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On Local L-Functions and Normalized
Intertwining Operators

Henry H. Kim

Abstract. In this paper we make explicit all L-functions in the Langlands—Shahidi method which ap-
pear as normalizing factors of global intertwining operators in the constant term of the Eisenstein
series. We prove, in many cases, the conjecture of Shahidi regarding the holomorphy of the local
L-functions. We also prove that the normalized local intertwining operators are holomorphic and
non-vaninishing for Re(s) > 1/2 in many cases. These local results are essential in global applications
such as Langlands functoriality, residual spectrum and determining poles of automorphic L-functions.

Introduction

The purpose of this paper is threefold; first, to make explicit all L-functions which
appear in the constant term of the Eisenstein series by combining the list in [La] and
[Sh3]; second, to prove Conjecture 7.1 in [Sh1], regarding the holomorphy of the
local L-functions in many cases; third, to prove Assumption (A) in [Ki3], regarding
the holomorphy of the normalized local intertwining operators.

More precisely, let G be a simply connected, split, simple group. Let M be a maxi-
mal parabolic subgroup of G. We explicitly calculate M. Since G is simply connected,
the derived group of M is simply connected, and hence it is well-known. However,
determining the exact structure is a delicate matter and is crucial for the study of
L-functions. For example, let us take G to be the exceptional group of type Fj.
One of the maximal Levi subgroup M has Spe as a derived group. The L-group
of Sps is SO;(C). However, the L-function which appears in the constant term of
the Eisenstein series attached to (G, M) is the degree 8 spin L-function, which exists
for Spin(7, C), but not for SO;(C). We will see that M = GSpg, whose L-group is
G Spin(7, C). This has been pointed out to us by E. Shahidi. One byproduct of these
explicit calculations is that we obtain new L-functions. For example, by considering
split spin groups Spin(2n), Spin(2n+1), and a maximal Levi subgroup whose derived
group is SL,, we obtain the twisted symmetric square and twisted exterior square L-
functions of cuspidal representations of GL,,. Note that Shahidi [Sh4] obtained those
L-functions as normalizing factors in the Eisenstein series only when # is even.

We prove Conjecture 7.1 in [Sh1] for E-type groups, except possibly for the fol-
lowing four cases: E; — 3, Eg — 3, Eg — 4, (xxviii) (D; C Eg). In these four exceptional
cases, the Levi subgroups involve either a group of type D, (spin group) or an excep-
tional group of type Eg. Due to the lack of a classification of generic discrete series for
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the groups of type D, and E, we are unable to prove the conjecture. However, we may
only need a partial classification. Indeed, in [Ca-Sh], Casselman and Shahidi proved
the conjecture in the case of quasi-split classical groups, using a partial classification
of generic discrete series of quasi-split classical groups. In Proposition 3.15, we calcu-
late explicitly the Rankin—Selberg L-function for GLy x (quasi-split classical group)
for generic discrete series. However, the proof does not extend to spin groups, due to
the complicated nature of Levi subgroups. Asgari [As] was able to extend the result
to spin groups using G-type groups (also the exceptional group of type F,) for the
following reason: besides the problem of partial classification of discrete series for
the Levi factor, one needs to see how the poles of corresponding y-factors cancel. In
order to see this, we have to use multiplicativity of vy-factors [Sh1, Theorem 3.5]. For
that, one has to express the intertwining operator as a product of rank-one operators.
For G-type groups, the Levi subgroups are very simple. For example, the Levi sub-
groups of G Spin(2n) are of the form GL,, x --- x GL,, x G Spin(2m). Hence one
can see the cancellation easily. If we use GE-type groups, one might be able to prove
the conjecture in the above cases which were excluded.

We should remark that if we can prove that Shahidi’s L-functions for supercuspi-
dal representations are Artin L-functions, then the conjecture is immediate: Shahidi’s
L-functions then are Artin L-functions for discrete series by multiplicativity of ~
and L-factors and the conjecture is known for Artin L-functions. However, it is
not known that Shahidi’s L-functions are Artin L-functions, except for certain cases.
Shahidi [Sh5] has shown that for Rankin—Selberg L-functions for GL; x GL;, his
L-functions are Artin L-functions.

Note that cases D5 — 2, Eg — 1 and E; — 1 are essential in studying Rankin triple
L-functions which in turn give the functorial product GL, x GL; — GLg [Ki-Sh], and
the symmetric cube GL, — GL4. Also the D,, —3 case was used in obtaining the func-
toriality of the exterior square GLy — GL¢, and the symmetric fourth GL, — GLs.
The case Eg — 2 has an important application to Ramanujan and Selberg’s bounds.
Letm = ), m, be a cuspidal representation of GL,(A). Let diag(cv,, 3,) be the Satake
parameter for an unramified 7. Let m; = A3(7) = Sym3 (m) ® w1, constructed in
[Ki-Sh], and 7, = Sym*(7r), constructed in [Ki5]. Then we obtain the L-function
L(s, ™ ® 3, ps ® A?ps) in the Eg — 2 case. Let S be a finite set of finite places such
that , is unramified for v ¢ S, v < co. By a standard calculation, we have

Lg(s, m ® 2, pa ® A2ps) = Ls(s, m, Sym®)Ls(s, w, Sym’ ®w;)Ls(s, w, Sym® @w?)?
X Ls(s, Sym3(7r) ® u)i)zLS(s7 TR wfr).

In [Ki-Sh2], we applied the machinery of [Sh3] and showed that

_1 1
g’ < ||, 18] < qv

if 7, is unramified, using the fact that the local L-function L(s, 7, ) is holomorphic
for Re(s) > 1 for 7, unramified [Sh3, Lemma 5.8]. Now our explicit calculations
of the L-functions enable us to extend the result to the archimedean places, thanks
to Proposition 4.9. Let 7, be a local (finite or infinite) spherical component, given
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by m, = Ind(|-|3* ® |-|2). Then |Re(s;y)| < % If F = Q, v = oo, this means
A = 3(1 — %) > 22 ~ 0.238, where s = 251, = —2s5, and \; is the first eigenvalue
of the Laplace operator on the corresponding hyperbolic space.

We prove Assumption (A), except possibly for the following 12 cases:

¢ Cases where standard module conjecture is not available.
B, —1(Spin(2n+1)); D,, — 1(Spin(2#)); (xxx) in [La] (Es C E7); Es —4; (xxxii) in
[La] (E; C Es).
e Cases where the Levi subgroup contains a group of type Bs, Cs, D,,.
(xviii) in [La] (Bs C F4); (xxii) in [La] (C5 C F4); (xxiv) in [La] (D5 C Eg);
E7 —3; (XXVi) in [La] (D6 C E7); Eg —3; (XXViii) in [La] (D7 C Eg).
It seems that for the last 7 cases, we might not be able to prove Assumption (A) purely
by local means. We need global information on bounds of Fourier coefficients. (See
case (xxiv) in [La] for the details.)

1 Preliminaries

Recall several facts and notations from [Ki3]: let G be a split group over a local field

Fand P = MN is a maximal parabolic subgroup and let « be the unique simple root

inN. Asin [Sh1],let & = (p, &) "' - p, where p is half the sum of roots in N. We iden-

tify s € Cwith s& € a¢ and denote I(s, ) = I(s&, ) = Indg TR exp( (sav, Hp( - )>) .
Let A(s, ™, wo) be the standard intertwining operator from I(s&, 7) into

I(wo(sax), wo(m)).

Denote by “M, the L-group of M and let In be the Lie algebra of the L-group of N.
Let r be the adjoint action of “M on 1t and decompose r = " | r;, with ordering
as in [Shl]. Foreach i, 1 < i < m, let L(s,,r;) be the local L-function defined
in [Sh1].

To be more precise, the numbers (&, 3), where 3V ranges over those dual roots
for which X3v € In, take a string of integers from 1 through m, where m is a positive
integer. Given i, 1 <i < m, let

Vi={Xp €| {ap) =i}

Then for each i, the adjoint action of LM leaves V; stable. Let r; be its restriction to V.
Each r; is irreducible [Sh3] and the weights of r; are the roots 3" in Int which restrict
to ia¥ onLA”,

Let m be an unramified representation of M(F) and y the inducing character of
the torus. Namely, 7 — Indg((g X, where B = TU is a Borel subgroup and x is a
character of T(F). Let f be the semi-simple conjugacy class in LM° corresponding to
7. Then note the relationship

x o Y (w) = B8Y(),

where 3" on the right is considered as a root of .M°. Then we have

L) =[] Lexes)= ] 0 =xoBY@q )"
5>0 £5>0
(&, B)=i (&, B)=i
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For an arbitrary generic representation 7, the local L-function is defined, using local
coefficients. We normalize the intertwining operator A(s, 7, w;) as follows:

A(S7 T, WO) = 7(5, T, WO)N(S7 T, WO);

(1.1) - L(is, m,r;)
r(s,m, wy) = . s )
(s, m, wo) E L(1 +is, 7, 1;)e(is, m, ri, 1)

2 Local L-Functions Made Explicit

In this section, we make explicit the L-functions which appear in the constant term
of Eisenstein series. We look at them case by case from [Sh3, La]. Let F be a number
field and A its ring of adeles. We give a simple, simply connected, split group G,
a maximal Levi subgroup M, a cuspidal representation 7 of M(A), and L(s, 7, 1;),
i=1,...,m.

Let 77 be a character of M. We let m, = 7 ® 77 be the representation of M(A\) such
that

(m ®@n)(m) = w(m)n(m).

The following is well-known, cf. [Ko, p. 616].

Lemma 2.1 Under the correspondence M — M, the cocharacters of M correspond
to characters of 'M°. Hence if a = a(t), t € GLy, is in the connected component of
the center of M, which is a generator of the cocharacters of M, then it corresponds to the
character of LM® which generates the character group of “M°. Denote it by a. Let T,
be an unramified representation of M(F,) with the central character wy,. Let f be the
semi-simple conjugacy class in “M° corresponding to ,. Then

m(a(w)) = wr, (w) = a(d).

In the following, we will consider the twisted L-function only when it gives rise to a
new L-function.

2.1 B,—1Case(A,_; C B

Let G = Spin(2n + 1) be a split spin group. Let § = A — {e,} (This is a standard
notation for root system. See, for example, [Bou]). Then & = %(el + - +oe,).
Let M = My(D T) be the Levi subgroup of G generated by 6 and let P = MN be the
corresponding standard parabolic subgroup of G. Let A be the connected component
of the center of M: A = ([ ker @)’ = {a(t) : t € F'}, where

© H,, (t)H,,(t?)---H,,  (t""")H,, (t?) if n is even,
a =
H,, (t)H,,(t*)---H,, ,(t*""NH, (t") ifnisodd.

Notice #* instead of t when # is odd. Since G is simply connected, the derived group
Mp of M is simply connected, and hence Mp ~ SL,. We identify A with GL,. We fix
an identification of Mp and SL, under which the element

Ha'l (t)Haz (tz) T Hoz,,_l (tnil)
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goes to the diagonal element diag(t, ¢, ..., t,t~"~1). We defineamap f: AxMp —
GL] X GL] X SLn by

F: (a(),x) (t3,t,x) ifniseven,
: ,X) — e
(", t2,x) ifnisodd.

We define a map GL; x GL; x SL, — GL; x GL, by (a,b,x) — (a,bx). The
composition of the above maps is trivial on the set S, where

§— {(a(t),tl,) :t> =1} ifniseven,
) {(a(), 2L, : t" =1} ifnisodd,

where I, is the identity matrix in SL,. Now, M ~ (GL; x SL,)/S via the well-defined
map which sends m = a(t)x to (a(t), x) and we obtain amap f: M — GL; x GL, so
that

f(H,, (1) = (t, diag(1,...,1,t%)).

We can easily see it using the equation a(t) = H,, (¢) - - - Hqa,_, (t”’l)Hun(t’f) if nis
even. Under the above identification,
Ho,(t) = a(t?) diag(t ™5, ¢ 75, ..t 70 ¢ 5

When 7 is odd, it is similar. We remark that it is independent of the choice of roots
of unity which show up.

Let o be a cuspidal representation of GL,(A) with the central character w. Let i) be
a grossencharacter of F. Let 7 be a cuspidal representation of M(A\), induced by the
map f and o, 7. (More precisely!, we need to proceed in the following way: M(A)
is co-compact in GL,(Af). Consequently o & n|rn, M = M(Af), decomposes to
a direct sum of irreducible representations of M. Let 7 be any irreducible cuspidal
constituent of this direct sum. As we shall see, its choice is irrelevant. In what follows,
we will omit this argument.) The central character of 7 is

n . .
wnz ifniseven,

Wr = 2w . .
w*n" ifnisodd.

Now suppose o, is an unramified representation, given by o, = (1, . . ., ft,). Then
m, is induced from the character y of the torus. We have

X 0 He, () = papss ' (8), ...y x 0 Hoy  (8) = pa—a gty 1(1), x(a(t)) = wy (1)

Since f(H,, () = (t,diag(1, ..., 1,£)), x © Ho, (t) = i3
Hence, the positive roots {¢; + ¢;, ¢; for all i, j} contribute to L(s, 7, 1) and

m=1; L(s,m,,n)=L(s, 0o, Sym* @n,).
We obtain the twisted symmetric square L-functions of GL,,.

Remark 1In [Sh4], Shahidi obtained these twisted symmetric square L-functions
only when # is even.

Thanks are due to Prof. Shahidi who pointed this out
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2.2 C,—1Case

Let G = Spy, and M = GL,_; X SL,. This is the case when § = A — {e,_1 — e,}.
In this case, & = e; + - - - + ¢,—1. It is worth remarking this case because the second
L-function in the F4 — 1 case appears as the first L-function in the C4 — 1 case. (This
is the case which was excluded in [Sh1, p. 298] and [Sh3, Lemma 4.2]. I thank Prof.
E. Shahidi who pointed this out.) Let o1 (03, resp.) be a cuspidal representation of
GL,—1(A) (GL(A), resp.) with a central character w; (w,, resp.). Let 0,9 be any
irreducible constituent of o, |sz,(a). Then m = 0, ® 0y is a cuspidal representation
of M(A\). Now suppose o;, is an unramified representation, given by

o = (s oy fue1), 02 = w(V1, 1),
Let 7, be the unramified representation of M(F,), given by ¢;,’s. Then m, is induced
from the character x of the torus. We have
X © Ha, (t) = pupi; '(6), .., x © Ha, ,(8) = pin—apiy (1),
X © Ha, (t) = vy (1), x(a(t)) = wi (1)

From this, we can see X © Ha,H = Up—1V] 11/2. Hence, we can compute that
m = 27 L(S>7r7rl) = L(Su 01 XAd(UZ))u L(577T7r2) :L(S, O’lqupnfl)u

where Ad(0,) is the Gelbart—Jacquet lift of o,, which is an automorphic representa-
tion of GL;(A).

2.3 D, Cases
231 D,—1(A,_, CD,)

Let G = Spin(2n) be a split spin group. It is a simply connected group of type
D,,. There is a two-to-one map Spin(2n) — SO,,. Let 8 = A — {«,}, where
Qp =€ —€,...,05-3 = €3 — €,2,Q_1 = €41 — €5,y = €1 T €y. Then
a = %(el + -+ ey). Let M = Mp(D T) be the Levi subgroup of G generated by 6
and let P = MN be the corresponding standard parabolic subgroup of G. Let A be
the connected component of the center of M: A = ([, ker a) ={a(t): te F*},
where

(t) = H,, (t)Ho, (t?) - - Hq, (") H,,_, (t27")H,, (%) if n is even,
| Hy, ())H,, (t*) - - - H,, (X" )H, _ (t""*)H,, (t") ifnis odd.

Since G is simply connected, the derived group Mp of M is simply connected, and
hence Mp ~ SL,. Now we proceed exactly the same way as in the B,, — 1 case; under
the identifications, A with GL, and Mp with SL,, M ~ (GL, x SL,)/S, where

{(a(t),tI,) :t> =1} ifniseven,
{(a(t),£*1,) : t" =1} ifnis odd.
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We also construct a map f: M — GL; x GL, so that
f(H,, (1)) = (¢, diag(1,...,1,¢t,1)).

Let 0 be a cuspidal representation of GL,(A) with the central character w. Let n
be a grossencharacter of F. Let 7 be a cuspidal representation of M(A), induced by
the map f and o, n. The central character of 7 is

wnz ifniseven,
Wr = 2n - .
w'n" ifnisodd.

Now suppose o, is an unramified representation, given by o, = m(u1, . .., ft,). Then
m, is induced from the character y of the torus. We have

X 0 Ho, (1) = papss ' (8), ..oy x 0 Hoy  (8) = pia— gty 1(1), x(a(t)) = wy (1)

Since f(H,,(t)) = (t, diag(1,...,1,t,t)), x © Ha,(t) = py—14amy. Hence, we can
compute that
m = 17 L(Sa 7T1/7r1) :L(S7UV7/\2®77V)'

We obtain the twisted exterior square L-functions of GL,.

Remark In [Sh4], Shahidi obtained these twisted exterior square L-functions only
when 7 is even.

232 D,-2

Let G = Spin(2n) be a split spin groupand § = A—{a,_>}. Then&@ = e;+- - -+e,_».
Let M = My(D T) be the Levi subgroup of G generated by § and let P = MN be the
corresponding standard parabolic subgroup of G. Let A be the connected component
of the center of M: A = {a(t) : t € F ' }, where

) = He, (t)Heo, (12) - --H,, (1" ))H,, _ (t"T)H, (t'T) if n is even,
T Hoy O Ho, (1) -+ Hyy (P, (") H,, (#"72)  if nis odd.
Since G is simply connected, the derived group Mp of M is simply connected, and
hence Mp ~ SL,_, x SL, x SL,. We identify A with GL;. We fix an identification of
Mp and SL,_, x SL, x SL, under which the element H,,, (t)H,, (t*) - - - H,,_,(t" )
goes to the diagonal element diag(t,¢,...,t,t~"=3) of SL,_,,and H, _ (t), Ha, (1)
go to diag(¢,t ') of SL,. We define a map f: AXMp — GL, x GL; x GLy x SL,,_, X
SLz X SL2 by

n—2 2
. Ltz t 2, xy,2 if n is even
Fralt)y) o BFToE DX 2) ifniseven,

(t7 "2 t" % x, y,2)  ifmis odd.
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Now, M =~ (GL; X SL,_» x SL, x SL,)/S, where

. {{(a(t),tlnz,t"z—zlz,t"TzIz) 2= 1)

if n is even,

{(a(t), t* 1, t" 2L, t"2L) : 22 = 1} if nis odd.

We obtain amap f: M — GL,_, X GL; x GL; so that

f(H,, ,(t)) = (diag(1,...,

1,t),diag(1,t), diag(1,1)).

Let 7,, 73 be two cuspidal representations of GL, with central characters w;, ws,
resp. and 7 be a cuspidal representation of GL,_, with the central character w;. Let
7 be a cuspidal representation of M(A), induced by the map f and 7, 7, m3. The

central character of 7 is

n=2 n=2
Wi, 2 wy?
wﬂz{lz 3

2
Wi,

n—2
if n is even,

n—2, n—2

ws if nis odd.

Now suppose 7;, is an unramified representation, given by

Ty = W(Mla ERRE /J/W—Z)7

Ty = (11, 112),

T3y = T(1N1,7M2).

Let 7, be the unramified representation of M(F,). Then 7, is induced from the char-

acter x of the torus. We have

X 0 Ho, (8) = ppy (1), . ..

x o H,, ,(t)=u1v; (1),

Since f(Ha, (1)) = (diag(1, . ..,

X © Hy, (t) = mny ' (£),

» X © Hayz—:i(t) = un73/'l‘;—12(t)7
x(a(t)) = wr, ().

1,t), diag(1,t), diag(1,1)),

X© Ha,,,z (t) = HUn—2U27]-

Hence, we can compute that
m=2,

233 D,-3

L(S, Ty, 1’1) = L(S; Ty X Ty X 77—31/),

L(s, 7y, 12) = L(s, T1y, A2 ® wyws).

Let G = Spin(2n) be a split spin groupand § = A—{a,_3}. Then& = e;+ - -+e,_3.
Let M = My(D T) be the Levi subgroup of G generated by § and let P = MN be the
corresponding standard parabolic subgroup of G. Let A be the connected component
of the center of M: A = {a(t) : t € F' }, where

Hal (tz)Haz (t4) e Han,g (tz(n_3))Ha

a(t) =
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Since G is simply connected, the derived group Mp of M is simply connected, and
hence Mp ~ SL,_3 x SL;. We identify A with GL;. We fix an identification of
Mp and SL,,_3 x SL, under which the element H,, (t)H,, (t*) - - - H,,_,(t""*) goes to
the diagonal element diag(¢,t, ... ,t,t~""%) of SL,_3,and H,, ,(t)H,, ,(t*)H,, (t)
goes to diag(t,t,¢t7',t") of SL,. We defineamap f: AxMp — GL; X GL; xSL,_3x
SL4 by

(t2,t"73,x,y) ifniseven,

_: t n—3
fi(a(t),x,y) — {(t,tT,x,}’) if n is odd.

Now, M ~ (GL; x SL,_3 x SL;)/S, where
_ {{(a(t),tzln_3,t”3l4) (2173 =1} ifnis even,
T {(a(t), th_s,t T L) s =1} if n is odd.
We obtain amap f: M — GL,_3 x GL4 so that
f(H,, (1)) = (diag(1,...,1,t),diag(1, 1,¢,1)).

Let 71, 7, be cuspidal representations of GL,—3(A), GL4(A) with the central char-
acters wy, w,, resp. Let 7 be a cuspidal representation of M(A), induced by f and
w1, ™. The central character of 7 is

wiwi™?  ifnis even.

n=3
wiw,”  ifnisodd,
Wy =
Now suppose ;, is an unramified representation, given by

Ty = Ty ooy fnez), Moy = W(V1, V2, V3, 1).

Let 7, be the unramified representation of M(F,). Then m, is induced from the char-
acter x of the torus. We have

X © Hal (t) - Mlﬂ;l(t), oo, X O Ha,,_4(t) - ,Ufn74/l;,13(t)a
X © H(y,,,l(t) = VIVQ_I(t)7 X © Ha,,,z(t) = V2V3_1(t)7 X © Han(t) = V3V4_1(t)7
x(a(t)) = wg, ().

Since f(H,,_,(t)) = (diag(1,...,1,t), diag(1,1,¢,t)), x © Hy, ,(t) = pn_3v3v4.
Hence, we can compute that

m =2, L(s,my,11) = L(s, T1y X T2y, pu—s @ N’pa), L(s, 7y, 12) = L(s, W1y, A @ w)).
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2.34 D, —1Case

Dealing with Spin(2#) in the general case is like dealing with SL,,. The Levi subgroups
of Spin(2n) are very complicated just as in SL,,. The idea of Asgari [As] is to deal with
G Spin(2n) and use the restriction technique just as we do for GL, to SL,,.

We define G Spin(2#) to be the maximal Levi subgroup of Spin(2(n + 1)) which
has Spin(2n) as the derived group. More precisely, we add oy = ¢y — €; in the root
system and consider the Levi subgroup attached to 6 = A — {«y}. Then

A = {H(t)Ho, () -+ - Ho,_,(£)H,, , ()Ho, (t) : t €F '},

and
Mp = Spin(2n), ANMp = {H,,_,(t)H,, (t):t* =1}.

We define
G Spin(2n) = (GL; x Spin(2n))/(A N Mp).

Let G = Spin(2n) be a split spin group. Note that the center of G is

{H:IZ—IZ Ha,'((_l)i)Ha,,,l (_t)Ha,,(t)a and Ha,,,l (t)Ha,,(t) : t2 = 1}

if n is even
Z(G) = )
@ {H,,(t?) - H,, ,(*"")H,  ()H,, () t* =1}
if n is odd.
We setc = H,, ,(—1)H,,(—1), and
7= [T/} Ho,(=1))H,,_, (=1) if nis even,
IS He, (D)) Ha,  (vV=1)H,,(v/=1) ifnis odd.

Note that ¢ = 2z* if n is odd. Hence Z(G) ~ 7Z/4Z if n is odd, and Z(G) =~
7./27.x 7./27 if n is even. This fact implies that when 7 is odd, there is, up to isomor-
phism, a unique non simply-connected, non-adjoint group of type D,,, namely, SO,,,.
However, when n is even, there are two non-isomorphic, non simply-connected,
non-adjoint group of type D,,: one is SO,, ~ Spin(2n)/{1, c}; the other is HS(2n) ~
Spin(2n)/{1, z}, the so-called half-spin group.

Then £G Spin(2n) = GSO,,(C), where

GOZn - {g € GL2n| than - A(g)IZna )\(g) S GLl}; ]2n -

1

Let GSO,, = {g € GO,, | det(g)A(g)™" = 1}. This fact agrees with Borel’s obser-
vation [Bo, p. 30] that the derived group of LG is simply connected if and only if the
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center of G is connected. Note that the center of G Spin(2#) is not connected. It is
AUAz

Let = A — {oy}. Letn = k+1Lk > 2and] > 4. LetM = My(D T)
be the Levi subgroup of G generated by ¢ and let P = MN be the corresponding
standard parabolic subgroup of G. Let A be the connected component of the center
of M: A = {a(t) : t € F'}, where

ate) — { Hon )+ Ho (89 (69 - Ho (9 Ha, () Ho, (1) ifkis even,
Ho, (1) -+ Ho (%) Hoy,, (629 - Ho, () o, (1) Ha, (%) if K is odd.

Since G is simply connected, the derived group Mp of M is simply connected, and
hence Mp =~ SLi x Spin(2/). We identify A with GL,. We fix an identification of Mp
and SL; x Spin(2l) under which the element H,, (t)H,,(t?)--- H,, ,(t*~!) goes to
the diagonal element diag(t,t, . . ., t,t~*=1) of SL;, and

b(t) = H(Y)H,] (tz) e Ha,,,z(tz)Hu,,,l (t)Ha,,(t)

is the toral element in Spin(2]). We define a map f: A X Mp — GL; x GL; x SL; x
Spin(2]) by
(t, % ,x,y)  ifkiseven,

_: ¢
f (a( )axv )/) = {(t27tk’x’ )/)7 ifkiS Odd

Now, M ~ (GL; x SL; x Spin(21))/S, where

{(a(t), tIk, b(té)) (1t =1}  ifniseven,
{(a(t), I, b(t")) : P} = 1} if nis odd.

We obtain amap f: M — GL; x G Spin(2]) so that
f(Hq, () = (diag(1,...,1,1), c(t)),
where ¢(t) is an element in G Spin(2]).
Let 7y (73, resp.) be a cuspidal representation of GLy (G Spin(2]), resp.) with the

central character w; (w, resp.). Let 7 be a cuspidal representation of M(A), induced
by f and 7y, 7,. Then the central character of 7 is

o wlw];/z if k is even,
" wiwk  ifkis odd.
Let; = diag(ay,...,ar) € GL(C) = 'GL; and
t, = diag(by, ..., b, by by, ..., by 'by) € GSOx(C) = *G Spin(21)

be the Satake parameters attached to 7y, 7, resp. Here we note that

diag(by, ..., b1, b by, ..., by bo) — by
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generates the character group of GSO,, and hence by Lemma 2.1, by = w,(w). Then
X OH(Jq - ala;1; e X OHa'k,l - akflakilv
X©oHy,, =biby',...,x0Hs, , =b1b ', x 0 H,, = bbby,

(ay -+ ap)(bp)¥*  if kis even,
(a; - ap)*(b)*  ifkis odd.

x(a(t)) = wr, = {

Since f(H,, (t)) = (diag(1,...,1,t), c(t)), we cansee Yo H,, = akbflbo. Hence, we
can compute that m = 2,

L(Svﬂ-,rl) = L(S; ™ X 7T2);

L(s,m, 1) = L(s, 1, A> @ ws).

2.4 F, Cases

We use a root system as in [G-O-V]. We take simple roots o; = %(el — e —e3—ey),
0y = ey, 3 = e3 — ey, and ay = e, — e3. Here (¢;, ¢;) = §;j. The positive roots are
e fe,1<i<j<4,¢,i=12734and %(el + e, = e3 = e4). There are 24 of
them. The Cartan matrix is

2 -1 0 0
-1 2 -1 0

The Dynkin diagram is

0]

0y <—— O3

Oy4.

241 Fyi—1

Let G be a split simply connected group of type Fy, and 8 = {«aj,a;,as}. Let
M = My be the Levi subgroup of G generated by 6 and A be the connected com-
ponent of the center of M : A = {a(t) : t € F }, where

a(t) = Ho, (t*)He, (t*)Ho, (t°) Hy, (£).
Since G is simply connected, the derived group Mp of M is simply connected, and
hence Mp ~ SL; x SL,. We identify A with GL;. We fix an identification of Mp,
and SL; x SL, under which the element H,, (t)H,, (t*) goes to the diagonal element
diag(t,t,t=2) of SL3, and H,, (t) goes to diag(t, ') of SL,. We definea map f: A x
MD — GL] X GL1 X SL3 X SLZ by

frla®),x,y) — (£,£,x,y).
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Now, M =~ (GL; x SL; x SL,)/S, where
S ={(a(t),t’I;,£’L) : t* = 1}.
We obtain amap f: M — GL3; x GL; so that
f(H,, (1)) = (diag(1, 1,t), diag(1,1)).
We remark that it is independent of the choice of 6th root of unity which shows up.
Let 7, ™, be cuspidal representations of GL3, GL, with the central characters

w1, wy, resp. Let m be a cuspidal representation of M(A\), induced by the map f and
my, . The central character of 7 is

Wy = wiwj.
Let 7;, be an unramified representation, given by

Ty = (1, ha, 43), T2y = T (V1, 12).

Let 7, be the unramified representation of M(F,) and  the inducing character of the
torus. Then

X o Hy (t) = papy '(#); X 0 Ha, () = oy ' (1),

X o Hy, () =1y ') x(a(t) = wr (t).
Since f(H,,(t)) = (diag(1,1,t),diag(1,t)), we have x o H,, = p3v,. In this case,
& = 2e; + e; + e and the positive roots {e; — e;,e; — e3, e, + e4, €3 + e, } contribute

to L(s, m,, 1), and so on. Hence we can compute that m = 4, and

L(S; Ty, rl) - L(S; Ty X 7T2V); L(S; Ty, r2) - L(57 (ﬁlv ® W]) ® Ty, P3 & Ssz pZ)a

L(s, my,13) = L(s, T3 @ wiwy), L(s, 7y, 14) = L(s, 71, @ wiw3).
242 F -2
Let § = {ay, a3, a4}, and
A = {H,, (t*)Ho, (t°)Ho, (t*)Ho, (") : t € F*}.
Also Mp = SL, x SL3, and
ANMp = {H,, (£)H,, (t*)H,, (t*) : t* = 1}.
By identifying A with GL,, we have

M= (GL1 X SLZ X SL3)/(A0MD)
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We do exactly the same as in the the F, — 1 case: we construct a map f: M —
GL, x GLj such that f(H,,(t)) = (diag(1,t), diag(1,1,#*)). Under the identifica-
tion, H,, (t*)H,, (t) is the diagonal element diag(t,t, %) of SL;.

Let 7y, ™, be cuspidal representations of GL,, GL; with the central characters
w1, wy, resp. Let 7 be a cuspidal representation of M(A\), induced by f and 7y, 5.
Then the central character of 7 is

Wy = Wiw;.
Let 7, be an unramified representation, given by

Ty = 7T(lt1, M2)7 Ty = (11, V2, 13).

Let 7, be the unramified representation of M(F,) and  the inducing character of the
torus. Then

X o Hy () = upy '(t), xoHy,(t) =10, (1),
X o Hy(t) = 1v5 (1), x(alt) = wy, (2).

Since f(H,,(t)) = (diag(1,t), diag(1, 1,¢?)), we have x o H,, = p,v3. In this case,
0= %(361 + e, + e3 + e4). Hence we can compute that m = 3, and

L(s, my, 1) = L(s, 71y ® T2y, p2 @ Sym? p3);

L(s, 7y, 12) = L(s, ay, Sym? p3 © w1w3);

L(s, 7y, 13) = L(s, 71y ® w1w3).
2.4.3 (xviii) in [La]
Let 0 = {ay, a3, a4}, and

A = {a(t) = H,, (t")H,, (*)H,, (t")H,, (t*) : t € F*}.
Also Mp = Spin(7), and
ANMp = {H,,(t): t* = 1}.
By identifying A with GL,, we have
M = (GL, x Spin(7))/(ANMp) ~ G Spin(7).

Let 7 be a cuspidal representation of G Spin(7,A) with the central character w. Let n
be a grossencharacter of F. Then we can think of 7} as a character of M(A\) by setting
n(a(t)) = n(t?). Since |arm, = 1, it is well-defined. We consider Ty =T 1.
Let 7, be the unramified representation of M(F,) with the corresponding semisimple
conjugacy class 7 in T, the torus in "M = GSp4(C). Let

t = diag(by, by, b3, bobs ', boby ', boby ).
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Note that f — by generates the character group of GSps, and hence by Lemma 2.1,
by = w,(w).
Let x be the inducing character of the torus given by m,, ,. We have the relationship

xoa'(w) = a’(h),
where oV on the right is considered as a root of “M. Hence

xoH,, =biby", xoH,, = bb;",
xoH,, =biby',  x(a(t) = ntw, = nlby.
-1

From this, we have x o H,, = 1,b; 'b; 'b; 'b3. In this case, @ = ¢;. Hence we can
compute that m = 2, and

L(s, Ty, 1) = (1 — nvblebSbo_lq;s)(l — Uv(blbzbs)flbéqfs)
3

3
X H(l — by 'bogq, ) H(l — my(bibabs) "' b bog, )

i=1 i=1

3 3
x [T = mbibabstiqr) [ [ = nbiay )

i=1 i=1
L(s, my,, 12) = L(s, nfw,,).
Here L(s, m,, r1) is called the spherical harmonic of Sps(C) and it has degree 14.
2.4.4 (xxii) in [La]
In this case, it is more convenient to use the dual root system: we take simple roots
) =e —e —e3—ey,0p =2eq,03 = €3 — eq, 0y = € — e3. Let 0 = {an, a3, a4}

Then
A = {a(t) = H,, (t*)H,, (*)H,, (t*)H,,, (t) : t € F*}.

Also Mp = Spg, and
ANMp = {H,, ()H,, (1) : t* = 1}.
By identifying A with GL,, we have
M = (GL; x Sps)/(ANMp) ~ GSps.
We can easily see that under this identification, H,, () becomes diag(1, 1,1,¢,¢,¢) in
GSps.

Let 7 be a cuspidal representation of GSps(A) with the central character w. Sup-
pose 7, is an unramified representation, given by InngP S @ pr @ us ® A, where
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wi’s and A are unramified quasi-characters of F,* and 1 ® p, ® 13 ® A is the character
of the torus which assigns to diag(x, y,z,tz7 !, ty~!, tx~!) the value

w1 () 2 () ps(2) A ().

Note that the central character w = i1 a3 A2,

Let 1) be a grossencharacter of F. Then we can think of 7} as a character of M(A) by
setting n(a(t)) = n(t?). Since njanm, = 1, itis well-defined. We consider ) = TRn.
Let x be the inducing character of the torus given by . Then

X © Ho, (1) = pi3(£), X © Ha,(£) = piopu ' (2),
X © Ho, (1) = mpy '(1),  x(a(t)) = mowy(1).
From this, we have x o H,, = nm,A. In this case, & = 2e;. Hence we can compute that
m =2, and
L(s, )" = (1 = nAq, ) (1 — pApag, ) (1 — oA piag, ) (1 — mApag, )
X (1 = nyAppag, )1 = qyApnpsq, )
X (1= myApapaq, ") (1 — my A propaq, ),
L(s, Ty, 12) " = (1 = mywyq, ) (1 — nywypng, )1 — nywypag, ) (1 — mhwypsq, )
X (1= 1wy gy ) (1 = ey g, ) (1= w3 4,7).
L(s, 7y, 1) is called the spin L-function and it has degree 8; L(s, m,, ) is called the
standard L-function of symplectic groups and it has degree 7. It appears as the only

L-function in the constant term of the Eisenstein series attached to wn? ® w’ of GL; x
Sps C Sps, where 7’ is any irreducible constituent of 7[sp,(a).

2.5 E; Cases

We take the root system as in [G-O-V]. (We decided not to use the root systems
for exceptional groups in [Bou] because the root systems in [G-O-V] may be easier
for computations.) We take simple roots, o; = ¢; — ejy1, i = 1,2,3,4,5, ag =
e, + es + eg + €. Here (ej,e;) = %, (ei,€j) = —é fori # j,> e = 0,and € is
orthogonal to ¢;’s and (e, €) = % The positive roots are ¢; — ej, 1 <1 < j < 6, 2¢
and e; + ¢; + e + €. There are 36 of them. Note that

(arey +aze; + -+ -+ ages + age, e —ej) = a; —aj, 1<i<j<e,

(are; + azey + - - +ages + age, e; +ej + e+ €) = (a; +a; + ag)

1 1
—5(a1+---+a6)+5a0.
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The Cartan matrix is

2 =1 0 0 0 0
-1 2 -1 0 0 0
o -1 2 -1 0 -1
0 o -1 2 -1 0
0 0 o -1 2 0
0 0o -1 0 0 2
The Dynkin diagram is
01 07 03 04 05.
O6
251 Es—1

Let G be a simply connected group of type Es. Let 6 = A — {a3}. Then a; =
e; +e; +e3+ 3e. Let P = Py = MN and A be the connected component of the center
of M. Then A = (), ker a)® = {a(t) : t € F'}, where

a(t) = Hy, (t*)Hp, (t*)Ho, (t°)Hy, (1) Ho, (1) Ho, (£).

Since G is simply connected, the derived group Mp of M is simply connected, and
hence Mp ~ SL; x SL; x SL,. We identify A with GL,. We fix an identification of
Mp and SL; x SLs X SL, under which the element H,, (t)H,, (t*) goes to the diagonal
element diag(t,t,t=2) of SL3, H,, (t*)H,,(t) to diag(t,t,t=%) of SLs, and H,,(t) to
diag(t,t~") of SL,. We defineamap f: AxMp — GL; x GL; x GL; x SL3 x SL3 x SL,
by

f:(at),x, y,2) — (2,15, ,x, 9, 2).

Now, M ~ (GL; x SL; x SL; x SL;)/S, where
S = {(a(t), ’I;, I, L) : t* = 1}.
We obtain amap f: M — GL; X GL; X GL; so that
f(Ha, () = (diag(1, 1,1), diag(1, 1, 1), diag(1,t)).
Let 7y, m, be cuspidal representations of GL3(A) with central characters wy, w,,
resp. Let w3 be a cuspidal representation of GL,(A) with the central character ws.
Let 7 be a cuspidal representation of M(A), induced by f and 7y, 7, m3. Then the

central character of 7 is
Wy = wfw%wg .
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Now suppose ;, is an unramified representation, given by
Ty = (1, 2, f3), Moy = T(V1, 12, 13), T3y = (101, 12).

Let 7, be the unramified representation of M(F,). Then 7, is induced from the char-
acter x of the torus. We have

X0 Ho (t) = pups ' (8), X 0Hay(t) = pops '(t), X 0 Ho,(t) = o5 (1),
X o Hy(t) = vy (1),  xoHu(t) =mny ' (), x(a(t)) = wy,(t).

Since f(H,,(t)) = (diag(1,1,t), diag(1,1,¢), diag(1,¢)), we have x o H,,(t) =
13v31,. Hence, we can compute that m = 3, and

L($7 Ty, rl) = L($7 Ty X Ty X 7T3V)5
L(S7 Ty, 72) = L(S7 (’ﬁ—lv ® w) X 7:‘:21/)7
L(S7 Ty, 7'3) = L(S7 T3y ® LU),
where w = wjwyws.
2.5.2 E¢—2
Letd = A — {a,}. Then ap = ¢ + e, + 2e.
A = {a(t) = Hao, (t*)Ha, (t'°)Ha, (t'*)Ha, (t*)Hy, (1) Ho, (t°) : £ € F '},
and Mp ~ SL, x SLs. We fix an identification of Mp and SL, X SL; under which the
element H,,, (t) goes to diag(t,t") of SLy, and Ho (t*)Ho, (t*)Ho, (t'2) Ha, (t°) goes
to diag(t*, t*,t*,t7%,¢t7%) in SLs. We defineamap f: Ax Mp — GL; x GL; x SL, X

SLS by
f: (a(t),x, y) — (£, 14, x, ¥).

Now, M =~ (GL; x SL, x SLs)/S, where
S ={(a(t),th,t'I5) : t'* = 1}.
We obtain amap f: M — GL, x GLs so that
f(Hy, (t)) = (diag(1,t), diag(1, 1,1,¢,1)).
Let 7y, 7, be cuspidal representations of GL,, GLs with central characters wy, w,,
resp. Let 7 be a cuspidal representation of M(A), induced by f and 7, 7,. Then the

central character of 7 is
Wy = wf wg.

Now suppose 7, is an unramified representation, given by

T =7, M), T = T, a2, 3, [y Us).
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Let 7, be the unramified representation of M(F,). Then m, is induced from the char-
acter x of the torus. We have

X©Ha =mny ', XoHa, =mp; ' (t), xoHs =y,
X0 Ho (1) = pspiy ', X 0 Hoo(t) = papss ' x(a(t)) = wiws (o).
Since f(H,,(t)) = (diag(1,t), diag(1, 1, 1,¢,¢)), we can see
X © Haz = M H4lts.-
Hence, we can compute that m = 2, and

L(S, Ty, 7’1) = L(S, Ty @ T2y, P2 X /\zps)’

L(s, my, 1) = L(s, wiwy ® ).
2.5.3 (x) in [La]
Let = A — {as}. Then g = 2e. A= {a(t) : t € F }, where
a(t) = Ho, (1)Ho, (") Ha, (£ )Ha, (1*) Ho, (1) Ho (),

and Mp ~ SLs. We fix an identification of Mp and SL¢ under which the element
H,, (t)H,,(t*)H,, (£*)H,, (t*)H,, (t) goes to the diagonal element

diag(t,t,t, ¢ttt
of SLs. We defineamap f: A x Mp — GL; x GL; x SLg by
f:(a(t),x) — (t*,t,x).
Now, M ~ (GL; x SL¢)/S, where
S={(a(t),tls) : t* = 1}.
We obtain amap f: M — GL; X GLg so that
f(Ho (£)) = (t,diag(1, 1, 1,¢,¢,1)).

Let o be cuspidal representations of GLs(A) with central character w, and 7 be a
grossencharacter of F. Let 7 be a cuspidal representation of M(A\), induced by f and
o, 1. Then the central character of 7 is

wr = wn’.
Now suppose o, is an unramified representation, given by

Oy = '/T(Mla M2 135 ﬂ4,ﬂ53M6)'
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Let 7, be the unramified representation of M(F,) and let x be the inducing character
of the torus. We have

XoHy =pmpy ', XoHs = paps ' (t), xoHa = papy
X0 Ho,(t) = papis', X0 Hoo(t) = pspg b, x(a(t)) = w,m(t).

Since f(H,,(t)) = (t,diag(1,1,1,t,t,t)), we have x 0 Hy, = fiafi5/t67,. Hence, we
can compute that m = 2, and

Ls,m,m) =Ls,00, Nps@n) = [[ (= mipjmnna, )",
1<i<j<k<6

L(s, my,12) = L(s,wum;).

Here L(s, 7, r1) is the exterior cube L-function of GLs and it has degree 20.
2.5.4 (xxiv) in [La]
Letd = A —{a;}. Thend; = ¢ +e,and A ={a(t) : t € F*}, where

a(t) = Ho, (t*)Ho, () Ha, (1°)Ho, (1) Ho, () Ho ().
Also Mp =~ Spin(10) and

ANMp = {Hg, (t)Ho, (t*)Ho, (1) Ho (£7) : t* =1},
If we identify A with GL,, then

M = (GL; x Spin(10))/(A N Mp).

Since G Spin(10) = (GL; x Spin(10))/{1, c} (see Section 2.3.4), there is a surjective
map G Spin(10) — M. Hence we have a dual map M — GSO,(C) = G Spin(10).
Since the center of M is connected, the derived group of LM is simply connected, (see
[Bo, p. 30]). Hence it is Spin(10, C). Therefore XM = G Spin(10, C).

Let 7 be a cuspidal representation of M(A) with central character w. Let 7, be the
unramified representation of M(F,) with the corresponding semisimple conjugacy
class £ in T, the torus in “M. We have a 2-to-1 map ¢: "M — GSO;o(C). Let ¢(#) be
given by

o(f) = diag(b?, ..., b2, bibs 2, ... baby ).
Note that it is the Satake parameter for the representation 7, of G Spin(10, F, ), where
' = @, m, is the cuspidal representation of G Spin(10,A), induced by 7 and the
map G Spin(10) — M. Note also that w, = w;,/, and hence w,, = b3.

Let 7 be a grossencharacter of F. Then we can think of 7 as a character of M(A)
by setting n(a(t)) = n(t*). Since n|anm, = 1, it is well-defined. We consider T =
T ® 1. Let x be the inducing character of the torus attached to 7, ,. Then we have
the relationship

xoa(w) = a’(b),
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where oV on the right is considered as a root of “M. Hence
XOHOQ = bibgb(;23 XOH03 = b§b22’ XOHOM = b%b;z,
X0 Ha = biby?,  xoHy =bibs?,  x(a()) = njw, = n,b.

From this, we have x o H,, = 1,(b1byb3bsbs)~'b3.
Hence, we can compute that m = 1, and

5
L(s, 7y, 1)~ = (1 = n,(bibybsbsbs) ' boq,”) H(l - nvb1b2b3b4b5balb;2qv_s)

i=1

x [T (0= m(bibabsbabs) " bo(bib)) g, ).

1<i<j<5

Here r, is called the half-spin representation and it has degree 16. We denote it by
Spin'®. For a future reference, we denote M = H Spin(10).

2.6 E; Cases
We take the root system as in [G-O-V]. We take simple roots, o; = €; — i1, 1 =
1,2,3,4,5,6,c; = e5+es+e;+eg. Here (e;,¢;) = %, (ei,€j) = —% forl1 <i#j<8
and ) ¢; = 0. The positive roots are ¢; — e, 1 <i<j<7 —e+te,i=1,...,7,
and e; + ¢; + e; + eg. There are 63 of them. Note that
(are; +aze; + - -+ +ages, e; — ej) = a; — aj,

1
(a161+a262+~-~+ageg,ei+e]-+ek+eg):(ai+aj+ak+a8)—5(a1+---+a8).

The Cartan matrix is

2 -1 0 0 0 0 O
-1 2 -1 0 0 0 O
o -1 2 -1 0 0 O
o o0 -1 2 -1 0 -1
0o 0 o0 -1 2 -1 0
o 0 o0 o0 -1 2 o0
o o0 o0 -1 o0 o0 2
The Dynkin diagram is
01 0y 03 04 05 O¢-
o7
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2.6.1 E; -1

Let G be a simply connected group of type E;. Let 6 = A — {«ay}. Then &y =
e; + e +e3+ ey +4es. Let P = Py = MN and A be the connected component of the
center of M. Then A = (o ker )’ = {a(t) : t € F"}, where

a(t) = Hy, (£)Ha, (t°)Hp, () H,, (') Hy, (%) Ho, (t*) Hy, (£°).

Since G is simply connected, the derived group Mp of M is simply connected, and
hence MD ~ SL2 X SL3 X SL4

Now we proceed exactly the same way as in the Eg — 1 case; under the identification
of Mp with SL, x SL3 x SLy, M ~ (GL; x SL, X SL3 x SL4)/S, where

S={(at),t°L, t'I;, 1) : t"* = 1}.
We also constructamap f: M — GL, x GL; x GL4 so that
f(He, (1)) = (diag(1,1), diag(1, 1,t), diag(1, 1, 1,1)).

Let 7; be cuspidal representations of GL,,; with central characters w;, i = 1,2, 3,
resp. Let m be a cuspidal representation of M(A), induced by the map f and 7y, 7, 3.

The central character of 7 is

_ 6, 4 3
Wr = W W,Hws.

Now suppose 7;, is an unramified representation, given by

T =7, M), Toy = (W1, V2, 13), T3y = W1, [, U3, [ha).

Let 7, be the unramified representation of M(F,). Then 7, is induced from the char-
acter x of the torus. We have
X © Ho, (8) = pupy '(8), X 0 Ho, () = piopuy ' (8), X © Hay (1) = papuy ' (1),
X © Hoy (1) = 1571 (£), X © Ha (1) = 1115 ' (8),

x o Hy, () =mn; (1),  x(a(t)) = wiwiws(t).

Since f(H,,(t)) = (diag(1,t),diag(1,1,t),diag(1,1,1,t)), we have x o H,,(t) =
1437, Hence, we can compute that m = 4, and

L(S, Ty, rl) - L(Sv Ty X Ty X 7T3v)a

L(s, Ty, 12) = L(s, 2y @ T30, (3 @ wiws) @ A*py),

L(s,my,13) = L(s, (M1, @ wiwaws) X 73,),

L(s, 7y, 74) = L(s, T2y ® wiwrws).
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2.6.2 E, -2
Letd = A — {as}. Then a3 = e + e, + 3 + 3eg, Mp = SL3 x SLs,
A = {a(t) = H,, (t°)H,, (t'*)H,, (t'°)H,, (t**)H,, (t'*)H,, (t°)H,, (t°) : t € F'},
ANMp = {H,, (£*)Ha, (t'")Ho, (P ) Ho, (H2)Hp (19 H,, (¢°) « 1% = 1},
If we identify A with GL,, then
M = (GL; x SL; x SLs)/(A N Mp).

We proceed exactly in the same way as in the Eg—2 case, and constructamap f: M —
GL; x GLs such that

f(Ha, (1)) = (diag(1, 1, 1), diag(1, 1, 1,7, 1)).

Let 7, m, be cuspidal representations of GL3(A), GLs(A) with central characters
w1, wy, resp. Let 7 be a cuspidal representation of M(A), induced by f and my, ;.

The central character of 7 is

Wy = Wiw$.

Now suppose 7;, is an unramified representation, given by
7-‘—11/:7-‘—(//“7/1’27//%)7 WZV:W(V17V2>V3>V4>V5)'

Let 7, be the unramified representation of M(F,). Then m, is induced from the char-
acter x of the torus. We have

X0 Ho, () = pupy ' (£), X 0 Hy,(t) = piaps ' (t),
X0 Ho(t) =10y (1),  x o Hu(t) =1av5 (1), xo0Ha,(t) = w1, (1),
X0 Hy, (t) = vavi '(t),  x(a(t)) = wy, (t).

Since f(H,,(t)) = (diag(1,1,t),diag(1,1,1,¢,¢)), we have x o H,,(t) = psvavs.
Hence, we can compute that m = 3, and

L(S7 Ty, rl) - L(57 Ty ® Ty, p3 ® /\2P5)7
L(s,my, 1) = L(s, (F1y ® wiy) X (T2 @ way)),

L(s, my, 13) = L(s, T2y @ (w1w2)).
263 E;, -3
Let = A — {ay}, & = e; + e, + 2e5. Mp = SL; x Spin(10).

A= {a(t) = Hu] (tz)Haz(t4)Hug(tS)H(t4(t6)H(t5(t4)Ha(,(t2)Ha7(t3) it e F*}7
ANMp = {Ho, (*)Ho, (1)Ha, (1) Ho (1) H,, () = 14 = 1}
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If we identify A with GL,, then
M = (GL, x SL, x Spin(10))/(A N Mp).

Here we note that H,, (t*)H,, (°)Hy, (t%)Ha, (t*)Hy, (t2)Hy, (£) is exactly the same
as the center of M = H Spin(10) in Section 2.5.4.
We defineamap f: A x Mp — GL; x GL; x SL, x Spin(10) by

frlat),x,y) — (£,t,x,y).

It induces a map f: M — GL, x H Spin(10). Under the identification, H,, () is the
diagonal element diag(t,™") in SL,, H,, (t°)H,, (t°)H,, (t*)H,, (t*) is in Spin(10).
From this, we see that f(H,,(t)) = (diag(1,t),b(t)), where b(t) is an element in
H Spin(10).

Let 7y, 7, be cuspidal representations of GL,, H Spin(10) with central characters
w1, ws, resp. Let m be a cuspidal representation of M(A), induced by f and 7y, .
Then the central character of 7 is

Wy = wfwz.

Let f, = diag(a;,a;) € GL,(C) be the Satake parameter attached to m,. Let
f, € GSpin(10,C) be the Satake parameter attached to my,. Using the 2-to-1 map
¢: GSpin(10,C) — GSO(10, C), we can write it as

o(t,) = diag(b?, ..., b, b3°0;, ..., by *b3) € GSO,(C).
Then
xoH, =aa,", xoH, =bby?% xoH, =bb;?,
xoH,, =bib,?, xoH,, =biblb,*, xoH, =bibs?
x(a(t)) = wiw; = (a1a,)*b}.

Since f(H,,(t)) = (diag(1,t), b(t)), we can see x o H,, = ay(b1bybsbybs)~'b;.
Hence, we can compute that m = 2, and

L(s, 7y, 11) = L(s, Ty ® T2y, p2 @ Spin'®),

5
L(s,m,12) = L(s, 73, @ w1) = [ [(1 = Blwrg,*) ™1 (1 = b *bjwng, ) ™,

i=1

where Spin'® is the degree 16 half-spin representation (see Section 2.5.4). Here
my is the cuspidal representation of G Spin(10), induced by 7, and the 2-to-1 map
G Spin(10) — H Spin(10). Hence the Satake parameter of 7, is

o(t,) = diag(b?, ..., b, b32bE, ... by *b3) € GSO,(C) = G Spin(10).

Note that the second L-function is the standard L-function for G Spin(10).
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2.6.4 E,—4

Letd = A —{as}, s = e + ey + €3 + eg + €5 + 3e3, Mp = SLg X SLy,

A= {Ll(t) = Hal (tz)Haz(t4)H043(tG)H(u(ts)Has(t6)Ha(,(t3)Hay(t4) te F*}v
ANMp = {Hy, (t*)Ha, (t") Ho, (P Ho, () Ho, (1) : £ = 1.

If we identify A with GL,, then
M = (GL; x SL¢ x SL,)/(A N Mp).
As in the E; — 2 case, we construct a map f: M — GLg X GL, such that
f(Ha (1)) = (diag(1,1,1,1,¢,¢), diag(1, 1)).

Let 7y, be cuspidal representations of GLg(A), GL,(A) with central characters
w1, ws, resp. Let m be a cuspidal representation of M(A), induced by f and 7y, ;.
Then the central character of 7 is

Wy = Wiw;.

Now suppose 7;, is an unramified representation, given by

Ty = T, 2, (43, [as Us, fe), T2y = T(V1, 17).

Let 7, be the unramified representation of M(F,). Then 7, is induced from the char-
acter x of the torus. We have

X 0 He, (t) = pupsy '(), X 0 Hoy(t) = pap ' (£),  x 0 Ho,(t) = pspey ' (1),
X © Hoy(t) = puapss '(£), X © Ho, (t) = pspig ' (t),  x 0 Hoo(t) = miv5 (1),
x(a(t)) = wiw; (1).
Since f(H,,(t)) = (diag(1,1,1, 1,¢,¢t),diag(1,t)), x o Ha, (t) = psue2. Hence, we
can compute that m = 3, and
L(Su Ty, rl) = L(Su Ty ® Ty, /\zp6 ® p2)7

L(s, Ty, 12) = L(s, 1y, A2 ps @ (W1w2)),
L(S; Ty, r3) = L(S; Ty ® (wlwz))'
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2.6.5 (xi) in [La]
Let0 = A — {067}, 6&3 = 268, MD = SL7,

A = {a(t) = H,, (t*)H,, (t°) Hy, (t”)Ha, (1) H,, (%) H, (1Y) H,, () : t € F'},
ANMp = {H,, (t*)H,, (t°)Hp, (t*)Ho, () Hy, (1) He, (t*) : t7 = 1}.

If we identify A with GL,, then
M = (GL; x SL;)/(ANMp).

As in the (x) case (Section 2.5.3), we construct a map f: M — GL; X GL; such
that

f(Ha7(t)) - (ta dlag(lv 1; 17 1; t,t, t))
Let o be a cuspidal representation of GL;(A) with the central character w. Let n

be a grossencharacter of F. Let 7 be a cuspidal representation of M(A), induced by f
and o, 7). Then the central character of 7 is

wr = whny’.

Now suppose o, is an unramified representation, given by

oy = ([, fhay 113, fhas s, e [47)-

Let x be the character of the torus, given by m,. We have

X0 Ho, (£) = pupy ' (6), X0 Ha(t) = pap; '(t), X 0 Hay(t) = pspy
X0 Ho () = papts ', X0 Ha(t) = pspg 'y x 0 Hao(t) = pepss ',
x(a(t)) = wr, (t).

Since f(H,,(t)) = (t,diag(1,1,1,1,¢,¢,t)), x © Ha, (t) = pspietizn,. Hence, we can
compute that m = 2, and

Ls,m,m) =Ls,00, Ppr@n) = [[ (= mimjmneg, )",
1<i<j<k<7

L(s,my,12) = L(s,5, @ (wyn?)).

Here L(s, 7, r1) is the exterior cube L-function of GL; and it has degree 35.
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2.6.6 (xxvi) in [La]

Letd = A —{ag}, 06 = €1 + e+ €3+ 4 + es + es + 2e3, Mp = Spin(12),
A= {a(t) = Hu] (t)Haz(tz)Hag(t3)Hu4(t4)Hug(t3)Haf,(t2)Ha7(t2) 't e F*}7
ANMp = {He, ()Ha, (1) Ho, (1)) : £ = 1}.
If we identify A with GL,, then
M = (GL; x Spin(12))/(A N Mp).
Here note that M is not isomorphic to G Spin(12). In the notation of Section 2.3.4,
ANMp = {1,z}. On the other hand, G Spin(12) = GL; x Spin(12)/{1, c}. Hence
LM is not GSO1,(C). The derived group of *M is the half-spin group HS(12, C) (the
other non simply-connected, non-adjoint group in the notation of Section 2.3.4).

Let HSpin(12) = (GL; x Spin(12))/{1,¢,z,cz}. Then there are 2-to-1 maps
f: M — HSpin(12) and G Spin(12) — H Spin(12). Since the center of H Spin(12)
is connected, the derived group of 'H Spin(12) is simply connected, namely,
Spin(12, C) [Bo, p. 30]. Therefore, “H Spin(12) = GSpin(12,C). We have 2-to-1
maps If: LH Spin(12) — M and ¢: “H Spin(12) — G Spin(12) = GSO,,C.

Let 7’ be a generic cuspidal representation of H Spin(12,A) with central char-
acter w. Let 7, be the unramified representation of H Spin(12, F,) with the corre-
sponding semi-simple conjugacy class # in T, the torus in “H Spin(12). Using the
2-to-1 map ¢: GSpin(12,C) — GSO,(C), we can write

() = diag(b?, ..., b2, bibs 2, ..., b3by %),

Now let 7 be a cuspidal representation of M(A), induced by 7’ and f. The Satake
parameter of 7, is f () in M. Note that the central character of 7 is w, = w. Letn
be a grossencharacter of F. Then we can think of 7 as a character of M(A) by setting
n(a(t)) = n(t*). Since n|anm, = 1, it is well-defined. We consider T, =T ®mn. Let x
be the inducing character of the torus attached to 7, ,. Then

XoHoq - b%b2_2a XOHuz = b%bs_za XOH(!3 = bgbél_27
X ©oHa, = bibs?, xoHa, =bibs?, xoHa = bbby,
x(a(t)) = mw, = n;b;.

From this, we have y o H,, = 1,(b; - - - bs) ~'b;. Hence, we can compute that m = 2,
and

L(s, )t = (1 —nby " b 'byq, ) (1 — by -+ - beby 2q, )

< [ =mbr' - bg by (bibj)*q; )

1<i<j<6

X H (1 —myby - bs(bib)) g, ),

1<i<j<6
_ 2,2
L(57 Tyvs 1’2) - L(S, vav)-

Here 1, is called the half-spin representation and it has degree 32.
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Remark Because of the complicated nature of the half-spin group HS(12, C), we
were not able to write the explicit formula for the degree 32 half-spin representation
of cuspidal representations of M(A) which do not come from H Spin(12, A).

2.6.7 (xxx) in [La]
Let = A —{a1},01 = e +es, Mp = Es,
A = {H,, (£)H,, (t")H,,(t°)H,, (t°)H,. (t") Hy (1) H,, () st € F '},
ANMp = {H,, (t)H,,(t*)H,, (t)H, (t*) : £ = 1}.
If we identify A with GL,, then
M = (GL, x Eg)/(A N Mp) = GF.

Let 7 be cuspidal representations of GE¢(A) with central character w. Then ‘M =
GE4(C), and we see that m = 1, L(s, m,, 1) is the standard L-function of Es. It has

degree 27.

2.7 Eg Cases
We take the root system as in [G-O-V]. We take simple roots, o; = €; — €j31, 1 =
1,...,7, as = es + €7 + es. Here (ei, ) = 5, (ej,¢j) = —§for1 < i # j <9

and ) e; = 0. The positive roots are ¢; — ej, 1 < i < j < 9, and ¢; + ¢ + ¢,
1<i<j<k<8,and —(e +ej+e), 1 <i< j<8. Thereare 120 of them. Note
that

(arey +aze; + -+ +ageg, e; — ¢j) = a; — aj,
1
(are; +aze; +--- +asey, e; +ej +e) = (a; +a; +ag) — 5((11 + - +ag).

The Cartan matrix is

2 -1 0 0 0 0 0 0
-1 2 -1 0 0 0 0 0
o -1 2 -1 0 0 0 0
0 o -1 2 -1 0 0 0
0 0 o -1 2 -1 0 -1
0 0 0 0o -1 2 -1 0
0 0 0 0 0 -1 2 0
0 0 0 0o -1 0 0 2
The Dynkin diagram is
(O] 02 03 04 O5 Og 07.
08
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271 Eg—1

Let G be a simply-connected exceptional group of type E. Let § = A — {«s}. Then
s = e +ey+es+e,+es—Seg. Let P = Py = MN and A be the connected component
of the center of M. Then A = {a(t) : t € "}, where

a(t) = Hy, (t°)Ho, (t'*)Ho, (t'*)Hy, (£**) Hp, (£°°) Ho, (£2°)Ha, (£0) Hy, ().

Since G is simply connected, the derived group Mp of M is simply connected, and
hence Mp = SL, x SL3 X SLs. As in the E; — 1 case, we constructa map f: M —
GL, x GL3; X GLs such that

f(Hy, (t)) = (diag(1,1),diag(1, 1,¢), diag(1,1,1,1,1)).

Let 7; be cuspidal representations of GL,(A), GL3(A), GL5(A) with central char-
acters wj, i = 1,2, 3, resp. Let 7 be a cuspidal representation of M(A), induced by f
and 7, 7y, 3. Then the central character of 7 is

wr = wPw0Ws.

Now suppose 7;, is an unramified representation, given by

T =7, M), T = 7(v1, V2, 13), T3y = T(H1, o, 43, fa, [is)-

Let 7, be the unramified representation of M(F,). Then m, is induced from the char-
acter x of the torus. We have
X 0 He, (t) = pupy '(8), X 0 Hay(t) = pap ' (£),  x 0 Ho,(t) = pspay ' (1),
XoHoq(t) :u4u5_1(t), XOHa(,(t) :V2V3_1(t)7 XOH(w(t) :Vlyz_l(t);
X o Ho(t) =mny (1), x(a(t)) = wiw)’w(t).
Since f(H,,(t)) = (diag(1,1),diag(1,1,¢),diag(1,1,1,1,¢)), we have x o H,,(t) =
Wsv31,. Hence, we can compute that m = 6, and
L(s,my, 1) = L(s, 1, X Ty X 3,),
L($7 Ty, 7'2) = L($7 (77'2v b2 L()]Wz) @ T3vy P3 b2 /\2P5)7
L(s,my, 13) = L(s, (71, @ wiwyws) @ Rz, p2 @ A%ps),
L(s, 7y, 1) = L(s, (3 ®@ wiwrws) X 73,),
L(s,my,15) = L(s, (1, ® wiwjws) X 2),

L(s, 7y, 76) = L(s, T3, ® wiwiws).
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2.7.2 Eg—2

Let = A — {ay}. Then éis = e; + e, + €3 + e4 — 4ey. Let P = Py = MN and A be
the connected component of the center of M. Then A = {a(t) : t € F" }, where

a(t) = Ha, (£)Ha, (t'*)Hy, (t°)Hy, (1) Ho, (824)Ho, (£'€) Hy, (£%) Hp (£17).

Since G is simply connected, the derived group Mp of M is simply connected, and
hence Mp = SLy x SLs. As in the E; — 2 case, we constructamap f: M — GLy X GLs
such that

f(Hq, (1)) = (diag(1,1,1,1), diag(1, 1, 1,£,1)).

Let 7; be cuspidal representations of GL4(A), GL5(A) with central characters w;, i =
1,2, resp. Let 7 be a cuspidal representation of M(A), induced by f and 7, 7. Then

the central character of 7 is

Wy = wWiws.

Now suppose 7, is an unramified representation, given by
Ty = w1, P2, 13, ), Ty = T(V1, V2, Vs, Vs, Us).

Let 7, be the unramified representation of M(F,). Then 7, is induced from the char-
acter x of the torus. We have

X0 Hoy (t) = gy (1), X 0 Hay(t) = papiy '(t),  x 0 Hay(t) = pspsy ' (t),
X0 Ho,(t) = sy '(t),  x o0 Hu(t) =1av5 (1), xo0Ha(t) =15 (1),

X0 Hyy(t) = vavs '(1),  x(a(t)) = wiws(®).

Since f(H,,(t)) = (diag(1,1,1,t),diag(1,1, 1,¢,t)), we have x o H,,(t) = pavsvs.
Hence, we can compute that m = 5, and

L(s, 7y, 11) = L(s, 1y @ T2y, pa @ A2ps),
L(s, Ty, 12) = L(s, m1, @ (T2y @ w), A*ps @ ps),
L(s, my,r3) = L(s, Ty X (T2y @ wiw2)),
L(s,my, 14) = L(s, 2y, A2 ps @ wiw3),
L(s, 7y, 15) = L(s, 71, @ wiw3).
273 Eg—3

Let = A — {a3}. Then &5 = e; + e, + es — 3e9. Let P = Py = MN and A be the
connected component of the center of M. Then A = {a(t) : t € F" }, where

a(t) = Hy, (tY)Ho, (%) Hy, (2 Hy, () Ho, (818 Ho, (8'2) Hy, (£°) Hp (£).
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Since G is simply connected, the derived group Mp of M is simply connected, and
hence Mp = SL; x Spin(10). Here we note that

Hy, (t*)Hp, (£°)Ho, (t°) Hy, () Hy, (£2) Ho, (£)

is exagtly the same as the center of M = H Spin(10) in Section 2.5.4. We define a
map f: A X Mp — GL; x GL; x SL; x Spin(10) by

f: (a(t),x,y) — (4,1, x, 7).

Itinduces a map f: M — GLj x H Spin(10). Under the identification, H,,, (t)H.,, (t*)
is the diagonal element diag(t, t,¢~2) in SLs, H,, (t°)Ho, (t°)Hy, (t*)Hy, (£2)Hyy (£2) is
in Spin(10). From this, we see that f(H,,(¢t)) = (diag(1, 1,t), b(t)), where b(t) is an
element in H Spin(10).

Let 71, 7, be cuspidal representations of GL;, H Spin(10) with central characters
w1, wy, resp. Let 7 be a cuspidal representation of M(A\), induced by f and 7y, 5.
Then the central character of 7 is

Wy = Wiw;.

Let f; = diag(a;,as,a3) € GL3(C) be the Satake parameter attached to 7y,. Let
f, € GSpin(10,C) be the Satake parameter attached to 7,. Using the 2-to-1 map
¢: GSpin(10,C) — GSO;(C), we can write it as

o(t,) = diag(b?, ..., b, b3, ..., by 2b3) € GSO,(C).
Note that w, = bj. Then

X©oHa =aa;', xoHa, =aa;', xoHi, =bb;?,
x o H,, =bb;?, xoH, =bib,? xoH, =bib5?
x o H,, = bibby %, x(a(t) = wiw; = (a1a:a3)"b§.
From this, we can see x o H,, = as(b1bybsbybs)~'b;. Hence, we can compute that
m =4,

L(s, my, 11) = L(s, 1, ® T2y, p3 @ Spin'®),

L(s,my, 12) = L(s, (F1, @ w1) X m5,),
L(s, 7y, 13) = L(s, a0, Spin'® @ (wiwy)),
L(s, my, r4) = L(s, Ty @ (wiw2)).
Here 7, is the cuspidal representation of GSpin(10), induced by m, and the
2-to-1 map G Spin(10) — H Spin(10). Hence the Satake parameter of 75, is ¢(f,) €

GSO,9(C) = LGSpin(10). Note that the second L-function is the Rankin—Selberg
L-function for GL; x G Spin(10).
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274 E;—4
Let § = A — {a;}. Then &5 = e + e, — 2e9. Let P = Py = MN and A be the
connected component of the center of M. Then
A = {a(t) = Hy, (£)Ho, (t°)Ha, (t*)Ho, (t"°)Ho, () Ho (1) Ho, (t*)Ho, (£°) -
teF }.

Since G is simply connected, the derived group Mp of M is simply connected, and
hence

Mp = SL, x Ee,
ANMp = {H,, ()H,, (t*)H,, (t")H,, (t*)H,, (t*) : t* = 1}.
If we identify A with GL,, then
M = (GL; x SL, x Eg)/(ANMp).

Note that H,, (t*)H,, (t*)H,, (t°)H,, (t°)Hy, (8*)Hy, (82)Hy, (£) is exactly the same as
the center of GEs in Section 2.6.7.
We defineamap f: A x Mp — GL; x GL; x SL, x Eg by

f:(at),x,y) — (£,5,x, ).

It induces amap f: M — GL, X GEg. Let ; be cuspidal representations of GL,, GE;
with central characters w;, i = 1,2, resp. Let 7 be a cuspidal representation of M(A),
induced by f and 7, m,. Then the central character of 7 is

Wy = Wiw;.

In this case, m = 3, and L(s, m,, 1) = L(s, T, @ T2y, p2 ® pg,), where pg, is the
standard L-function of GEs(C). The second L-function L(s, m,, ;) is the standard
L-function of GE;g attached to m, ((xxx) case; see Section 2.6.7). The third L-function
L(s, m,, r3) is the standard L-function of GL, attached to ;.

275 Eg—5

Let = A —{as}. Then &g = e; +ex +e3+e4+es +e5 — 3e9. Let P = Py = MN and
A be the connected component of the center of M. Then A = {a(t) : t € F '}, where

a(t) = Ha, (t*)Ho, (t*)Hy, (t'2)Hy, (') Ho, (82°)Ho, (8'4) Hy, () Hp (£1°).

Since G is simply connected, the derived group Mp of M is simply connected, and
hence

MD = SL7 X SL27
ANMp = {H,, (t*)H,, (t*)Ha, (t'*)Hy, (t*)Ho, (t°)Ho, () Hy, (¢1°) : £ = 1}
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If we identify A with GL,, then
M = (GL; x SL; x SL,)/(A N Mp).
As in the E; — 4 case, we construct amap f: M — GL; x GL, such that
f(He (1)) = (diag(1,1, 1,1, 1,¢,¢), diag(1,t)).
Let 7; be cuspidal representations of GL;, GL, with central characters w;, i = 1,2,

resp. Let 7 be a cuspidal representation of M(A), induced by f and 7, 7. Then the

central character is

Wy = Wiws.

Now suppose 7;, is an unramified representation, given by
Ty = (1,5 fi7), Ty = (11, 12).

Let 7, be the unramified representation of M(F,). Then m, is induced from the char-
acter x of the torus. We have

X0 Hy, (t) = papy '), ..., x 0 Hoo (1) = pspg ' (1),
X 0 Hoy () = pepts ' (£),  x 0 Ha,(t) = i1 (1),  x(alt)) = wiw](t).

Since f(H,,(t)) = (diag(1,1,1,1,1,¢,¢),diag(1,t)), we have x o H, (t) = pepsvs.
Hence, we can compute that m = 4, and

L(S; Ty, rl) - L(S; Ty ® Ty, /\2P7 ® pZ)a
L(Su Ty, rZ) = L(Su 7:‘111/7 /\3p7 by wlw2)7
L(s, my, 13) = L(s, Ty X (M2y ® w1w2)),
L(S; Ty, r4) = L(S; Ty & wlw%)

2.7.6  (xiii) in [La]

Let 0 = A — {ag}. Then &g = —3e9. Let P = Py = MN and A be the connected
component of the center of M. Then A = {a(t) : t € F' }, where

a(t) = Ha, () Ho, (t°)Hp, (1) Hy, (") Ho, () Ho, (8'9) Hy, (£ ) Hpy (£°).

Since G is simply connected, the derived group Mp of M is simply connected, and
hence

Mp = SLs,
ANMp = {H,, (t*)Ha, (t°)Ho, (t)Ho, (t*)Hy, (t" ) Hp (1) Ho, (£) 1 £* = 1}.
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If we identify A with GL,, then

As in the (x) case (Section 2.5.3), we construct a map f: M — GL; x GLg such
that
f(Heu (1)) = (¢, diag(1,1,1,1,1,¢,¢,¢)).

Let o be a cuspidal representation of GLg with the central character w. Let 7 be a
grossencharacter of F. Let 7 be a cuspidal representation of M(A\), induced by f and
o, 1n. Then the central character of 7 is

wr = w’n®.

Now suppose o, is an unramified representation, given by o, = 7(u1, ..., fg).
Let x be the character of the torus, given by 7,. We have

X © Hoq (t) = Mle_l(t), sy X0 Hoq (t) = M7M8_1(t)a X(ﬂ(t)) = wm(t)-

Since f(H,(t)) = (t,diag(1,1,1,1,1,¢,¢,t)), we have x o Hy (t) = fiepiz sy
Hence, we can compute that m = 3, and

L(S, Ty, 7'1) = L(S; Oy, /\3P8 ® "71/)7
L(Sa Ty, r2) = L(Sa 5.1/7 /\ZPS & ang),
L(s,m,,13) = L(s,0, ® w,,ni).

Here L(s, 7, r1) is the exterior cube L-function of GLg and it has degree 56.
2.7.7  (xxviii) in [La]

Let = A — {a;}. Thend; = e +---+e; — e9. Let P = Py = MN and A be the
connected component of the center of M. Then A = {a(t) : t € F' } where

a(t) = Hy, (t*)He, (t*YHa, (%) Hy, (t%) Ho, (') Ho, (£ ) Hy, (84 Hy (£).

Since G is simply connected, the derived group Mp of M is simply connected, and
hence

Mp = Spin(14),
ANMp = {H,, (t*)H,, (t*)Ho, () Ho, () Hy, (1) s t* = 1}.

If we identify A with GL,, then

M = (GL, x Spin(14))/(A N Mp).
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Since GSpin(14) = (GL; x Spin(14))/{1,c} (see Section 2.3.4), there is a sur-
jective map GSpin(14) — M. Hence we have a dual map IM — GSO,4(C) =
LG Spin(14). Since the center of M is connected, the derived group of “M is simply
connected (See [Bo, p. 30]). Hence it is Spin (14, C). Therefore “M = G Spin(14, C).

Let 7 be a cuspidal representation of M(A) with central character w. Let 7, be the
unramified representation of M(F,) with the corresponding semisimple conjugacy
class f in T, the torus in “M. We have a 2-to-1 map ¢: "M — GSOy4(C). Let ¢(#) be
given by

o(f) = diag(b?, ..., b2, bib; %, ... b3by ).
Note that it is the Satake parameter for the representation 7 of G Spin(14, F, ), where
m' = ®,m, is the cuspidal representation of G Spin (14, A\), induced by 7 and the map
G Spin(14) — M. Note also that w, = w,, and hence w,, = b;.

Let 7 be a grossencharacter of F. Then we can think of 7 as a character of M(A)
by setting n(a(t)) = n(t*). Since n|anm, = 1, it is well-defined. We consider T =
m @ 7. Let x be the inducing character of the torus attached to m,,. Then we have
the relationship

xoa'(w)=a’(),
where oV on the right is considered as a root of “M. Then
X oH,, =bby?, ..., x0H, = bib;?,
X0 Hag = béb;zv X OHm, = béb%bo_za X(a(t)) = néwv = 773173

From this, we have x o H,, = n,(b; - - - b;) ~'b;. Hence, we can compute that m = 2,
and

L(s, My r) " = (1 —n,(by--- b)) 'byq, )

< JT =mr bbb,

1<i<j<7

X H (1 —myby - by (bibib) *q, )

1<i<j<k<7

7
x [0 = mby -+ bsby b %q,7),
i=1

7
L(s, 70 2) = Lis, 7y @ my) = [ (10— mdbiay ) (1 — mlb; 2boq, )~
i=1

Here r, is called the half-spin representation and has degree 64, and the second L-
function is the standard L-function for G Spin(14).

2.7.8 (xxxii) in [La]

Let = A — {oy}. Then &; = e; — e9. Let P = Py = MN and A be the connected
component of the center of M. Then

A = {H,, (t*)H,, (t*)H,, (t*)H,, () H,, (9 Ho, () Ho, (1) Ho (87) s t €F .
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Since G is simply connected, the derived group Mp of M is simply connected, and
hence

Mjp = simply-connected E7,

ANMp = {H,, (t)H,, () Hy, (t) : t* = 1}.
If we identify A with GL,, then
M= (GL] X E7)/(A N MD) = GE7

Let 7 be a cuspidal representation of GE;(A) with the central character w. Then
IM = GE;(C), and we see that m = 2, L(s,m,, 1) is the standard L-function of
GE;(C). It has degree 56. Also L(s, m,, 1) = L(s, w,).

3 Proof of a Conjecture of Shahidi

In this section, let F be a local field of characteristic zero and we omit the subscript
v. Here G, M denote the group of F-rational points G(F), M(F), resp. Recall Conjec-
ture 7.1 of [Sh1]:

Conjecture Assume T is tempered and generic. Then each L(s, 7, 1;) is holomorphic for
Re(s) > 0.

This conjecture is true for archimedean places [A]. In fact, for archimedean places,
the L-function L(s, 7, r;) and the e-factor are Artin factors [Sh7]. In particular
L(s, 7, r;) is holomorphic for Re(s) > 0. This conjecture has many important ap-
plications. It played a crucial role in proving the functorial product of GL, x GL3 and
functoriality of symmetric cube in [Ki-Sh]. First we start with known results.

Proposition 3.1 ([Sh1, p. 309]) Assume 7 is tempered and generic.

(1) If m = 1, L(s, w, r) is holomorphic for Re(s) > 0.

(2) If m = 2 and L(s, 7, 1) = H]-(l — ajq,*) 7Y, possibly an empty product where
each aj € C is of absolute value one (in particular if r, is one-dimensional, this
holds), then L(s, , 1) is holomorphic for Re(s) > 0.

Proposition 3.2 ([Ca-Sh, p. 573])  If G is a quasi-split classical group, then the conjec-
ture holds.

Proposition 3.3 (Asgari [As]) Let G be a simply connected split group of type D,
and Fy. Then the conjecture holds.

Lemma 3.4 ([Sh1, Proposition 7.3 and Corollary 7.6])  Let p be a generic supercusp-

idal representation of M. Then

(1) Fori = 1,2, L(s, p, ;) is a product of (1 — uq™*)~", where u is a complex number
of absolute value 1.

(2) Ifi > 3, L(s, p,1;) = 1.
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(3) If L(s, p,r1)L(s, p,12) has pole at s = 0, then it is simple. Namely, only one of
L(s, p, 1) and L(s, p, r;) has a simple pole at s = 0.

Recall the following induction step, which we can see immediately through our
explicit calculations in Section 2.

Proposition 3.5 ([Sh1, Proposition 4.1])  Let F be a number field. Let G be a quasi-
split connected reductive group over F. Let P = MN be a standard maximal parabolic
subgroup of G with respect to an F-Borel subgroup B. Let 7 be a globally generic cuspidal
representation of M(A). Let r = @D, r; be the adjoint action of “M on 1 as before.
Then for each i, 2 < i < m, there exists a quasi-split connected reductive F-group G;,
a maximal F-parabolic subgroup P; = M;N; of G;, a globally generic cuspidal repre-
sentation 7' of Mi(A), such that, if the adjoint action r' of “M; on 'n; decomposes as
r = @Tzl r](, then
L(s,m,r;) = L(s, ', r]).

Lemma 3.6 Let  be a generic, tempered representation. Then fori > 3, L(s, m,1;) is
holomorphic for Re(s) > 0.

Proof Except for 3 in the case of Eg — 1, all 7;, i > 3, come from non-self conjugate

parabolic subgroups with m = 1. Hence Proposition 3.1 applies.
Suppose we are in the Eg — 1 case. Then r; comes from the Eg — 2 case. In that case,
we calculate directly to see our assertion. We postpone the proof until Section 3.2.2.
|

Proposition 3.7 Let m be tempered and generic. Then L(s,m,r;) is holomorphic at
Re(s) = %

Proof Note that

L(1 —s,m,7)
7(Sa T, Ti, ¢) = €(Sa T, Ty w)—17
L(s, m, i)

and L(s, 7, r;) is defined to be
L(s,m,1) = Pri(q )",

where P ; is the unique polynomial satisfying P ;(0) = 1 such that P, ;(g~) is the
numerator of y(s, 7, r;, ).

Suppose L(s, 7, ;) has a pole at Re(s) = % Then it contains the inverse of a
factor 1 — uq'/?~%, where u is a complex number with || = 1. Then by unitarity
of m and [Sh1, Proposition 7.8], we see L(1 — s, 7, ;) contains the inverse of a factor
1—ug'/2q= 09 = 1—y~1g¢"2 = u~'g" 2(1—ug>~~). Hence there is a cancellation.
This contradicts the definition of L(s, 7, 7;). [ |

The following is a slight generalization of Proposition 3.1.
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Proposition 3.8 ([Sh1, Theorem 3.5] and [Sh2, Proposition 3.3.1]) Let 7 be temp-
ered and generic, and let C, (s, 7, wy) be the local coefficient attached to (M, ) [Sh2].
Then we have

C)((Su T, WO) = H ’V(i57 T, Ti, 1/1)
i=1
In particular, H1m:1 ~(is, 7, 1;, ) has no zeros for Re(s) > 0, and L(s, 7, r1) is holomor-
phic for Re(s) > 0 if [Ti~, L(1 — is,m, ;) has poles only at Re(s) = 1 in the region
Re(s) > 0.

Proof Note that since we are only dealing with split groups, there is no A-function
in the formula. Also we can make a = 1 in Theorem 3.5 of [Sh1], by making
and wy compatible. By the definition of C, (s, m, wy), Cy (s, T, wy)A(s, T, wy) has no
zeros. Since A(s, 7, wo) is holomorphic for Re(s) > 0, C, (s, , wp) has no zeros for
Re(s) > 0. The last statement follows from Proposition 3.7. [ |

Recall the multiplicativity of y-factors. Let m be an irreducible generic admissi-
ble representation of M. Suppose m C Ind%NG o ® 1, where MyNy, 8 C A, is a
parabolic subgroup of M and ¢ is an irreducible generic admissible representation of
My. Let 0’ = w(f) C A and fix a reduced decomposition w = w,,_; - - - w; of was in
Lemma 2.1.1 of [Sh2]. Then for each j, there exists a unique root o; € A such that
wj(aj) < 0. Foreach j,2 < j<n—1letw; = wj_---wy. Set w; = 1. Also let
Qj =0;U{a;}, where 0, = 0,60, = 0',and 0, = w;(#;), 1 < j < n— 1. Then
the group My, contains My, Ny, as a maximal parabolic subgroup and w;(o) is a rep-
resentation of My,. The L-group LM, acts on V;. Given an irreducible constituent of
this action, there exists a unique j, 1 < j < n — 1, which under w; is equivalent to
an irreducible constituent of the action of LM(;], on the Lie algebra of LN(;J.. We denote
by i(j) the index of this subspace of the Lie algebra of LN@J.. Finally, let S; denote the
set of all such 7’s where §;, in general, is a proper subsetof 1 < i <#n — 1.

Proposition 3.9 ([Shl, 3.13]) Foreach j € S;, let (s, wj(0), ri(j), V) denote the cor-
responding factor. Then

Vs, w1 00) = [ [ 1, wi(0), migy), ).

JES

We follow the exposition in [Sh6, p. 280]. Let ¢: Wy x SL,(C) — M be the
parametrization of 7. Then ¢ factors through LMy, i.e., there exists

¢': W x SL,(C) — 'M,

such that ¢ =i o ¢’, wherei: 'My < M. Let r/ = r;|1p,. Then r/ = ®;r;(j), and

7(57 ¢> i, 1/}) = H 7(57 le, Ti(j)7 1/})
j

Given an irreducible component of 71y, , there exists a unique j, which under w;,
makes this component equivalent to an irreducible constituent of the action of Lng
on the Lie algebra of *Ny . Hence we have:
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Proposition 3.10 Suppose m,c be as in Proposition 3.9. Suppose T is tempered, and
(s, wi(0), ri(j), ) is an Artin factor for each j € S;, namely, v(s,w;(0),ri(j), V) =
v(s, @, ri(j), ¥) for each j. Then (s, 7, ;1)) and L(s, 7, 1;) are also Artin factors. In
particular, L(s, m, 1;) is holomorphic for Re(s) > 0.

Proof Clear from the multiplicativity formulas. Since 7 is tempered, y-factors de-
termine the L-factors uniquely. Artin L-functions satisfy the holomorphy. ]

Hence once we know that (s, p, 17, 1) is an Artin factor for supercuspidal p, Con-
jecture 7.1 of [Sh1] is obvious by Proposition 3.10 and multiplicativity of y-factors.
However, except for a few cases, it is not known that (s, p, r;, 1) is an Artin fac-
tor. For example, Shahidi [Sh5] has shown that for Rankin—Selberg L-functions for
GL; x GL;, his L-functions are Artin L-functions. However it is not even known that
Shahidi’s exterior square L-function, L(s, p, A?), is an Artin L-function, where p is a
supercuspidal representation of GL,(F). Later on, in many situations, all the rank-
one factors in Proposition 3.10 are the Rankin—Selberg v and L-factors for GLi x GL;.

We have:

Lemma 3.11 Let p; be a tempered representation of GL,_, and p,, ps be tempered
representations of GL,. Then in D, — 2 case, the triple L-function L(s, py X py X p3) =
L(s, p1 X (p2 X p3)) is an Artin L-function, where p, X ps is the functorial product given
by the local Langlands correspondence [Ra]. The same is true for the e-factor.

Proof It is enough to prove it when p;’s are supercuspidal representations. Let
01,07, 03 be cuspidal representations of GL,_,(A), GLy(A), GL,(A), resp. such that
oiy = p; and o}, is unramified for all w # v and w < oco. By considering the D,, — 2
case, we obtain the triple L-function L(s, 01 X 0, X 03). Let 0, X 03 be the functorial
product, obtained in [Ra]. It is an automorphic representation of GLs(A). Now we
compare two functional equations:

L(S,O’l X 0y X 0'3) = 6(5,0'1 X 0y X 0'3)L(1 — 5,01 X 0y X (5’3),

L(s,01 x (02 M 03)) = (5,01 X (0, M 03))L(1 — 5,5, x (6, X 53)).

Since L(s, 01y X 023y X 03,) = L(s, 01 X (02 X 03,,)) for all w # v, we have (see
[Ki5, Proposition 5.1.3] for the details)

7(57 O1y X 02y X O3y, %) = 7(5; O1y X (UZV X USv)a %)

Note that p, X p; is tempered (see [Ki5, Proposition 5.1.4]). Hence the equality of
~-factors implies the equality of L-factors. ]

Next we have [Sh6, Theorem 5.2]:
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Proposition 3.12 (Multiplicativity of L-factors) Let w,0 be as in Proposition 3.9.
Suppose T is tempered, and o is a discrete series. Suppose Conjecture 7.1 of [Sh1] is
valid for every L(s,w;(c), 7i(j)), j € Si. Then

L(s,m,ri) = [ [ LG, wi(0), 7).

JES:

Now we show the application of Conjecture 7.1 of [Sh1] to the functorial lift: let
G be a reductive group over a local field F, and suppose we have a homomorphism of
L-groups f: G — GLy(C). Then Langlands’ functoriality predicts that, given an
irreducible admissible representation 7 of G(F), there exists a local lift IT of GLy(F)
such that if ¢: Wy x SL,(C) — LG parametrizes , then f o ¢ parametrizes II. If
such parametrization is available (namely, the local Langlands correspondence), it is
easy to see that if 7 is tempered, then II is tempered. Note that 7 is tempered if and
only if the image ¢(WFp) is bounded (see, for example, [Ku, Lemma 5.2.1]). In that
case, it is obvious that f o ¢(Wp) is bounded. Hence II is tempered.

In general, the local Langlands correspondence is not available. Hence we intro-
duce the concept of the local lift in the following way:

We say I1 is the local lift of 7 if it satisfies

V(s 0 xm1p) = (s,0 x I 4p),  Lis,0 x ) = L(s, 0 x II),

where o is a discrete series representation of GL,,(F).

The left-hand sides are Shahidi’s v and L-factors, and the right-hand sides are
Rankin—Selberg v and L-factors. Hence according to Section 2, this makes sense only
when G = GL, x GL,,GL, x GL3, GL4, and groups of type B,,C,, D,. The case
GL, x GL, is a subject of [Ra] and [Ki5] (We need the Dy — 2 case in Section 2);
The case GL, x GLj is a subject of [Ki-Sh] (We need the D5 — 2, E¢ — 1, E; — 1 cases
in Section 2). In those two cases, the L-group homomorphisms are tensor product
maps GL,(C) x GL(C) — GLx(C), k = 2,3. The case GL, is a subject of [Ki5]
(We need the D,, — 3, n = 4,5,6,7 cases in Section 2). It is an exterior square lift,
where the L-group homomorphism is the exterior square GL;(C) — GLs(C). When
G = SOyy41, the local lift was obtained in [CKPSS]. Suppose conjecture 7.1 of [Sh1]
is valid in all those cases (We will prove it in Theorem 3.16).

Proposition 3.13  Suppose the local lift exists. If w is tempered (unitary), 11 is tem-
pered.

Proof Suppose II is not tempered. We write it as a Langlands’ quotient of & =
Ind |det|" oy ® - - - ® |det|™* o, where the 0;’s are (unitary) discrete series representa-
tions of smaller GL’s and r; > - -- > 7. Since 7 is unitary, II has the unitary central
character and hence r, < 0. (Since II is not tempered, not all r;’s are zero.) Con-
sider the equality L(s, 5% x 7) = L(s, 6 x II). The left hand side is holomorphic for
Re(s) > 0 by Conjecture 7.1 of [Sh1]. However,

k
L(s, 6 x II) = HL(5+ i, 0k X 0;),

i=1
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hasapoleats = —r, > 0. ]

In the following, we indicate a proof of Proposition 3.2 due to Casselman and
Shahidi [Ca-Sh]. The proof requires two ingredients. The first is that due to the fact
that the Levi subgroups are simple, namely, of the form GL,, x --- x GL,, x Gj,
where G; is a quasi-split classical group, the multiplicativity of y-factors (Proposition
3.9) becomes simple. The second is a partial classification of generic discrete series of
quasi-split classical groups. We now have a complete classification of discrete series
with generic supercuspidal support of quasi-split classical groups due to Moeglin
and Tadic [M-Ta] (cf. [Jal-Ja3]). In [Ca-Sh], due to a lack of classification at the
time, the authors first had to give a partial classification of generic discrete series of
quasi-split classical groups.

Recall that a discrete series of GL,, comes from a distinguished unipotent orbit (p),
which gives rise to a complex parameter

_17

(Bt gt a 22

This gives rise to an induced representation

Ind p|det\p77l ® p|det\pTil_1 ® - ® p|det|_p_;l
where p is a supercuspidal representation of GL. Let St(p, p) be the discrete series
which is the unique subrepresentation of the above induced representation. Then
L(s, St(p, p) x p)~!is obtained as a numerator of v(s, St(p, p) x p, 1)) which comes
from the induced representation

Ind St(p, p)|det| @ p|det| 3.

It is a subrepresentation of

—1

Ind p\det|%+% ® p‘det|%+%71 Q- ® p\det|5*pT © pldet|+.

By multiplicativity of y-factors (Proposition 3.9),

p—1
2

p—1
V(s Stlp, p) x py ) = [[ v+ —i,p X ).
i=0

Note that (s, p x , ) = (s, p x p, ¥) L2252 and Lis, p x p) = (1= 7! =
[T_,(1 = ni(w)q )", where r is the order of the cyclic group of unramified char-

acters 7; of F* such that p ~ p ® n;(det). Hence

-1
L(s,$t(p,p) ) = Ls+ Po=, p x ).
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Notice the cancellation in (s, St(p, p) X p, ). Also if p > g, then

p—1 g—1 .
+ A —i,p X p).
2 2 hexP)

MaSﬂmp)XSﬂmqD::IILB+

i=0

Let G = G, be a quasi-split classical group of type B, C,, D,;, and let o be a dis-
crete series of GL and 7 be a discrete series of G; with generic supercuspidal support.
We describe a partial classification of discrete series for quasi-split classical groups
which we need. First, we remark that if 7 is a discrete series which is a subrepresen-
tation of Ind |det|’p ® 7y, where p is a supercuspidal representation of GL; and 7y is
a generic supercuspidal representation of a quasi-split group, then a = % or 1. This
is a deep result of Shahidi [Sh1]. We say that (p, ) satisfies (Ci) if Ind |det|?p ® 79
is reducible at s = 1.

Following the GL, example, we introduce a concept of chains. Given integers a >
b > 0 (we assume that a, b have the same parity) and a supercuspidal representation
p of GLy, denote by d(a, b, p), §(a, p), the representations

5(a,b, p) = |det] T p @ |det] T p @+ @ [det| T T p

d(a,p) = |det|a_;1p® |det|%_1p® @ |det| T3],

where

2

a+1 [a}i %, if a is even,
2 |1, ifaisodd.

Note that d(a, b, p) gives rise to [0(a, b, p)] = |det a%bSt(p, %b) as the unique sub-

representation of

GL, g1t
IndGLk><2-~><GLk d(a, b, p);

d(a, p) gives rise to [d(a, p)] = |det|%[%]St(p, [5]). Then a partial classification
of discrete series shows (¢f. [M-Ta], [Jal-Ja3]) that a discrete series 7 with generic
supercuspidal support is a subrepresentation of

Ind[é(ar, by, p1)] @ - @ [6(ar, by, pr)] @ [0(ars1, pre)] @ - - @ [6(arss, pr)] @ 7o,

where

(1) p1,. .., pr+1 are self-contragredient supercuspidal representations of GL and Ty is
a generic supercuspidal representation of G;,, and
(2) the chain d(ay4j, pr+;) can be present only when (p,4 , 7o) satisfies (C%) or (C1).
In that case, a,.; is even or odd, depending on (p,+;, 7o) satisfies (C %) or (Cl),
resp. Also the p, ;’s are pairwise non-equivalent.
Of course, the complete classification of discrete series requires additional conditions
ona;, b;’s, such as ay, by, a,, b, are all distinct when p; ~ p,.
The necessity of the parity condition in (2) can be seen in the following proposi-
tion. First we need
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Lemma 3.14  Suppose (p, 1) satisfies (C1). Then L(s, p X p)~" divides L(s, p X 7o) ™!
as polynomials in q—, namely,

L(s,p x 1) = L(s, p X p) H(l —ujq )7,
j

where u; € Cis of absolute value 1.

Proof Let § be the square integrable representation, which is the unique subrepre-
sentation of Ind |det|p ® 7. Then by Proposition 3.1(2), L(s, p X §) is holomorphic
for Re(s) > 0. (For example, if we consider GL x SO(odd), the second L-function is
L(s, p, Symz), which is a form given in Proposition 3.1(2) by Lemma 3.4.)

Consider the induced representation Ind |det|*p ® d. By multiplicativity of v-fac-
tors,

(s, p X 8,0) = (s, p X T, P)Y(s + 1, p X p,P)y(s — 1, p X p, ).
If 1 — ug™* divides L(s,p x p)~!, then 1 — ug'™* appears in the numerator of
v(s — 1,p X p, ). Since L(s, p x §) is holomorphic for Re(s) > 0, it should can-
cel with a factor in the denominator of (s, p X 7o, %). Hence L(s, p X 75) ™! contains
afactor 1 —u~!q=. Note that L(s, p x p) = (1 —q~")"! = [[(1 — u;q°)"!, where
lu;| = 1. Hence if 1 — uq—* divides L(s,p x p)~!, then 1 — u~'q~ also divides
L(s,p x p)~ L [ |

Let o be a discrete series of GL; and 7 be a discrete series of G; with generic super-
cuspidal support. In [Sh1], the y-factor (s, 0 X 7, %) and the L-function L(s, o X T)
are defined only when 7 itself is generic. However, if 7 is not generic, we define the
~-factor (s, o X 7, 1), using the multiplicativity of «y-factors in Proposition 3.9. And
then as usual, we define the L-function L(s, o X 7) to be

L(s,0 x 1) = P(q )",

where P(X) is the unique polynomial satisfying P(0) = 1 such that P(q*) is the
numerator of (s, o X 7,1). We define the e-factor (s, o X 7, ) to satisfy the relation

V(5,0 % 7,9) = €(s, 0 mﬁ)%

Note that if two discrete series are subquotients of the same induced representa-
tion, they are in the same L-packet. Hence our definition of L-functions agrees with
Shahidi’s conjecture [Sh1, Section 9] that two discrete series which are in the same
L-packet have the same ~y-function.

Proposition 3.15 Suppose 0 = St(p, p) and T is a subrepresentation of

Ind[d(a, b, p)] ® 70.
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(We assume %” > p > b. The other cases are similar.) Then

p—1
- p—1 a—1 p—1
L(s,0 X 7) = L(s+ 5 ,pxro)gL(s+T 2 —1,p X p)
b—1
b—-1 p—-1 .
Lis+ —+— — X
xg (s+— S —hexp),

If 7 is a subrepresentation of Ind[d(a, p)] ® 7o, then (assume § > p — the other cases
are similar)

Lis+ 25, p x 1) [I75 Lis+ 551 + 257 =i p x p)  ifais even,

Lsoxm) =1 L5+ 22 p x m)

-1 - - . . .
L(S+p—_1p><p) HIZ‘)ZO L(S+aTl+pTl_lap><p) if ais odd.
2

Proof First we calculate L(s, o X 79). I(s, 0 ® 7p) is a subrepresentation of

—1

Ind |det|5+PTﬂp ® \det|5+p771_1p ® @ |det] ™7 p@ 7.

By multiplicativity of y-factors,

p—1
-1
V(5,0 % 0,1) = HW(HPT —i,p X 70,0).

If L(s,p X 79) has a pole at s = 0 (i.e., when I(s,p ® 7p) is reducible at s = 1),
then note that there is a cancellation between (s + PT71 —i—1,p X 79,%) and

(s — P771 +1,p X To,%). Hence

L(S,UXTO):L(S-I-p L, P X To)-

If L(s, p X Tp) has no pole at s = 0, then L(s, 0 X 79) = 1.
Next, suppose 7 is a subrepresentation of Ind[d(a, b, p)] ® 79. Then I(s,0 ® T) is
a subrepresentation of

a— b
Ind |det['St(p, p) @ |det| TSt p, %) ® To.

By multiplicativity of y-factors,

+b

—b
10,0 X7,) = (5, St(p, p) X 70,00y (s T2, St(p, ) x St(p, 5) ).
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We only do the case %* ’”b > p>b.Thena > p,and

p—1
p—1 a—1 p—1
L X =L(s+ X Lis+ — + — X
(s,0 x 1) = L(s P m@l(s 5 5 i,p X p)
b—1
b—1 -1
xHL(s+—+p——i,p><p).

2 2

i=0

Next, suppose 7 is a subrepresentation of Ind[d(a, p)] ® 7p. Then I(s,0 ® 7) is a
subrepresentation of

Ind |det[*St(p, p) ® |det|%[&zl]St(p7 [g} ) ® 7.

By multiplicativity of y-factors,

1 1
Y050 5 7,) = 305, 5tp. p) X 70, 0 (52 5[ 5= Selprp) x St(p. [ 5]) 0.

Suppose first a is even and for convenience, § > p. Then in (s — %, St(p, p) x
St(p, 5),), there is a cancellation between (s — % — %ﬁl +1i,p X p,v) and (s —
% + pT_l —i,pxp)fori =0,1,..., [pT_l]. Hence if p is odd, there is a middle
term (s — %, p X p, ), which cancels with itself. Therefore,

p— p—1

L(s,0 x 7) = L(s+ >

1
7pxwﬂjL@+——7+ —1i,pXp).

Suppose a is odd and for convenience, “;21 > p. Recall that (p, 79) satisfies (C1).

Theniny(s— %L, St(p, p) x St(p, 51),v), there is a cancellation between (s — 1 —
prl+i+1,p><p,1/1) and’y(s—1+PTl—i,p><p,¢) fori=0,..., [E]. Henceif p is
odd, only y(s—1— pr1, p % p, 1) contributes. If p is even, two terms 7(3— S, PX P, )
and y(s — 1 — PTfl, p X p,1) contribute. However, v(s — %, p X p, ) cancels with

itself. By the above lemma, y(s—1— pT_l, p X p, 1) cancels with y(s— pT_l, P X To, W),

Hence
L(s+ = l,p X To)
L(s,0 X T) = L(s +—+ —1i,p X p).
L6+leXp)II 2 P
This completes the proof of Proposition 3.15. ]

In general, when a discrete series 7 is a subrepresentation of

Ind[é(ala bla pl)] ®---® [d(ay, by, pr)] & [6(ar+1; pr+1)] ® - @ [0(ar, Pr+l)] & o,
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then

’7(570— X T7QZ}) = /Y(57 St(PuP) X 7—07’(/})

d i — b i+bi
x T (s st p) x St (1 “50) )
i=1

4

1

X Hv(s:l:%{aﬁj—i_ 1} ,St(p, p) X St(p,+j, [%]),1/})‘

j=1

Hence we have a similar formula as in Proposition 3.15 and we can see that L(s, o x 7)
is holomorphic for Re(s) > 0.

Exceptional groups will be treated on a case by case analysis. One of the key argu-
ments is the use of the multiplicativity of y-factors (Proposition 3.9). In the follow-
ing, 7 is a generic tempered representation.

3.1 D, Cases
3.1.1 D, —1 Case

See [As, Proposition 3.3]. Due to the complicated nature of the Levi subgroup, it is
difficult to apply the multiplicativity of «y-factors with Spin(2#), especially for Stein-
berg representations. Asgari’s idea is to use G Spin(2#n).

3.1.2 D, —2 Case

See [As, Proposition 3.3] or Lemma 3.11.

3.1.3 D, — 3 Case

See [As, Proposition 3.3].

3.2 E; Cases
3.2.1 Es—1

Case 1: 7 is a discrete series. If one of ;s is not supercuspidal, then by multiplicativ-
ity of y-factors, (s, w, r1, %) is a product of y-functions for rank-one situations for
GLy x GL;. Apply Proposition 3.10. If all of 7;’s are supercuspidal, then apply Lemma
3.4 and Proposition 3.1.

Case 2: 7 is not a discrete series. Then 7 is a full induced representation, unitarily
induced from discrete series. By multiplicativity of vy-factors, v(s, 7, 1, ) is a prod-
uct of y-functions for rank-one situations for Dy — 2, Ds — 2 and GLx x GL;. Apply
Proposition 3.10 and Lemma 3.11.
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3.2.2 E;—-2

Case 1: 7 is a discrete series. If m, is supercuspidal, apply Lemma 3.4 and Proposi-
tion 3.1. If m, is a non-cuspidal square integrable representation, it is given as the
unique subrepresentation of Ind | - > ®@ | - |@ p®@ | - |71 @ p| - | 2. By multiplica-
tivity of ~-factors, (s, m, r1, 1)) is a product of y-functions for rank-one situations
for GL; x GL, C GLs. Hence it is an Artin factor. Apply Proposition 3.10.

Case 2: 7 is not a discrete series. Then  is a full induced representation, unitarily in-
duced from discrete series. By multiplicativity of y-factors, (s, 7, r1, 1) is a product
of y-functions for rank-one situations for D5 — 3, Dy — 2 and GL; X GL;. Similarly for
L-factors. Apply Proposition 3.12. (Since 7 is unitarily induced from discrete series,
there are no shifts in the complex parameter s).

3.2.3 (x) Case; (xxiv) Case in [La]

Apply Proposition 3.1.

3.3 E; Cases
3.3.1 E -1

Case 1: 7 is a discrete series. If w1 or 7, is not supercuspidal, then by multiplicativ-
ity of y-factors, (s, 7, r1, %) is a product of y-functions for rank-one situations for
GLi X GL;. Hence it is an Artin factor. Apply Proposition 3.10. Suppose 71 and 7, are
both supercuspidal. If 75 is supercuspidal, apply Lemma 3.4 and Proposition 3.1. If
73 is given as the unique subrepresentation of Ind p|det|z ® p|det|~ 2, where p is a su-
percuspidal representation of GL,, then the rank-one situation in the multiplicativity
of v-factors, is Ds — 2 and GL; x GL;. Apply Proposition 3.10.

Case 2: 7 is not a discrete series. Then 7 is a full induced representation, unitarily
induced from discrete series. By multiplicativity of vy-factors, v(s, 7, 1, ) is a prod-
uct of y-functions for rank-one situations for Es — 1, Dg — 2, Ds — 2, D4, — 2, and
GLy x GL;. Similarly for L-factors. Apply Proposition 3.12.

332 E -2

Case 1: 7 is a discrete series. It is exactly the same as Eg — 2 case.

Case 2: 7 is not a discrete series. Then  is a full induced representation, unitarily in-
duced from discrete series. By multiplicativity of ~-factors, (s, 7, r1, %) is a product
of y-functions for rank-one situations for Es—2, D, —3,n = 4,5,6,D,—2,n = 4,5,
and GL; x GL;. Similarly for L-factors. Apply Proposition 3.12.

333 E, —4

Case 1: m is a discrete series. Suppose 7 is supercuspidal. If 7, is supercuspidal,
then apply Lemma 3.4 and Proposition 3.1. If 7, is a Steinberg representation, given
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as the unique subrepresentation of Ind 1| - |2 ® p|-|~2, then from Section 2.6.4,

L(1 — 3s,m,13) can have a pole only at Re(s) = % Apply Proposition 3.8.

Suppose 7 is given as the unique subrepresentation of Ind p\det|% ® p|det|’%,
where p is a supercuspidal representation of GL;. If 7, is supercuspidal, from Section
2.6.4, we see that L(s, 7, ;) = 1 and L(s, 7, ry) is of the form L(s, p X p ® w'), where
w’ is a unitary character. Hence we can apply Proposition 3.1. If 7, is a Steinberg rep-
resentation, by multiplicativity of vy-factors, v(s, 7, 71, ¢) is a product of y-functions
for rank-one situations for GL; x GL;. Apply Proposition 3.10.

Suppose 7 is given as the unique subrepresentation of Ind p|det|' ® p ® p|det| ™},
where p is a supercuspidal representation of GL,. By multiplicativity of v-factors,
~(s, m, 11, %) is a product of y-functions for rank-one situations for Dy —2 and GL, x
GL,. Apply Proposition 3.10 and Lemma 3.11.

If 7, is given as the unique subrepresentation of Ind |- |2 ® |- |2 @ p|- |2 ®
pl-|7r@pl- |7 @ pl- |73, it is similar.

Case 2: 7 is not a discrete series. Then = is a full induced representation, unitarily
induced from discrete series. By multiplicativity of vy-factors, v(s, 7, 1, ) is a prod-
uct of vy-functions for rank-one situations for Es — 2, Dg — 2, Ds — 2, Dy — 2 and
GLi x GL;. Same for L-factors. Apply Proposition 3.12.

3.3.4 (xi) in [La]

Case 1: o is a discrete series. If o is supercuspidal, apply Lemma 3.4 and Proposi-
tion 3.1. If o is a Steinberg representation, given as the unique subrepresentation of
Ind, p| - P@u| - *®- - -@u| - |73, then by multiplicativity of y-factors, (s, 7, r1, 1) is
a product of y-functions for rank-one situations for GL, C GLs. Apply Proposition
3.10.

Case 2: ¢ is not a discrete series. Then ¢ is a full induced representation, unitarily in-
duced from discrete series. By multiplicativity of y-factors, (s, 7, r1, %) is a product
of «-functions for rank-one situations for (x) in [La], A,_; C D,, n = 4,5,6, and
GLy x GL;. Same for L-factors. Apply Proposition 3.12.

3.3.5 (xxvi) and (xxx) in [La]

Apply Proposition 3.1.

3.4 Ej Cases
34.1 E—1

Case 1: 7 is a discrete series. If all of m;’s are supercuspidal, apply Lemma 3.4 and
Proposition 3.1. If not all of 7r;’s are supercuspidal, one of them is a Steinberg repre-
sentation, which is a unique subrepresentation of a principal series. Then by multi-
plicativity of y-factors, (s, 7, 11, ) is a product of vy-factors for GLy x GL;. Apply
Proposition 3.10.
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Case 2: 7 is not a discrete series. Then 7 is a full induced representation, unitar-
ily induced from a discrete series. By multiplicativity of v-factors, (s, 7, r1, %) is a
product of y-functions for rank-one situations for E; —1, Es—1,D,—2,n = 4,5,6,7,
and GLiy x GL;. Similarly for L-factors. Apply Proposition 3.12.

3.42 Ey—2

Case 1: m is a discrete series. If m, is a Steinberg representation, which is a subrepre-
sentation of a principal series, then by multiplicativity of y-factors, (s, 7, r1,%) is a
product of y-factors for GL; x GL;. Apply Proposition 3.10.

Suppose 7, is supercuspidal. If 7r; is supercuspidal, apply Lemma 3.4 and Proposi-
tion 3.1. If 7r; is a Steinberg representation, which is a subrepresentation of a principal
series, then apply Proposition 3.10 through multiplicativity of «y-factors. If 7 is given
as the unique subrepresentation of Ind p|det|2 ® p|det| 2, where p is a supercuspidal
representation of GL,, then by multiplicativity of v-factors, (s, 7, 1, 1) is a product
of v-functions for rank-one situations for Eg — 2, namely,

1 1
7(5, ™11, 1/1) = ’7(5 + E; 01, w)’Y(S - 57 02, ’l/])a
where o, 0, are square integrable representations of M’ whose derived group is SL, x
SLs. Note that L(s, 0;) is holomorphic for Re(s) > 0 by the Eg — 2 case and hence the
only possible pole of L(s, 7, 1) is Re(s) = %, which is excluded.

Case 2: 7 is not a discrete series. Then 7 is a full induced representation, unitarily in-
duced from discrete series. By multiplicativity of v-factors, (s, 7, r1, ) is a product
of v-functions for rank-one situations for E; — 1, E; — 2, Es—2,D,,—3,n = 4,5,6,7,
D, —2,n=4,5,6,and GL; x GL;. Similarly for L-factors. Apply Proposition 3.12.

343 Eg—5

Case 1: 7 is a discrete series. If 7 is supercuspidal, apply Lemma 3.4 and Proposi-
tion 3.1. If 7 is not supercuspidal, one of 71;’s is a subrepresentation of a principal
series, and apply Proposition 3.10.

Case 2: 7 is not a discrete series. Then  is a full induced representation, unitar-
ily induced from a discrete series. By multiplicativity of y-factors, (s, 7, r1, %) is a
product of y-functions for rank-one situations for E; — 4, Es — 1, Ds — 3, D,, — 2,
n=4,5,6,7,and GL; x GL;. Similarly for L-factors. Apply Proposition 3.12.

3.4.4 (xiii) in [La]

Case 1: o is a discrete series. If o is supercuspidal, apply Lemma 3.4 and Proposi-
tion 3.1. If o is given as the unique subrepresentation of Ind p|det|2 ® p|det| ™z,
where p is a supercuspidal representation of GL4, then from Section 2.7.6, we see that
L(s,m,r3) = 1and L(s, 7, 1) is of the form L(s, p X p ® w’), where w’ is a unitary
character. Hence we can apply Proposition 3.1. If o is given as the unique subrepre-
sentation of Ind p|det|? ® p|det|z ® p|det|~2 @ p|det|~2, where p is a supercuspidal
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representation of GL,, then by multiplicativity of v-factors, (s, 7, 1, 1) is a product
of y-factors for D4 — 2 and GL, x GL,. Apply Proposition 3.10 and Lemma 3.11. If &
is a Steinberg representation, which is a subrepresentation of a principal series, then
apply Proposition 3.10 through multiplicativity of y-factors.

Case 2: o is not a discrete series. Then o is a full induced representation, unitarily in-
duced from discrete series. By multiplicativity of v-factors, (s, 7, r1, ) is a product
of ~y-functions for rank-one situations for (x), (xi), A,—; C D,, n = 4,5,6,7, and
GLy x GL,. Similarly for L-factors. Apply Proposition 3.12.

3.4.5 (xxxii) in [La]
Apply Proposition 3.1.
In conclusion, we have proved:

Theorem 3.16 Let m be tempered and generic. Then, except possibly for the four cases
E; — 3, Es — 3, Eg — 4, and (xxviii) in [La] (D; C Eg), L(s, 7, 1) is holomorphic for
Re(s) > 0.

Remark In the four exceptional cases above, the Levi subgroups involve either a
group of type D, (spin group) or an exceptional group of type E¢. Due to lack of the
classification of generic discrete series for the groups of type D,, and Eg, we are unable
to prove the conjecture. However, we may only need a partial classification.

4 Proof of Assumption (A)
Recall the following from [Ki3]:

Assumption (A) Let m = ), m, be a generic cuspidal representation of M(A). Then
N(s, m,, wo) is holomorphic and non-zero for Re(s) > % for any v.

This assumption is absolutely necessary in determining poles of automorphic L-
functions in Langlands functionality [CKPSS, Ki-Sh, Ki5]. It is also essential in de-
termining the residual spectrum (cf. [Kil]). In fact, we need a stronger asseriton that
N(s, m,, wo) is holomorphic for Re(s) > 0. We start with:

Lemma 4.1 Let p be a supercuspidal representation of M(F,). Then the normal-
ized intertwining operator N(s, p, wo) is holomorphic and non-zero except possibly at
1

Re(s) = —1, unless m > 2 and the induced representation I(s, p) is reducible at s = 5,
1

in which case N(s, p, wy) is holomorphic and non-zero except at Re(s) = —3.

Proof By the general theoryin [Sh1],in (1.1), H:”:l L(is, p, ;) ~LA(s, p, wp) is entire
and non-zero for a supercuspidal representation p. Therefore the poles of N(s, p, wy)
come from zeros of H:”:l L(1 + is, p, ;)" L. However, by Lemma 3.4,

m
HL(l + iS, Ps T,‘)71

i=1
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has a zero at Re(s) = —% or —1, at only one of them. [ |
Lemma 4.2 Let , be a tempered, generic representation of M(F,). Then N(s, m,, wp)
is holomorphic and non-zero for Re(s) > 0, except for the four cases excluded in Theo-
rem 3.16.

Proof In (1.1), A(s, m,, wy) is holomorphic and non-zero for Re(s) > 0. By Theo-
rem 3.16, L(s, m,, ;) is holomorphic for Re(s) > 0 except for the cases excluded in
Theorem 3.16. Hence N(s, m,, wp) is holomorphic and non-zero for Re(s) > 0. For
Re(s) = 0, it is well-known by the theory of R-groups. (Or see [Zh, Lemma 2].) N

Lemma 4.3 Let 7, be a generic tempered representation which is a subrepresentation
of I(A, p), where p is a supercuspidal representation and the coordinates of A are half-
integers, i.e., (A, 3V) is a half-integer for all positive roots. Then N(s, ,, w,) is holo-
morphic and non-zero for Re(s) > —ﬁ, where mis asin (1.1).

Proof We only have to show for —ﬁ < Re(s) < 0. By the assumption, I(s, m,) C
I(sac+ A, p). Then

N(s, 7y, wo) = N(sa+ A, p, W) |15.1,)-

Note that (sa+A, 3Y) = is+ half-integers, wherei = 1, ..., m. Hence by Lemma4.1,
N(s@ + A, p,w’) is holomorphic except for Re(s) = % or %, wherei = 1,...,mand
n € 7. Forn € 7, we have 7, I+ ¢ (—ﬁ, 0), and so N(s, 7,, wy) is holomorphic for
—ﬁ < Re(s) < 0. Since its inverse is holomorphic in this region, it would have to
be non-zero there also. [ |

In many cases, such as M = GLi X SOy or GL X SO»y4.4, we have (sa+A, 3Y) = is+
integers. In those cases, N (s, 7,, wp) is holomorphic and non-zero for Re(s) > — -

m*

Corollary 4.4  Let , be a generic tempered representation.

(1) In the case of D,, — 2, N(s, m,, wy) is holomorphic and non-zero for Re(s) > — i.

(2) In the case of A,—1 C D,, N(s,m,,wy) is holomorphic and non-zero for
Re(s) > —%.

Proof Just observe that in the case of D, —2, A, C D,, 7, is a tempered represen-
tation of GL; and we know that any tempered representation of GLy is a subrepresen-
tation of I(A, p), where p is a supercuspidal representation of GL and the coordinates
of A are half-integers. u

In the case of GL; X GL; C GLy,, we have (see [Ki4, Lemma 2.10]):
Proposition 4.5 ([M-W2]) Leto (1) be a tempered representation of GLi (GLy, resp.).

Then the normalized intertwining operator N (s, c @ T, wy) is holomorphic and non-zero
for Re(s) > —1.
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Now let 7 = ), 7, be a generic unitary cuspidal representation of M(A). Then
for all v, m, is generic and unitary. Suppose 7, is non-tempered. The following
standard module conjecture is proved for various cases including GL,. Especially
it is true for archimedean places due to Vogan [V]. In [Mul], it is proved for Sp,,
and SO,,41 over non-archimedean places. In [Ca-Sh], it is proved for any quasi-split
group when 7 is supercuspidal.

Standard Module Conjecture Given a non-tempered, generic m,, there is a tempered
data 7y and a complex parameter Ao which is in the corresponding positive Weyl cham-

ber so that .
Ao,Hp ()
WV:IMD(A(),’]T()) :Indﬁo(m)@qé fo >>

Recall the following [Ki3, Lemma 2.4].
Lemma 4.6 If s&c + A is in the corresponding positive Weyl chamber for Re(s) >

together with standard module conjecture and Conjecture 7.1 of [Sh1], then Assumptio
(A) holds.

1
2
n

Lemma 4.7 ([Zh]) Let my be an irreducible tempered, generic representation and con-
sider the induced representation I(A\, my). Assume Conjecture 7.1 of [Sh1] for each rank-
one situation. If N(A, o, wy) is holomorphic at Ay, then it is non-zero at A,.

Recall:

Proposition 4.8 (Langlands [La2, Lemma 7.5] or [Ki3, Proposition 2.1]) Let w be a
cuspidal representation of M(A). Unless P = MN is self-conjugate and wom ~ 7, the
global intertwining operator M(s, 7, wy) is holomorphic for Re(s) > 0.

The following proposition is an immediate consequence of [Ki4, Proposition 1.8],
(see the proof of [Sh3, Theorem 5.2]).

Proposition 4.9 Letm = ), 7, be a unitary, generic cuspidal representation of M(A).
Fix a place v. If m, is non-tempered, assume the standard module conjecture and write
my as ™, = In, (Ao, mo). Assume Conjecture 7.1 of [Sh1] for each rank-one situation
so that Lemma 4.7 may be applied. Then the normalized operator N (s, m,, wy) and the
local L-function L(s, 7,, r1) are holomorphic for Re(s) > 1.

Proof Fix a place w where m,, is spherical. By checking the L-functions in Section 2
(or use [Ki-Sh, Proposition 2.1]), we can take a grossencharacter x such that
(1) xy» = 1 and x,, is highly ramified;
(2) wo(m @ x) £ 7@ X3
(3) wi(r! ® x) # 7! @ x for all i, where «/ is as in Proposition 3.5, namely,
L(s,m,1;) = L(s, 7/, r{), and w{ is the Weyl group element for 7/.
Then M(s,m @ x,wp) and M(s, 7/ ® x,w}) are holomorphic for Re(s) > 0 by
Proposition 4.8. Hence by omitting x, we can assume that M(s, 7, w,) and
M(s, 7!, w{) are holomorphic for Re(s) > 0.
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Recall (see [Sh3, (2.7)])

(4.1) M(s,m,wo) f = ﬁ Ls(is, m,ri) ®fu ®®A S, Ty Wo) fu,

Ls(1 +is,m,1;) s

where S is a finite set of places including archimedean places such that v € S and 7,
is unramified for u ¢ S, and f = @), f. is such that for each u ¢ S, f, is the unique
K,-fixed function normalized by f,(e,) = 1 and fu is the K,-fixed function in the
space of I(—s, wy(m,)), normalized in the same way.

Now, by induction, we show that for all 7, Lg(s, 7, r;) is holomorphic for Re(s) > %,
and has no zeros for Re(s) > 1. For each u € S, A(s, m,, wy) is not a zero operator.

Since M(s, 7, wy) is holomorphic for Re(s) > 0, the quotient [}, Lfglfl;;:’r is holo-

morphic for Re(s) > 0. Now starting at Re(s) > Ny, where lel Ls(is, m, 1;) is
absolutely convergent, and arguing inductively, we can see that [, Ls(is, 7, ;) is
holomorphic for Re(s) > 0.

Next, recall the 1)-Fourier coefficient of the Eisenstein series [Sh2] (see [Ki3, Lem-

ma 2.3]):
HMES qu(s e“)
Hl L Ls(L+is,m 1)

Since M(s, 7, wy) is holomorphic for Re(s) > 0, the Eisenstein series is holomorphic
in the same region, and hence H:"Zl Ls(1 + is, 7, r;) has no zeros for Re(s) > 0.

Now we apply the induction on m. First, let m = 1. It is clear. Suppose our
assertion is true for Lg(s, 7r ti),i =2,...,m,ie, forall 2 < i < m, Lg(s,m,1;) is
holomorphic for Re(s) > 5 , and has no zeros for Re(s) > 1. Since H 1 Ls(is, m, 1;)
is holomorphic for Re(s) 2 0, Ls(s,m, ry) is holomorphic for Re(s) 2 % Since
H;il Ls(1+is, 7, r;) has no zeros for Re(s) > 0, Ls(s, 7, r1) has no zeros for Re(s) > 1.
This finishes the induction step.

Applying the induction again on m, this time for the local L-functions, we can
assume that L(s, 7,,7;), i = 2,...,m, is holomorphic for Re(s) > 1. Now we nor-
malize A(s, 7, wp) as in (1.1). Since for each u € S, u # v, A(s, m,, wy) is not a zero

operator, pick f,, u € S, u # v, so that A(s, 7, wo) f, 7 0. Then (4.1) is written as

Eq/( feP)

M(s, 7 w) f = H Ls(is, 7, 1;) HLL(zs S Ty 1i) ®fu

Ls(1 +is,m,1;) P 1+is,m,1;) ugs

N(S) Ty, WO)
0 A(57 Ty y Wi ) u® m .
ueg#v 0 Hi:l €(s, Ty, 11, y)

Now pick Ny > 1 so large that L(1 +s, 7, 1) has no poles for Re(s) > Nj. If Re(s) >
No—1, the left-hand side is holomorphic and each term on the right-hand side except
possibly N(s, m,, wy) is not zero there. Hence the normalized operator N(s, m,, wp)
is holomorphic for Re(s) > Ny — 1. By Lemma 4.7, N(s, 7,, wy) is non-vanishing
for Re(s) > Ny — 1 (apply it by identifying N(s, m,, wp) with N(s& + Ag, 79, wo)).
Hence L(s, ,, 1) has no poles for Re(s) > Ny — 1. Arguing inductively, we see that
L(s, m,, r1) has no poles for Re(s) > 1. [ |
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The above proposition has a very important application when applied to the Eg—2
case. Let 1 = @), 7, be a cuspidal representation of GL,(A). Let diag(cv, 3,) be
the Satake parameter for an unramified 7,. Let 7, = A3(7) = Sym®(7) ® w !,
constructed in [Ki-Sh], and m, = Sym*(7), constructed in [Ki5]. Then we obtain
the L-function L(s, ™, ® 2, ps ® A2ps) in the Eg — 2 case. In [Ki-Sh2], we applied
the machinery of [Sh3] and showed that g, "/* < lowl, 18,] < q},/ ?, using the fact that
the local L-function L(s, ,, r1) is holomorphic for Re(s) > 1 for 7, unramified [Sh3,
Lemma 5.8]. Now our explicit calculation of the L-functions enable us to extend the
result to the archimedean places, thanks to Proposition 4.9. Let S be a finite set of
places of finite places such that 7, is unramified for v ¢ S, v < oo. By standard
calculation, we have

L5(57 ™ & T2, P4 @ /\2/05) = LS(57 T, SYmQ)LS(Sv T, Sym7 ®w7r)
X Lg(s, m, Sym5 ®w72T)2L5(s, Sym3(7r) ® wfr)st(s, T® wﬁ).
This immediately implies meromorphic continuation and the functional equation of
the 9th symmetric power L-functions. Now Proposition 4.9 implies that for each v,

L(s, Ty, ® T2y, pa ® A2ps) is holomorphic for Re(s) > 1, and so is L(s, 7,, Symg).
Therefore we have:

Theorem 4.10 Let ™ = ®,m, be a cuspidal representation of GL,(A). Let 7, be a local
(finite or infinite) spherical component, given by w, = Ind(|- [}* ® | - |>"). Then

1
| Re(sir)| < 5
IfF = Q, v = oo, this means

1 77
A= —(1—-+5)>-— ~0.238,
4 324
where s = 251, = —2sp, and Ay is the first eigenvalue of the Laplace operator on the
corresponding hyperbolic space.

Now we prove:

Theorem 4.11 Assumption (A) holds except possibly for the following twelve cases.
Five cases where the standard module conjecture is not available: B, — 1 (Spin(2n+1));
D, — 1(Spin(2n)); (xxx) in [La] (Es C E;); Es — 4; (xxxii) in [La] (E; C Ejg).
Seven cases where the Levi subgroup contains a group of type B3, Cs, D,,: (xviii) in [La]
(Bs C Fy); (xxii) in [La] (C5 C Fy); (xxiv) in [La] (Ds C Ee); E7 — 3; (xxvi) in [La]
(Dg C E7); Eg — 3; (xxviii) in [La] (D; C Eg).

By Lemma 4.2, we only have to show for non-tempered 7,. Using standard mod-
ule conjecture, we denote

I(s,m,) = I(sé + Ao, ™) C I(sa + Ay, 0,),

https://doi.org/10.4153/CJM-2005-023-x Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2005-023-x

Local L-Functions 589

where 7 is a generic tempered representation and o, is a generic discrete series.
Hence we can identify N(s, 7,, wy) with N(sé& + Ay, mo, Wo). Also we have

N(S7 Ty, WO) = N(S& + A(/)v Oy, W/)‘I(SJTV)'

It is enough to show that N(sa& + A/, o,, w’) is holomorphic for Re(s) > % Then

N(sa + Ay, mg, Wp) is holomorphic there, and by Zhang’s lemma (Lemma 4.7), it is
non-zero as well. In what follows, we can assume that s is real. All we need to do
is that for % < s < 1, rank-one normalized operators are holomorphic. We can
see checking case by case, that in the cases under consideration, rank-one operators
for the exceptional four cases which were excluded in Theorem 3.16 do not appear.
By identifying roots of G with respect to a parabolic subgroup, with those of G with
respect to the maximal torus, it is enough to check (s& + Ay, 8Y) > —1 if the rank-
one operators are for those of GL; X GL; C GLiy;. If there are rank-one operators for
other situation, we need to check (s + Ay, 3Y) > — 5.
We check case by case. First recall the classification of unitary representations of
GL,(F,) due to Tadic [Ta]: a generic, unitary representation m, is of the form

7, = Ind |[det|" o) ® |det| o, @ 71 @ - @ 7 ® |det] For @ - - - ® |det] oy
= I(Aog, ),

where0 < r <---<r < % andoy,...,0k 71, ..., arediscrete series of GL,, (F,).
Here we can write Ag as Ag = sje; +s2e3+- - - +(—5s3)e,—1+(—s1)e,, where 0 < sz <
< <5 < % In terms of roots, Ag = sja1+(s1+sy)an+- - -+ (s +- - ~+s[g])a[§]+
(s1+--+spz)—1)aqzyer + - + 5101, where {aor=e1—er,...,n_1 = €11 — ey}
is the set of simple roots.

Also let 7 = @), 7, be a generic cuspidal representation of

Gn(A\) = SpZn(A\)> SOZn+1 (A\)
We showed in [Ki4, Lemma 3.3] that 7, is of the form
7, = Ind |[det|" 1 ® - - - @ |det|" 1, @ 19 = I(Ag, o),

where 0 < rp < ... <r; < landT,...,Tyare discrete series of GL,, (F,) and 7y is
a generic tempered representation of Gj(F,). We can write Ag as Ag = sje; + -+ +
Suens Wwhere 0 < 5, < .-+ < 51 < 1. We did not treat SO,, in [Ki4] because the
standard module conjecture was not available. However, it is now proved for SO,,
by Mui¢ [Mu2]. Hence we have the same result, except that Langlands’” data are more
complicated [Jal]: 7, is of the same form as above, or it is induced from the Levi
subgroup M = GL,, X --- x GL,, x F*.In that case,

7, = Ind |det|" 7y ® - - - @ |det|* k1 @ | | = I(Ag, 7o),

where |ry| < r—1 < --- < r < 1,and 7, ..., 7} are tempered representations of
GL,, and p is a unitary character of F*. Hence in the case of SO,,, we can write A,
asNg = sje; + -+ +s,—1€,—1 + Spen, where |s,| <5, < -0 <5y < 1.
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4.1 D, Cases

D, — 1: We cannot prove Assumption (A) if 7, is an arbitrary generic cuspidal rep-
resentation of G Spin(2/,A) since the standard module conjecture is not available.
So let , be a generic cuspidal representation of GSO(A) and extend it to a generic
cuspidal representation of G Spin(2/, A\), using the homomorphism G Spin(2]) —
GSO,;. Then we can apply the standard module conjecture.

In this case, & = e;+- - -+ex; Ag = riey+re+- -+ (—r)ex_1+(—r1)ep+ i€+
o+ Ty_1ey_1 + ey, where 2 > > > g 201> fy = 2 1y 2 |72
Hence

s+ ANy =(s+r)eg+ -+ (s—r)ex+rip1€1 ++rp_16,_1 + 1pe,.

Therefore, we see that if s > %, s—r1—"1ke1 > —1 for rank-one situations of GL, X GLy,.
Other rank-one situations appear only when r,, = 0 for some m > k. In that case,
rank-one operators are in the corresponding positive Weyl chamber, and Lemma 4.6
applies.

D, —2:Inthiscase, & = e; +---+e,_23 Ng = rje; +tnes + -+ (—r)e,—3 +
(—=r)en—2 + s1(en—1 — €x) + s2(es_1 + €,), where 2 > r; > r, > .-+ > 0and
% > 51,5, > 0. Here m,, is tempered if s; = 0. Hence

st+Ag = (s+r1)e +(s+r)er+ - -+ (s—12)e,—3+(s—11 e —r+(s1+52)en_1+(—s1+52)ey,.

The rank-one situations are GL, X GL;, unless s; or s, is zero, in which case we can
see that the rank-one situations are in the corresponding positive Weyl chamber, and
Lemma 4.6 applies. Suppose none of s; and s, are zero. Then the least value of
(sav+ N, BY)iss — (r; + 51 +57) > —1,if s > %

D, —3: Inthis case, A\g = rie; + ey +- -+ (—r2)ey_g+(—11)en—3+(r] +73)en_a+
(r{ — r))en—1, where 3 >r; > ... > Mu—s) > 0,1 >r{>r,>0.Herer; =0ifm,
is tempered. The same is true for 7,,. Hence

sitNg=(s+r)e+-+(s—r)e, s+ (r] +1))esa+ (r] —1)es_1.

The rank-one situations are GLy X GL;, unless r{ = r; # 0, in which case the
rank-one operator is for D — 2. It is the case when m,, = Ind |det|” p @ |det|™" p,
where p is a tempered representation of GL,. Then by direct computation, we see that
N(sa + Ay, mo, W) is a product of the following three operators; N(s&’ + AJ, m, ®
pRp,wo), N((s—2r")a' +Af, m, @w,, w), N((s+2r" )&’ + Aj, T, @ w), wp), where
sa’+ Ay = (s+r)ep + -+ (s— r)e,—3. The first operator is the operator for the
Dy — 2 case and it is in the corresponding positive Weyl chamber and Lemma 4.6 ap-
plies. The last two operators are the operators for GL; x GL;. Since s —2r' —r; > —1
if s > %, they are holomorphic.

Suppose we are not in the above case. Then the least value of (s& + Ag, 8Y) is
s—(rn+r+r)>-—1ifs> %
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4.2 F, Cases

F4 —1: 5[3 = 261 + e + es; Ao = roaq +riop + roy, 0 S r,rn < % Here ifr2 =0,
my, is tempered. Then

r r r r
sas + Ay = (25+51)61+(S—51+1’2)€2+(S— El —rz)e3+zle4.

The rank-one situations are GL; x GL;, and the least value of {s& + Ag, 3Y) is
s—(ri+nrn)>—-lifs > %

Fy,—2:6p = %(361 +eyteste); Ng =rar+rnas+na,0<r,n< % Here 7y,
is tempered if r; = 0. Then

s@y + A() =

e; +

35+ s—rn
€1+(

s—n Ss—n
(

+T2) e+ - 1’2) €y4.

The rank-one situations are GL; x GL;, and the least value of (s& + Ay, 3Y) is
S-(Tl +T2) > —llfSZ %

(xviii) in [La] (B C Fy): Then &; = e;. We cannot prove Assumption (A) if m
is an arbitrary generic cuspidal representations of G Spin(7,A) since the standard
module conjecture is not available. So let 7 be a generic cuspidal representation
of SO7(A) and extend it to a generic cuspidal representation of G Spin(7,A), using
the homomorphism GSpin(7) — SO;. Then we can apply the standard module
conjecture. However, Ay = a,e, + asze; + asey, where 1 > a; > a3 > a4 > 0 and

5661 + Ao = se; + axey +ases + asey.

We can see that the least value of (s + Ag, 3Y) is s — (a; + a3 + a4). Hence we need
to assume that a, < 1, in order to conclude that s — (a, + a3 + as) > —1ifs > 1.
In order to obtain a, < %, we need a functorial lift from cuspidal representations of
SO; to GLg.

(xxii) in [La] (C3 C F,): Similar to the above case.

4.3 Eg Cases

E6 — 1: 6&3 = e +te +e + 3€; Ao = 1oy + rion + rnoag + rnoas + r3oe, where
0<r,m,nmn< % Here r; = 0 if 7y, is tempered. Then

séz + A() = (5+ T1)€1 + se; + (5 — 7'1)63 + (1'2 + T3)€4
+ 1365 + (13 — 1)es + (3s + 13)e.

The rank-one situations GL; X GL; and the least value of (s&3 + Ag, 3Y) is s — (r; +
r2+r3)when5: a3.And$— (Tl +T2+T'3) > —llfSZ %.

E6 —2: 6[2 —=e te + 26; AO =roa; +naos + (7'2 + 7’3)044 + (T’z + T'3)O[3 + 10, where
0<r <1and0<r <r, <r < i. Notethat,, is tempered if r; = 0. Then

sty +Ayg=(s+r)e+(s—r)e+ (r +13)e3

+ req + (Tz — 7’3)65 + (25 + 7'2)6.
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The rank-one situations are GL; x GL;, unless 7, is tempered, i.e., r, = r3 = 0,
in which case the rank-one operator is for Ay C Ds and it is in the corresponding
positive Weyl chamber and Lemma 4.6 applies. Suppose 7, is not tempered. Then
the least value of (s&. + Ag, 8V ) iss — (r; + 1y +13) > —1,if s > %

(x)in [La] (SLg C Eg): g = 26; Ay = rieg + ey +r3es+(—r3)es + (—13)es + (—r1)es,
where0 <r; <rn <n< % Hence

sCg + A() =re +ne +re+ (—1’3)64 + (—1'2)65 + (—T1)€6 + 2se.

The rank-one situations are GL, X GL;, unless r, = r; = 0, in which case the rank-one
operator is for A; C Dy. It is the case when o, = Ind?ﬁ"xGL‘leX |- "p@p@|-| ",
where p is a tempered representation of GL4(F,). We can see easily that it is in the
corresponding positive Weyl chamber and Lemma 4.6 applies. Suppose we are not in
the above case. Then the least value of (s + Ay, 3Y) iss — (r; + 1, + 1r3) > —1, if

1
522.

(xxiv) in [La] (Ds C Eg): &; = e + €. We cannot prove Assumption (A) if 7
is an arbitrary generic cuspidal representations of G Spin(10, A\) since the standard
module conjecture is not available. So let 7 be a generic cuspidal representation of
SO10(A) and extend it to a generic cuspidal representation of G Spin(10, A), using
the homomorphism G Spin(10) — SOj. Then we can apply the standard module
conjecture. However,

AO =raoas+ (Tl + T2)Oé4 + (1’1 + 1+ 7'3)043

1 1
+ E(Tl +rt+rstry— T'5)O[2 + 5(1’1 +rtr3try +T’5)O[6,
where 1 > 1] > 1, > 13 > 14 > |rs|. Then
i 1 1
SO +A0 = se; + E(T] +rt+rtr —T5)€2 + E(T] +rt+r— T4+T5)€3
1 1
+ E(T’] +1ry—r13 +T'4+7'5)€4 + E(T’] — 1+ 13 +T'4+7'5)€5
1 1
+ E(_rl +ry+r3+ry+715)eg +(s+ E(rl +ry+r3+ 1y +75))E

We see that (sév; + Ag,e; —e3) = s — %(1’1 +1r+1r3+1r,—15). Weneed r; < % to see
that (sci; + Ag,e1 —ey) > —1ifs > % In order to obtain r; < %, we need a functorial
lift from cuspidal representations of SOy, to GL;4, which is not yet known.

4.4 E; Cases

E7 —1: d4 =€ +€2+63+€4+4€3; Ao = 1o +(T1 +T2)012 +riosz+r3as 1306+ o,

where 0 <, <1 < %,0 <rsyrg < % Here 7}, is tempered when r; = r, = 0.
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Then

st +ANg=(s+r)er+(s+mn)e+(s—r)es+(s—r)eg+ (r3 +14)es

+ ryeq + (T4 — 7’3)67 + (45 + 7'4)68.

All rank-one situations are GL, X GL;, unless r; = r,, r3 = r, = 0, in which case
the rank-one operator is for Ds — 2. It is the case when 73, = Ind |det|"p & |det| ~"p,
where p is a tempered representation of GL,(F,). We can see easily that it is in the
corresponding positive Weyl chamber and Lemma 4.6 applies. Suppose we are not in
the above case. Then the least value of (s + Ag, 3Y) iss — (ry + 13 +14) > —1, if
s> 1.

E7—22 6[3 =€ +€2+€3+3€8; AO = TlOél+T’10¢2+1’20[6+(T2+T’3)055+(1'2+1’3)Oé4+1'20[7,
where 0 < r; < %, 0<rn<n< % Here r; = 0 if 7y, is tempered. Then

stz + ANy = (s+r1)ey +sey+(s—r1)es+ (r +13)e4

+ 1ryes + (1 — 13)eg + (3s + 12)es.

The possible rank-one cases are Ay C Ds, in which case r, = r; = 0, or Ds — 2,
in which case, 1, = 0, r, = r3. The remaining cases are GLy x GL;. In the first
two cases, the rank-one operators are in the corresponding positive Weyl chamber
and Lemma 4.6 applies. In the remaining cases, the least value of (sé; + Ao, V) is
s—(r+r+r)>—1ifs> %

E7—42 6&5 =€ +€2+€3+€4+€5+368;A0 =110 +(Tl +T'2)O[2+(T’1 +T2+I’3)O[3+
(T’] + 7’2)0[4 + oy + ryoe, where ry =0 ifﬂ'zv is tempered and 0 < 13 <n<n< %.
Then

sts+ Ny = (s+r)er+(s+mn)e+ (s+r3)es+ (s —13)ey

+(s—ryes+ (r; +ry)es+ (r; — ry)e; + (3s+ rq)es.

All rank-one cases are GL; X GL;, unless r; = r, = r3 = 0, in which case the rank-one
operator is for As C Ds. We can easily see that it is in the corresponding positive Weyl
chamber and Lemma 4.6 applies. Suppose we are not in the above case. Then the least
value of {(s&. + Ag, 8Y) iss — (r; + 1y + 1) > —1,if s > %

(Xi) in [La] (SL7 C E7)! a7 = 2eg; AO =r1e; + ey +ri3e3 — r3es — e — riey, where
0§r3§r2§r1<%.Then

sy + AO =r1e] + ey + 1363 — 1385 — e — r1€7 + 2seg.

All rank-one cases are GL; x GL;, unless r, = r;3 = 0, in which case the rank-one
operator is for As C Dg. It is the case when o, = IndgfoLsxFX | 'p@p®]|-| "1
where p is a tempered representation of GLs(F,). We can easily see that it is in the
corresponding positive Weyl chamber and Lemma 4.6 applies. Suppose we are not in
the above case. Then the least value of (s& + Ay, 3Y) iss — (r; + 1, + 13) > —1, if

1
522.
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4.5 E; Cases

Eg —1: 5[5 =e tete;testes — 569; Ao = r1ey + ey — ey —ries+rieg —ryeg +
ra(es +e; +eg), where0 <r, <r < %,0 <n< %,andO << % Then

sés + Ag = (6s+11)e; + (65s+12)e; + 6se3 + (65 — 12)ey
+(6s—r11)es + (5s+ 13+ 14)eg + (5s+ ry)es + (55 + 14 — 13)es.

The possible rank-one cases are Es — 1, in which case r, = r; = r4, = 0, or D5 — 2,
in which case r; = r,, r3 = ry = 0. The remaining cases are GLy x GL;. In the first
two cases, the rank-one operators are in the corresponding positive Weyl chamber
and Lemma 4.6 applies. In the remaining cases, the least value of (sés + Ao, V) is
s—(rn+r+r)>—1Lifs> 1

Eg —2: 04 = e +e +e3+ ey —4deg; Ny = r1e; + ey — raes — rieq + r3a7 + (r3 +
ry)o + (r3 + 14)as + r3ag, where 0 < r, <1 < % and0 <ry <r < % Then

sty + Ay = (5s+r1)eg + (5s+13)ey + (5s — 1rp)es + (55 — 11)ey
+ (4s+ 13+ 14)es + (4s+13)eg + (4s + 13 — r4)e; + 4dseg.

The possible rank-one cases are Eg — 2, in which case r; = r,, 3 = r4 = 0, or Dg — 2,
in which case r; = r, = 0, r3 = r4, or Dy — 2, in which case r; = 1y, 13 = 714.
The remaining cases are GL; X GL;. In the first case, the rank-one operator is in the
corresponding positive Weyl chamber and Lemma 4.6 applies. The next two cases
occur when m,, = Indgiixw a1, |det|’p @ p @ |det|™"p, where p is a tempered
representation of GL,. By direct computation, we see that the operators for Dg — 2
and Dy — 2 are in the corresponding positive Weyl chamber. For example, if 7y, is
tempered, then we have the operator N(s, 7, ® p @ p,w'). If m, is of the form
Indgﬁxa2 |det|"”" p’ ® |det|~"" p’, where p is a tempered representation of GL,(F,),
then we have the operator N(s — /', p’ @ p ® p, w'’).

In the remaining cases, the least value of (séy + Ag, 8Y) iss — (r + 13 +14) > —1,
if s > %
Eg —5: & = €1+€2+€3+€4+€5+€6—3€9;A0 = 110 +(T’1 +7’2)042+(7’1+1”2+
r3)az + (r +rp+1r3)aq + (n +r)as + riag + reag, where0 < r; <r, <r < % and
0<n< % Then

sbig+ Ny = (4s+r1)e; + (4s+1y)ey + (4s+13)es + 4sey
+(4s—r3)es + (4s —ry)eg + (Bs+ 1 +1y)e; + (Bs+ 1 — 1r4)es.

All rank-one cases are GL X GL;. The least value of (ség+Ag, 3Y) iss— (r1+ry+714) >
—1,ifs > 1,
y 1S 23

(xiii) in [La] (SLy C Eg): édig = —3eo; AQ =r1e] + ey +1r3e3 + reeqs — 1465 — 1365 —
re; —rieg, where0 <ry <r;s <rn<n< % Then

stg+ Ay = (Bs+r)eg + (3s+r)ey + (Bs+13)es + (3s+ 14)ey

+ (3s —ry)es + (3s — r3)eg + (3s — ry)e; + (35 — 11 )es.
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All rank-one cases are GL; X GL;, unless r, = r; = r4, = 0, in which case the rank-one
operator is for A5 C Ds. It is the case when o, = Ind]figxaﬁxpX | "n@p@]|- |1,
where p is a tempered representation of GLg(F,). We can easily see that it is in the
corresponding positive Weyl chamber and Lemma 4.6 applies. Suppose we are not in
the above case. Then the least value of (s + Ag, 3Y) iss — (ry + r, + 13) > —1, if

1
522.

Corollary 4.12 (Corollary to the D, — 1 case) Look at the D, — 1 case (A,—1 C D,
with n odd). Let 7 be a cuspidal representation of GL,(A) with n odd. Then the twisted
exterior square L-function L(s, m, \> ® X) is entire for any grossencharacter y. Hence
the twisted symmetric square L-function L(s, w, Sym” ®x) always has a pole ats = 0, 1.

Proof Apply [Ki3]. ]

Corollary 4.13 (Corollary to the Eg — 2 case) Look at the Es — 2 case. Let my,m;
be cuspidal representations of GLy(A), GLs(A), resp. Then the completed L-function
L(s, T @ 2, pa @ N2ps) is entire.

Proof Apply [Ki3, Theorem 3.11]. ]

Remark 1In the case when G = Sp;,,SO5,41,S0,,, and M = GL,, we have a
stronger result that N(s, o,, wp) is holomorphic and non-zero for Re(s) > 0. Just
note that a generic, unitary representation o, is of the form

o, = Ind |det|" 07 @ |det|*ox @71 ® -+ © 1 @ |det| Hox @ -+ - @ |det| "oy,

where 0 < 1. < --- <1 < % and 0y,...,0%,711,...,7 are discrete series of GL.
Then I(s, 0,) is

Ind |det|: ™ oy @|det| > T oy @ det| > 7y @ - -®|det| 7@ det|? oy @- - -®|det|: oy,
if G = SO3441, SO,,,, and
Ind |det[" oy ® |det|* " oy @ |det|'r; @ - - - @ |det|'r; @ |det| F o @ - - - @ |det| "oy,

ifG= SPZn-
All rank-one operators are holomorphic and non-zero for Re(s) > 0.
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