ANOTHER ENUMERATION OF TREES

DONALD E. KNUTH

Given a set of vertices which have each been assigned one of the colours
Ci, Coy ..., Cyp, with n; vertices C;, a formula is derived for the number of
oriented trees on these vertices, having a designated root, and subject to any
number of restrictions of the form ‘‘no arc goes from a vertex of colour C;
to a vertex of colour C;". The formula is based on a combinatorial construction
which defines a correspondence between such trees and certain sequences.

In 1889, A. Cayley (2) found that the number of oriented trees which can
be constructed on 7 vertices, having a specified root, is exactly #"~2. Cayley’s
formula has been generalized in several interesting ways; see Raney (8),
Riordan (9), Knuth (5), Good (3), Moon (6). In this paper we present a
combinatorial construction which leads to another rather pleasant generali-
zation of Cayley’s formula.

The term ‘‘oriented tree” is used in this paper to distinguish the trees
discussed here from ‘‘free trees” (which have no root and no orientation
specified for the arcs) and from ‘“‘ordered trees”” (in which the relative order
of the vertices pointing to a vertex is significant as well as the orientation of
the arcs).

F1Gure 1. Oriented tree

Figure 1 shows an oriented tree on the vertices «i, ¢, @3, @4, a5, b1, b2, b3,

[Pn2) [YPRE}

C1y €3 €3 €4y 7, in which all arcs go from an “‘@”’ to a “b” or a ‘¢, or from
a ‘“d” toan “@’ ora ‘‘c’, or from a ‘“¢"” toa ‘¢’ or an ‘“r’. The admissible
kinds of arcs just described are represented graphically in Figure 2. It is
natural to ask: ‘“How many ways are there to draw arcs on the specified
vertices so that an oriented tree of this type is obtained?”’ In general, we

will find that if there are «, b, and ¢ vertices of the corresponding types, then
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the total number of oriented trees subject to the restrictions of Figure 2
is exactly (¢ + ¢)*71(0 4+ ¢)*'(c 4+ 1)1(c? + ca + ¢b). The theorem below
shows that similar formulas may be obtained when any diagram of ‘“‘chromatic
constraints’ is considered in place of Figure 2.

Q
C R
B

FiGure 2. Chromatic constraints

In the following discussion, the notation |X| stands for the number of
elements in the (finite) set X. Furthermore, if f is a function, we write
f(x) = x and /' (x) = f(J"(x)) when the latter is defined.

1. The basic construction. Let ussay (U, V, f) isa T-graph if 17 is a
finite set of vertices, U C TV, and f is a function from U into V such that there
are no ‘‘cycles”, i.e., no vertices x with f™(x) = x for some m > 0. It follows
that for all x € 1 there is a least integer m = 0 such that f™(x) ¢ U, and in
this case we write f”(x) = f™(x). In terms of this notation, an oriented tree
with root 7 is a 7-graph of the form (U, U\ {r}, ).

The enumeration formulas to be derived rest essentially on the following
construction which generalizes a theorem due to Priifer (7).

LemMA. Let U, V, and W be sets of vertices, with W disjoint from U \J V.
Let f be a function from V — U wnto U. The number of functions h from U
into V\J W, such that (U\J V, UJ VI W,fUh) s a T-graph, is

VU W

Proof. Let n = |U|. We will prove the more interesting result that there
is a one-to-one correspondence between such functions 7 and sequences of
vertices a1, d2, ..., a, such that a, € VU W for 1 £k <n and «, € W.
For this purpose, assume the set U\U VU W has been linearly ordered by
some relation.

First, suppose such a function % is given, and consider the directed graph G
with vertices U\U VU W, with arcs from v to f(v) for v € " — U, and
with arcs from u to h(u) for u € U. Let us say a vertex u € U is “free’” with
respect to G if there is no oriented path from u’ to # for any other u’ € U.
Since there are no oriented cycles in G, there is at least one free vertex. Let
11 be the lowest free vertex (in the assumed linear ordering). Once uy, . . ., u,
have been defined, let #,.1 be the lowest free vertex in the directed graph
obtained from G by removing u,; and the arc from u, to 2(u,) for 1 < k < t.
This rule defines a sequence u;, #,,. . ., u#, containing each of the n vertices
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of U.Now let a;, = h(u;) forl £ k £ n. Clearly,a, € VU Wiorl £k < n
and a, € W.

Conversely, assume such a sequence ay, as, . . ., a, is given. Let us now
say a vertex u € U is “free” with respect to the sequence if there is no j for
which a; = u or for which a; € V — U and f(¢;) = u. Since a, € W, there
must be at least one free vertex. Let u; be the lowest free vertex (in the

assumed linear ordering). Once u;, . . ., %, have been defined, let # . be the
lowest free vertex with respect to @41, - - ., @, which isdifferent from uy, . . ., u,.
This rule defines a sequence #y, us, . . ., #, containing each of the n vertices

of U. Now let h(uy) = apfor1 £k = n. Then (UJ V, UJ VU W, f\Uh)
is a T-graph, since (f\J k)"(u;) = u, for m > 0 implies » > k.

The two constructions just given are obviously inverse to each other, so
the stated one-to-one correspondence has been established. (Priifer essentially
published the special case in which U = V and |W| = 1.) We may note
also from the construction that if u is the highest vertex of U, in the assumed
linear ordering, then (f\J k)®(u) = a,; for in the rule for determining the
sequence 1y, Us, . .., U,, the vertex # becomes free only when there is an
oriented path from « to all remaining vertices.

2. The main construction. Let % be a family of non-empty, disjoint
sets, and let V = U ¥, ie., V = UceceC. We will assume V is a finite set
of vertices, partitioned into the classes represented by %. Let & be a directed
graph on the elements of & (cf. Figure 2); and for C € ¥, let % (C) be the
set of all ' € € such that there is an arc from C to C’ in ¥. The family
% and the directed graph % will be fixed throughout this section.

If # is a subset of €, we say a. ¥ -structure is a T-graph (U, V, f) for which
U=UX,V=U®%,and if u ¢ C A, then f(u) € U F(C). In other
words, we are considering the set of 7-graphs on V satisfying the ‘“‘chromatic
constraints’” of ¥, where we think of % as a set of colours. OQur goal is to
enumerate the number of possible ¢ -structures, i.e., the number of functions
f satisfying the restrictions just mentioned.

THEOREM. The number of possible K -structures is equal to
>z (H U g(C)I'””‘Ig(C)O :
g cex

where the sum is over all functions g such that (A, €, g) is a T-graph and
g2(C) € G(C) for all C € A .

(Note: Using a theorem of Tutte (11), this formula can also be written as

det4-J] |UZ ()",
CeX

where 4 is a matrix whose rows and columns are indexed by the elements

of K Aeer = —|C"' N UG (C)| when Cs C', and Aee = |UZ(C) — C|.)
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Proof. Let n = |#'|. We will prove in fact that there is a one-to-one corre-
spondence between S -structures and sets of # sequences of the form

(*) Aoty A2y « « « y Qopy r = {CI'

where ae, € U ZG(C), 1 £k <7, and ag, € g(C) for all C €4, where
(A, %,g) is a T-graph contained in %. Assume that the vertices V are
linearly ordered, and so are the “colours’” %.

First suppose that a ¢ -structure (U, V, f) is given. We will define a func-
tion g as required, and a set of sequences (*), and a sequence Cy, Cs, ..., G,
representing the colours of ¢, and also a sequence ui, us, ..., u, with
u, € C,. Start with Cj, the lowest colour in the assumed linear order, and
#1 the highest vertex of Ci. If ¢ < # and if C, and #, have been chosen, we
define Cyy1 and u,y; as follows: Let m be maximal such that f™(u,) € C,,
and f*(u,) ¢ {Cy, ..., Cia} for 0 = kB < m. Let v, = "1 (u,) and let g(C,)
be the class in % (C,) such that v, € g(C,). Now if g(C,) = C, for some &,
1 £k <torif g(C,) ¢ A, choose C,y1 to be the lowest colour of ¢ —{(},

., C;} and let u,4; be the highest vertex of that colour. Otherwise, let
Cir = g(C)), w1 = v,

We wish to prove that (¢, ¥, g) is a T-graph. Note that if g(C,) = C, for
t<k<m then B =t+ 1. If (4, %,g) is not a T-graph, there is some ¢
such that ¢"(C,) = C, and g(C,) = C; for some r > 0 and k < t. We can
find s < ¢ such that g(C,) = Cry1 for s = k < t but C, # g(C,) for B < s; it
follows that g(C,) = C, for some k such that s < k < t. Consider the values

g, f(ug), f21s), o ooy 0 = g, f(ttgqn), ooyt f(0), o004t

where u is the first element encountered that is in
U@ —) U C,\U. ..U C,y.

By construction, none of the elements of this sequence after u#,,; are in C;
none of the elements after #,,, are in Cy.1; and so on. It is therefore im-
possible for v, to be an element of C, for s £ & < t. This contradiction proves
(A, €, ¢g) is a T-graph.

Finally, for t = n,n — 1,..., 1, we successively construct the sequence
(*) for C = C,. Consider the 7-graph (U, V, f,), where U, = C,;1\J ... UC,
and f, is f restricted to U,. Reorder the elements of C,, if necessary, so that u,
is the highest element, and apply the construction of the lemma with U, 1,
W, and f replaced, respectively, by C, V, U %(C,) —V,, and ¢, where
V,={vc UZC)|f>@) € C},and ¢, = f,” restricted to V,. The values
of f restricted to C, now correspond to a function % as stated in the lemma,
so we obtain a sequence (*) in which the last element is v,.

Conversely, let us suppose we are given a set of sequences (*) for each
C € A, defining a function g of the required type. We will define a function
f such that (U, V,f) is a T-graph of the required type, and we will also
define a sequence Cy, Cy, . . ., C, representing the colours of ¢, and a sequence
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U1, Uy o . ., U, With u, € C;. Start with Cy, the lowest colour in the assumed
linear order, and u;, the highest vertex of Ci. If ¢ < # and if C, and u, have
been chosen, let v, be the last element of the sequence (*) for C,. Now if
g2(C;)) = Cy for some k, 1 <k < t, or if g(C,) ¢ 24, choose C,41 to be the

lowest colour of # — {Cy, ..., C,} and let u,,; be the highest vertex of that
colour. Otherwise, let C,y1 = g(C,), u141 = v,
Now fort =n, n — 1,...,1, we successively define f on the elements of

C, so that no cycles are introduced. Suppose f has already been defined on
U,=Ci1\J... U, and let f, be this function. Reorder the elements of
C, if necessary so that u, is the highest element, and apply the construction
of the lemma with U, V, W, and f replaced, respectively, by C, V,
U%(C,) —V, and ¢, (as above). The construction has been carried out so
that v, ¢ V,, since, if g(C,) = C,1, we have [7°,) =" Ww1) = [ @1)
and, continuing in this manner, it is clear that f°(v,) ¢ C, when (%, C, g)
is a T-graph. Therefore, the lemma applies and it determines a function %
which may be used to define f,—y = f,\J k.

The two constructions just described are inverses of each other, so the
theorem has been proved. It is possible to give a much simpler proof of this
theorem, based directly on the theorem of Tutte (11) which expresses the
number of subtrees of a directed graph, having a given root, as a deter-
minant. We consider the directed graph having (U € \U {r,} as vertices, where
7o is @ new symbol; there is an arc in this graph from v to ¢’ if and only if
eitherv € C€# and v €U G (C), orif v € CE€ € —H and v = r,. The
number of J¢ -structures is obviously the number of subtrees of this directed
graph having root 7. The corresponding determinant is easily evaluated by
using elementary row and column operations; as an example of this evalua-
tion we consider the situation in Figures 1 and 2, where ¥ =.¢ \U {R},
%= {A, B, C}, 4 = {01, Ao, U3, Uy, (ls}, B = {Z)l, bz, bg}, C = {Cl, Co, C3, Cq}.
By Tutte’s theorem, the number of ¢ -structures is

A B C R

0 0
7 0
0o 7
0 0

cooc o=
~No oo
cocooo
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0 0 0 7|—-1—-1-1, —1-1-1-1
-1 -1-1-1-1 9 0
det| =1 —1 —1 —1 —1
-1 -1 -1 —1 —1

0 0 0 0 0
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7 0 0 0 0/-1-1-1-1-1-1-1 0
-7 7 0 0 O 0 0 O 0 0 0 O 0
-7 0 7 0 O 0 0 O 0 0 0 O 0
-7 0 0 7 0 0 0 O 0 0 0 O 0
-7 0 0 0 7 0 0 © 0 0 o0 o0 0
-1 -1 -1-1 -1 9 0 0| -1-1-1 -1 0
=det|] 0 0 O O O] -9 9 0 0o 0 0 O 0
o 0 0 0 O0|-9 0 9 0 0 0 O 0
0o 0 0 0 O 0 0 O 4 -1 -1 -1 | —1
0o 0 0 o0 O 0o 0 0;/-5 5 0 O 0
0 0 0 0 0 0 0 0|-5 0 5 0 0
0O 0 0 0 O 0o 0 O0j—-5 0 0 5 0
0o 0 0 0 O 0 0 O 0 0 0 O 1
7 0 0 0 0 -3-1-1|—-4-1-1-1 0
0o 7 0 0 O 0 0 O 0 0 0 O 0
0o 0 7 0 O 0 0 O 0o 0 0 o 0
0o 0 o0 7 0 0 0 O 0 0 0 o0 0
o 0 0 0 7 0 0 O 0 0 0 0 0
-5 -1 -1 -1 —1 9 0 0] —4-1-1-1 0
=det)] 0 0 O O O 0 9 0 0o 0 0 o 0
0o 0 0 0 0 0 0 9 0o 0 0 O 0
o 0 0 0 O 0 0 O 1 -1 -1-1] -1
0o 0 0 0 O 0 0 O 0 5 0 0 0
0 0 0 0 O 0 0 0 0o 0 5 0 0
0o 0 0 0 0 0o 0 O 0 0 0 5 0
0 0 0 0 O 0 0 O 0 0 0 o0 1
7 -3 —4
=3 +4)71(5+4)1(4 + 1) det <—5 9 -—4).
0 0 1

The formula in the theorem can also be obtained by means of multivariate
generating functions and a generalization of Lagrange's inversion formula,
as shown by Good (3, p. 512). (Several misprints in the formula stated by
Good should be corrected.)

Even though there are alternate means for proving the theorem, the proof
given here has several advantages since it establishes a useful correspondence
with sequences. It is now possible to enumerate such oriented trees with a
given number of vertices of in-degree 2, etc., as in Riordan (9), since the
in-degree of each vertex is the number of times it appears in the sequences (*).

As an example of the construction in the above proof, consider the tree
in Figure 1 and suppose we order the colours 4 < B < C < R. Figure 1 is
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an {4, B, C}-structure. The construction selects C; = 4, and we may take
a1 < @y < a3 < a4 < ¢sas an ordering of the elements of 4, therefore u; = a;.
Since f2(a;) € A but f3**(u;) is not, we set v; = f3(a;) = ¢5, g(4) = C, and
C, = C. The elements of C must be ordered so that ¢, is highest, therefore
let ¢; < ¢3 < ¢4 < ¢s. Now f(c2) = 7 and thus we let v, = 7 and g(C) = R.
Finally, we take C3; = B and b1 < by < b3 = u3. In this case, f2(b3) = b1 € B
but since f(b;) is in C; = 4 we take v; = a3 not vs = ¢»; hence g(B) = 4.
The construction of the lemma is now used, starting with a sequence for
C; = B. Here, all vertices are free since V; is vacuous, and the sequence is

simply f(b1), f(b2), f(bs):

B: Coy Qy4y Q3.
The Cs (=C) sequence is constructed next (remembering that ¢; < ¢; <
cy < Cg)Z

C:r,cy, €.
Finally, the C; (=A4) sequence is constructed:
A ¢y, b1, by, by, co.

The original tree is reconstructible from these three sequences. Conversely,
from any sequences of this type (i.e., the 4 sequence contains five elements
of B and C; the B sequence contains three elements of 4 and C, and if the
last element is in 4, the last element of A is not in B; and the C sequence
contains four elements of C and R, the last in R) we can construct an oriented
tree which will lead to these sequences.

Ficure 3. Cyclic case

3. Examples and applications. Consider a cyclic directed graph like
that in Figure 3; for oriented trees, suppose |R| = 1. The number of oriented
trees in which all arcs go from colour C; to C;;1 or from C, to C; or from
Cnto R is

ne'ny’ .. (m + 1) n; = |Cl.
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If we like, we may merge together colours R and Ci; then we find

we' Tt Ly
is the number of oriented trees on Ci\J Co\J...\J C, in which all arcs go
from colour C; to C(ir1ymoa my and the root is in Ci. The case m=1 is Cayley’s
theorem; the case m = 2 was proved by Scoins (10) and it also follows from
a more general result due to Austin (1).

Crn-1 C3
A& JB
Chm C, C
C1 D
R E F
Ficure 4. Symmetric cycle FIGURE 5. A free tree

If the arcs are allowed to go in either direction between colour C; and
colour C;1, we get a situation like Figure 4. In Figure 4, consider R as essen-
tially a specified element of C; which has been temporarily given a new name.
Since the arcs in the remaining graph are symmetric, we may consider free
trees instead of oriented trees, namely, connected graphs without cycles; the
number of free trees on C1\J Cy\J ... \J Cy, with a vertex of colour C; adjacent
to a vertex of colour C; only if i = (j £ 1) (mod m), s

My + 12)" " (1 F 1) (e F 1) Gy 1) ame .

><<——1—+i+...+——1——>, n=|Cl, mzs3.

M1 ni1ne Np—1Mm,

In general, enumeration formulas for free trees can be obtained in this
way when the graph of ‘“‘chromatic constraints” has a symmetric incidence
matrix. Another interesting case occurs when the directed graph ¥ is itself
a free tree with symmetric arcs. Thus, for example, the number of free trees
on A\ JBUCVUD\JE\JF, with adjacent vertices having adjacent colours
in the diagram of Figure 5, is

(CIC 4 U B U DI C U B U R DI D] D
In general, the number of such free trees is
H |U{C’| c adjacent to C}IIC[—1|C|degree(C)v~1
ceg
when the chromatic constraints themselves form a {ree tree.

The above formulas can also be used to derive non-obvious summation
identities. Let ¥ be a directed graph on {Ci, Cs ..., Cn, R} and let
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p(ny, na, ..., Ny, &) be the formula for the number of {Ci, Co, ..., Cyl-
structures according to the theorem in § 2, where #n, = |C;| and x = |R)|.
Then we have the convolution formula

Z <n1> (7’1«2) PR <nm>P(k1, kz, ce ey km, x)p(m bt kl, Ng — kz, ey
k1.k2 km kl kz km

W, — Ry V) = p(B1, B2y o ooy gy X + ).
For in every T-graph (C;\U...UC,, CiU...UC,UR,f) we can
partition the verticesv of C; U ... \U C, according to the values of f*(v) € R;
the above formula expresses the number of ways colours Cj, ..., C, can be
split into ki, ..., k, and ny — ky, ..., n1 — k, respective elements so that
the first group falls into x specified elements of R and the second group falls
into the other y elements of R.
As an example, the simple graph

Q—»R

yields the identity

> <Z>x(x +B Tyt =BT = @ty )

which is directly related to Abel’s generalization of the binomial theorem
(see 4).

CB A R

FIGURE 6

From the graph of Figure 6 we get the following identity in integers m,
n, X,y

> (?)(Z)xﬂx +B TG+ BTy = - "

ik
Xm+n—7j—k)"" = @+ymE+y+n)"" m+n)""

(Suitable conventions are assumed when 0/0 appears.) This identity appears
to be very difficult to derive by any other means, and more complicated
graphs will give still more intricate formulas of this type.
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