . Then

{£ , fc^ . . . , t } n G < {H, tx, . . . , t } n G = H by Lemma 5.11. On the

other hand one can verify

and so £ being the smallest subgroup satisfying these conditions,

H < {E , tx, . . . . t } n G so in fact H = {£ , (^ t } n 5 .

If 9 * En is the product of words of the form Zs*1^"1 for X € Q̂

then ¥(«•) i s a product of words $.{X)z~1<\>.(X)~1 which are free in G .

Thus V.(g) * £D i ff a l l of the <(>.U) involved are in R , iff a l l of

the A" involved are in i? , i f f g $ E~ . Thus

1 n
E„ > B . Conversely if X (. R then X = <J>. ... 4. (7) for y € P ,

{i~e . = +1 where • • i s applied only to a word in 0 . and <{i~. only to a
0 3 3 3

word in <!>•(<?•) since otherwise X could be deleted from R contrary to
3 3

the minimality of R . Then

el E £1 E

*l ^a ll *o

so ER < H and hence ER = H .

-1 e,

1 a
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The ER, EQ and ^•U'g Bre a l l generated by words of the form

XzX'1 for X € F and are free in G . Thus for w € G , i t i s an En(,4)

procedure to determine i f w = uv for u € S„ and w € EQ respectively

—f 1 1 n
V £„ and i f so the corresponding u i s E (A) computable and has

index less than that of w . Thus 2?D is En(4) invariant under the ¥.
it -t

with the right coset representative functions having an E bound so by

Lemmas 2.6 and 5.11, {En, fc. t } < Og TJ is E"U) decidable.
it X (̂  T_ s • • » , T

Now {A} < G is E"(4) invariant under the ? . with trivial

compatibility so {A, t, t } = {t, , . . . , t } < fc -JT is £"(/)
1 4 1 , * ! . • • • . * ,

decidable and c (J4) benign being f.g. Thus since Ep i s ^(j l) benign

by assumption and {£n, tn , . . . , t } = (SD, t . , . . . , t } is c (i4)
r̂  J. ^ Jt x (̂

decidable i t is E"(i4) benign by Lemma 6.10. Therefore

ED = G n {SD, t , . . . , t } i s E"(/l) benign by Lemma 6.9.
zt ii x q

Since F is f .g. i t is c benign and so may be substituted for the

Q. yielding the final statement. O

Lemma 1.11 is used particularly with the EJ nice maps Ly, By and

F3 computable automorphisms of F so the hypotheses are automatically

sat isf ied. We next obtain some useful examples of ^ benign subsets by

the above technique.

PROPOSITION 7.12. Let F=<a,b; > and bi=bvab^ for

i - 0, ±1 , ±2 , . . . . Consider P the set of all words in F of the form

b. b. ... b. for 0 2 t < i ... < i and any (finite) q . Then P
X1X2 \ X 2 q
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is E benign in F .

Proof. Let H = {b., i > 0} < F and H' = {b., i > 0} < F , E3

Edecidable in F since the b. are tree. Then H is E benign by

Proposition 6.12 and H' = {{a}, H) is E benign by Lemma 6.10. Let

W : F -*• F be the E automorphism defined by a*-*- bab and fc *—• fc .

•Hien f i s E nice as is L of Proposition 7.8. By & simple spelling

argument P i s the smallest subset of F containing {A}' (E benign)
and [L , H) , (4\ H') invariant. •

DEFINITION 7.13. Let F = < c^, . . . , a ; >. A word in F i s

positive i f i t does not contain any occurances of a~. for
If

PROPOSITION 7.14. Let W+ c <aQ, ..., a _x; > be the set of

positive words. Then W is E benign.

Proof. Let

D - (a0 V l ' *' t ; t a ^ = a(i+Dmod<?' * s r l " z) '

so D i s f . p . and E s tandard being of the form ( ^ 0 » • • • > a » z» ^)A

for 4> defined by a . i—• a/ . . -. , z *—* z an E computable

automorphism. Let F = <a , 2>; > and P c F be the E benign subset as

i n P ropos i t ion 7 .12. Consider * : F • < a; ) + D by a i - * a 0 , b *-+ t ,

z i—>• g an c computable homomorphism. Then i f w = a^ ... a^ € W .

. i . . . . . 2>. / , , \ so

which i s E"3 decidable hence E benign by Lemma 6.11 s ince P and

hence Ep are E^ benign. D
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We now restr ict our attention to subgroups of F = < a, b; > . The

notation W c F , the set of a l l positive words, and W, c W c F , the set

of «n positive words beginning in b , will be used in the following.

Observe that W and W-, are E decidable and also W and W, = î-CO

are E benign by Proposition T.lk and Lemma 7-9• The convention p and

q are natural numbers and i is an integer wherever they occur will be in

effect.

DEFINITION 7.15. Let x ^ = (a^ xfe) be a fc-tuple of natural

(k) Xl X2 Xk

numbers and associate with x the word a ba b ... ba € W . In

this way a subset of a is associated with a subset of W . A k-ary

predicate is c (A) benign i f the corresponding subset of W is E (A)

decidable and E (A) benign.

Observe that by definition an E {A) benign predicate must be E (A)

decidable. Moreover by Proposition T.6 the conjunction and disjunction of

f'U) benign predicates are again En(A) benign. For / : JV* •+ N le t

V denote the fe+l-ary predicate Pjx^k\ y) ** f[x^) = y .

PROPOSITION 7.16. The predicates = , P. corresponding to the

successor function, P. corresponding to addition, and P~ correspond-
Tl T2

ing to multiplication are E benign.

Proof. Q <= F the smallest set containing b and invariant under

h h
LR i s E benign so since = corresponds to W n Q i t is E benign.

i? c F the smallest set containing L,(WnQ) and invariant under L R
a

is E benign and consists of words of the form a ba"ba " so Pf

corresponds to R n W and is E benign. Also P„ corresponds to

Ra(WrQ) and is Ê  benign.
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Let F' = (a, b, o; > and W c F' be the set of positive words.

Set T equal to the smallest set of words in F' containing b and

invariant under LJi and set T' = LATrW') so 2" consists of words

of the form cbSbS and is E benign. Let <|> = F' •* F' by a *—* a ,

b *—*• b , a >—* aa an E automorphism so T" the smallest set containing

T' and invariant under <f i s E benign and consists of words of the

form oabSb[ca'^ . For ¥ : F' •* F by a •—* a , b >-* b and c •—>• A ,

an E homomorphism, V„ corresponds to H'(2'"nlt''') and so is E

benign. O

PROPOSITION 7.17. If P(y, x{k)) ie En(A) benign for n > h and

Qix^K y) +-+ P{y, x^) then Q ie En(A) benign.

Proof. Let P c F correspond to the predicate P and P' be the

smallest set containing P and invariant under L _^R . Then Q
a

corresponds to L 1(P'fW,) -and so i s E benign. •
b

PROPOSITION 7.18. If P(x(fe)) is En(A) benign for n > h and

Q[y, x ( & )) - ^ P ( x ( / c ) ) then Q ie En(A) benign.

Proof. Let P c F correspond t o the pred ica te P and P' be the

smal l e s t s e t conta in ing Lu(P) a n ^ inva r i an t under L . Then Q

corresponds t o P1 n W so i s c{A) benign. •

PROPOSITION 7.19. Aeeume ? ( t / , * ( & ) ) ie En{A) benign for n>k

and S (x^ ) ++ 3j/(P(i/, x^)) . Then if Q ie E"U) deaidable it ie

En{A) benign.

Proof. Let P c F correspond to the predicate P and P ' be the

smallest set containing P and invariant under I Q . Then P1 consists

of words a%bw such that there exists q so that Sbw € P and P' is

decidable by assumption and so En(4) benign. Q corresponds to
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h [P'rt/h) so is EnU) benign. D
b'1 "

PROPOSITION 7.20. If P(y,x^) ia E"(4) benign for n > k and

Q[z, X(/C)) <-•• (Vj/) <gP{n, x
(fe)) then Q is En(A) benign.

Proof. Let U. c F he the smallest set containing {A} and

invariant under R and inductively define U to be the smallest set
a q

containing L. (U ,rif] and invariant under R . Then 13 - V. n W
<f

"l M2 nk 3consists of all words of the form a ba ba and is E decidable

and c benign.

Let P c f correspond to the predicate P and V be the smallest

set containing LjS^) and (l , P) invariant. Then § corresponds to V

and is ^(A) benign. •

PROPOSITION 7.21. Let g : N + N bean En(A) computable function

for n > h Buck that V ie E"(4) benign. Then if f ie defined from

g by pure iteration, f(0) = p , /(x+1) = gX+1(p) = gf(x) then P. is

EW+1U) benign. If fix) is ^(A) computable (that is, has an ^{A)

bound) then P~ is En(/1) benign.

P r o o f . L e t S c F c o r r e s p o n d t o P a n d P' = ( a , b, c; > . Then
V

S i s ^(A) benign in F by Proposition 7-5- Let S' c F' be the

smallest set containing LAS) and invariant under L and L, so S'

consists of words wcaxbcP^X' for w t. F and a; € N . Let I/' c p' be

the set of positive words and $ : F' •*• F by a >—*• a , b *-*• b , o t—»• b ,

an E homomorphi8m. Then S" = <J)(V'nS') i s E"U) benign and consists

of words wbaXba9^x' for u € 1/ c ? .

Let T c F be the smallest set containing iba?b and (5", i?fc)

invariant and invariant under R . T consists of words
a
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bcfba\ bePbeP^ba1 bePbeP^b/^b . . . bc/^ba1, . . .

so i s En+1(A) decidable and EM+1(4) benign. Also 2" = L ATnS")
b'1

consists of words ePbePlp) ePbePlp) . . . bcP ( P \ . . . so is En(A)

decidable and En+1(A) benign.

Let F" = <a, b, a, d, e; > and W" c p" be the set of positive

words. Then V c F" the smallest set containing d and £ i? invariant
a a

i s E benign as i s U' the smallest set containing L (V) and invariant

under L and £, . U' consists of words wecO'dc' for w (. F . Define

the E3 homomorphism V : i " •*• F"1 = < a, b, a, d; > by a*-*+ a , b *-+ b ,

a >—+ a , d>-+d and e *-*• b so U" = (J/'nv") is E benign consisting

of words wbSdS for w ( W c: F .

In F1" , let T" be the smallest set containing i?d(2'1) and
invariant under if . Thus T" consists of wordsa

i s En+I(i4) decidable, and if1*1 {A) benign. Define the E3 homomorphism

r) : F'" -»• f by a »-»• A , fc *-* a , d *-+ b and a *-*• a . Then

T"'= (T"rU") consists of words akbcp ( p ) = A / ( k ) for fc>0 so is

E" (X) decidable and E" (i4) benign. Moreover P» corresponds to

u T'" and i s therefore E^^U) benign.

If / i s E"(4) computable then 21, T ' . T " and 21'" are E"(A)

decidable hence E"(/1) benign as is bcP u T'" . •

LEMMA 7.22. If f : ifr •* N ie an E"U) aomputable function for

n > k and A recursively enumerable then P. ie E"U) benign.

Proof. Referring to Definition 2.3. we must show that the predicates
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corresponding to the initial functions

Z(x) = 0 ,

qK 1 p> q

fQ(x, y) = x + 1 ,

/^(x, y) = x + y ,

E(x) = x - [x*]2 ,

0 i f x Z A ,

1 i f x $ A ,

are E^d) benign and that the class of EW(J4) computable functions

having E (A) benign predicates is closed under substitution and limited

iteration.

The set corresponding to P™ consists of words Sb and is RAQrW)

for Q the smallest set containing {A} and invariant under L so P,

is E benign. The set corresponding to P , is the same as that

corresponding to "=" and thus is E benign by Proposition 7.16. Then

P are E • benign by repeated applications of Propositions 7-17 and

7.18. V. and V. are E benign by Proposition 7.16 as is P . .
TQ Tx . T2

Since / i s obtained from / by i t e r a t i o n , P . i s En benign by
n n

induct ion and Proposi t ion 7-21.

Consider the p red ica te s " 5 " and "<" defined by

x £ y •*-*• 3sP» ( x , z , y) and x < y *-*• 3z\z t 0 A P . ( x , 2 , y)\ which are
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E benign by Proposition 7.19. Then for E'(x) = [x ] ,

p , ( x , y)

i-* 3u)3v3u\pf (y, y, u) A (M 5 x) A P (y, y) A p (y, y, w) A (x < u)

which i s E benign by Propositions 7.6, 7-16, 7.18 and 7.19. Thus

,(X, 2) A P̂ . ( z , z , u) A P̂ . (y, u, x ) j

i s E benign by the same argument.

If f{x^ ') i s defined by /(xv 'J =

where o and fc. for i = 1, . . . , q are E (4) computable and P and
* 9

P, are Ew(4) benign then

which is EnU) decidable so En(4) benign by Proposition 7-19.

Therefore the class of E {A) computable functions having corresponding

En(A) benign predicates i s closed under substitution and, by Proposition

7-21, i t i s also closed under limited i terat ion.

I t remains to show that i f A i s recursively enumerable then P is

A

i s c (4) benign. Let F : N •*• N be a recursive function and

A = range f . Then by [7], p. 288, fKy) = U [vzT(e, y, s)) for V , E3

computable and T , E decidable. Using the pairing functions J, K and
L of §2, x i A ++ 3y [T [e, K(y), L(y)) A £/L(i/) = x) and so, since K and

3 3
£ are E computable and the predicate x (• A ia E (4) decidable the
predicate x (A , that i s , P is F(A) benign.
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Recall P c F = <a, b; > of Proposition 7.12. We apply Lemma 7-22 to

subsets R c: P to obtain the following c (A) benign se t s .

PROPOSITION 7.23. Let P be as in Proposition 7.12 and R <= P be

an c (A) deaidable subset for n > 1| and A recursively enumerable.

Then R is €^{A) benign.

Proof. Let F' = < a , z; > and (j> : F1 •+ F' be the E3 isomorphism

in F1 defined by a •—•• a 2 , s »-+ s . Then

F' = (a, z, b; bob'1 = a 2 , bob" 1 = z)

i s E standard. Let r| : F * ( z; > + F! be the E computable quotient

homomorphism at—• a , b •—• b , a •—* s . Recall the notation

b . = b^ab~ and observe n (b.) = a . Thus for w = b . . . . b . f P ,

x i l f̂c

0 < i x < . . . < i, , T\(w) = a for x = 2 + . . . + 2 and

n(uau~ ) = aXba~x . Every x > 0 , x € tf has a unique representation

x = 2 + . . . + 2 for 0 £ i . < . . . < i, and such a representation is

E computable. In par t icular , r\ res t r ic ted to Ep i s then monic.
A word in F1 is in n(/?) i f f i t is of the form dF for
i. i.

x = 2 + . . . + 2 and b . b . ... b. € i ? . Thus n(i?) < < a; > < F is

decidable and so there exists an E (/5) computable characteristic

function / such that f(x) = 0 i f a* € n(i?) and / (x) = 1 i f

aX ^ n(i?) . By Lemma 7.22, P . is E"(i4) benign corresponding to T c p

consisting of words of the form d^ba for aX \ i(i?) and a b for

aX € n(i?) • Thus n(R) = W r\ R AT) i s E"U) benign in F . Moreover
b"1
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n ^ ) = {axsa~x for aX € n(i?)> < F' i s then E"U) benign in F' by

definition and in F\ by Lenrtm 6.8.

Since n res t r ic ted to Ep i s monic, ER = Ep n n~ [T](E )) . By

Lemma 6.11, n " 1 ^ ^ ) ) is £"(4) benign as then is ER by Lemma 6.9 and

the fact Ep is E benign. Q

LEMMA 7.24. Let S = < a^, ..., am; > and Q c E bean E"U)

deoiddble eet for « > U and A recursively enumerable. Then Q ie
En{A) benign.

Proof. We f i r s t assume Q consists only of positive words. We v i l l

freely use the notation and observations of the proofs of Propositions

7.12, 7.ll* and 7.23. Since Q is assumed posi t ive, Q c V(P) so

^(Q) is En(A) decidable in F . Moreover 4'(1i'~1(e)oP) = Q so *
f 1 l " • _ M

¥ £ = £o . Since ¥ (fi) n P is an t U) decidable subset of
<• V~L{Q)nPJ W

posit ive words in F , i t i s E"U) benign by Proposition 7-23 so

i s an E"(/l) benign subgroup of F * <s; > . Then EQ being

EWU) decidable in E * ( z; > , i t i s ^(A) decidable in D and hence

£"(/!) benign by Lemma 7.9. Thus every posi t ive, En(A) decidable subset

of E i s £"(4) benign.

Now l e t Q be an arbitrary E"U) decidable subset of E and

E' = < a, , . . . , a , aJ a'; > with W a E' the set of positive
1 777 J . 777

words. Define an E homomorphism t. : E' •* E by a.y-*a. and

a^ t—»• aT1 for i = 1, ..., m . Then G' = c"1^) n W is an EM(A)

decidable set of positive words so c{A) benign by the preceeding.

Therefore since Q = Z,{Q' ) i s E"(4) decidab

associate, Q i s E"(.4) benign by Lemma 7.9-

Therefore since Q = Z,{Q' ) i s E"(4) decidable and X, has an E3
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Our main result i s now completed.

THEOREM 7.25. Every finitely generated En(A) standard group for
n > k and A recursively enumerable can be embedded in a finitely

presented t (/I) standard group by an E (A) embedding.

Proof. We must show every f.g. En(A) standard group is

Higman. By Lemma 6.13, i t suffices to show every En{A) decidable

subgroup of a f.g. free group is E"(4) benign. By Lemmas 7-2 and 7-3 an

E"(i4) decidable subgroup of a f.g. free group is ^(A) benign, i f f i t is

E"(i4) benign as a subset. Finally, by Lemma 7.2k, every ^(A) decidable

subset of a f.g. free group is c{A) benign. D

Together with the Higman, Neumann, Neumann Theorem, Theorem 5.5 we

have the following resul t .

COROLLARY 7.26. Every E"(>1) group with n > 3 and A recursively

enumerable can be embedded in a f.p. E7^ (A) standard group by an

1: {A) embedding. Every E*(A) standard group with n > h and A

recursively enumerable can be embedded in an E " U ) standard group by an

E"U) embedding. D

Together with Corollary U.lU and Proposition I*.l6, we have the
following resul t s .

COROLLARY 7.27. For any recursively enumerable A c N and any

« > l i there exists a f.p. En(A) standard group G which is not c (A)

standard. If G is ^(B) standard for m > 3 , then A is E^B)
decidable. D

COROLLARY 7.28. For any « > J» there exists a f.p. E" standard

group which is not E71" standard. For n > 5 there exists a f.p. E"

standard group which is not En~ computable. D
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