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MORE TRANSIENT RESULTS FOR GENERALISED
STATE-DEPENDENT ERLANGIAN QUEUES

B. W. CONOLLY,* Chelsea College, London

STATE-DEPENDENT QUEUES; GENERALIZED BIRTH AND DEATH PROCES-
SES; TIME-DEPENDENT RESULTS

Setting examination questions is often a nuisance, but occasionally it can be a
productive exercise. Recently it enabled some gaps in Conolly (1975) to be filled. In
that paper single-server queueing systems driven by (A, u,.) arrival and service mechan-
isms were discussed. These basically exponential mechanisms fluctuate with system state
n. Three models were considered.

Model A, having A, = A, w, = pn (A, . >0), embodies the notion of server coopera-
tion and it possesses compound Poisson state probabilities

pa(t) = e " pA(D)}"/n!,

where p=A/u, A(t)=1—e™*, for all non-negative state sizes n, given that p,(0)=1.
This system mimics M/Mj/x.

Model B has A, =A/(n+1), w, =p (A, w>0). This embodies customer reluctance or
discouragement. Although the asymptotic form of p,(t) as t — « is identical with that of
Model A, the time-dependent behaviour is less elegant (Natvig (1974), Van Doorn
(1981)).

Model C incorporates the mechanisms of A and B. Thus A,=A/(n+1), u,=
un(A, u >0). Service is cooperative and customers reluctant. The asymptotic form of
the state probabilities is easily obtained, namely, as t — o, p, (t) — p,, where

n

o P
" nltn! (203
Here and in the following
2 n+2j
Z (x/2) (n integer)

'(]+ )l

is the modified Bessel function of the first kind with argument x and order n. It satisfies
the differential equation

x2y"+xy' —(x*+n?%) =0.

The examination exercises referred to enable it to be stated that p,(t), with initial
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value po(0) =1, is generated by P(x, t) =) x"p,(t), where
Io(2(px)?)
L[2{p(1+(x = De ™)}
This result is obtained by showing in the usual way that P(x, t) satisfies

. aP;:, t) +oux(x—1) %’;’Q =A(x—-1)G(x,t)

m P(x,t)=

where
Gx, 0= L P(y, 1) dy,

and using Lagrange’s method to obtain the first obvious integral u = (x —1)e™" of the
characteristics. The other pair of equations can be written as
3G(x, 1) pG(x,1)

x> x

0,

which, by transformation of the Bessel function differential equation, can be seen to be

satisfied by X K
G(x, t) = x2I,(2(px)?).

This gives for the second integral
P(x,t) d

o [x2I,(2(px)?)],

where v is the integration constant. Since I,(x) = I5(x), and by use of the fundamental
differential equation, we can express the general solution v = F(u) in the form

P(x, t) = po(2(px ) F[(x — 1)e ],
where F is a function whose form is revealed by the initial condition P(x, 0) = 1. Thus
F(x) = [pf2(p(x + 1)H]",

and (1) follows.
In particular,

(t)=—1-

P = L @A)’
5 (P [ 12<2(pA<t>)j]
@ PO = s oamp LM L aAmn)

and, for the record, the mean m(t) is
_p'L(2pY)
10(205)

Conolly (1975) mentions an even more efficient mechanism than Model C. This is
characterised by A, =A/(2n+1), w, =2pn (A, w >0) and, under the same initial condi-
tion po(0) =1, this can be dealt with similarly. A specimen result is

1
cosh (p(1—e )"

No doubt future generations of students will produce others.

3) m(t) AQD).
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