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ON THE GENERALIZED TEICHMULLER SPACES AND
DIFFERENTIAL EQUATIONS

AKIKAZU KURIBAYASHI

It is well known that for the family F of Riemann surfaces {R(z)}
defined by the equations ¥* = a(x — 1)(x — 2), 2 C — {0,1}, we have one
independent abelian differential w = y~'dx on each R(2) and if we con-

sider z as a parameter on C — {0, 1}, the integrals r y'dx (g, h=0,1, 00)
g

are solutions of the Gauss’s differential equation
d*w dw w
2(z )dz2+(z )dz+4

If we take two suitable solutions w,(z), w,(2) of the equation, and denote
the ratios of w,(2) and w,z) by =, then the inverse function z(r) is a
single valued holomorphic function on the upper-half r plane.

The first aim of this paper is to consider families of Riemann sur-
faces for the differential equations of Fuchsian type, just as we have
considered the family F' for the Gauss’s differential equation. These are
investigated in §1 and §2. The second aim is to investigate the ana-
lytic properties in these families by considering the symmetric domain
H which was introduced by Shimura [9] and the generalized Teichmiiller
space which was constructed in [5]. These are studied in §3. The
main result here is Theorem (3.3.7), which is an answer to the exten-
sion of the case of the Gauss’s differential equation.

Just as for the family F' the parameter z is the Lambda function
in the upper half plane, and is represented by the quotients of theta
constants, our third aim is to similarly investigate the analyticity of the
parameters, which we have in 1.3, in the complex structure. We study
this problem in §4, wherein an answer is given by Theorem (4.2.11).
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§1. A family 2(¢’,n,{v, - - -,v,}) of Riemann surfaces

1.1. Let R be a compact Riemann surface of genus g(>1). Let ¢
be an automorphism of R. We say that (R,s) and (R’,¢’) are isomor-
phic if there exists a holomorphic bijection f: R — R’ such that fo = ¢'f.
We denote by <{R,s) the isomorphism class of (R,s). Let n be a prime
number and {v,, ---,v,} be a set of positive integers such that 1 <y, <n
A <i<7r). We denote by 2(¢9',n, {v, - - -,v,}) the set of all isomorphism
classes of (R,o) satisfying the following conditions:

1.1.1) (i) ¢ is an automorphism of order n with r fixed points.
(ii) R/G = R’ is of genus ¢’, where G is the cyclic group gen-
erated by o.
(iii) o can be represented as ¢, — £, + --- (C = exp (2ni/n)),
where t;, is a local parameter at ¢,, a fixed point of ¢, and
¢ runs from 1 to 7.

Clearly in (iii) the coefficient {** does not depend on the choice of local
parameter.

1.2. Let K (resp. K’) be the field of meromorphic functions on R
(resp. R’). Then K is a Galois extension of K’/, whose Galois group can
be identified with G. Then there exists an element y of K such that
a(y) = Cy, K = K'(y) and y" e K’. If K’ is the rational function field, then
we can write the equation of R in the form

1.21) y" =@ — a)™@ — )™ - (X — Qg )™, BYMy + -0+ Mgy,
0<m<n(@A=£t1<s+1).

with distinet complex numbers a ---,a,,,. Here r=s 4 3, and we
have myp, =1 (modn) for 0 <7< s+ 1. Further we have a relation
29 = (m—1)(s + 1) and it is easy to see that we have (O itim)y, +1=0
(mod n).

In the equivalence class of (R, s>, we can find a representative (B, o)
such that the equation of R is

(1.2.2) y"=am(@ — )™ - (@ — 2™ (@ — e

Here, 2,,-++,2,0 and 1 are distinct complex numbers. We call this
form of the equation a normal one and denote the Riemann surface
defined by this equation by R(z) and the complex vector space of all
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abelian differentials of R(z) by V(z), then we have the following lemma.
(1.2.3) LEMMA. V(z) is spanned by abelian differentials of the form

D) o =2ak(@ — 2)" - (x — 2)%(x — Dy ‘do
0<¢<n—1,0Zky -, ke <m).

Here we must have

@2 m—-1)+nk—4tm;>0 (0<i<s+1),
(3) g(mo“i‘"'+ms+1)_n(k0+"‘+ks+1)2'n+1-

Proof. R(z) has an automorphism ¢: 2 — 2,y — {y, where { is equal
to exp (2ri/n). Fixing a suitable basis of V(z), we can represent ¢ by a
diagonal matrix as follows:

@, & 0\ [,

Dy 0 o/ \@g
Here {, (1 <k < g) is a n-th root of unity. Hence, we have w,o;, = {0y

A<Lk<g. Itis well-known that o, can be expressed by a polynomial
é(x,y) in x,y as follows:

o, = ¢@, Yy " Pdx .

Therefore, we obtain w,e = {é(x,Ly)y~ " Pdx. On the other hand, this
is equal to {,w; = (id(x, W)y~ ""Pdx. Hence we have é(x,Cy) = {*d(x, ¥)
with an integer « (0 < a <% —1). If we put

é@, ¥) = a@Y™ + a, ()Y + -+ + a,(@)

with polynomials in =z, ay(x), a,(%), - - -, a,(x), then obviously we have
9@, = 1 a@ Y, g ) = 3 a@iy

By the condition ¢(z,Zy) = {*¢(x,y), every term except a,_. (®)*y* must
be zero. Consequently, the differentials v, (1 < %k < ¢) which form a
basis of V(z) are of the form o, = f(@)y~*dx, where ¢ is a number 1 < ¢
<mn—1 and f(x) is a polynomial in 2. Our next problem is to see this
polynomial is of the form z*(z — z)* ... (x — z)*(x — 1)*+* with some
integers k%, ---, k... Let these points of R(z) which are over 0,1,z,
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<eey 2500 be Q5 1, @iy ++ +5 Qayr 4. Tespectively. Then we have

div () = nq, — nq.. , div(x — 1) = ng, — nq.. ,
div@ —2) =ng,, —ng.. (@A<Li<L9),

div (dz) = (n — 1)g, + z ® — g, + 0 — D, — (n — D).,
div (y~*da) = {(n — 1) — oma}q, + z: {(n — 1) — tmyq,,
+ {® —1) — tm,,,}q, + {E(E) mj) — (n — 1)}(1@ .

Hence we have 4 (3 5tim;) > (n + 1). First, we agsume that n — 1 —
¢m; >0 for all 1 (0<¢< s+ 1). Then obviously we have 43 5ty m;) —
n4+1)—tn>0. Here t=deg f(x). Consequently, y ‘dz, ---,y ‘x'dx
are differentials of the first kind and f(x)y‘dx is generated by our differ-
entials. Second, we assume that one of (n — 1) —Im, (0 <i<s+ 1) is
negative, say, (n — 1) — ¢m, < 0. Then there exists an integer k, <t
such that (w — 1) 4 nk, — ém,; > 0, and f(x) must contain a factor
(x — z)*. Therefore we can write f(x) = (x — z)*¢g(x), where g(x) is a
polynomial. If we put k, = deg g(x), then as before, (x — z)*y ‘dx, ---,
zb(x — z)*y~*dx are differentials of the first kind and again f(x)y ‘dx
is generated by our differentials. If two of 0 —1) —4dm, (0 <1 <s+1)
are negative, it goes similarly, and so on. Consequently, we can con-
clude that V(z) is generated by differentials of the first kind of the form
).

It is easy to see that the abelian differentials o must satisfy the
relations (2) and (3).

1.3. Now, we give a brief account of the generalized Teichmiiller
space 4. We fix a couple (R, 0, such that (R,s> belongs to 2(g’,n,
{v1, -+ +,v,}) and denote by I'(R,,a,) the set of all the elements {(R,s) of
209’y m, {v;}) such that (R,o) is topologically equivalent to (R,,q,), i.e.,
there exists a topological mapping f: E,— R such that fo,=gf. We
consider a triple (R,s,«) formed by a couple (R,¢) such that <{R,s> of
I'(Ry,0,) and a homotopy class a« of orientation preserving topological
mappings of (R, g,) onto (B,0). We say that (R,s,q) is isomorphic to
(R’,¢’,a’) if there exists an isomorphism of (R,¢) onto (R’,¢’) which be-
longs to the homotopy class &’a™'. We denote by (R, s,a) the isomor-
phism class of (R,o,a) and the set of all classes (R, s,a)> is denoted by
A(g’y n, {vi}; (By, 09) or ARy, a,). We have the following [5]:
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(1.3.1) LEMMA. The generalized Teichmiiller space A(9,n,{v, ---,v,};
(R,,0)) is a simply connected 39’ — 3 + r dimensional complex analytic
manifold. The mapping ¢ of A(R,a,) into the ordinary Teichmiiller
space T,, defined by corresponding {R,o,a) to {R,a) is isomorphic.

If ¢’ =0, then each member of 2(¢’,n,{»;}) belongs to one I'(R,, a,),
and is of form <{R,s)> where R is given by the equation (1.2.2) [5].
Now, we denote one of the normal form of (R, s, by

1.3.2) y*=am(x — 2™ ... (x — 2O)™(x — D™, nfmy + -0+ My, .

Let 2, be (Ry, 00,y and let 2 be an arbitrary element of A(R,,q,). In
the homotopy class aa;*® there exists one and only one extremal quasi-con-
formal mapping f:2,— 1 which has the property fo, = of [6]. Then f
can be considered as a mapping of a Riemann sphere to a Riemann
sphere. Put f(0) =0, f(1) =1, f(c0o) = o0 and f(zM) =2,1<2<s). We
have as the equation of 2

1.3.3) y*=am(x —2)™ -+ (& — 2)™(@ — D™, nfmy + -0+ Mgy,

with these 0,2z, -.-,2, and 1. Obviously they are distinct from each
other, and the parameters z; (1 <7 < s) can be considered as functions
on the generalized Teichmiiller space A(R, d,). Then we have the follow-
ing lemma.

(1.3.4) LEMMA. z,(A <1< 8s) are continuous on A(R,,a,) .
Proof. We have topologized A(R,,s,) by the Teichmiiller metric
(1.8.5) dist(1, 1) =log K , E=K-1D/(K+1.

Here K is the maximal dilatation of the extremal quasi-conformal map-
ping g of 2 to 2. Since g e a’a”! commutes with the automorphism, it
can be considered as a mapping of the Riemann sphere which fixes 0, 1
and oo, and which maps z; to 2z, (1 < ¢ < s) in their equations. Then we
have the following lemma [1].

(1.3.6) [0, < Clpll -

Here [£,{’] denotes the spherical distance of { and ¢/, and g is a meas-
urable function with ¥ = |g|l.. C is a constant which does not depend
on k. In fact, g is the unique pg-conformal mapping which fixes 0, 1
and oo of the Riemann sphere. (1.3.6) shows the continuity of the
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functions z;.

§2. Hypergeometric differential equations

2.1. As we see in §1, a differential of the first kind on a Riemann
surface R(z) defined by

2.1.1) Y* = x™(x — L)™(x — 2)™, nym, + m, + m,
is of the form
2.1.2) o= z¥(x — 1)*(x — 2)*y~‘dx 0<i<n—=-1,0<k,kyk, <m).

Now, by considering z as a variable we can connect the differential
with a differential equation of Fuchsian type. If we put

a=—( + ks + k) + &(m; + my + myn™ — 1,
2.1.3) B=—ki+ tmmnt,
r= —(ky + k) + 6(my, + ma)nt,
then the relations (2) and (8) in (1.2.8) that the differential of the first

kind must satisfy gives us following conditions:

(i) 19—7’+12’ﬂ—1, T-—d2n'1, 1—[32%'1, 0{2%~l,

2149 .
@G a,8,a—17y, 8 — 1 are not integers.

With these «, 8,7, we construct a differential equation

*w

@.1.5) Az — 1)E
dz?

+[(a+ﬁ+1)z—r]§d%+a,8w=0.
Then the solution w(z) is given by

@2.1.6) w(z) = jh wh1( — 1)z — 2)~*da

g

where g, h are any two of 0,1 and oo [7]. This solution is nothing but
the integral

@.1.7) j " @ — DR — 2)oytde
g

Conversely, consider the differential equation (2.1.5) with condiﬁons

(i) —y+1>0, y—a>0, 1—8>0, >0,

@18 .
(ii) a,B,a¢—y, B — r are not integers,
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(iii) a=oan',p=0n"",y =cn'; where n is a prime number
and a, b, ¢ are integers.

Using Gaussian symbols we put
@19) k=[B—71+1, b=F—a—-11+1, k=[-pl+1

Choosing suitable ¢; such that 0 <¢n~* <1, we have k, — (8 —y) =t;n7},
kb—G—a—-1D=tn"k—(—p=1tn"' Let ¢ be a maximal common
divisor of t,%, and ¢,. Then we have

E—B—p=tmn', k—G—a—1) =itmnt,

(2.1.10) ey — (—p) = mgn™

with integers m; such that 1 <m,<n (1 <7<3). Hence we have
Lmy + my,+my)n™ =k, + k,+ k;+ 1+ « and so we have n ) (m, + m, + m,).
Thus we can construct with these m,, m,, m; and » a Riemann surface
(2.1.1). It is easy to see that w = xF~ 7Y (x — 1)ke—tmn~ (g — g)ks—tmen~igyp

is a differential of the first kind and jh o is a solution of the given
g

differential equation (2.1.5). Here g,k are any two of 0,1, co.
Now, consider a Riemann surface defined by the equation

(2.1.11) Y™ = X™(X — 1)™(X — z)™ n fmi + mi + mi,

where »’ is a prime integer and m/, m}, m} are integers less than »’. We
assume that

o = X¥(X — 1)¥(X — 2)%Y“dx
2.1.12)
o<<n —-1,0< kB, B < w)
is a differential of the first kind and further, assume that by consider-
ing z as a variable the integral Ih o’ is a solution of the given differ-
g

ential equation (2.1.5). Here g, are any two of 0,1,c0. Then we have
(2.1.13) EF—tmm " =8—7r=Fk — tmn'.

Hence we see that n = n’. Also we see that 4'm] — ¢m,; = 0 (mod n) for
all i(1 <1< 8). There exists an integer ¢’ such that ¢4’ = 1 (mod #n).
Hence we have m; — t’4m; = 0 (mod »n) for all 1 (1 <7<3). Put #¢/=q.
Then the Riemann surface (2.1.11) is represented by
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Yr = XX — D)mi(X — 2)ms
= {X(X — DX — )mHX (X — )X — )2}

with integers p,, p, and p,. By the birational transformation X =£,Y =
PEPY(E — 1)P(¢ — 2)?s (2.1.11) is transformed to

(2.1.14) gt = §1(E — 1)Pma(§ — z)P™s .

However this is transformed to (2.1.1) by the birational transformation
& = a, g’ EmV(E — 1)™¥(§ — )™ =y. Here a/,b’ are integers such that
a’q + b'n = 1. Therefore, (2.1.1) and (2.1.11) are conformally equivalent.
Thus, we obtain the following theorem:

(2.1.15) THEOREM. Consider a hypergeometric differential equation
(2.1.5) with conditions (i), (i) end (iii). Then there exists a family of
Riemann surfaces {R(2)} defined by (2.1.1) and by considering z as a
variable o differential o of the first kind of R(z) such that the integral

jh(o(g,h =0,1,00) is a solution of (2.1.5). The Riemann surface R(z)
g

is uniquely determined up to conformal equivalence in wusual sense.
However if we consider in the family of Riemann surfaces £2(g’,n,{v:})
it is uniquely determined.

2.2. Now, we assume that there exist positive integers s,, s, and
s;, which satisfy the inequality 1/s, + 1/s, + 1/s; <1 and the system of
equalities

1- B= (1/81 + 1/32 —1/8 + 1)/2 ’
2.2.1) 1+8—r=Q/ss+1/s,—1/s, +D/2,
r—a=0Q/s,+1/s; —1/s, + 1)/2,
in the differential equation (2.1.5). For the meaning of this see [7].
We must study what becomes of the equation of a Riemann surface
under the condition (2.2.1). (2.2.1) says there exist integers s, s,, s; such
that
ky — tmm™ = (1/s; + 1/s, — 1/s; — 1)/2
2.2.2) B, —tmm?=A/s; +1/s, — 1/s, — 1)/2
ky— tmm™ = /8, + 1/s; — 1/s, — 1)/2.

Since n is prime, by a simple calculation we see that k, = k, = &, and
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m, = m, = m,. Here we must notice that s, = s, = s, and the Riemann
surface defined by Y = X™(X — 1)™(X — 2)™ is conformally equivalent
to the Riemann surface defined by %" = a2(x — 1)( — z). Indeed, we
need only to do a birational transformation such that z = X,y = Y*X?®
(X — DX — 2)*. It is easily seen that we can have the same differ-
ential equation from these Riemann surfaces. Here, a and b are in-
tegers such that am + bn = 1.

2.3. As we see in §1, a differential of the first kind on a Riemann
surface R(z) defined by
2.3.D) y"=a™(@ —2z)™ - (@ — 2)™(x — D)™+, My + oo+ Mgy s
is of the form

o = xh(x — 2)* <. (x — z¥(x — Desrry~Udx

2.3.2
( ) 0<s<n—-1,0<k, <mn).

Now, by considering =z, ---,2, as independent variables we can connect
the differential with a partial differential equation of Appellian type by
the same method which we used in 2.1 and 2.2. Namely, if we put

s+1

=3+ E(Zmz) L1,
2.3.3) B = —ki + tmmn! 1<iLs),
r=~§h+4§mwﬂ’
then we obtain the following conditions by the relations (2) and (8) in

1.2.3):

(1) YiaBp—r+1lzn, y—a>n?, 1-32>2n"'(1<iL9),
2.3.4) a>nl,
() o, A<Li<L8), 17— a1y — 2i.p; are not integers.

With these a, 8, (1 << s) and y we construct a partial differential equa-
tion as follows [2: pp. 117-120]:

r4 j=1
(2.3.5) P

o*w ow . .
— —_ + -~ =90 1x%7).
(24 2y )aziazj ﬁj ﬁt ( 7)
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Hel‘e, Ai = zi(zi i 1), C‘i = aﬁi and

By = —p2i= D g,

B =ane-D 3 B —(r-3p) -2

1£j<s z,,: _ Zj
=t
+ [oz - (Zﬁ) + 28 + 1]z,. .
Then a solution w(z, ---,2,) is given by the integral

@3.6) Wy ++y2) = [ st — ) @ — ) e — e
g
where ¢,k are any two of 0,1,z,---,2, and oo.
Conversely, we consider the partial differential equation of Appellian
type (2.3.5) with conditions

(i) 235auB—7r+1>20,7r—a>0,1-5>010<KiL8),a>0,
237 (i) a,pA<Li<8),y—a and y — 35, B; are not integers,
(i) e=an?, p;=bm',y =cn'; where n is a prime number
and a,b, (1 <7 < s), ¢ are integers.

Then we have k, - - -, k,,, and my, ---,m,,; such that nfm, + ... + m,,,.
Thus, we can construct a family of Riemann surfaces {R(z)}, ¥y = z™
(—z)™ oo (X — 2™ (x — 1)™e+, with these m;, (0 <7< s+ 1) and =.
Also we can construct a differential o of the first kind on R(z) such that

the integral Ih o is a solution of the given differential equation (2.3.5).
g

R(z) is uniquely determined up to conformal equivalence in the wusual
sense.

§3. Periods of Riemann surfaces

3.1. We recall some results of Shimura [9,10]. Let @ be the ra-
tional number field and let K = Q({), { = exp (2zi/n). Here we assume
that n is a prime number. Clearly [K: Ql =n — 1. Put 2h =n-—1
We denote by p the complex conjugation. Let @ be a representation of
K by complex matrix of size g. We say that a triple # = (4,C,0) is
a polarized abelian variety of type (K, ®,p) if the following conditions
are satisfied:
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8.1.1) (i) A is an Abelian variety of dimension g, defined over the
complex number field C.

(ii) 6 is an isomorphism of K into End, (4), and the represen-
tation of 6(x) for € K by an analytic coordinate system
of A is equivalent to &(x).

(iii) C is a polarization of A, and the involution of End, (4)
determined by C coincides with 6(x) — 6(x*) on 6(K).

Let # =(A,C,60) be of type (K,®d,p). Take a complex torus C?/D
isomorphic to A, where D is a lattice in C?. We may choose the co-
ordinate system of C¢ so that 6(a) is represented by the matrix @(a) for
every ac K. Then we can find v = g/h vectors g, ---,z, such that
QD =Ky, + --- + Kg,. For every a=(a;, --+,a,) € K% put g(a) = d(a)z,
+ -+ + 0(a)r,. Then, the mapping e — g(e) is an isomorphism of K*
onto QD. Let M be the inverse image of D by this mapping. Let
E(x, 1) be a non-degenerate Riemann form on C?/D corresponding to a
basic polar divisor in C. There exists an element ¢;;€ K such that
E@ (@i, 5) =tr(at;) A<,/ <s+ 1. Put T = (. Let g, - 0400,
-«+,a,0 be all the isomorphisms of K into C, and let r, (resp. s,) be the
multiplicity of o, (resp. o,0) in @. In order to ensure the existence of
# of type (K,9,p), the following relation should be satisfied: 29 =
m—1(@r,+s) A< p<h). Let H, be the space of all complex matrices
Z, with r, rows and s, columns such that 1 — Z,'Z, is positive definite,
and let H=H, X --- X H,. The dimension of H is equal to >} ,7,s,.
If we fix T and M, then we get an analytic family of polarized abelian
varieties of type (K, @, p) parametrized by the points of H. We denote
by > this family and &2, the member of > determined by 3 € H. There
exists a discontinuous group G of transformations on H, and two mem-
bers £, and &£, of > are isomorphic if and only if 3 = U@) for an
element U of G. Therefore, the isomorphism classes of members of
are in one to one correspondence with the points of the quotient space
H/G.

3.2. Now, let 2(¢’, n, {v;}) be the family of Riemann surfaces defined
in 1.1. If ¢’ =0, each member of 2(¢9’,n,{v;}) is of the form <(R,o)
where R is given by the equation (1.2.2). In this case, using all the
member of 2(¢’, n, {v;}) we can construct the generalized Teichmiiller space.
Moreover, a basis of the vector space V of R(z) is given by Lemma
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(1.2.3). Therefore, the representation @(¢) of ¢ is given by
- 0
8.2.1) D(o) = )
0 L
Here, g is the genus of R and a;>1(1 <1< g). @() can be identified
with the representation @(() of K = Q() which we considered in 3.1.
Let the first homology group with coefficients in @ of R be H,(R, Q),

and let the endomorphism of H,(R, @ induced naturally by the automor-
phism ¢ of R be @,(¢). Define @,(a) by

3.2.2) D) =a, + ,D.(0) + -+ + a,_ Dy (0)"?

where, ¢ =g, +al+ -+ + @, L"% (@0 -+58,_2€ Q). Then, D.(a)
operates on H,(R, Q). Hence, H,(R, @ can be regarded as a vector space
over 9@,(K). On the other hand, we have 29 = (n — 1)(s + 1) by the
formula of Riemann-Hurwitz. Therefore, there exists s + 1 vectors Z,,
<y Z,,., such that

3.2.3) H(R,Q = 0K)Z, + --- + 0,(K)Z,,, .

Now, it would be interesting to represent explicitly a basis of
H(R, Q) over K. Let x, be an arbitrary point on the xz-sphere distinct
from 0,2, :-+,2,1 and co. We connect x, to these points by curves
which have no intersection with each other except for z,, Denote these
curves by ay, - -, @, @s,, respectively. Fix a point p, = (2, %,) on R
and denote by &; the lift of «; with the initial point at p,, We put

(1) Ci=a& +o™a+ -+ +o™m" Pz, (0<i<s+2),

324 . .
(ll) Zj=Cj—-l—Cj (1S]£s+1).

Then we see easily that C; is a curve on R connecting p, and (2, {¥,),
and that Z, is a closed curve. Moreover we can prove Z,,.--,Z,,, are
a basis over K = Q) and Z,,0Z,, ---,6"%Z,; +++ 3 Zg1y6Zgp1y -+, 0" Ly
are a basis over the ring of integers Z.

3.3. Consider a point 3 of H which corresponds to (B, s) of 2(¢’,n,
{v:}). We know that &, is isomorphic to &£, if and only if (R,s) is
isomorphic to (R’,¢’), where 3’ corresponds to (R’,¢") of 2(9’,n,{v, i.e.,
there exists an injection of I'(R,,0,) into H/G.
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Now take a point z = (2, ---,2,) of C°. Here we assume that z,
..+,2, 0 and 1 are different from each other. We denote by C* the
set which consists of such points. Let z = (z, ---,2,) be an arbitrary
point of €*. We can associate to z a point (R,¢)> of I'(R,a,) by the
equation

(3.3.1) Yy = m"“’(x —_ zl)mx e (115 - zs)m.(x - 1)m.+1 ’ n*mo + 0+ Mgy -

There exists an extremal quasi-conformal mapping of {R,g,> defined by
(1.3.2) to (R,0)> defined by (3.3.1) [5]. Therefore there exists at least
one 2 of A(R,, a,) such that the equation of 1 is (3.3.1), and we have a
surjective map z of AR, a,) to C'.

Take a point z of C*. Let z/ = (2, ---,2) be a point of C*in a
neighborhood of z. We denote by R(z’) the Riemann surface defined by
(1.2.2) with this z’. Then, we can take a basis of V(z)) of R(z),{w, -,
w,}, each of which is a differential of the form (1.2.3). Consider s + 1
vectors r,(z)) 1 < i < s + 1) which are represented by

3.3.2) 1(2) = (J‘zi @y * 0y Izi “)0) .

Here Z, can be taken constant in the neighborhood of z. Therefore,
1,(z’) are holomorphic in the neighborhood. Moreover, we have by the
same method as in [5] the following lemma.’

8.3.3) LEMMA. Let the data corresponding to a point 7z’ in a small
netghborhood of z be {£,(z), -+, L::1(2) ; M), T(2)}. Then M(2), T() are
constants in the neighborhood.

Hence, we see that each coordinate of &, is a holomorphic function
in the neighborhood of z. We denote by F(z) = (F\(z), - - -, Fy(z)) the
coordinates of #,. Here N is the dimension of the symmetric domain
H which corresponds to the generalized Teichmiiller space A(R,, 0,). Let
G be the discontinuous group mentioned in 3.1. Then, we have the
following lemma [5].

(83.3.4) LEMMA. There exists a holomorphic mapping w(2) of A(R,, a,)
into H, which is a G-invariant mapping.

Now, we assume that for a point &, of H there exists a point 2 of
A which corresponds to #,. We denote the coordinates of £, by G, -,
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3v). Then, 3, ---,3y are holomorphic functions of 2’ in a neighborhood
of A. Thus, we obtain the following relation:

(3.3.5) 8) = F\@), -+, 35(2) = Fx(2)

in the neighborhood U(1) of 2 and the neighborhood W(z) of z. Here
we have z/() e W(z) for every ¥ ¢ U(2). We have the following diagram:

ARy o) ——> H

(3.3.6) L l l

CS

W

Here we give a complex structure in I'(R,, o,) naturally by €*, and the
mapping u is a continuous injection [10]. Moreover, the mapping g can
be considered as follows. Take a point {(R,o) of I'(R,g,) and a small
neighborhood of that point. Then the compositiom r,F'z~! is well defined
in the neighborhood and coincides with p. Since I'(R,,0,) is a normal
analytic space and g is continuous we see that x is holomorphic by the
theorem of Riemann [4]. Further, we remark that z and =,(= nz) are
continuous.

Now, take an arbitrary point 2 of A(R,,¢,). Consider the point x,(1)
of I'(Ry, 0,). Since p is holomorphic injection there exist a neighborhood
Wz, (D) of I'(R,,0,) and a neighborhood V of u(z,(2)) in H/G such that
the restriction of g to W(x,(2) is a proper mapping, i.e., u(W(r,(2) is
an analytic set in V [8]. Let A be the singular locus in w(W(x,(2)).
Consider the set w'z;!(4) in w™'z;*(V) which contains 2. In a suitable
Uy4), the dimension of w'z;'(4A) N U,A) is lower than the dimension of
Uy2. In fact, AR, 0,) is a covering of I'(R,,s,) and so z,w(U,(2) can-
not be contained in the set A.

By the way, =, is holomorphic in U,(1) — w~'z;'(4) and continuous
in A(R,,0,). Then by the theorem of Riemann, z, is holomorphic in
Uy2). Therefore, n;, is a holomorphic covering of A(R,,q,) onto I'(R,, a,).
z is also a holomorphic covering of C* onto I'(R,, ¢,), and z is a contin-
uous mapping of A(R, c,) onto C°. By the same method as above we
obtain the following theorem.

F(Ro,ao) ___,U___) H/G

(8.3.7) THEOREM. The parameters z,, ---,z, in (1.2.2) are single valued
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holomorphic functions on the generalized Teichmiiller space A(R,, a,) which
is constructed from 0(g’,n, {v;}).

3.4. We should notice that the formula (8.8.5) is a generalization
of the formula

3.4.1) 7 = w,(R)/wy(?) , Imz>0,
in the case of
8.4.2) Y =x@ — D —2), zeC—{0,1}.

Moreover, (3.3.7) is surely an extension of the function z(zr) on the
upper half z-plane. In our case of (1.2.2), the space which corresponds
to the upper half plane may be the symmetric domain H. However,
(8.3.7) shows that it is not the symmetric domain H but the generalized
Teichmiiller space which plays the role of the upper half plane.

It would be said that the formula (3.3.5) gives an answer to the
so-called “Schottky Problem” in the special case.

In the present paper, we treated the symmetric domain H which
was constructed by Shimura. However, it goes quite similarly with the
symmetric domain H, which was introduced by Siegel. Because the
diagram analogous to (3.3.6) holds by the theorem of Torelli.

§4. A representation of the parameters by Theta constants

4.1. We give a brief account of the Theta function together with
an explanation of notations. Let R be a Riemann surface of genus ¢
and A4,, B, (1 <k < g) be a canonical dissection of R. Let p, be a com-
mon point of all A,,B, (1 <k < g). The point p, is also the initial point
for integration. Let dw,, ---,dw, be a basis of the differentials of the
first kind of R and div be the vector (dw,, ---,dw,). Let

w@) = dw, (QU=¢=<9),
“4.1.1) z o
hﬁ)(p) = dio ’
Do

where p is the variable point on R and the integration paths are to be
selected on the canonically dissected Riemann surface R*. We assume
that with this basis the period matrix has the form [EZ], where £ is
the unit matrix of size ¢, and Z = X + ¢Y satisfies the Riemann’s rela-
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tion

4.1.2) X=X,Y='Y and Y >0,

The Theta function formed with Z is defined by

4.1.3) 03 = 0(8,Z) = >, exp (zi‘nZn + 2zi'nd)
and 6(3) satisfies the functional relation

(4.1.4) 03 + g + ZY) = 6(3) exp (—ir*HZh — 2xi'h3) ,

where ‘g = (9,, -+ -, 9,), ') = (h, - - -, h,) are arbitrary integer vectors. We
put f(p) = 0(w(p) — &), where ‘(p) = (w,(p), - - -, wy(p)) and 8 =(s;, -+,
s,)). With a circuit of p along a closed curve on R, w(p) — 8 changed
by a summand of the form g + Z4, and f(p) is multiplied by the non-
zero factor exp (—izx*hZf — 2rith(to(p) — 8)). If for a fixed 3, f(p) does
not vanish identically in p, then it has exactly g zeros on R. Let ¢ be
the vector consisting of the g quantities

(4.1.5) 6 =3 j wpdw, — 1Dz, (A<k=<g).

Now, if we choose 3 guch that the function f(p) = 6(v(p) — 3 + ¢©)
does not vanish identically in p, then its g zeros ¢, - - -, ¢, satisfy

4.1.6) 5’31 wg) = 3 .

It is known that g(tv(p) — 3 + ¢) does not vanish identically in p, iff the
inverse problem for the vector 3 is uniquely determined, i.e., the equa-
tion (4.1.5) has a unique solution g,,---,9,. In this case, the divisor
D=gq + --- + ¢, is general. We shall call an integral divisor D = p,
+ ... + p, general if there are no non-constant meromorphic functions
S on R with the property div (f) + D > 0.

4.2. Now, for our investigation the following [11] is useful.

(4.2.1) LEMMA. Let f(p) be a meromorphic function on R with the
zeros a,, + - -,a, and the poles b,, ---,b,. We choose a general integral
divisor x, + --- + x,_, of degree g — 1 such that x,, - - -, x,_, are different
from the points a,, ---,a, and b, ---,b,. Then, after suitable choice of
paths of integration, we have
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(1) f (ay) = i 0(b,)

and

. . a(m<p> + 5 tox) — wiay — c)
(ii) S =71l =1

k=1

a(mu») + 5w — ) - c) '

Here, 3 is a quantity independent of p, and c is defined in (4.1.5).
Now, we apply (4.2.1) to a meromorphic function on R

4.2.2) Sf=1—2p), p=7.

Let the points on R which are over the points z = 0,2, - -+, 2,1, 00 on
the z-sphere be gy, 4,,, - - -, 4.,» 41, 4. respectively. Then the zeros of f(p)
are n points ¢, ---,4, and the poles of f(p) are n points 4., ---, ..
Therefore, by (4.2.1) we have

s 49(rv(qo) + Zj_: w(x,) — w(g) — c)

4.2.3) Fa) =71l
e(m@o) + 5w — 1) — c)
and
\ 0(m(q,,) +5 w0(x) — w(g) — c)
4.2.9) @) =71l

0(m(q25) + Z}: fo(x,) — m(g.) — C) .

Thus, we have the following formula.

(@) + 5 o) — ) — c)
)

1-— 2 = H g-1
a(m(qn) + 3 m(e) — (g.) — ¢
(4.2.5) -

n 0(Yv(qo) + qi w(x) — w(g.) — c)
11 -
0<Yv(qo) + ; w(x,) — to(g,) — c)

Now, we know that there exist a basis of differentials

(4.2.6) (&, DAL, - - -, P, DAL

and a canonical homology basis
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(4'27) Al(C? '2); tt Ag(C’ l) ’ B1(C, 2)7 ) Bg(C: 2) ’

such that
A3 (L,2) 'B;(,4)
4.2.8) L & DdC = 3y, , L P, DA = 2,0 .

Here p,(¢, 2 and A&, 2), B¢, ) (1 < j £ 9) are holomorphic in 2 for every
fixed ¢ in a bounded Jordan domain D(2) [3].

We take (4.2.6) as the basis of differentials and take (4.2.7) as the
canonical homology basis in (4.2.5). First, we see that ¢ is holomorphic
in 2 by (4.1.5). Second, we have for § 1 <j < 9)

W) — w,(g) = f D, DAL ,
“4.2.9) «

wj(qo) - wj(qm) = j‘zﬂ p,(&, DAL .

These are half periods along the closed curves which can be represented
by linear combinations of A,((,2), -, B,(, 4 with constant coefficients
respectively in a neighborhood of 4,. Therefore they are holomorphic in
2. Third, put p&, ) = 0.2, -+ -, 9, D). Then, we can select a gen-
eral divisor D = x, + --- + x,_, such that the integral

(4.2.10) () = j PG (Q1<e<g-—1)

is holomorphic in a neighborhood of 1. Because we know that if D =
x, + -+ + x,_, + x, is general, then D = x, + --- + x,_, is general. We
assume that x,, ---,x, are distinct g points on the Riemann surface. A
necessary and sufficient condition for D to be general is that the deter-
minant det (p;({;, A)) does not vanish. Here, ¢, ---,{, are the coordinates
of x,,-+-,x, in the domain D(2) respectively. Then, det (p,(;,2) is a
holomorphic function in &, - - +,&,, 4, - -+, 2,. Here, 2=(4, ---,2,). There-
fore, if this function does not vanish at y, = (¢, -, ®), then it does
not vanish at all points y = (§;, - -+, 4,) in a neighborhood of y,. Hence
we get the assertion.
Summarizing, we obtain the following theorem.

(4.2.11) THEOREM. The single valued holomorphic functions which we
have obtained in (3.3.7) can be expressed in the form (4.2.5).
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We may say (4.2.11) is an extension of the representation of the
Lambda function by Theta constants.

The author wishes to thank Professor Kenkichi Kasahara for his
kind suggestion in a part of 3.3.
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