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1. Introduction and statement of results. We suppose that 
{x , x0, t . . } , {x , x . . . . ) are increasing sequences of consecutive 

1 2 1 2 

zeros of non-trivial solutions y(x), y(xj, of the differential equation 

(1) y" + f(x)y = 0 

on an open interval I, and define, for any fixed X > - 1 , 

M, = f |y(x)|Xdx (k = 1,2, . . .) . 
k J^ 

Then, with the usual notation for forward differences, i . e . 

A fik - *ik, Ahik = ^ k + 1 - M-k, A"Vk = A(An* u^) (n = 2, 3, . . . ), (k = 1,2 ), 

we have the following result: 

2 2 
THEOREM. Let p(x) = y (x) +y (x), where y (x) â id y (x) 

are linearly independent solutions of (1) over the closure I* of I, 
and suppose that 

(-l)np (n )(x) > 0 (n - 0, 1), 

(2) ( , 
(-l)np (x) > 0 (n = 2 , N), 

where the N derivative exists in the open interval I and the lower 
order derivatives are continuous in I*. Then 

(3) (-l)nAnM > 0 ( n = 0 , . . . , N ; k = l , 2 , . . . ) , 
k 

so that, in particular (on taking X = 0), 

(4) ( - l ) nA n + 1x, > 0 ( n = 0 , . . . , N ; k = l , 2 , . . . ) . 
k 
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M o r e o v e r , if x > x , then 

(5) (-1) A (x^ - x k ) > 0 (n = 0 , . . . , N ; k = l , 2 , . . . ) . 

The t h e o r e m r e m a i n s t r u e if the f ac to r (-1) is de le ted s i m u l t a n e o u s l y 
f r o m (2), (3), (4) and (5). 

L . L o r c h and P . S z e g o [ l , T h e o r e m 2.1] p r o v e t h e s e r e s u l t s 
with the s l ight ly s t r o n g e r a s s u m p t i o n s 

(6) ( - l ) n p ( n ) ( x ) > 0 ( n = 0 , l N), 

ins tead of (2). 

In | 3 , we give s o m e e x a m p l e s to which the p r e s e n t t h e o r e m , 
though not that of [l] , i s a p p l i c a b l e . We apply the t h e o r e m with the 
modi f i ca t ion noted in i t s l a s t s e n t e n c e , i . e . , wi th the fac tor 

(-1) de l e t ed . The app l ica t ions of T h e o r e m 2 . 1 [l] m a d e in [ l ] and 

[2], w e r e a l l to c a s e s w h e r e the (-1) f ac to r i s r e t a i n e d . We cannot 
weaken (2) f u r the r by r ep l ac ing p ' (x) < 0 by p ' (x) <£ 0, as the e x a m p l e 
f(x) = 1, y (x) = s in x, y (x) = cos x s h o w s . S t r i c t -positivity of p(x) 

is a l so n e c e s s a r y [ 1 , p . 7 0 , R e m a r k l] . As in [1], a l l quan t i t i e s 
cons ide red h e r e a r e r e a l . 

2 . P roo f of the t h e o r e m . Only m i n o r changes a r e r e q u i r e d in 
the proof of T h e o r e m 2 . 1 , a s g iven in [ l j . It i s shown t h e r e that (3) 
and (5) depend on the i nequa l i t i e s 

(?) ( - l ) n D t
( n ) { [ x ' ( t ) f } : > 0 (n = 0 N), 

w h e r e x '( t) = p(x) and <x > 0. To p r o v e (7), i t i s shown in [1 ; 
L e m m a s 2 . 1 and 2.2,] that i t s l e f t - h a n d - s i d e is a homogeneous f o r m 

in p (x), p (x), . . . , p (x), e ach of whose t e r m s is pos i t ive , the 
pos i t iv i ty following f rom (6). The weake r condi t ion (2) will , in g e n e r a l , 
only imply non-nega t iv i ty of t hese t e r m s . However , (7) s t i l l fol lows 
b e c a u s e , for each n, the homogeneous f o r m ment ioned inc ludes the 

pos i t ive t e r m (-1) [p (x)] [p (x)] , as an easy induc t ion s h o w s . 
The final s en t ence of the t h e o r e m follows on making obvious 
modi f ica t ions in the above proof. 

3* App l i ca t i ons . (i) When | a | > 1/2, the C a u c h y - E u l e r 
equat ion 

(8) y n + ( a 2 / x 2 ) y = 0 , 0 < x < oo , 

has l i n e a r l y independent so lu t ions 
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1/2 l / 2 I 2 
y (x) = x c o s ( s log x ) , y ? ( x ) = x s i n ( s log x ) , ( s = / a - 1 /4 ) 

1 
o n t h e i n t e r v a l 0 < x < oo . T h u s p (x ) = x , and s o o u r t h e o r e m 

( m o d i f i e d a s i n i t s l a s t s e n t e n c e ) s h o w s t h a t if { x , x , . . . } , { x ,x , . . 

a r e i n c r e a s i n g s e q u e n c e s of c o n s e c u t i v e p o s i t i v e z e r o s of n o n t r i v i a l 

s o l u t i o n s y ( x ) , y (x) of (8) , and x > x , t h e n w e h a v e , f o r k = 1 , 2 , 

(9) A n M , > 0 (n = 0, 1, . . . ) , 
k 

(10) A n ( x k - x k ) > 0 ( n = 0 , 1 , . . . ) . 

A d i r e c t p r o o f of (9) m a y b e g i v e n a s f o l l o w s . A n o n t r i v i a l 
s o l u t i o n of (8) m u s t h a v e t h e f o r m 

1/2 
y (x) = A x s i n ( s log x + b) (A \ 0 ) . 

T h u s w e g e t , f o r k = 1, 2 , . . . , 

, = | A | X f ^ + l x X / 2 | s i n ( s log x + b ) j X d x 
k J 

M. 
k • ' J 

x. 'k 

/ k + l , . , , X (X + 2 ) t 
= c / | s m t | exp — dt , 

w h e r e c(> 0) i s i n d e p e n d e n t of k, and t = t + TT. T h u s w e g e t 

(cf . [ l , p . 60] ), f o r n = 0, 1, . . . , 

t. 
k + 1 | . . \ n _ (X + 2) t . , 

^ \ ^ — ] d t 
k 

A
 n>-r r k + 1 | . ^| X n r 

A M . = c / s m t A I e x p 
k J t TT 

k 

n r k + l , . , \ (n) r ( \ + 2 ) ( t + e m r ) , J 4 . 
= e u J I s m t | D ' [ exp 1 L J d t 

1 . We a p p l y t h e t h e o r e m to a n i n t e r v a l e < x < oo (e > 0) , c o n t a i n i n g 
t h e z e r o s i n q u e s t i o n . 

2 . A s u s u a l , A F ( t ) = F ( t + TT) - F ( t ) and 
TT 

A n ' F ( t ) = A ( A " " 1 F ( t ) ) , n = 2 , 3 
TT TT TT 
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where 0 < 9 < 1, the last equality following from a mean value 
theorem for higher derivatives and differences [ 3, p . 55, No. 98]. 
Since the successive derivatives of the quantity in square brackets are 
pos i t ive we get (9). A s i m i l a r a r g u m e n t m a y be used to p r o v e (10). 

The C a u c h y - E u l e r equat ion (8) i s (except for l i nea r changes 

in the v a r i a b l e x) the only one for which p (x) > 0 (n = 0, 1) and 

p (x) H 0 (n = 2, 3, . . . ). This follows f r o m [4, T h e o r e m 3, R e m a r k 1] , 
w h e r e it is shown that if p(x) ( the re cal led z(x)) is a po lynomia l of 

? -J 

d e g r e e <_ 2, then f(x) = d/[p(x)] , w h e r e d is a co n s t an t . 

(ii) We cons ide r the equat ion 

(11) Y" + [ v V 2 v " 2 - (v 2 - l ) / (4x 2 ) ]y 

(v + l) 12 w h e r e v> 0. It has l i nea r ly independent so lu t ions y (x) = x sin(x 
i 

/ \ ( v + D / 2 , -v. _ . + . . v+1 
y (x) = x cosjx ) on 0 < x < GO so that p(x) = x 
Thus if v i s a pos i t ive i n t e g e r , p(x) s a t i s f i e s (2), with (-1) 
de le ted , for N = oo. We note , however , that each s equence of 
consecu t ive pos i t ive z e r o s of a so lu t ion y of (11) t e r m i n a t e s . We 
apply the t h e o r e m to an i n t e r v a l (a, b), a > 0, containing a s equence 
of such z e r o s . The t h e o r e m i s , of c o u r s e , valid for finite s e q u e n c e s , 
p rov ided we r e s t r i c t a t ten t ion to those h igher d i f f e rences which have 
mean ing for the sequence in ques t ion . Thus we find that ii v is a 
pos i t ive in teger and if {x . x . . . . , x 1 i s a sequence of s u c c e s s i v e 
J. Q | 2 l v 
pos i t ive z e r o s of a non t r i v i a l solut ion y of (11), then 

(12) A V > 0 (k = 1, . . . , K - n - l ; n = 0, . . . , K - 2 ) . 
k 

A c o r r e s p o n d i n g su i tab ly modified analogue of (5) a l so ho ld s . 

A d i r e c t proof of (12) is p o s s i b l e . In fact, the d i r e c t proof 
shows that the r e s t r i c t i o n that y be a pos i t ive i n t ege r i s not 
n e c e s s a r y . The d i r e c t proof is s i m i l a r to the d i r e c t proof of (9). E a c h 

non t r iv i a l solut ion of (11) has the f o r m y = ax sin(x +b), w h e r e 
a / 0. Thus we get for k = 1, . . . , K- 1, 

3 . In the spec i a l ca se w h e r e p(x) = a_ + a x , a^ + a , > 0, we get 1 0 1 0 1 
2 1 2 

d = w + —a , W being the (constant) Wronskian of y and y . 
4 1 1 2 
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M, = a x s in x +b) dx 
k J \ 

t. 
-c 

w h e r e c(> 0) is independent of k, t = t - TT ( k = 1, . . . , K - 1 ) and 
k + 1 k 

t = x iy > 0. Hence , for k = 1, . . . , K - n - l , n = 0, . . . , N-2 , 

A M = c ( - l ) / | s m ( t + b ) | A [t J dt 
k V + n+l 

n n r k + n , . ,.,u,\\r.Mn - (v+1)(\ +2)/(2v)-, ,, 
= c ( - l ) IT J | s m ( t + b ) | D [(t+Gnir) J dt 

k + n + 1 

w h e r e 0 < 0 < 1, by a m e a n value t h e o r e m for higher d e r i v a t i v e s and 

d i f fe rences [3 , p . 5 5 , N o . 9 8 ] . Now, s ince ( - l ) n D ( n ) t " ( v + 1 ) ( X + 2 ) / ( 2 v ) > 0 

(t > 0), we find that (12) holds , for solut ions of (11) w h e r e v is any 
pos i t ive n u m b e r . 
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