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Abstract. Let C[X] be any class of operators on a Banach space X, and let
Holo™'(C) denote the class of operators 4 for which there exists a holomorphic
function f/ on a neighbourhood N of the spectrum o(4) of A4 such that f is non-
constant on connected components of N and f(A4) lies in C. Let R[X] denote the
class of Riesz operators in B[X]. This paper considers perturbation of operators
A€ d (X)UD_(X) (the class of all upper or lower [semi] Fredholm operators) by
commuting operators in B € Holo™'(R[X]). We prove (amongst other results) that if
np(B) = []iL, (B — ;) is Riesz, then there exist decompositions X = @, X; and B =
@7 Blx, = @, B; such that: (i) If 1 # 0, then (4, 1) = [[2, (4 — )% € PL(X)
(resp., € ®_(X))ifand onlyif 4 — ABy — Au; € (X)) (resp., € ®_(X)), and (ii) (case
A=0) 4 e D (X) (resp., € P_(X)) if and only if A — By € & (X) (resp., € D_(X)),
where By = @7 | (B; — w;); (iil) if wp(4, L) € ©(X) (resp., € ®_(X)) for some A # 0,
then 4 — AB € @ (X) (resp., € ®_(X)).

1991 Mathematics Subject Classification. Primary 47A53, Secondary 47A10.

1. Introduction. Given an infinite-dimensional complex Banach space X, let B[X']
denote the algebra of operators (equivalently, bounded linear transformations) of X’
into itself. Let 47'(0) and A(X’) denote, respectively, the null space and the range of an
operator A € B[X]. The operator 4 has an inner generalized inverse if there exists an
operator B € B[X]such that ABA = A. It is easily seen that if Bis an inner generalized
inverse of A4, then AB is a projection from X onto A(X) and Iy — BA is a projection
from X onto A~'(0): Indeed, A is inner regular (i.e., A has an inner generalized inverse)
if and only if 4(X’) and 4~'(0) are complemented (in X). The study of inner regular
operators has a long and rich history, and there is a large body of information available
on inner regular operators in the extant literature(see, for example, [7]). An important
class of inner regular Banach space operators is that of operators 4 € B[X] which
are either left or right Fredholm. Here, we say that 4 € B[X] is left Fredholm, 4 €
Dy(X) (resp, right Fredholm, 4 € ®,(X)), if 4 € ®,(X) and R(A) is complemented
(resp., A € ®_(X) and A7(0) is complemented), &, (X) = {4 € B[X]: A(X) is
closed and dim(A~!(0)) < oo} is the class of upper semi-Fredholm operators and
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®_(X)={4 € B[X]: dim(X/A(X)) < oo} is the class of lower semi-Fredholm
operators (see, e.g., [12]).

The problem of the perturbation of inner regular operators by compact operators
is of some interest, and has been considered in the not too distant past. Thus, if an
A € B[X] is left Fredholm (or right Fredholm), and S € B[X] is a compact operator,
then A + S is left Fredholm (resp., right Fredholm) [5,10]. This result is in a way the
best possible: If 4 € B[X, ] for Banach spaces X and ), 4~1(0) is infinite-dimensional
and complemented in X', A(X) is closed, complemented and of infinite co-dimension
in ), then the closure of (4 4 S)(X) is complemented in ) for every compact S €
B[X, V] only if A(X) has a complementary subspace isomorphic to a Hilbert space
[10, Theorem 3].

For an operator A4 € B[X], let H(c(A)) denote the set of functions f which are
holomorphic on a neighbourhood N of the spectrum o(A4) of 4, and let H.(o(A4) =
{f € H(c(A)) : fis non-constant on the connected components of A'}. Let K[X] denote
the ideal of compact operators, and let R[X'] denote the class of Riesz operators (i.e.,
operators whose non-zero translates are Fredholm). The operator A4 is holomorphically
compact (resp., Riesz), 4 € Holo™\(K[X]) (resp., A € Holo™'(R[XY))), if there exists an
f € H.(o(A)) such that f(A4) is compact (resp., Riesz).

This paper considers perturbation of operators in ®,(X) = &, (X)U ®_(X) by
commuting operators in (Holo™'(K[X]), more generally) Holo™'(R[X]). It is known
that if B € Holo™'(K[X]) (resp., B € Holo™'(R[X])), then there exists a polynomial
7p(z) = [12, (z — pn)* for some complex numbers u; and positive integers «; (resp.,
7p(z) = [1Z, (z: — ws)), which is the minimal polynomial 75(.) of B, such that 7z(B)
is compact (resp., Riesz).

Let ®,(X) denote either of ®,(X) and ®_(X). We prove (a more general version
of the result) that if wg(A4) € . (X), if [4, B] = AB— BA = 0 (or, more generally,
[4, B] is in the “perturbation class” Ptrb(®, (X)) of ®,(X)) and mp(B) is Riesz,
then 4 — B € ®,(X). The hypothesis B € Holo ' (K[X]) (or, B € Holo™(R[X]))
enforces a decomposition X =@, X; of X such that B= @, B;= P, Blx,
with @, (B; — n;)* compact (resp., @, (B; — u;) Riesz). Let By = & ,(B; — ),
where m and p; are as above. It is proved that if [4, B] = 0 and B € Holo™'(R[X]),
then (a) mp(A4, A) =[], (4 — Aw;) € P« (X) for a complex number A # 0 if and
only if 4 — A(By — u;) € ®,(X), and 4 € O, (X) if and only if 4 — By € @, (X); (b)
wp(A4, 1) € O, (X) for some A # 0 implies 4 — AB € @, (X). The case of operator A
such wp(A4, A) has SVEP, the single-valued extension property, or essential SVEP, at 0
is also considered.

2. Auxiliaryresults. Let Inv,(X) (Inv.(X")) denote the class of operators 4 € B[X]
which are left invertible (resp., right invertible). Let 7 denote the Calkin homomorphism
T : B[X] — B[X]/K[X]. Then, 4 € K[X]ifand onlyif 7 (4) = 0, 4 € R[X]if and only
if 7(A) is a quasinilpotent operator, and an 4 € B[X]is in ®,(X) (resp., (X)) if and
only if 7(A) € Invy(X) (resp., T(A) € Inv(X)). Let B € Holo '(K[X]). Then, there
exists a function f € H (o (B)) such that f(B) € K[X], and hence such that 7 (f(B)) =
f(T(B)) = 0. Since f(z) has at best a finite number of zeros, there exists a polynomial p(.)
such that /(7 (B)) = p(7 (B))g(7 (B)) = 0, where the (holomorphic on o (B)) function g
satisfies the property that g(z) # 0 on o (B). But then p(7 (B)) = 0, and hence there exists
a monic irreducible polynomial, the minimal polynomial of B, which divides every other
polynomial ¢(z) such that ¢(7(B)) = 0. If we let 7p(z) = [~ (z — u))* denote the
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minimal polynomial of B, then 3(B) € K[X]. In the case in which B € Holo™ (R[X]),
so that f(B) € R[X] for some f € H.(o(B)), f(7(B)) is a quasinilpotent such that
f(T(B)) = p(T(B))g(7 (B)) for some polynomial p(.) such that p(7 (B)) is quasinilpotent
and the function g(.) is invertible. Once again there exists a minimal polynomial 7 g(.)
of B such that mg(B) € R[X]. We have ([11,13,16]):

PROPOSITION 2.1. The following conditions are equivalent for operators B € B[X]:

(i) B € Holo™"(K[X]) (resp., B € Holo™'(R[X])).
(1) B is polynomially compact (resp., polynomially Riesz).
(iii) There exists a monic irreducible polynomial wp(z) = [, (z — i)™ (resp., mp(z) =
[T~ (z = ws)), the minimal polynomial of B, such that wp(B) is compact (resp.,
Riesz).

Iff(B) € K[X]U R[X]issuch that (the Fredholm essential spectrum) o.(f (B)) # @,
then (it follows from the considerations above that) there exists a finite subset
{1, 12, ..., im} of the set of complex numbers C such that f(u;) = Oforall 1 <i <m,
and there exist disjoint countable subsets S; = {u;} C C such that u; converges
to u; €8S, and SUS U---US,, =o(B). (Here, either of the sets S; may consist
just of the singleton wu;, and then the quasinilpotent part Ho(B — ;) = {x € X :
lim,,_, oo [[(B — /,L,')an% = 0} of B — u; is infinite dimensional.) Letting P; denote the
spectral projection associated with the spectral set S;, we then obtain spectral subspaces
AX; of X and operators B; = B|y, such that X = @ | X}, B = @ B; and 0.(B;) = {u;}.
Furthermore, each (B; — u;)* is compact in the case in which B € Holo™'(K[X]), and
(since, for an operator E € B[X], E* € R[X]if and only if £ € R[X]) each B; — u; is
Riesz in the case in which B € Holo™'(R[X]). We have the following:

PROPOSITION 2.2 ([8,16]). If B € Holo \(K[X]) (resp., B € Holo™\(R[X))), then

there exists a finite subset {1, wa, ... wn} C C, a subset {ay, ay, ..., ay} of positive
integers, a decomposition X = @\ X; of X into closed B-invariant subspaces and a
decomposition B = @, B; of B such that each (B; — 1;)* is compact (resp., each B; — i;
is Riesz).

3. Riesz perturbations. Given operators A, B € B[X], let § 4 5 € B[B[X]] denote
the generalized derivation 84, 5(X) = AX — X B, and let 8" 5(X) = 8 3(8.4,5(X)). The
operators A4, B are said to be quasinilpotent equivalent if

1 n % = 1 n % =
HIEEOHSA,B(I)” _,,ll,rgo||83«4(1)|| 0.

The following proposition is well known (see [14, Proposition 3.4.11], [6, Theorem
3.1)).

ProPOSITION 3.1. If A, B are quasinilpotent equivalent operators, then o, (A) =
o« (B), where oy stands for either of the left spectrum, the right spectrum, the approximate
point spectrum o, the surjectivity spectrum oy and the spectrum o.

We assume in the following that if an operator B € B[X] is such that B e
Holo\(K[X]) or Holo™'(R[X]), then it has the minimal polynomial function of
Proposition 2.1, the Banach space X’ and the operator B have the decompositions X =

"X and B = @7, B; of Proposition 2.2. The operator By € B[X] shall henceforth be
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defined by By = @B, (B; — ), where the scalars |v; are as defined in Proposition 2.1.
Let Inv, (X) denote operators 4 € B[X] which are either bounded below or surjective.
Given operators A, B € B[X], let[A4, B] denote the commutator [A, Bl = AB — BA
of 4 and B. If &, (X) denotes either of ®,(X) or ®,(X) or PL(X) = & (X)U P_(X),
then the perturbation class of @, (X)), Ptrb(®, (X)), is the closed two-sided ideal.

Ptrb(®, (X)) = {A € B[X]: A+ B € ®,(X) forevery B e @, (X)).
It is seen that
Ptrb(®(X)) = Ptrb(®,(X)) = Ptrb(®(X)) 2 Ptrb(®.(X)) U Ptrb(d_(X)).
Let 7, denote the homomorphism
T, : BIX] — B[X]/Pub(®, (X)),

which is effected by the natural projection of the algebra B[X] into the quotient
algebra B[X]/Ptrb(®«(X)). It is then clear that [4, B] = AB — BA € Ptrb(® (X)) if
and only if 7,(AB — BA) = 1,(A)T,(B) — T,(B)1,(A) = 0; furthermore, if the function
f € Holo™!(6(A) U 6(B)), in particular if f is a polynomial, then [4, B] € Ptrb(® (X))
implies /(A)f (B) — f(B)f(4) € Ptrb(® (X)), and hence Z,(f(A)f (B) — f(B)f(4)) = 0.

THEOREM 3.1. Let A, B € B[X] be such that B € Holo™ (R[X)).

(@) If mp(A, 2) =2, (A — Api) € Do (X) for some complex number ) and [A, B] €
Ptrb(® (X)), then A — AB € ®,(X)ifr # 0,and A — By € O, (X)whenever . = 0.
(b) Suppose that [A, B] = 0.
() If A #0, then (A, 1) = [[iL, (A — Ap))* € ©(X) if and only if A — LBy —
A € Do (X).
(1) (Caser=0) A€ &, (X)ifandonly if A — By € O (X).
(¢) If »#0,[4, Bl]=0and g(A, L) € ®,(X), then A — LB € ®,(X).

Proof.
(a) Define the operators D, E and F by

D=E—F, E=np(A,) if \#0 and E= A" if » =0,
F = "np(B) if #0 and F =B if »=0.

Then, F € R[X], and the hypothesis that [4, B] € Ptrb®, (X) implies
TIE. F] = T,(EYT,(F) — T,(FYL,(E) = 0.

The operator 7,(F) being quasinilpotent, we have

85 iy 7D = 85 by 7 (= DT (F))
= =CEDFE) == (—1)’15171;,(12),7,,(1))(1)7

and hence 7,(D) and 7,(E) are quasinilpotent equivalent. Since E € ®,(X),

T,(E) € Inv, (X) <= T(D) € Inv, (X).
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Again, since

T,(D) = (T,(A) - T(B)Z(T,(4), T,(B). )
= 8(T,(A). T,(B). )(Ty(4) — AT,(B) if A #0.,

and

T,(D) = T(4)" — T,(By)" = (T,(A) — Ty(Bo)gu(T,(A). T,(B). )
= §1(T(A). T,(B). )T (A) — Ty(Bo)) if & =0,

it follows that

Ty(A) — ATy(B) € Inv, (X) if X #0 and

T,(A) — T,(By) € Inv, (X) if A =0.
Since

A — AB (resp., A— By) € &,(X), ifand only if

T,(A) — MT,(B) (resp., T,(A) — 1,(Boy)) is bounded below and
A — AB (resp., A— By) € ®_(X), ifand only if

T,(A) — MT,(B) (resp., T,(A) — T,(Bo)) is surjective,

the proof follows.

(b) The proof at places is similar to the one above, so we shall at points be brief. Let
T : B[X] — B[X]/K[X] denote the Calkin homomorphism. Suppose that [4, B] =
0. Letting B = @}, B; with respect to the decomposition X = @2, &; of X, it is
seen that A4 has a matrix representation 4 = (4;);;_, such that

A;jB; = Bid; forall 1 <i,j<m
< Aj(B; — i) = (B; — uj)Ay forall 1 <ij<m.

Here, the complex numbers w;, | < i < m, are distinct, the operators B; — u; being
Riesz for all 1 <i < m and (since u; ¢ o(By) for all 1 < i #j < m), the operator
T (B;j — ;) is invertible for all 1 < i # j < m. Consequently,

T(AHNT(Bj — w)' = T(B; — u)"T(4y)
— T(Aj) =T (Bj — i) "T(B; — )" T (A4y).

We have two possibilities: Either 7(A4;) # 0 or 7(4;) = 0.1f 7(A4j;) # 0, then (since
T (B; — ;) is quasinilpotent):

ITADI = T AT B — ) 1T (B = i)'l
= 1= I17(B; — )11 lim [|T(B; — )'l|* = 0.

This being a contradiction, we must have

T(A) = @’ln:lT(A”), T(A,/) =0 and [Ai,', Bl] =0 forall 1 <i ;é] < m.
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Define the operators M;, N; € B[], 1 <j < m, by
M; = (A4; —AB;)) — M — ), Nj=A;—iu; forall 1 <ij<mif L#0,
and
M;=A;—Bj+p;, Nj=A; forall 1 <j<m if A =0.

Then, the equivalences

7p(B) € RIX] = [ [ (B— ) = [ [(®/L, (B — i)} € R[A]
i=1 i=1

<:>H(Bj—ﬂi)€R[X/] forall 1 <j<m
i=1

< B —u e R[X)] forall 1 <j<m

and

T4, 1) € Du(X) &= [[T(4 = 2 = [ (@11 T (4 — hup)} € Tnvi(X)

i=1 i=1

m m

— HT(Aﬁ — Ai) = T{H(Aj/‘ —aup)} € Invy (&)
i=1 i=1
forall 1 <ij<m

— H(Ajj_)‘«ﬂi) € O, (&) forall 1 <ij<m
i=1

= Aj— i€ Du(X)) forall 1 <ij<m
imply that

n—1
5nT(M,),T(N,)(Ij) = (_)‘)(ST(M,-),T(N,-)T(BJ — ) == (=2)"T(B; — )"

== 5”7(N,),T(M,)(Ij)-

This implies that the operators 7(M;) and 7 (N;) are quasinilpotent equivalent,
and hence

M;e d, (X)) <= N; € D, (X), 1<j<m.
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Now, if we define By € B[X] (as above) by By = &7, (B; — w,), then

T(A— 1By —Aw) = @ {T((Ay—1B)— 2 — )} € Inv,(X)
forall 1<i<m
& @1, T(Aj — M) € Invy(X) forall 1 <i<m

= [[®m T(4; — i)} € Inv, ()

i=1

= ]‘[ T(A — apy) € Invy (X)

i=1

& mp(d, 1) € D (X)
if A #0, and

O T(M)) = ®L, T(A; — B+ 11)) = T(A — By) € Inv,.(X)
— O T(N) = @, T(4y) = T(np(A4,0)) € Inv,(X)
= 15(4,0) € Dy (X)

ifa=0.
(c) Let A #£ 0. Choosing i = j in

7a(A,2) € Dr(X) = A — MBI (B — 1y + i) € Do (X)
forall 1 <i < m, it then follows that

wp(A, A) € Py (X) = A — AB € O, (X). O
REMARK 3.1.

(1) Some hypothesis of the type [4, B] € Ptrb®,(X), or [4, B] = 0, is essential to
the validity of Theorem 3.1. To see this, consider operators 4, B such that
(A, A) € ®,(X)and mwp(B)is compact. Then, since 7,(wp(B)) = 0 = T (wp(B)),
wp(4, 1) — A"mp(B) € (X)) < 7p(A, 1) € Dy (X). This does not however
imply A —AB (or, A— By if . =0, or A — ABy — u; if L #0) € O, (X), as the
following elementary example shows. Letting I denote the identity of B[X], define
the polynomially compact operator B (with minimal polynomial 73(z) = (z — 1))

11 210 . 10
byB=(01>, and let 4 = 70 . Then, with A =1, 75(4, 1) = I—I)

is invertible (hence, Fredholm). However, the operator 4 — AB (which satisfies

(4 — AB)*> = 0)is not even semi-Fredholm. Again, if we define 4 by 4 = (5 (i 1),
then (4 — By)> = 0 and 4 — By is not semi-Fredholm. Observe that neither of the
hypotheses [4, B] = 0 or [4, B] € Ptrb(®, (X)) is satisfied.

(i1) Let 4 and B be the operators of Theorem 3.1, parts (b) and (c). Then, 4 — Au; €
&, (X) if and only if 4; — Au; € @ (&) for all 1 <j <m and T(A4;) =0 for
all 1 <i#j < m. The conclusion 7(4;) =0 for all 1 <i% j<m implies that
the operator 4 = [A4;]i<;j<» may be written as the sum 4 = A; + A4y, where
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A4, = @] 4; and the compact (hence, Riesz) operator 4 is defined by
Ay = [Aﬁ]lfi,jfm with A= 0 forall 1 <i<m.

Recalling that the sum of two commuting Riesz operators is a Riesz operator, it
follows that the operators %Ao — By (case A # 0) and Ayp — By (case A = 0) are
Riesz operators. It is now seen that the operators

A= 1By = (A1 = 2+ M Ao — Bo) and Ay — kgt (1% 0),
A—By=A +(4y— By) and 4; (A =0)
are quasinilpotent equivalent. Hence
Al — i € Py (X) <= A — Au; — ABy € D, (X), L#0
and
A€ Dy (X)) A4— By € O, (X).

This provides an alternative to some of the argument used to prove parts (b) and
(c) of Theorem 3.1.

Let A(¢) denote a continuous function from a connected subset Z of the reals into
C such that A(¢;) = 0 and A(#;) = 1 for some 71, , € Z, t| < t,. Then, the argument of
the proof of Theorem 3.1 holds with A replaced by A(7) and we have:

COROLLARY 3.1. Let A, B € B[X] be such that B € Holo™(R[X)).

(@) If mp(A, 1) =T]r, (A — M0 € Px(X) and [A, B] € Ptrb(®, (X)), then A —
MO)B € O, (X) forall t € [t1, ta].
(b) If A, B commute, then
(i) 7wa(A, A1) = [T2) (A = MO)pi) € D (X) if and only if A —1D)(Bo+ ) €
O, (X), 1 <i<m, foralltelt,t)]
(i1) wp(A4, M(t))) € P (X) ifand only if A — By € D (X),
(iil) (A4, M(?)) € O (X) implies A — Mt)B € P (X) for all t € [t1, t2].

Recalling the fact that “every locally constant function on a connected set is
constant”, it follows from the local constancy of the index function “ind” that ind (4) =
ind(4 — B) = ind(4 — A(¢)B) for all ¢ € [t;, t,]. In particular, if A € ®,(X) (resp., 4 €
®,(X)), then (4 — A(t)B)(X) (resp., (A — A(f)B)~'(0)) is complemented by a finite-
dimensional subspace if and only if 4(X) (resp., 4-'(0)) is complemented by a finite-
dimensional subspace.

4. Operators with SVEP. A € B[X] has the single-valued extension property at
A0 € C, SVEP at Ay for short, if for every open disc D,, centred at Ao the only
holomorphic function f : D,, — X which satisfies

(T —2)f(\) =0 forall AeD;,

is the function f = 0. T has SVEP if it has SVEP at every X € C. Operators with
countable spectrum have SVEP: If 4 € R[X], then both A4 and (the conjugate operator)
A* have SVEP. It is known that f(4), 4 € B[X]and f € H.(c(A)), has SVEP at a point
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A if and only if 4 has SVEP at every p such that f(u) = A (see [1, Theorem 2.39] and
[14]). If an 4 € B[X] has SVEP at a point A, then SVEP for B € B[X] at A does not
transfer to A + B, even if A and B commute. However:

PrOPOSITION 4.1 ([2, Theorem 0.3]). If A and B commute, and if B € R[X], then
SVEP at i for A implies SVEP for A — B at ).

Recall that the ascent (resp., descent) of A € B[X], asc(A) (resp., dsc(A4)), is the least
non-negative integer n such that 4A7"(0) = A="+1(0) (resp., A"(X) = A""1(X)); if no
such integer exists, then asc(4) = oo (resp., dsc(4) = oo). Finite ascent (resp., descent)
at a point A for 4 implies ind(4 — A) < 0 and 4 has SVEP at A (resp., ind(4 — A) > 0
and A* has SVEP at A); conversely, if A — A € &, (X) (resp., A* — 1 € O, (X)) has
SVEP at 0, then asc(4 — A) < co and 0 € isoo,(A4) (resp., dsc(4 — L) < oo and 0 €
isoog(A)) [1, Theorems 3.16, 3.17, 3.23, 3.27]. The operator A is upper Browder (resp.,
lower Browder, left Browder, right Browder, or (simply ) Browder) if it is upper Fredholm
with asc(4) < oo (resp., lower Browder with dsc(4) < oo, left Browder with asc(A4) <
00, right Browder with dsc(4) < oo, Fredholm with asc(4) = dsc(A4) < o). Let 4 €
x —Browder denote that A4 is one of upper Browder, lower Browder, left Browder, right
Browder or (simply) Browder. It is well known, see [9, Theorem 7.92.] or [6, Proposition
2.2], that if A, B € B[X] are commuting operators, then AB € x—Browder if and only if
A, B € x—Browder.If an operator A € {®(X) U &, (X)} (resp., 4 € {O_(X) U ©,(X)}
and A*) has SVEP at 0, then 4 is upper or left (resp., lower or right) Browder [1,
Theorem 3.52]. As before, the operator By € B[X]is defined by By = @, (B; — w;).

The following theorem generalizes [6, Theorem 4.1].

THEOREM 4.1. Let A, B € B[X] be such that [A, Bl =0, np(B) =[], (B— ;) €
RIX] and wp(A, ) = [12; (A — Api) € P« (X) for some complex number L. Then

(a) A4 € x—Browder if and only if A — By € x—Browder;

(b) (1) mp(4, 1) € x—Browder implies A — AB € x—Browder, and (ii) mg(A4, L) €
x —Browder if and only if A — ABy — Aju; € x—Browder for all 1 <i < m;

() if A € (P (X)U Dy(X)} has SVEP at 0 (resp., A € {®_(X)U O,.(X)} and A* has
SVEP at0), then A — AB is upper or, respectively, left (resp., lower or, respectively,
right) Browder.

Proof. We consider the case x —Browder = upper Browder or left Browder only
(thus x in @, shall stand for upper or left); the proof for the other cases is similar.

(a) The operator By = @/ ,(B; — p;) being the direct sum of Riesz operators is
a Riesz operator. Since 4 commutes with By, A — By has SVEP at 0 if and
only if 4 has SVEP at 0. Again, by Theorem 2.1(b.ii), 4 — By € & (X) if
and only if 4 € ®,(X). Hence, since an operator 7 is x —Browder if and
only if 7' € ®,(X) and T has SVEP at 0 [1, Theorem 3.52], 4 — By € x—
Browder if and only if 4 € x —Browder.

(b.i) The hypothesis m5(A, 1) € x—Browder implies 4 — Au; € x—Browder if
and only if 4 — Au; € ®,(X) and 4 — Au; has SVEP at 0. Since ng(B) =
[T, (B — ) is Riesz, there an integer i, | < i < m, such that A(B — u,) is
Riesz (and commutes with 4 — Au;). Hence, A — AB = (4 — Aw;) — (B —
Au;) has SVEP at 0. Since 4 — AB € ®,(X) by Theorem 2.1(c), 4 — AB €
x —Browder.
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(b.ii) The case A = 0 being evident, we consider A # 0. It is clear from Theorem
2.1(b.i) that

(A, 1) € Oy (X) <= A —AB— Au; € D (X).
Since,

mp(A, )) € x—Browder <= A — Au; € x—Browder forall 1 <i<m
<= A—Ap; € Oy(X), A —Au; hasSVEP at 0
forall 1 <i<m.

The operator By being a Riesz operator which commutes with 4 — Au;, it
follows that 4 — Au; — A By has SVEP at 0 if and only if 4 — Au; has SVEP
at 0. Hence,

wg(A, ) € x—Browder <= A4 — ABy — Au; € x—Browder.

(c) Recall from above that if an operator 4 € ®,(X) has SVEP at 0, then 0 €
is00,(A). Since 0,(A4 — Au;) C 0,(A) — {Au;}, it follows from our hypotheses
that (at worst) Au; € isoo,(A) for all 1 < i < m. Hence, 4 — Au; has SVEP
at 0. As seen above, 4 — AB € ®,(X). Hence, since the operator B — u; is
Riesz and commutes with 4 — Au;, A — AB; = (4 — A;) — AM(B; — ;) has
SVEP at 0. Thus, [1, Theorem 3.52] implies that 4 — AB € x—Browder. [

REMARK 4.1. An alternative argument proving Theorem 4.1(b.i) goes as follows.
If x = upper or left, then the hypotheses imply that wp(A4, A) has SVEP at 0 and
the Riesz operator mg(B) commutes with mg(A4, A). Hence, mp(A4, 1) — A" 7p(B) has
SVEP at 0. Already, we know from (the proof of) Theorem 3.1 that mp(A4, 1) —
AMp(B) € @, (X), where ©,(X) = &, (X)U &, (X). Hence, ng(A4, A) — A"ng(B) =
(4 —AB)g(A, B, 1) = g(A, B, 1)(4 — AB) is upper or (resp.) left Browder. This implies
A — ABis upper or (resp.) left Browder.

Essential SVEP. Let 7, : B[X] — B[X,], X, = £*°(X)/m(X), denote the homomorph-
ism effecting the “essential enlargement 4 — 7,(4) = A,” of [4] (and [15, Theorems
17.6 and 17.9]). Then, A € B[X] is upper semi-Fredholm (lower semi-Fredholm), 4 €
O (X) (resp., A € ®_(X)), if and only if 4, is bounded below (resp., 4, is surjective);
A, =0 for an operator A4 if and only if 4 is compact, and if 4 € R[X], then 4, is a
quasinilpotent. Recall from Theorem 3.1(b.ii) and (c) that if A, B € B[X] are such that
[4, Bl =0, 7p(B) =[]~ (B— w;) € R[X] and 7p(A4, A) =[], (4 — Ap;) € Po(X),
then 4 —AB e &, (X) if A#0 and 4 — By € &.(X) if A =0. If we now assume
that wp(A4, 1) € ®_(X) (resp., the conjugate operator wg(A4, A)* € ®_(X)), A # 0, has
SVEP at 0, then 4 — AB € ®(X) is inner regular. Again, if we assume A =0 and
A e &_(X) (resp., A* € ®_(X)) has SVEP at 0, then 4 — By € ®(X) is inner regular.
SVEP for an operator neither implies nor is implied by SVEP for its image under the
homomorphisms 7, [3, Remark 2.9]: We say in the following that 4 has essential SVEP
at a point A if 4, = 7,(A4) has SVEP at A. The following corollary says that a result
similar to the one above on the inner regularity of 4 — AB and 4 — By holds with the
hypotheses on SVEP replaced by hypotheses on essential SVEP.
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COROLLARY 4.1. Let A, B € B[X] be such that [A, Bl = 0, 73(B) = [[1~, B— ) €
RIX], wp(A, A) has essential SVEP at 0 whenever wg(A, )) € ®_(X) and wp(A, A)* has
essential SVEP at 0 whenever wp(A, \) € ®((X), then A — 1B € ®(X) if A #0 and
A—Bye ®X)ifr=0.

Proof. We consider the case in which w5(4, 1) € @, (X)and w5(A4, A)* has essential
SVEP at 0: The proof for the other case is similar. Arguing as in the proof of Theorem
3.1, the hypotheses [4, B] = 0, wp(B) € R[X] and (A4, L) € ®(X) imply that if A #
0, then

A—tpu; and 4 —ABe @, (X) forall 1 <i<m
< T,(4A —Apn;) and T,(A — 1B) are bounded below forall 1 <i<m

and if A = 0, then
A and 4—-Bye & (X) <= T,(A) and T,(4 — By) are bounded below.

Since T,(4 — Au;) is bounded below for all < i < mimplies w(A4, A) is bounded below,
it follows from the hypothesis 7, (7z(4, A)*) has SVEP that

T,(mp(A4, 1)) isinvertible <= T,(4 — Ap;) isinvertible forall 1 <i<m

[1, Corollary 2.24]. Letting A4 and B have the representations A4 = [A4;]i<ij<m €
B(®L, &) and B=@&]. B € B(®L,A)) (as in the proof of Theorem 3.1), this
implies that T,(4; — Au;) is invertible, and 7,(B; — ;) is quasinilpotent, for all
1 <j < m. Since the operators T,(A4; — Au;) and T,(B; — p;) commute, o (7,(A4; —
AB;)) C o(Ty(Aj — i) — {0} and o(4; — Bj + ;) C o(Ty(4;)) — {0} forall 1 <j <
m. Hence, the operators T,(4; — AB;) and T,(4; — B; + ;) are invertible for all
1 <j < m. But then

Ty(A—21B) = TA®L(4; — AB))} invertible <= A —ABe ®(X)

and
T,(A — By) = T{®]_(4; — B; + uj)} invertible <= A — By € &(X).

This completes the proof. U

5. A perturbed inner regular operator. If 4 € ®,(X), &, = &, or ®,, then A4 has
an inner generalized inverse, which we shall denote by A" in the following. Clearly, the
operator AA" is (then) a projection from X onto A(X),and I — A’ A is a projection from
X onto A~1(0). Let N denote a complement of A(X) and let M denote a complement
of A71(0). Then, 4 : M & A~'(0) - A(X)® N has a matrix 4 = 4; ® 0, where 4, €
B[M, A(X)] is invertible. If A" is any generalized inverse of A4 such that ATA(X) =
M and (44")7'(0) = N, then 4!, , , = A1 : A(X)® N - M ® 47'(0) has the form
AL_N‘E = Afl @ E for some arbitrary E € B[N, A~'(0)] [7, Page 37]. Now, let 4, B €
B[X] be such that B € Holo™'(R[X]) (with minimal polynomial 75(z), defined as in
Theorem 3.1), AB — BA € Ptrb(®,(X)) and ng(4, 1) = []iL, (4 — ;) € Do(X) for
some scalar A. Then, the operators 4 — AB if A #£ 0 and 4 — By if A = 0 (with the
operator By as earlier defined) are in ®,(X’). Letting S denote either of the operators
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A — 1B and A — By, it then follows that S has an inner generalized inverse Sf. In
general, A(X) and S(X), also 47(0) and S~'(0), are quite distinct. However:

THEOREM 5.1. If AA' = SST and AT4 = S'S, then A and S have the same range
and the same null space, and St has a representation

St=( Al B4\ p if A #0, and
St =1 = Al £B) ANy i =0,

Here, N is a complement of A(X), M is a complement of A~'(0)and E, F € B[N, A~'(0)]
are arbitrary.

Proof. If AA" = SS" and AT 4 = S'S, then

S(X) = SST(x) = 44t (x) = A(X), and
$710) = (S19)7(0) = (47 4)7'(0) = 47(0).

Now, choose the subspaces N, M as above. For 4] = Ay, S| = S|y and every E €
B[N, A~1(0)], if A # 0, then the operator

I =AY 4 pB =1+ Al o(S— A)
_ A7V 0\ [(Si—41 0\ _[47'si 0
_I+<o E)( 0 0)‘( 0 1

from M @ A~'(0) into A(X) @& N is invertible with the inverse satisfying

. STy 0\ (47" 0 Sit0
(I + Al 4y (S — 4) IA}LV,M,F=< o 1)( 0 F)=<(l) F>

for every operator F € B[N, A~'(0)]. Again, if » = 0, then

R -1
T= Al \y By =1+ Al 4y p(S — A) = (AIOSI ?)

from M @ A~'(0) into A(X) @ N is invertible with the inverse (as before) satisfying

- S7'4; o\ /47 0 S0
(I + Ay 3y £(S = 4)) lAjv,M,F=< 'S 1)( 0 F)Z( 0 F)

for every operator F e B[N, A~'(0)]. Evidently, SS'S=S, where S’ =+
A g, 6(S = A A ar e O
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