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Abstract

We determine the dimension of the space of Hodge cycles for the generic fibers of the Kuga fiber varieties
associated to certain quaternion algebras.

1991 Mathematics subject classification (Amer. Math. Soc.): 14C30, 14K10.

1. Introduction

One of the well-known conjectures in algebraic geometry is the Hodge conjecture
which states that every Hodge cycle on a complex projective variety is an algebraic
cycle. In this paper, we consider Hodge cycles on generic fibers of certain Kuga fiber
varieties.

Let V be a vector space of dimension 2n over @, and let L be a lattice in V. Let
B be a nondegenerate alternating bilinear form on V such that (L, L) C Z. Let
Sp(V, B) be the symplectic group of the pair (V, 8), and let 5# denote the Siegel half
space determined by B (see Section 4). Then each element J € J# defines a complex
structure on V(R) and there is a unique complex analytic structure on % x V(R)
such that the natural projection 5# x V(R) — 5 is a complex vector bundle over
J. For each J, if we denote the complex vector space (V (R), J) by V;, then the
complex torus V,/L is an abelian variety with polarization 8. Let A denote the
quotient space L \ % x V(R), where L actson 3 x V(R)by!-(J,v) = (J,v+1)
for J € #,v € V(R) and ! € L. The projection map 5 x V(R) — 5 induces
the fiber bundle w5 : Ay — JF€ whose fibers are abelian varieties isomorphic to
V;/L polarized by B. Let Sp(L, B) be the subgroup of Sp(V, B) of elements g
with gL = L, and take a subgroup I'y of Sp(L, B) of finite index that contains no
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elements of finite order. Then the quotient X, = I'y \ J# is an arithmetic variety
that can be considered as a Zariski open subset of a complex projective variety. Now
the fiber bundle w : Ay — J# induces the standard family of abelian varieties
o - Yo — X over X, (see for example [4, 8], [9, Chapter 4]).

Let G be a semisimple algebraic group defined over Q, and let K be a maximal
compact subgroup of the semisimple Lie group G (R). We assume that the symmetric
space D = G(R) / K has a G([R)-invariant complex structure. Let I' c G(Q)
be a torsion-free cocompact arithmetic subgroup of G, and let X = I'\D be th:
corresponding arithmetic variety. Let p:6G > Sp(V B) be a homomorphism, and
let7: D — H#be aholomorphlc map such that p(F) Cpand T(gy) = p(g)r(y) for
allg e G(R)and 7 € D. Then the pair (g, T) determines a fiber variety 7 : Y > X
called a Kuga fiber variety over the arithmetic variety X whose fibers are abelian
varieties. Such a Kuga fiber variety can be constructed as follows. The semidirect
product " x 5 L with respect to the representation p : I' — Aut(L) operates on the
product manifold D x V (R) properly discontinuously by (v,1 ) 0, v) = (yy,yv+D)
for (y,1) € [ x, L and (y, v) € DxV(R). WesetY =T X, L\D x V(R), and
denote by 7 the natural projection of ¥ onto X = I'\D. Then # : ¥ — X is a fiber
bundle over X, which is in fact the pullback of the standard fiber bundle 7, : ¥y — X,
over Xy = [y\ ¥ via the map X — X, induced by7:D — .

Let K be a totally real number field with [K : Q] =m, and let S = {¢}, ... , ¥n}
be the set of embeddings of K into R. Let B be a quaternion algebra over K, and let
G be the algebraic group Res g, (SL(B)) over Q, where Res is the Weil restriction
map. Then G(C) can be identified with SL,(C)™. We denote by p; be the projection
of G(C) onto the jth factor of SL,(C)™. We fix a subset R = {@., ¥, ¢c, @a} of
S, and define the representation p : G(C) — SLis(€) C Sp(8, C) to be the tensor
product p, ® p, ® p. @ ps. Let I' be a torsion-free arithmetic subgroup of G, and
let T : D — S a holomorphic map such that t(gy) = p(g)r(y) for y € D and
g € G(R), where D is the quotient of G(R) by a maximal compact subgroup. Let
m . Y — X be the Kuga fiber variety over X determined by the pair (o, t). Given a
point x € X, we denote by

HH*(Y,, Q) = H*"(Y,) n H*(Y,, Q)

the space of Hodge cycles in the fiber Y, over x € X. Such Hodge cycles have been
studied in a number of papers (see for example [1, 3, 5, 6, 7, 10]). The purpose of
this paper is to determine the dimension of the space H H*(Y,, Q) for 0 < k < 8 for
a generic point x in X.

2. Representations determined by quaternion algebras
In this section we state a theorem which determines exterior powers of the rep-

resentation of a complex Lie group associated to a quaternion algebra. Let K be a
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totally real number field with [K : Q] = m, and let B be a quaternion algebra over
K. Let S = {¢i, ..., ¢n} be the set of all embeddings of K into R, and let K]
be the completion of K by the embedding ¢; : K < R foreach j € {1,...,m}.
Then the algebra B ®¢ K is isomorphic to either the algebra M,(R) of 2 x 2 real
matrices or the Hamiltonian quaternion H. We denote by S, the set of mappings ¢,
with B @k K; = M,(R) and for later purposes assume that Sy = {1, ..., n} with
l<n<m-3.
Let B = Res g, (B), where Res is Weil’s restriction operator. Then we have

B®q R =] ](B®x K;) = My(R)" x H™ ™.

=1

As aring, B is isomorphic to B. We fix a ring isomorphism ¢ : B — B. We identify
B ®q R with M,(R)" x H™~" and denote by Pr; its projection map onto the jth factor
for 1 < j < m. Then Pr; ot is an isomorphism of B onto M,(R) for1 < j < n and
onto Hforn+1<j<m.

Let G be the algebraic group Res ,q(SL;(B)) over Q. Then we have

G@ =B ={xeB"|v(x) =1},

where v is the reduced norm of the quaternion algebra B. We identify G (Q) with the
subgroup ¢(B;) of B*. Then the Lie group G (R) can be identified with the subgroup
SL,(RY" x (H)"™ of (B ® R)* = (M,(R)* x H™")* and G(C) can be identified
with SL,(C)". If we also identify H; with SU,, we have

G(Q) C GR) = SL(R)" x SUT™ C G(O) = SL,(O)".

Let R = {¢., ¢, ¢, pa} be a subset of § with |R| = 4. We associate to R a
representation pg of G(C) = SL,(C)™ to SL16(C) by pr = 0. ® p» @ o ® pa, Where
p; is the projection onto the jth factor of SL,(C)™ for 1 < j < m. We shall denote the
representation pg with R = {¢,, @, ¢., ¢4} simply by abcd. We shall also denote by
a;, for example, the kth symmetric power S*(0,) of p,, and denote the tensor product
operation ® by - and the direct sum operation @ by 4 respectively.

THEOREM 1. Given the set of embeddings S = {¢1, ..., ¢n} of K into R and a
subset R = {@,, @b, @, 9a} Of S, let pg be the representation pr = abcd = p, ® pp @
P ® pq of G(C) = SL,(C)™ in the complex vector space C!® for 1 < a,b,c,d <m
as described above. If py denotes the representation of the compact real form (SU,)™
of G(©) = SLo(C)" induced by pg, then up to equivalence of representations the
exterior powers N*(py) for 0 < k < 16 are as follows:
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N(py) = A%(oy) =1,

A (py) = AP(py) = abcd,

A (oy) = A"*(py) = arbrcs + arbady + ay00ds + bycady + a2 + by + 2 + d,

A oy) = AB(py) = asbsed + asbesd + asbeds + asbed + abscad + abscds
+ abscd + abcyds + abesd + abeds + 3abed,

A (py) = A2 (py) = 3a:b,02d; + arbacyds + 2a,b5¢; + arhycady + arbacy
+ 2a,byd; + axbydy + 2a3b; + aybycady + azbacy + aybad,
+ 2a5¢2d5 + axCady + 2a5¢5 + aycad; + 2a2d; + agbycrd,
+ asbycy + ashrds 4 asby + ascod; + ascy + asds + a4
+ 2bycady + bycady + 2bycy + bocydy + 2bydy + bycady + bacy
+ bady + by + 2c2dy + c4dy + ¢4 + dy + 3,

A (py) = A(py) = Sabcd + 4abeds + abeds + 4abcsd + 3abesds + abesds
+ abcsd + abcsds + 4abscd + 3abscds + abscds + 3abscid
+ 2abscids + abscsd + abscd + abscds + abscid + 4asbed
+ 3asbcd; + asbeds + 3asbcesd + 2a3besds + asbesd
+ 3asbscd + 2asbscds + 2a3b3cad + asbscsds + asbscd
+ asbcd + asbeds + asbesd + asbscd,

A (oy) = A (py) = 6aybyc2dy + 4arbacrds + 6a2brcy + dashycady + azbrcads
+ 2a,b;,¢4 + aybyc6 + 6a30,d; + 2a,b,ds + azbyds + azb,
+ daybycrdy + arbacads + 2a;:b40) + arbacads 4 azbacs
+ 2a,b4d, + aybsds + 2a5b4 + aybscr + arbgd; + 6a-crd,
+ 2a,¢,ds 4 axcads + axcy + 2a3¢4d; + azcads + 2a504
+ axcedy + ards + 2a,dy + 3a; + 4asbycady + asbicyds
+ 2a4b;¢y + asbrcady + asbrcy + 2a4b,d; + asbrdy + 2a4b;
+ asbscody + asbycy + asbads + asby + 2a40:d; + ascdy
+ 2a4¢; + asCady + ascy + 2a4d; + asds + agbrc, + aghyd,
+ agcds + ag + 6by¢2dy + 2bycrds + bacads + bacy + 2bscad,
+ bycady + 2by¢4 + byceds + brdy + 2bydy + 3b; + 2b4cyd,
+ bacrdy + 2bscy + bacady + bacy + 2bsdy + bady + bscad,
+ bs + C2ds + 2¢2ds + 3¢y + 204d, + c4dy + ¢ + 3d, + ds,
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A (py) = A’(py) = Tabed + 6abeds + 3abeds + abed, + 6abeyd + 6abesd,
+ 2abcids + 3abcsd + 2abesd; + abe,d + 6abscd + 6absced,
+ 2abscds + 6abscid + 4abscads + abscads + 2abscsd
+ abscsds + 3abscd + 2abscds + 2abscid + abscads + abicd
+ 6asbcd + 6asbcd; + 2asbeds + 6asbeid + 4asbesd,
+ asbcsds + 2asbesd + asbesds + 6asbicd + 4azbscd,
+ azbycds + 4asbscsd + 3asbscsds + asbsesd + 2asbscd
+ a3bscds + asbscid + 3asbed + 2asbeds + 2asbcad
+ asbcsds + 2asbscd + asbieds + asbscsd + a;bed,
A8 (py) = 10a,byc2d; + Sarbycady + azbycads + Sarb205 + Sarbycad,

+ 2aybyc4ds + 4arbyca + arbaceds + arbrc6 + Saxbyd, + 4aszbrd,

+ aybydg + 4a,by + Sasbscads + 2a,b4c2ds + darbacy + 2ab4c4d5

+ aybacs + 4aybsds + arbads + azbs + aybecrd; + azbsc;

+ axbed; + arbg + Saycyds + 4asxcads + aycads + 4asc, + 4axcyd,

+ aycady + ascs + axcedy + arce + dard; + ards + axds + Sasb,cad,

+ 2a4b,C2ds + dasbycy + 2asbycady, + asbocs + dashrd, + asbod,

+ ashy + 2a4bscads + asbscyr 4+ ashacs + asbsd, + asbads + 2a4b,

+ 4a,crdy + ascrds + ascy + ascad; + ascads + 2asc4 + asds

+ 2a4dy 4 3a4 + ashrc2dy + aghaca + ashrds + ash, + agcrds + asc

+ agdy + ag + Shycady, + 4bycads + bycads + 4bycy + 4bycads

+ bycady + bacy + bacsds + bycg + 4bydy + bady + badg + 4bycrds

+ bacady + bacy + bycady + bacady + 2bacy + bady + 2bsdy + 3by

+ bgcady + becy + bedy + by + 4cydy + cady + codg + cads + 2c4d,

+3cs + cedr + 5 + 3dy + ds + 4,

where a; for instance denotes the jth symmetric power S'(a) = S/(p,) of pa, the
products denote tensor products, and sums denote the direct sums as before.

3. Proof of Theorem 1

In this section we give a proof of Theorem 1 stated in the previous section. To each
representation  of a complex semisimple Lie group ¢ in C¥ and an element g € & we
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associate a polynomial P, ,(¢) of degree N in ¢ given by P, ,(¢) = det(1y + u(g)t),

where 1y is the N x N identity matrix. Then we have

N
Pug(t) = Y (A wgn.
k=1

We also denote by

N
P(t) = det(ly + ut) = »_tr(A*u)tt

k=1

the map that associates P, ,(t) toeach g € 4.

LEMMA 2. Let py be the representation of Gy = (SUy)™ in C' as described in
Theorem 1. We fix an element g = (g1, ..., &n) in Gy = (SU,)™ and assume that
the eigenvalues of the 2 x 2 matrix g; are ) and A~'. Then we have

Ppu,g(t) = P(abc)u,g(xt)P(abc)u,g(A'_lt)y
where (abc)y is the representation of Gy = (SU,)™ induced by abc = p, ® pp ® ..

PROOF. Since A, A~! are the eigenvalues of g,, we have

(0
84=V o )7

for some v € SU, and A € C. We have

_ Iy O abc(g)rt 0 _1
Poos®) = det(( 0 1N) tow ( 0 abc(g))»“t) U )

_ (XlN ﬂlN . _ a /3
vN—(le SIN) if v_<y 5]

where

Thus we have

_ 1y +abc(g)rt 0
Pova®) = ( 0 Iy + abc(g)A“t)

=det(1y + abc(g)rt) det(1y + abc(g)k“t)
= P(ﬂbC)U‘g()‘I)P(abc)u,g()h_lt).

Hence the lemma follows.
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From now on we shall denote the representation (a;b,c;d, )y of Gy induced by the
representation a; byc,d,, of G(C) simply by a;b,c,d,,, where j, k, I, m are nonnegative
integers.

LEMMA 3. Using the notational convention in the previous paragraph, the exterior
powers of the representations a, ab and abc for 1 < a,b,c <m of Gy = (SU,)™ are
as follows:

@ Al @)= Aa) =1, Al@a)=a.
(ii) Al (@b) = A*(ab) =1, Al(ab) = A3(ab) = ab, A (ab) =a,+ b,.
(iii) A° (abc) = A¥(abc) = 1,
Al (abc) = A (abc) = abe,
AZ (abc) = AS(abc) = arby + byey + crap + 1,
A% (abc) = A’(abc) = asbc + absc + abes + abe,
AY (abc) = ag + by + ¢4 + aybycy + aby + bycy + crar + 1.

PROOEF. See [6, Lemma 2.2.1].

Now we go back to the proof of Theorem 1. By Lemma 2, we have

16 8 8
Pous @ = D_tr (A o) ()" = (Y r (@) ) (P (Culen '),
k=0 k=0 k=0

where C;, = A*(abc) for each k given by Lemma 3(iii). Since we are interested in
the representations up to equivalence, from now on we shall identify representations
with their traces. Thus we have

16 8 8
> Aot = (Y o) (3 G a ).
k=0 k=0 k=0

By comparing the coefficients of ¢* in the above relation, we obtain

Apy) = A(py) =1

Al(py) = A% (py) = abe(h +17")

A (py) = A (oy) = (@b + bycr + c2ay + D)(A2 + 17%) + a?b*c?

A py) = AP (py) = (asbc + absc + abes + abc) (A + A7%)
+ abc(azb; + bycy + c2a, + DO+ A7

A py) = A (py) = (as + bs + ¢4 + azbacy + arby + bycy + 205 + DA + 174
+ abc(asbe + absc + abes + abe)(A2 + A7)
+ (azby + bycs + €20, + 1)?
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A (py) = AN py) = (asbe + absc + abes + abc)(M° + 175)
+ abc(as + by + ¢4 + arbyc; + azby + bocy + 20, + 1)
x (A +17%)
+ (a2by + bycy + c2a; + D (asbe + absc + abes + abce)
x (A +217H
A (oy) = Apy) = (@b + bacy + cras + 1)(A° + A7%)
+ abc(asbe + absc + abes + abo)(A* + A7)
+ (@b + by, + 2, + 1)
X (a4 + by + c4 + arby0r + by + oy + a3 + 1)
x A2+ A7)
+ (asbc + absc + abcs + abc)?
A(py) = A(py) = abc(X + A77) + abc(ayb, + byey + ca, + DA +17°%)
+ (axb,y + bycy + c2a; + 1) (asbe + absc + abes + abc)
x (A +2172) '
+ (asbc + absc + abcs + abce)
X (a3 + by + c4 + azsbsca + ayby + bycy + cra; + 1)
x (A +A17hH
Apy) = A3+ A7) + (abe)* (A + 17%)
+ (azby + by, + 205 + 1P (A + 174
+ (asbc + absc + abes + abe)? (A2 + 172
+ (a4 + by + 4 + azbycy + arhy + bycy + cra, + 1)

By the Clebsch-Gordon formula we have

G @a = Sk(pa) &® Sl(pa)
— Sk+l(p,,) ® Sk+1—2 ®D--- ) S|k—1|(pa)

=G By 2D D apy,
where K, [ are non-negative integers. Thus, using our notational convention, we have
aa) = Quyy + A2+ - F Qe

Similar formulas are obtained for b, ¢ and d.
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LEMMA 4. If > and A" are the eigenvalues of g, as before, then we have
A+ A" =d, —d,2
foralln > 2.

PROOF. We use induction on n. Since d? = d -+ 1 by the Clebsch-Gordon formula,
it follows that

R+rl=x+rYV-2=d"-2=4d, - |;
hence the statement is true for n = 2. Assuming that it is true for all k < n, we have
A,’H_l + A~(n+1) — (An +A,-")()\, +)\—1) _ (A."_l + }\-—(n-l))
= (d, — dp2)d ~ (dyy — dy3)

=d,d — dn—2d - dn—l + dn—3
=dpy + dn—l - (dn—l + dn—3) - dn—l + dn—3
=dy41 — Qp—y-
So the statement is true for n + 1 and the lemma follows.

To complete the proof of Theorem 1 we first use Lemma 4 to replace the expressions
of the form (A* + A7*) in the relations for A°(R), ... , A'S(R) above by d; — di_,
and then use the Clebsch-Gordon formula with the aid of a computer to obtain the
formulas given in Theorem 1.

4. Kuga fiber varieties

In this section, we review the construction of Kuga fiber varieties over arithmetic
varieties. Let V be a vector space of dimension 2n over Q, and let L be a lattice in V.
Let 8 be a nondegenerate alternating bilinear form on V such that S(L, L) C Z. Let

Sp(V,B)={g € GL(V) | B(gx, gy) = B(x, y) forallx, y € V}
be the symplectic group of the pair (V, 8), and let % denote the Siegel half space

H ={J e GL(V(R)) |J? = -1, PB(x, Jy)is apositive definite
symmetric bilinear form in x, y € V(R)}.

Then each element J € S# defines a complex structure on V (R) and there is a unique
complex analytic structure on ## x V (R) such that the projection P : # x V(R) —
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¢ is a complex vector bundle over 5#. For each J if we denote the complex vector
space (V(R), J) by V;, then the complex torus A; = V,/L is an abelian variety with
the polarization . We set

Ay =L\ 5 x V(R),
where the action of L on 5# x V(R) is given by
- (J,vy=U,v+]) for Je#H,veV(R) and [l €elL.

Then the vector bundle P : 5# x V(R) — J4# induces the fiber bundle m :
A — € whose fibers are abelian varieties polarized by g. We set

Sp(L,B)=1{g € Sp(V,B) | gL =L},

and take a subgroup I’y of Sp(L, B) of finite index that contains no elements of finite
order. Then the quotient Xy = I'y \ J# is an arithmetic variety that can be considered
as a Zariski open subset of a complex projective variety. Now the fiber bundle
s : Az — F€ induces the standard family of abelian varieties m, : Yo — X, over
Xo.

Let G be a semisimple algebraic group defined over @, and let K be a maximal
compact subgroup of the semisimple Lie group G (R). We assume that the symmetric
space D= G([R) / K has a G(R)-mvanant complex structure. Let I C G(Q) be a
torsion-free cocompact arithmetic subgroup G, and let X = "\ D be the corresponding
arithmetic variety. Let p : 6 > § p(V, B) be a symplectic representation and
F:D—> Ha holomorphic map such that (") c Tpand

F(gy) = p(g)T(y) forall geG(R) and ye D.

Then the pair (5, T) determines a fiber variety 7 : ¥ — X over the arithmetic variety
X whose fibers are abelian varieties called a Kuga fiber variety. It is constructed as
follows. The semidirect product I" x 5 L with respect to the representation f : r—
Aut(L) operates on the product manifold D x V (R) properly discontinuously by

».D-0v) =y, yv+)

for (y,1) € l"lx L and (y,v) € D x V(R). WesetY_FD( L\Dx V([R) and
denote by 7 the natural projection of ¥ onto X = I'\D. Then # : ¥ — X is a fiber
bundle over X, which is in fact the pullback of the standard fiber bundle 7, : Yy — X
via the map X — X, induced by 7 : D — 5#. It is known that ¥ has a structure of a
complex projective variety and that the fiber ¥, over each x € X is an abelian variety
polarized by 8. Such a fiber variety 7 : Y — X is called a Kuga fiber variety (see [4,
81, [9, Chapter 4]).
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5. Hodge cycles

In this section we consider Hodge cycles on generic fibers of Kuga fiber varieties
associated to quaternion algebras and prove the main theorem of the paper. Let G be
the algebraic group defined over Q considered in Section 1. Thus G is the algebraic
group Resk/q(SL(B)) where B is a quaternion algebra over a totally real number
field with [k : Q] = m. Let p : G — Sp(V, B) with V = C® be a symplectic
representation of G associated to a subset R = {¢,, @5, ¢, ¢;} of S as in Section 1,
and let T be a torsion free arithmetic subgroup of G with p(I') C I's. Lett : D — 3%
be a holomorphic map such that p and t are equivariant, and let ¢ : X — X, be the
morphism of varieties induced by . By pulling back the fiber bundle 7, : Yo — X,
via the morphism ¢ : X — X,, we obtain the Kuga fiber variety 7 : ¥ — X over the
arithmetic variety X.

We fix a generic point x in X, and identify I" with the fundamental group 7, (X, x)
of X at x. We also identify the fiber Y, of Y over x € X with V /L, which induces the
following further identifications:

H(Y,Q=L®Q=V, H((,Q) =AV), HY(Y, Q) = A"(V)"

here * denotes the dual of the vector space. The action of 7;(X, x) on H*(Y,, Q)
corresponds to the action A*(p*) of I" on A*(V)*; hence we have

Hk(YX’ Q)m(X'):) — (Ak(v)*)r.

DEFINITION. Let 7 : ¥ — X be a Kuga fiber variety associated to p : G —
Sp(V,B)and 7 : D — S#, and let g(R) be the Lie algebra of G(R). The Kuga fiber
variety (Y, i) is of inner type if there is amap r : D — g(R) such that

cos(mt/2)1 + sin(mwe/2)T(x)] = p(exp(r(x)t))

forx € D andt € R, where [ is the identity mapon V.

REMARK 5.1. A Kuga fiber variety that does not allow deformations is said to
be rigid. Any rigid Kuga fiber variety is of inner type. For example, if R =
{¥a, ¥b, @y pa} C S is Gal(K /Q)-invariant and if |R N Sp| = 1, then the Kuga fiber
variety associated to R is rigid and therefore of inner type (see [5]).

We shall denote by H H*(Y,., Q) the space of Hodge cycles of codimension £ in
Y,, that is,

HH™(Y,, Q) = H*P(Y,) N H*(Y,, Q).

The Hodge conjecture states that the space H H*(Y,, Q) coincides with the space of
algebraic cycles of codimension & for 0 < k < dim¢ ¥,.
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PROPOSITION 5.1. Let Y, be a generic fiber over x € X of a Kuga fiber variety
w Y — X of inner type. Then

HH*(Y,, Q) = H*(Y,)"*
for all even integers k with0 < k < dim¢ Y,.

PROOF. See [10].

Now we state the main theorem of the paper about the Hodge cycles on Kuga fiber
varieties associated to quaternion algebras.

THEOREM 5.2. Let Y, be a generic fiber over x € X of a Kuga fiber variety
Y — X of inner type associated to the quaternion algebra B in Section 2 and the
pair (p, t). Then we have

dim HH°(Y,, Q) =dim HH'®(¥,, Q) =1,
dim HH*(Y,, Q) = dim HH"(Y,, Q) = 0,
dim HH*(Y,, Q) = dim HH™>(¥,, Q) = 3,
dim HH®(Y,, Q) =dim HH"(¥,; Q) =0,
dim HH (Y., Q) = 4.
PROOF. Since I' is Zariski-dense in G, the action A*(p*) of T" in A*(V)* can be
extended to the action A*(p*) of G(C) on AF(V(C))*. Thus we have

GO

(M@ = (Av@)),
On the other hand, by the unitary trick, we have

(AR (@©))°C = (V@)

where Gy = (SU,)™ is the compact real form of G(C) = SL,(C)™ as in Theorem 1.
Hence it follows that

dim HH*(¥,, Q) = dimc(H*(¥,)"*?) = dim¢ (A*(V(C))*)%".

Since the symplectic representation p is equivalent to its dual p*, we have

dime(AVOY)* = [ pu))(e) ds,
Gu
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where dg is the Haar measure of Gy normalized by | ¢, 48 = 1. On the other hand,
the integral

f (A% (0))(g) dg
Gy

is equal to the multiplicity My = (A*(py) : 1) of the trivial representation 1 in the
representation A*(py). By Theorem 1 we have

My=Me=1 M;=M;=0, Miy=M,=3 Ms=Mo=0 Mz=4

hence the theorem follows.
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