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Dynamics and Regularization of the Kepler
Problem on Surfaces of Constant Curvature

Jaime Andrade, Nestor Davila, Ernesto Pérez-Chavela,
and Claudio Vidal

Abstract. We classify and analyze the orbits of the Kepler problem on surfaces of constant curvature
(both positive and negative, S> and H?, respectively) as functions of the angular momentum and
the energy. Hill’s regions are characterized, and the problem of time-collision is studied. We also
regularize the problem in Cartesian and intrinsic coordinates, depending on the constant angular
momentum, and we describe the orbits of the regularized vector field. The phase portraits both for
S? and H? are pointed out.

1 Introduction

The n-body problem in spaces of constant curvature has a long history, starting with
the works of Lobachevsky and Bolyai, the co-discovers of the non Euclidean geome-
tries, passing through Schering and Liebmann, and more recently Carifiena et al. [2]
and by Kozlov and Harin [10]. In [7] the reader can find a nice chronology of this
problem for n = 2. The study of this problem for n > 3 starts with the works of Di-
acu, Pérez-Chavela, and Santoprete [4-6]. After this breakthrough many authors have
made important contributions on the subject; among others, we can cite [14,21,22].

In this paper we tackle the Kepler problem defined in a two-dimensional space of
constant curvature that could be positive or negative. By the Kepler problem we un-
derstand that one particle of mass 1 (after normalization) is fixed and the other one,
of arbitrary positive mass y is moving with respect to it under the influence of the
respective law of attraction. When the two particles are moving freely on the corre-
sponding surface of constant curvature, it is called the 2-body problem. Contrary to
the classical Newtonian 2-body problem where both problems are equivalent, due to
the fact that the linear momentum is a first integral, this is not the case when the par-
ticles are moving on surfaces of constant curvature. In fact, here the Kepler problem
is an integrable problem, but the two body problem is not [16].

As we will see later in this paper, it is enough to do the analysis on the surface S?
embedded in R? (for positive curvature) and on the hyperbolic surface H? embedded
in the 3-dimensional Minkowski space (for curvature negative).
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Our contribution is to describe the Hill’s regions for the Kepler problem on S? and
H?, showing how they depend of the sign of the total energy h, a first integral of this
problem. Concerning the singularities of this problem we show that all them occur
in finite time. For the case of positive curvature, we also show that in order to have
collision, a necessary condition is that the angular momentum should be zero (¢ = 0).

By using spherical and hyperbolic coordinates in S? and H?, respectively, we get
the phase portrait of the Kepler problem on these surfaces, showing their dependence
with respect to the total energy / and the angular momentum c. Doing a central
projection for the solution curves of the Kepler problem on S* and H? we obtain a nice
analogy between them and the solutions (conic curves) of the classical Newtonian
Kepler problem.

Finally, we regularize all singularities in both cases (positive and negative curva-
ture) by using a Levi-Civita type regularization. We do this in Cartesian coordinates
and also in spherical and hyperbolic coordinates in order to have more elements for
possible applications of this technique in more complicated problems. It is well known
for people in the field that a Levi-Civita regularization of the Newtonian Kepler prob-
lem generates a harmonic oscillator, whereas in the case of the Kepler problem on
positive curvature spaces and ¢ = 0, it produces a Mathieu equation.

The paper is organized as follows. In Section 2 we review results and introduce
the potential that we will use throughout the paper. We give the equations of motion
for this problem. In Section 3 we study the first integrals of the problem and do a
deep analysis of the Hill’s regions in both cases for positive and negative curvature.
In Section 4 we study the singularities of the problem. For positive and negative cur-
vature, all collisions correspond to singularities. For positive curvature, we also have
the “antipodal singularity” corresponding to antipodal positions of the two masses
(this term was introduced in [4,7]). In Section 5 we analyse the phase portrait of the
Kepler problem on S? and H?. In Section 6 we study the central projection for the
solutions of the Kepler problem on S? and H?. Finally, in Section 7 we regularize all
singularities of the problem, and in the small Section 8 we give the conclusions of this
work.

2 Statement of the Problem

We know that all surfaces of constant curvature x are characterized by the sign of
the curvature as follows. If ¥ > 0, the surface is the 2 dimensional sphere of radius
R =1/\/x denoted by

82 = {(xy. 2+ P+ 2 =),

embedded in the Euclidean space R>. If k = 0, we recover the Euclidean space R*. If
k < 0, the surface is given by

Hy = {(x, 3, 2)[x* +y* =22 =7, 22 V-x71},

which corresponds to the upper part of the hyperboloid x* + y* — z2 = ¥~! embedded
in the 3-dimensional Minkowski space R*1, i.e., R* endowed with the Lorentz inner
product (see for instance [8,9]).
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Following [2], we can define a curved trigonometry in our surfaces, which we will
call trigonometric x-functions. The main utility of the x-functions is that we can unify
elliptical and hyperbolic trigonometry. We define the x-sine as

sne(x) Kk /°sink/*x ifx >0,
x) =
- (=)™ Y2sinh(-x)"2x ifx <0,

-1/2 1/2

the x-cosine as

cos k%x ifx >0,
cosh(-x)2x ifx <0,

csn(x) = {

as well as the x-tangent and «-cotangent, as

csny(x)
sn(x)’

ctng(x) :=

respectively. It is easy to verify the fundamental formula « sn?(x) + csn2(x) = 1.
Ifa=(ay,ay,a;)andb=(by,b,,b;) in R?, we define a ® b as either of the inner
products

a-b:=a,by+a,b,+a.b,, ifx >0,
a@b:=a.b, +a,b,-a.b,, ifx <0.

Also, we define an extended distance between two points a and b in R* and R?! in-
duced by the above scalar product:

K12 cos_l( - mr b ) , k>0,
de(a,b) = Via-ay kb
(—x)7V/? cosh_l( Ka—) , k<
VxkaHaV/kbEb
Notice that when a and b are points on the surface, the extended distance d,(a,b)
coincides with the geodesic distance on the corresponding surface.

Now we are going to define the Kepler problem on both surfaces S2 and H2. Let
us consider a particle with fixed position q = (0,0, (6x)™"/?), where ¢ = x/|«|, and
mass m; > 0 and one free particle with position q = (x, y,z) remaining on one of
the surfaces S2 or H2, with mass 7, > 0. By normalizing the masses, we can suppose
without loss of generality that m; = 1 and m, = g > 0 and choosing a suitable scale of
units such that the universal gravitational constant is § = 1. Using the approach given
in [2], we define the x-dependent cotangent potential as —U,(q), where

Uk (q) = pctny [ dy (q,ﬁ)]
and the kinetic energy
. 1. .
T(9.9) = 5(4-4)(xq-q).
Using the above potential and kinetic energy, we obtain the Lagrangian

L(q,q) = Tx(q,q) + Uk(q),
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and the Hamiltonian

1) Hy(q,p) = Tx(q,p) - Ux(),
where p = q is the momentum of the particle of unit mass, associated with the Kepler
problem on a surface of constant curvature with a fixed point at q.

Now, we note that for « # 0, we can consider the (ox)/*-symplectic linear trans-
formation E(q, p) = ((0x)"2q, (6x)™/*p) = (Q, P), then the Hamiltonian (2.1) as-
sumes the simplified form

H(Q,P) = (ox)*H,(E™(Q,P)) = (ox)*/*H,(Q, P).

By introducing the time-rescaling % = (oK) 73/*, we observe that when « is a nonzero
constant, it is sufficient to study the cases ¥ = 1and ¥ = —1. From now on, we just study
such cases and keep the notation q and p for the position and linear momentum,
respectively.

A straightforward computation shows that the potential can be written as

74049
V09049
0qoq \21/2
0-0| ——
EEy
From the equations of Euler-Lagrange with constraints, we obtain that the equations
of motion of the particle of unit mass on S? (¢ = 1) or H? (¢ = -1) are given by

q-(0qeq)q :
— 2 qoq=0, qQ6q=0,
[0-0(cq0q)?]

and the Hamiltonian equations are
(2.3) q =p;

Us(q) = p

(22) G=-0(qoq)q+u

q-(0q0q)q
0-0(0qoq)?]??’

P=—0(p®p)q+#[ q©q=0, qOp=0.

First Integrals and Hill’s Region

The equations of motion (2.3) have energy integral

1 0qoq
(3.1 h==(pop) - —/—oimm—w,
Z(P P)- ¥ 0-0(0qoq)?

which can be written using Cartesian coordinates as

yz -h
Vo —o0z2 '

Additionally, we define the angular momentum as the vector

1, . . .
i(x2 + 9+ 02%) -

c:=(c,c2,¢3), with ¢;=(qxp)@e;i=123.

Proposition 3.1  The third component ¢ = c5 of the angular momentum is a first
integral of the system (2.3).
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Proof Let us write

e=Y[(axp)oe]er

1

Then we have that

3
. . @

3.2 = Oe;lej= ———=(y,—x,0),

(3.2) ¢ ;[(qw) ei]e (o —oay (50

which completes the proof. ]

Remark 3.2 The values of ¢; and ¢, can be obtained integrating equation (3.2). We
observe that ¢ ® q = 0 and ¢ ® q = 0, which means that the system has nonzero total
rotation with respect to the origin only in the x-y plane.

3.1 Hill’s Region of the Kepler Problem on S?

From equation (3.1) fixing the value of h for 6 = 1, we have that the Hamiltonian
function defines an invariant set given by

Zh={(qp) € (S*\N) xS*: Hy = h}

for each real constant h. Since the kinetic energy 1 (p - p) is positive definite, in 2,
we have that

Ui(@)+h = (pp) 20

In order to obtain the Hill’s region that corresponds to the projection of %), over the
space of configuration (i.e., positions), we can define it as the set

- 2, _ 2, Bz
Ry ={qeS*: Ui(q) +h >0} —{(x,y,z)eS : erhZO}.
Thus, if (q(t), p(t)) is a solution of (2.3) with H1(q(0),p(0)) = h, then q(¢t) € Ry,.
We analyze the following cases for q = (x, y,z) € Ry, the value z = 1is not possible, it
corresponds to a binary collision, a singularity in the energy relation that determines
the Hill’s region.

* Ifh<0,thenze [\ /h?[(u? + h2),1), thus the motion is restricted to a sphere cap
contained in the upper hemisphere (see Figure 1(a)).

e If h = 0, then z > 0, thus the motion may occur on the whole upper hemisphere
(see Figure 1(b)).

e Ifh>0,thenze [—\ /h2[(u? + h?), 1) , thus the motion may occur in a sphere cap
which exceeds the Equator (see Figure 1(c)).

3.2 Hill’s Region of the Kepler Problem on H?

The energy constant allows us to define a set that is not exactly the Hill’s region defined
as in the spherical case, but which gets information related to the region of motion.
First, we note that the kinetic energy is not positive definite, from which we can only
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cee

(a) (b) ()

Figure I: Hill's region R}, represented by the darkened region. (a) h < 0; (b) h =0; (c) h > 0.

state the inequality

.2 1
Gu(z,2) = h+ % T @20,

Vz2-1

which induce us to define the set
Ry = {(q,p) ¢ B’ xR’/ Gy(2,2) > 0}.

Thus, if (q(t), p(t)) is a solution of (2.3) with H_;(q(0),p(0)) = h, then q(t) € R}, .

We analyze the following cases for q = (x, ,2) € Ry,.

o If h > —y, then Gy (z,2) > 0 is always satisfied.

o If h < —u, we have that G;,(z,z) > 0 implies that 1 < z < h/\/h? — y? and the
Hill’s region projected on the (z,z) plane corresponds to the shaded region as in
the Figure 2(a). Thus, the region of motion in H? is as in Figure 2(b).

Ry, T

(a) (b)

Figure 2: The darkened region represents the projection of the Hill’s region: (a) on the plane
(z,2) for h < —y, (b) on H? for h < —p.
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4 Collisions

In the case of o = 1, it is verified that equations (2.3) have singularities +q. The positive
one is due to collision and the negative one is due to antipodal singularity, while for
0 = -1, equation (2.3) has a unique singularity that is due to collision with q. Let us
start by defining the moment of inertia of the system (2.3) as

1 - -
(4.1) I:E(q—q)G(q—q)-

The first technical result is an adaptation of the Lagrange-Jacobi identity of the
Newtonian Kepler problem (see [15]).

Lemma 4.1 Let q(t) be a solution of (2.2). Then the following identity holds
¢

1 2
Uq@qUa(‘I) - [z(qu) 1] W

where h is the energy associated with the solution.

I=o(pop)(qoq)- +20h(q079),

Proof By deriving twice in (4.1) along a solution and using the Euler formula and
the energy integral, we have that

I-pop+(q-q)op
=pop+(q-9) @ (-o(pop)q+VU,(q))

o(pop)(qQOT) - ———U,(q)

0qoO©q
= 20(h + Us(9))(q0F) - ———Uy(q)
0qoq
(260009 - =] Vo) +20h(a 07)
u

=[2(qe0q)*-1] +20h(q07). (]

Vo-o(qeq)?

Theorem 4.2  Let q(t) be a solution of (2.2) and suppose that q(t) — qwhen t — t*;
then t* e R.

Proof Note first that if q(¢t) — q, then I — 0 when ¢ — t*. In addition, from
Lemma 4.1, it follows clearly that I — +oco when ¢ — t*. Suppose that t* = +oo; then,
given K > 0, there exists £, > 0 such that I(t) > K, for all ¢ > t,. By integrating twice
on both sides of this inequality, we get I > £¢* + At + B for all £ > t,. Thus, I - +00
when t — oo, which contradicts the fact that I — 0. |

Remark 4.3 Note that in the case of S?, Theorem 4.2 applies to both, collision and
antipodal singularities

The following result is an adaptation of the Sundman’s inequality (see [15]). Here,
the inequality is formulated for the case of S*.
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Lemma 4.4 Let q = q(t) be a solution of (2.2) for ¢ = 1, with third component of the
angular momentum ¢ = (qQ—q) x p) - q and energy h given by (3.1). Then, along this
solution, the following inequality holds:

2 4

<——1I((q-QI-h).
2(q-q)*-1 ( )
Proof It follows from Lemma 4.1 that
Iel* 2 h
I=|pl*q-q- h—fH | 2@ -1) +—,
q: q( ) 2q-q ( ) q-q

which implies that

2= 9 (j- 1)

2q@P-1V g q)
Using the Cauchy-Schwarz inequality, we obtain that

¢ <la-APlel = 5y ) (@) -h),
which completes the proof. ]

Now, we are going to prove a modified version of the Sundman Theorem related
to total collision (see [15,19]), which is adapted to the Kepler problem on S.

Theorem 4.5 Let q(t) be a solution of (2.2) for 0 = 1. If q(t) - q when t - t* € R,
then c = 0.

Proof Suppose that @ — q when t — t* € R, where we assume that t* > 0 (analo-
gously it is proved for * < 0). Then it follows from Lemma 4.1 that I (t)>0fort~1t%
therefore, 1 is increasing, which implies that lim,_,,+ I(t) exists. If I — +oo when
t — t*, then I will be increasing for t ~ t*. Moreover, I — 0, which clearly forces I < 0
for t ~ t*, which is impossible. Now, assume that [ — k > 0, then I > 0 for ¢ ~ t*, and
by the same above argument, we obtain a contradiction. Therefore, lim;_,;+ I(t) < 0
and thus, I(t) < 0 forall t € J = (t* —¢, t*], with € small enough. Since q-q — 1 when
t — t*, then for € small enough, we can assume that \/3/2 < q-q < 1, forall t € ],
which implies that

2(q-q)> -1

By usmg (4.2) to get an upper bound in the inequality given by Lemma 4.4, we obtain
that ¢? < 81(I - h), and multiplying this inequality by —I/I > 0, we get that

(4.2)

i .
—czf <-811+8hl, Vte].
By taking t* — e < f; < s < t*, with f; fixed and integrating in (#, s), it follows that

c 1n( T )) ~4(I(s) - L) + 8h(I(s) - L),
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where I; = I(#;). Notice that we can take ¢ small enough and s close enough to ¢* to
obtain that In(I;/I(s)) > 0, thus

2 . _4(I(s)*-I1}) N 8h(I(s) - L)

T In(L/I(s))  In(L/I(s))
Finally, we make s — ¢*; then the right side of (4.3) tends to zero and ¢ = 0 as claimed.
| ]

(4.3)

5 Phase Portrait of the Kepler Problem on S? and H?

The surfaces S* and H? can be parametrized by
(5.1) x=sn,0cosp, y=sn,0sing, z=csn,0, ¢e[0,27],

where 6 € [0, 1] if 0 =1and 6 € [0, +00) if ¢ = —1. In these coordinates, the equations

() (b)

Figure 3: (a) spherical coordinates and central projection of S* onto TyS?. (b) Hyperbolic
coordinates and central projection of H* onto TyH?.

of motion become
(5.2) 6= gb2 sng Ocsng 0 —p csc,2 0,
¢ = —20¢ctn, 6,
with ¢ € [0,7], 0 € (0,7) if 0 = 1and 6 € (0,+00) if 0 = —1. Additionally, the

constant of motion given by the angular momentum is expressed as ¢ = ¢ sn,* 6, thus
it is sufficient to solve the first equation of (5.2), which becomes

(5.3) 6 = c?ctng Ocsc,20 - U cscy2 6.

By defining the variable v = 6, the equation (5.3) can be written as the Hamiltonian
system of one degree of freedom

(5.4) 0=,

v = ccscy? 9(ctn,, 0 - %),
c
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with Hamiltonian function
2 2

v
. Ke(0,v)=—+—=- - 0.
(5.5) (6,v) 5 +2$HU20 pctng 6

5.1 Phase Portrait for the Case c # 0

Let h = K, a fixed energy level, and note that (5.5) induces the definition of the aux-
iliary function

(5.6) Fu(0) =2h+2puctn, 0 - c*csc, 0,

which satisfies F,(68) > 0, for all 8 = 6(¢) solution of (5.3). Also, the orbits of the
Hamiltonian system (5.4) are given by the curves (0, £v/F,(6)); thus, in order to
determine the phase portrait of (5.4), it is sufficient to know the graph of the function
Fy(6). We start analyzing the phase portrait on S*. We do ¢ = 1 in each equation
and definition depending on ¢. The following theorem characterizes the orbits of the
system (5.4) for o = 1.

Theorem 5.1 Letc # 0 and h, = =55 (u*> — c*). If h > h,, then every orbit of the
system (5.3) is periodic and its phase portrait in the plane (0, 6) is as in Figure 4(b), in
particular, the flow is complete. Moreover, there are values 61, 0, € (0, ) such that the
solution 0(t) of (5.3) satisfies 0; < 0(t) < 0,. In particular, [0, 6,] c (0,7/2) if and
onlyifh e [h*, %2) . Finally, there are no solutions of the system (5.3) if h < h,.

Proof It is verified that for 0 = 1, the function F;,(6) has an absolute maximum
0, = arccot(u/c?), which is given by

1
Fu,(6.)=2h+ C—Z(yz - c4),

where, also, we get that (6., 0) is an equilibrium solution, being a center of the system
(5.4). Now, from the condition Fj,(8) > 0, in order to assure the existence of the solu-
tion 0(t), we must impose that the constant of energy associated with such solution
satisfies

On the other hand, by defining the new variable u = cot 8 and by replacing in the
equation Fj,(0) = 0, we obtain the quadratic equation

2_2lu+(c2—2h) _

u 2 2 0,

whose solutions are .
o=ty H\/z(h “hy),

c c

both reals, since b > h, and u, > u_ > 0, ifand only if, h < %, while u_ > 0 > u, if

and only if h > % Thus, the solutions of the equation F(6) = 0 are given by

0, = arccotu,,

0, - {arccot u_, ifh <

m+arccotu_, ifh>
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Therefore, we have proved the existence of values 60,6, € (0,7) such that 6; <
0(t) < 6,, for all time ¢ in which the solution is defined. From the above arguments,

we conclude that if h < 52—2, then 6(t) is contained on the upper hemisphere, since
01,0, € (0,7/2),alsolimy,_, , 0; = 0and lim,_,, 8, = 7, so the range of 6 approaches
to the interval (0, 7r) for large values of h. It follows from the above analysis that the
graph of Fj, is as in Figure 4(a), and therefore, the phase portrait given by the curves

(0, £F,(6)) is as in Figure 4. [ |

(a) (b)

Figure 4: Graph of F;(0). (a) u>c* (b)u<c

Remark 5.2 From the phase portrait in Figure 4, we observe that there are no solu-
tions tending to collision, i.e., 8(¢) + 0. This property agrees with Theorem 4.5. We
observe also that there are not antipodal singularity either, i.e., 8(¢t) + 7.

Now we analyze the phase portrait on H?. As in the previous case, here we set o =
—1lin each equation and definition depending on o. The following result characterizes
the orbits of the system (5.4) for ¢ = -1.

Theorem 5.3 Let h = K_; be the constant of energy defined in (5.5), suppose that
¢ # 0 and define the constant h, = —(c* + u*)/2c%.
If ¢* < , then the following hold:

(i) (0+,0), with 6, = arccoth( c“—z) is an equilibrium solution of the system (5.4) and
it is a center stable in the sense of Lyapunov;
(ii) The motion is periodic if h, < h < —y;
(iii) The motion is parabolic if h = —y (i.e, v - 0 when 0 — oo);
(iv) The motion is hyperbolic if h > —u (i.e., v = vo # 0 when 8 — o0);
(v) Ifh < h,, there is no motion.
If ¢ > y, then the following hold:

(vi) The motion is hyperbolic if h > —y;
(vil) If h < —p, there is no motion.
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Proof First we assume that c? < u. To prove (i), from equation (5.4), it follows that
(6.,0) is an equilibrium solution and it is well defined, because % > 1. By shifting
the variables, we obtain the Hamiltonian H(0 + 0., v), and its Taylor development up
to order 2 around the origin has quadratic part

2= ¢ 1 >
v 0 3 v

which is positive definite, and therefore (6., 0) is a center stable in the sense of Lya-
punov. If we make ¢ = -1 in the auxiliary function (5.6), it is clear that if (0, v) is a
solution of (5.4), then |v| = \/F,(8). Thus, to prove (ii), (iii), (iv), and (v), we need
only study the graph of Fj,. By straightforward computations we get

lim Fy(0) =-co and  lim F;(6)=2(p+h),
—>+00

00+
and the equation F;,(0) = 0 has solutions

pE/4pu? +2¢2h + ¢t

c2

(5.7) 0, = arccoth

If ¢? < y, then F;(0) has an absolute maximum in 6, with Fj,(6,) = M >0

ifand only if & > h.. Now, if h + g > 0, then only 6, is real and 8, < 9(t) for all
time ¢ in which the solution is defined. If h + ¢ < 0 and h > h,, then both values
0. are reals and 6, < 6(t) < 6_ for all time t, where the solution is defined. Finally,
if h < h,, then F,(0) < 0, which implies that there is no motion. From the above
arguments, we conclude that for c* < y, the graph of Fj, is as in Figure 5(a), while the
orbits of the system (5.4) are the curves (8, +v/Fj,(0)) represented in Figure 5(b). If
we make 6 — oo in the equation K(6,u) = h, we get v — 2(h + u), which implies
that the motion is elliptic when y + h < 0, is parabolic if 4 + h = 0, and is hyperbolic
itu+h>0.

For the case c? > y, the system (5.4) does not have equilibrium solutions. On the
other hand, the function F,(6) does not have critical points; it is always increasing,
Fr(0) - 2(u + h)” when 0 — oo, and it cuts the 6 axis at a single point 6, given
in (5.7), which exists if and only if 4 + h > 0. For g + h < 0 we have F,(0) < 0, in
which case there is no motion. From the above arguments, it follows that the graph of
F;,(0) is as in Figure 6(a), and the phase portrait is as in Figure 6(b). Similarly to the
previous case, we get that if 8 — oo. Then v tends to a positive value, and therefore,
the motion is hyperbolic, which completes the proof. ]

From Theorem 5.3 we obtain the following corollary.
Corollary 5.4 If c # 0, then there are no solutions of (5.4) tending to collision.
Remark 5.5 We observe that from Theorems 5.1 and 5.3 we get that all non-collision

bounded orbits are periodic in both cases ¢ = +1. This fact was already proved by H.
Liebmann in 1902 [13].
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F

(b)

Figure 5: (a) Graph of F;(0) for ¢ = -1, ¢* < y and different values of energy. (b) Phase portrait
of the system (5.4) for ¢ = —~1and ¢* < p.

(a) (b)

Figure 6: (a) Graph of F;,(0) for ¢* > u and different values of the energy parameter. (b) Phase
portrait of the system (5.4) for ¢* > y.

5.2 Phase Portrait for the Case c = 0

It is clear that, for ¢ = 0, the particle moves along of a geodesic containing the fixed
and the free particle. In this case, (5.3)-(5.6) become

} 2
(5.8) 0=-u csc,2 6, h= % —uctn, 0,

(5.9) 0=y, v=—pu csc,2 0,
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and
(5.10) Fp(0) =2h +2puctn, 6,

with 6 in its corresponding phase space.

5.2.1 Phase Portrait for c = 0 on S?

In this case, we take ¢ = 1in (5.8)-(5.10), and we define

m+arccot(-=%) ifh >0,
(5.11) = NG
arccot(—;) ith<o.

Notice that limy_, .o, 6; = 7 and limy,_,_o, 0; = 0. It is easy to see that F,(6) > 0 if
and only if 6 € (0, 6], so the graphic of Fj, is as in Figure 7(a). The following result
characterizes the orbits of the system (5.9).

Theorem 5.6  Ifc = 0 and 6(t) is a solution of the first equation of (5.8), for o = 1, then
0(t) remains in the interval (0, 6] for all time in which the solution is defined, with 6,
defined in (5.11). If h < 0, then the orbit does not cross the equator, i.e., 61 € (0,7/2),
if h = 0, the orbit crosses the equator only once, i.e., 0; = /2, and if h > 0, the orbit
crosses the equator twice, i.e., 01 € (1/2, ). The phase portrait of the system (5.9) is as
Figure 7(b).

Proof Alonga solution of (5.8), we have that Fj,(6(¢)) > 0, which occurs if and only
if 0(t) € (0, 0,] for all time in which the solution is defined. If we consider the graph
of Fj, given in Figure 7(a) and the fact that the solution satisfies |6| =\/Fj(6), then
we obtain that the phase portrait is as in Figure 7(b), which concludes the proof. W

h>0

i <0,

(a) (b)

Figure 7: (a) Graph of F;,(6). (b) Phase portrait for the system (5.9)

Remark 5.7 An immediate consequence obtained from Theorem 5.6 is that for
¢ = 0, there are no solutions tending to antipodal singularity. This can easily be seen
from the fact that all solution 8(¢) € (0, 6;], with 6; € (0, 7).
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Remark 5.8 An important difference between the classical Newtonian collinear
Kepler problem and the Kepler problem on S? for ¢ = 0 is that in the last case every
solution comes from a collision and goes to a collision, in both cases with equal ve-
locity. But in the first one, this kind of behaviour holds only for negative energy, since
for the nonnegative energy, the particle comes from (or tends to) a collision and tends
to (or comes from) infinity with constant velocity.

5.2.2 Phase Portrait for ¢ = 0 on H?.

The following result characterizes the phase portrait of the system (5.9) for o = -1.

Theorem 5.9 If c = 0 and 0(t) is a solution of the first equation of (5.8), for o = -1,
then the following statements hold:

(i)  All solutions go to (or come from) collision.

(i) Ifh+ p < O, then the motion is bounded, with 6 € (0, arccoth(-h/u)) and the
orbits are elliptic.

(iii) Ifh+ u = 0, then the orbit is parabolic.

(iv) Ifh+ u > 0, then the orbits are hyperbolic.

The phase portrait is as in Figure 8(b).

Proof It verifies that, for 0 = 1 and each value of h, Fj, is decreasing for all 8 > 0
and Fj,(0) — +oo when 6 — 0, which implies that all orbits are collision ones. On
the other hand, F,(0) — 2(y + h)* when 6 > co. If h + y > 0, then F,(60) > 0 for
all@ > 0. If h + pu < 0, then F,(0) > 0 if and only if 6 € (0, arccoth(—h/u)), which
implies that the motion is bounded. Thus, the graph of Fj, is as in Figure 8(a). Since
the orbits are contained in the curves (0, £1/Fj,(60)), it follows that the phase portrait
is as in Figure 8(b). Finally, if 6 — oo in the second equation of (5.8), we obtain that
0 — 2(h + p), from which it follows that the orbit is elliptic if k + y < 0, parabolic if

h + py = 0 and hyperbolicif 4 + u > 0. ]
Ff(8) ]
h+p>0
h4+p<0
htu>0 htu=0 ¢
h+p>0
htp=0
)
¥ ht <0

(a) (b)

Figure 8: (a) Graph of F;,(6). (b) Phase portrait of the system (5.9) for ¢ = -1
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Central Projection of the Kepler Problem on S? and H?

In order to establish an analogy between the conic orbits of the Newtonian Kepler
problem and the ones defined on the surfaces S* and H? as previously, we propose
to identify every point of the surface with a point in the plane via central projection
from the surface to the plane.

Central Projection for the Solutions of the Kepler Problem on S?

Points on the upper hemisphere are identified with a point in the tangent plane at the
north pole by means of central projection, while points on the lower hemisphere are
identified with their corresponding antipodal point which is on the upper hemisphere
and then we proceed as previously described. In a similar way, we identify each point
of the equator with its antipodal point and it is mapped with the infinity of R. No-
tice that this correspondence is 2 to 1. Next, we write the equations of motion of the
“projected problem” in suitable coordinates.

We start by establishing the correspondence between the points on S* and R? via
inverse central projection (we call it simply central projection) defined from the upper
hemisphere onto the tangent plane TyS?, identified with R?. Such a transformation
is given by

P H* — R?
(xp2) — (5%)
In order to extend ®@* to both hemispheres H* U H™, we can identify every point
x € H~ with its antipodal —x € H* and thus, ®* extends to the whole sphere as
®:S? - R? U {o0}; it is defined in spherical coordinates as

" (6,9) if 0 € (0,7/2),
D(0,¢9) =100 if 0 = /2,
O (r-0,m+¢) ifOe(n/2,n),

where ®* (6, ¢) = tan 8(cos ¢, sin ¢). Thus, by means of central projection, we can
project points from both the upper and lower hemisphere. We emphasize that points
on the equator are in correspondence with the infinity of R?.

Now, we will show that if (6(t), ¢(t)) is a solution of the system (5.2) (with ¢ # 0
and ¢ = 1), then ®(6(t), (t)) is a conic orbit in TyyS*. For this purpose, we consider
q the position of a particle of mass m and Q the point where the straight line passing
through the origin and q, intersects the plane TyS? (see Figure 3(a)). Let 0 be the
angle determined by the vector Oq and the z axis. By defining r = tan 0, with 0 <
0 < 7/2, we have that r = [N — Q|. Thus, the point q = (sin 8 cos 6, sin 6 sin ¢, cos 0)
becomes Q = ®(q) = (rcos¢,rsing). In these coordinates it is verified that the
equation (5.3) is written as

(6.1) P=-V'(r),
with V(r) = Viep(r) + V(r), where

C2 1%
6.2 Vike - _Z
( ) K p(l’) 272 r
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is the effective potential of the planar Kepler problem, and

~ 3c? ) 3 c? 4

V(r) ——2yr+(7—2h)r - ur +(3—h)r ,

where h is the energy constant defined in (5.5). Note that the system (6.1) corresponds
to the motion of a particle in a central field, and it has energy

63) I(r#) = %iz L V(r).

The phase portrait of the Hamiltonian system associated to (6.3) can be seen in Fig-
ure 9.

Figure 9: Phase portrait associated with the Hamiltonian I’ (equation (6.3)).

In order to describe how the trajectories are in the plane Tx'S?, we must determine
the trajectory r(t) or some reparameterization of it. From the conservation of the
third component of the angular momentum, it follows that ¢ varies monotonically
with respect to the time; therefore, it can be considered as a new time that is denoted
by /= %. Let us define the new variable p = 1/r, and it is easy to check that

(6.4) ,__Q ,,__sinzﬁé
) ple—m Pl

By replacing (6.4) in (5.3) (with ¢ = 1), we obtain that p satisfies the differential equa-
tion of a nonhomogeneous harmonic oscillator

(6.5) p'+p= cliz’

whose general solution is given by p(¢) = & + (po - %) cos(¢ — ¢o). Considering

that p = cot 0, then by fixing an energy level 4 in (5.5) and from the first relation given
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in (6.4), we get that

N
1+e cos(p - ¢o)

2 2 2
p:c_ and e=\}1+2%(h—c—).
H H 2

It is verified that in Ty S?, (6.6) represents the polar equation of a conic with one focus
at the origin and eccentricity e. From Theorem 5.1, we conclude the following.

(6.6) r(g) =

with

(a) Elliptic orbits in TyS? come from the orbits in S* which are contained in H*,
since0 < e <lifandonlyif h, < h < %2 (see Figure 10(a)).

(b) Parabolic orbits in TyS* come from the orbits in S? which are tangent to the
equator, since e = 1if and only if h = ¢?/2 (see Figure 10(b)).

(c) Hyperbolic orbits in Ty S? come from the orbits in S? that cross the equator, since
e > lifand only if h > ¢?/2 (see Figure 10(c)).

(©)

Figure 10: Central projection for the orbits of the Kepler problem on S* onto TyS? for different
values of the energy. (a) h. < h < % (b) h= % (c) h> h..

6.2 Central Projection for the Solutions of the Kepler Problem on H?*

We consider the straight line from the origin O = (0,0,0) to a point Q € H?. We
define the central projection of the point Q € H? to be the point P € T H? given by
the intersection between the segment OQ, and the plane z = 1 (here O’ = (0,0,1) is
the origin of the plane z = 1). Consider the parametrization of H? given in (5.1) and
let Q € H? with the hyperbolic coordinates (6, ¢). Then we have that ®: H? — D?,
where D? is the Poincaré disk, is given by Q = P = ®(6, ¢) = tanh 6(cos ¢, sin ¢).
We define the variable r = tanh 6, then it is verified that 0 < d(O’, P) = r < 1, where
r =1 corresponds to the infinity. Thus, to describe the central projection of an orbit
in H?, it will be sufficient to determine r. In these coordinates, the system (5.3), as
well as in the case of S2, assumes the form (6.1), with V(1) = Viep(r) + V(r), where
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Vkep(7) is as in (6.2) and
~ 3¢? ) ; [ 4
V(r)—2yr+(7+2h)r —ur —(?‘Fh)r.

The Hamiltonian function associated with the system is as in (6.3). Now, taking a fixed
energy level y = I'(r,7), we have that given ¢, g and h, the level curves cut the line

r =1 (i.e.,, the infinity) in two possible points 7 = +1/-3c? — 2h + 2y. For the energy
level yo = (3c? — 2h) /2, the level curve cuts the straight line r = 1 at exactly one point

and the r axis at
r=(—pu+/c* +2c¢2h +u)/(c* +2h).

Also, since 7 cannot tend to infinity, because 0 < r < 1 and y is a real constant, then
by symmetry of the Hamiltonian I'(r, #) with respect to the variable 7, we have that
the level curve T = yo must close at (1,0); thus, it must be similar to a homoclinic
curve. For values of the energy y > yo, the level curve cuts the straight line r = 1
in two points, while for y < 9y, the level curve does not cut the straight line r = 1.
Then it corresponds to a closed orbit contained inside the curve I' = y,. Thus, the
phase portrait in the variables (r,7) is as in Figure 11. We have shown that if values

Figure 11: Phase portrait associated with the Hamiltonian I'(r, #) for the case 0 = -1 (equation

(6.3)).

of the parameters c, y, and h are fixed, the projected system has elliptic orbits, which
are identified with energy levels y < y,, one parabolic orbit, identified with y = y,,
and hyperbolic orbits, which are identified with y > yo. Nevertheless, this analysis
can be more specific if we consider a new variable and also, a new time, as follows.
We consider the variable p = coth = 1/r, and from the conservation of the third
component of the angular momentum, we obtain that ¢(¢) is monotone; then it can
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be considered as a new time ¢. By using prime to denote j—¢, we have that

0 sinh® 0 6
6.7 AN _

(6.7) P PR 2

By replacing (6.7) in (5.3), we get that p satisfies the differential equation of a nonho-

mogeneous harmonic oscillator
(6.8) P" tp=-—,

whose general solution is given by p(¢) = 4 + (po + %) cos(¢ — o). Taking into
account that p = cot 8, then fixing an energylevel K = h in (5.5) and using the relations
given in (6.4), it follows that

_r

1+ e cos(p — ¢o)

with p = 2/ and e = \/1+2c2/p?(h + 2/2). Equation (6.9) describes conics in
H2. If e = 0, then the conic is a circumference, which in terms of the energy means
h = h,. If e > 1, then the conic is not bounded. To determine when the conic is an
ellipse, we must require that it is contained inside the disk, i.e., it does not cut the
boundary, whereby we will determine the conditions so that such cuts do not exist.
Where r — 11in (6.9), we get the equation

1=— £
1+ecos(p— o)’

(6.9) r=tanh 8 =

whose solutions are given by
-u
DL = Qo + arCCOS( W) .

If ¢* — u < 0, then the above solutions exist if and only if h > —u; therefore, the conic
must be an ellipse. In particular, it is a circumference when h = h... The conic will be
tangent to the boundary of the disk if and only if 4 = —y, since in this case we have
¢+ = ¢_ and then the conic is an elliptic parabola. The conic will be a parabola if
he(-u, —%), a hyperbolic parabola if & = —c?/2 and a hyperbola if h € (—c?/2, o)
(see Figure 12(a)). For the case ¢* — u > 0, we know that solutions exist if and only if
h > —u and we obtain two different solutions 0. If 4 < ¢* < 2y, then the conic will
be a parabola if & € (—u, —c?/2] and a hyperbola if h € (=c?/2, 00). If ¢ > 2, then
the conic will be a hyperbola, for all & € (—y, 00) (see Figure 12 (b) and see [18]).

7 Regularization

In this section, we propose a regularization of Levi-Civita type, for the Kepler prob-
lem defined on both surfaces S? and H? (in fact, it is an adaptation of this type of
Hamiltonian regularization [12]). Remember that a regularization of the Levi-Civita
type consists in making a change of coordinates, a suitable time-rescaling and make
use of the constant of energy, in order to obtain a regular field [3]. Once such a field
is obtained, we can carry out a qualitative study of the regularized problem, as for
example, in [11] for the Newtonian case and also by several other authors.

https://doi.org/10.4153/CJM-2016-014-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2016-014-5

Dynamics and Regularization of the Kepler Problem 981

(a) (®)

Figure 12: (a) Case ¢> — y < 0. Orbits for u = 2.5, ¢
(he,—p); T30 h= - Ty he (—y,cz/z); Is: h
¢ —u>0.Orbitsfor u =2, c = /3, ¢ = 0.

05 ¢=0.T1: h=hsr: he
ST« h e (3/2,00). (b) Case

By using Cartesian coordinates and introducing the energy constant defined in
(3.1), we obtain the following system of second order ODE’s

. poxz(2z° -3)

7.1 —20hx,
" (- 2P 7
. uoyz(2z* -3)
- BB 2 _oohy,
TR
5.2
uo(l-22) —20hz.

lo-2))P
7.1 Regularization of the Kepler Problem on S?

We know that for ¢ = 1, the system (2.3) has both for collision and antipodal singu-
larities, which are given by the points q = q and q = —q, respectively (either 8 = 0 or
0 = 7, in spherical coordinates).

7.1.1 Regularization in Cartesian Coordinates

The following result globally regularizes the equations of motion of the Kepler prob-
lem defined on S? in Cartesian coordinates given by (7.1); i.e., both singularities are
removed.

Theorem 7.1  The Kepler problem on S* in Cartesian coordinates given by (71) admits
a Levi-Civita type regularization, i.e., the singularities are regularized by introducing
the change of coordinates

(72) ¢ = (G1,62,43) =(

x y z )
Viez2 V122 Vi-22)°

https://doi.org/10.4153/CJM-2016-014-5 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2016-014-5

982 J. Andrade, N. Dévila, E. Pérez-Chavela, and C. Vidal

and the new time T given by

(73) dt = (1-2°)*%dr.
Proof From (7.2) we have

(74) I = G2+ G =
thus, the following relations hold:

) Y R ¢

BTN T

Then the equations of motion (7.1) can be rewritten as

!4(1(3 G
(7.6) (283 = 3[¢1*) - 2h =
(. qx
#(2(3 (
= (283 - 3)¢)1%) - 2h 2=
H( | 1<’
i=—b i) -2
¢l Il
Let prime denote %. From (7.3) and (7.4), we obtain the relation
(77) z=2|).
On the other hand, from (7.2) we have that
7 d(S d(g, dt
7.8 = = ,
78) =0 T aras
which combined with (7.7) yields
r G
z = .
1<)
Differentiating in (7.4) gives
/ (3(3,,
(79) 11" = ===
4

Now, differentiating the first equation of (7.5) and using (7.9), we obtain the relation

&= 8P+ GAGIP - G 1P - GG

Substituting it into the first equation of (7.6) we obtain

[CIPE" + GEGICN = Qe K - Qg 1) = plids

1<l
or equivalently,

G
ek

(25 - 3)¢I1") - 2h

GO T2l wE @ ol
1 - - 1=0
R R Rt R R T

We proceed similarly for the second equation of (7.5) to obtain the relation

= 181°¢" + GGG - LI - LGP,

(7.10) 7+
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which being replaced into the second equation of (7.6) gives

(3(3C [ _ _
B Y O N R TR

It follows from (7.8) that 7 = ('||(||*; then replacing into the third equation of (7.6) we
obtain the third regularized equation

(711) 2h 3uls 2u Cs(é’](zz

(712) " _ Au _ 2‘”{% _ 2h{3

R {ERT{EN (e

Finally, replacing (712) into (7.10) and (7.11), the following regularized system is ob-
tained:

(713) (=0,

(3(3( [ 2#(3 §2]
HCHZI HCH" 1<l 1<)

(3(3 [Zh 2#(3_§2:| o
S T T RS

N 2/"(3 2h(3_ u -0

T TR E

It is clear that after the change of coordinates and the time-rescaling, the equations of
motion (713) have no singularities, because for (x, y,z) € S, the term | (| defined in
(7.4) is nonzero. In addition, since 1 — z2 4 oo, | {| 4 0, and the proof is concluded.

|

>

7.1.2 Pseudo-regularization in Spherical Coordinates and Angular Momen-
tumc#0

In this case we have used the term pseudo-regularization, because for ¢ # 0 no sin-
gularities are encountered. Nevertheless, even though the solutions do not tend to
collision, we get some kind of nice “regularized” formulation of the equations by do-
ing a change of coordinates, a suitable time-rescaling, and making use of the constant
of energy (Levi-Civita type regularization), in order to obtain a regularized formula-
tion of the problem, which is equivalent to a harmonic oscillator.

Theorem 7.2  The Kepler problem on S? in spherical coordinates with the constant
of motion given by the third component of the angular momentum c # 0, defined by
the system (5.3) (for ¢ = 1), admits a pseudo-regularization, which is carried out by
considering ¢ as the new time and introducing the change of coordinates

8 =cot#, 0 elo,n].
Proof The proof follows directly from the process described in (6.4) and the ob-

tained harmonic oscillator is given by (6.5), which has associated a regular vector
field. [ |
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We also note that the energy integral (5.5) becomes
2 2(h-h)
2 [ — *

(714) 8 +(6—C—2) - S
where h, is the constant defined in Theorem 5.1. From here we get that the singu-
larities in the new coordinates are determined by § = oo, which occurs if and only if
0 = 0 or 0 = 7. This proves that there are no solutions tending to collision in these
variables. Therefore, from (7.14) it follows that the orbits of the pseudo-regularized
system are as in Figure 13(a).

7.1.3 Regularization in Spherical Coordinates and Angular Momentum ¢ = 0

In this case, the motion is carried out along a geodesic containing the poles. In con-
trast to the previous case, all orbits go to collision; therefore, singularities represent a
big problem in obtaining the solutions.

Theorem 7.3  The Kepler problem on S? in spherical coordinates with ¢ = 0, defined
by (5.8) (for o = 1) admits a Levi-Civita type regularization, which is carried out by
considering the change of coordinates

(7.15) 6 = 2arctan y*
and the time-rescaling
2tan g
(716) dt = o dr.
sec? 3

Proof From (7.15) and (7.16), we obtain the following relations

. dodr , sec’ g , Ayy’
0=——=90 5 0 =—7,
dr dt 2tan 5 sec? 5
which imply that
- 2uy' 2y
(717) el
tan 5 v
Also, replacing (717) in the second equation of (5.8), we obtain that the constant of
energy becomes
(718) 4y —u(1-y*) = 2hy’.

We compute the second derivative of 6,

. A a "o 12 20
e_dG_@ﬂ_z(y/w v )sec 29'

T dt drdt y? 2tan 3
Replacing the above relations into the first equation of (5.8), we have that
]
Yy -y sect 2
7.19 =—ucsc” 0.
(719) ( y? ) tan #
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Finally, replacing (7.18) into (7.19) we obtain the equation

" h
(720) v =Jv-

which is called the Mathieu equation. Thus, it is proved that through a change of
coordinate and a time-rescaling, equation (5.8) is regularized, and the regularized
equation is given by (7.20). ]

The phase portrait of (7.20) is shown in Figure 13(b). Note that it confirms the fact
that all solutions do not have collisions, and the orbits are closed for any value of .

508

(a) (b)

Figure 13: (a) Phase portrait generated by level curves associated to (7.14) for the regularized
Kepler problem in S* with angular momentum ¢ # 0. (b) Phase portrait generated by level
curves associated with (7.20) for the regularized Kepler problem in S* with angular momentum
c=0.

Remark 74 The above theorem shows a significant difference with respect to the
Newtonian case. In fact, it is known that in the Newtonian case, a Levi-Civita regu-
larization gives a differential equation associated with a harmonic oscillator for any
value of ¢ ([1,11,12,17,20]), while in this case, for ¢ = 0, we obtain a Mathieu equation.

7.2 Regularization of the Kepler Problem on H?

We already know that for ¢ = —1, the system (2.3) has a unique singularity that is due
to collision at q =q (or 8 = 0).

7.2.1 Regularization in Cartesian Coordinates

An analogous result to Theorem 7.1 is verified for the hyperbolic case.
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Theorem 7.5 The Kepler problem on H? in Cartesian coordinates given by (2.3) al-
lows a regularization of the Levi-Civita type, i.e., the singularities are regularized by
introducing the change of coordinates

pe z
(721) P:(pl’Pz’Ps):(\/z2—1’\/zi/—1’\/z2—1)’

and the new time 1 given by

(722) dt = (22 -1)*dx.

Proof Let prime denote —. From (7.21) we have

(7.23) llpll* = =p @ p==pi = p3+p5= 5
thus, the following relations hold

(7.24) x:L, y= pa , zzﬁ.
el el el
Then the equations of motion (2 3) can be rewritten as

Y,
y= 7||2|||3(

( o= llpllI?) + ”Hﬁu

From (7.22) and (7.23), we obtam the relation

. dz dzdr 3
7.26 =
(726) 2= 2= ol
On the other hand, from (7.21) we have that
dp3 dp3 dt .
727 12 4P s,
(727) Ps=as " ards . ©
which, combined with (7.26) yields
' P3
z =- .
llpll?

Differentiating with respect to 7 in (7.23) gives

(728) llpll" = ﬁf””’"

and differentiating twice in the first equation of (7.24) and using (7.28) we obtain the
relation

z=lplI° p" + pspips o IF =prp3 Ml o P =presps [l ol
and substituting it into the first equation of (7.25) we obtain

#p1p3 P
llell® e +pspipsllp I =pips oI -pipspy lllpllI* = |||;||| (2p§—3|||p|||2)+2h||| lm
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or equivalently

(729)  pi+ 1 =0.

/ 2h 3 2 3 ”2 "
P3P32 p{+[ _ - #P34 _ #Paé P - P3P32]
llplll el 1lelli*Melle Ml el

We proceed similarly for the second equation of (7.24) to obtain the relation

7=p5 P II* =p2psps,

5

=lp P o+ pspsps Il p I =p2ps Il o [P —p2pspy Il I,

which being replaced into the second equation of (7.25) gives

P3P3 P;+[ _ 2k 3ups 2upl pF papd
llplll? lplle el flelle llpll* el

It follows form (727) that Z = —p¥ ||| p|||?; then replacing into the third equation of
(7.25) we obtain the third regularized equation

(730)  py + Jp2=0.

b 2upl  2hps

el Mell*— llell*

Finally, replacing (7.31) into (7.29) and (7.30), the following regularized system is ob-
tained

(7.31) Py =

v, P3Py o [ 2h  2ups  p¥
pr + Pt + - p1=0,
ColllelEt [H|PH|4 llell* |||P|H2]
" PSP; ’ 2h 2”/)3 sz
py + P+ + - p2=0,
2 llelP [|||P|||4 el |HPH|2]
2up3 | 2hps

"
Py + + -
el el el

which has no singularities, since the term |||p|||, defined in (7.23), is nonzero for any
p € H?, and the proof is concluded. [

7.2.2 Pseudo-regularization in Hyperbolic Coordinates and Angular
Momentum ¢ # 0.

We know that for o = -1, the equation (5.3) has a singularity at 8 = 0, which corre-
sponds to collision; however, there is no solution tending to collision if ¢ # 0. The
following results shows that, as in Subsection 7.1.2 for positive curvature, it is pos-
sible to give a pseudo-regularization that transforms equation (5.3) into a harmonic
oscillator.

Theorem 7.6  The Kepler problem on H? in hyperbolic coordinates with the constant
of motion given by the third component of the angular momentum c + 0, defined by the
system (5.3), admits a pseudo-regularization, which is carried out by considering ¢ as
the new time and introducing the change of coordinates & = coth 6.

Proof The proof follows directly from the process described in (6.7), and the ob-
tained harmonic oscillator is given by (6.8), which has associated a regular vector
field. [ |
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We also note that the energy integral (5.5) becomes

&+ (¢-5)

where h, is the constant defined in Theorem 5.3. Hence, it follows that the singularity
in the new coordinates is determined by 8 = 0 if and only if £ = co. Thus, the phase
portrait is similar to the spherical case, and therefore, there are no solution tending
to collision.

> 2(h-hy)
-2,

7.2.3 Regularization in Hyperbolic Coordinates and Angular
Momentum ¢ =0

An analogous result to Theorem 7.3 for the spherical case is verified for H?.

Theorem 7.7  The Kepler problem on H? in hyperbolic coordinates with ¢ = 0 defined
by (5.8) admits a regularization of Levi-Civita type, which is carried out by considering
the change of coordinates

(732) dt = wdn
sech” 0

and the time-rescaling

(7.33) 6 = argtanh &%,

Proof We proceed as in proof of the Theorem 7.3 to obtain from the energy constant
given in (5.8), the following relation

(7.34) 287 =h& +y,

while the regularized equation is given by

11 h _
(7.35) - Ef =0.

Thus, we have proved that by means of the time-rescaling (7.32) and the change of co-
ordinates (7.33), the equation (5.8) (for o = —1) becomes a regular differential equation
(7.35). m

Similarly to the spherical case, we observe that the change of coordinates given by
the transformation

(6,0) = T(£,¢) =( argtanh £, %)

makes the Hamiltonian (5.5) (for ¢ = -1 and ¢ = 0) assuming the following form

2&-/2 - U

H(EE) = ot

We observe that the transform T verifies
daT(§E)\T (9T (8 )y 4
Gen) Gee) !

"
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where J = ( % ). So, in order to preserve the Hamiltonian structure, this transfor-
mation must be done along with a time-rescaling. From equation (7.34), we obtain
that the phase portrait of the regularized problem is as in Figure 14, which is formed
by three kind of orbits, essentially different from each other.

&7

Figure 14: Phase portrait of the regularized Kepler problem defined on H* with angular mo-
mentum ¢ = 0.

Since 0 €]0, oo, &% €]0, oo[ and therefore, our change of coordinates (7.33), is well
defined, and also, the singularity (due to collision) in these variables is represented by
&=0.

(a) Foranegative energylevel, the orbit is elliptic. This orbit is periodic and bounded,
and represents an elastic bounce between the free particle and the fixed body.

(b) For zero energy level, the orbit is parabolic and unbounded. The particle goes
once to the attraction center with constant velocity in a finite time and then it
escapes without return.

(c) For apositive energy level, the orbit is hyperbolic and the motion is similar to the
Zero energy.

8 Conclusions

We have studied the Kepler problem on surfaces of constant curvature, both positive
and negative. We first show that it is enough to do the analysis on S? an H?; then we
get the equations of motion and obtain the first integrals of the problem, which allow
us to get the Hill's regions. We prove that all singularities of this problem occur in
finite time, and we have been able to regularize all of them. We show these results
in Cartesian coordinates as well as in spherical and hyperbolic coordinates. For the
case of positive curvature and zero angular momentum, we show that the Levi-Civita
type regularization of the Kepler problem produces a Mathieu equation. By using
the central projection of S* and H?* we show a nice analogy between the solutions
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(conic orbits) of the classical Newtonian Kepler problem and the solution curves of
the Kepler problem on S? and H?>.

Acknowledgments This paper is based on Jaime Andrade’s Ph.D. thesis in the Pro-
gram Doctorado en Matematica Aplicada, Universidad del Bio-Bio. The authors ap-
preciate the comments of an anonymous referee which help us to improve this paper.

References

[1] D. Boccaletti and G. Puccaco, Theory of orbits. Vol. 1. Integrable systems and non-perturbative
methods. Astronomy and Astrophysics Library, Springer-Verlag, Berlin, 1996.

[2] J. E Carifiena and M. F. Ranada, and M. Santander, Central potentials on spaces of constant

curvature: the Kepler problem on the two-dimensional sphere S* and the hyperbolic plane H>. J.

Math. Phys. 46(2005), no. 5, 052702.  http://dx.doi.org/10.1063/1.1893214

A. Celletti Basics of regularization theory. In: Chaotic Worlds: From Order to Disorder in

Gravitational N-Body Dynamical Systems, Springer, Netherlands, 2006, pp. 203-230.

F. Diacu, E. Pérez-Chavela, and M. Santoprete, The n-body problem in spaces of constant

curvature. arxiv:0807.1747

, The n-body problem in spaces of constant curvature. Part I: Relative equilibria. J.

Nonlinear Sci. 22(2012), no. 2, 247-266.  http://dx.doi.org/10.1007/500332-011-9116-z

, The n-body problem in spaces of constant curvature. Part II: Singularities. ]. Nonlinear

Sci. 22(2012), no. 2, 267-275.  http://dx.doi.org/10.1007/s00332-011-9117-y

[7] E Diacu, Relative equilibria of the curved N-body problem. Atlantis Studies in Dynamical Systems,
1, Atlantis Press, Amsterdam, Paris, Beijing, 2012. http://dx.doi.org/10.2991/978-94-91216-68-8

[8] M. P. Do Carmo, Differential geometry of curves and surfaces. Prentice-Hall, Inc., Englewood
Cliffs, NJ, 1976.

[9] B. A. Dubrovin, A. T. Fomenko, and P. Novikov, Modern geometry—methods and applications.
Part I. The geometry of surfaces, transformation groups, and fields. Second ed. Graduate Texts in
Mathematics, 93, Springer-Verlag, New York, 1992.  http://dx.doi.org/10.1007/978-1-4612-4398-4

[10] V. V. Kozlov and A. O. Harin, Kepler’s problem in constant curvature spaces. Celestial Mech.
Dynam. Astronom. 54(1992), no. 4, 393-399.  http://dx.doi.org/10.1007/BF00049149

[11] E. A. Lacomba and G. Sienra, Blow up techniques in the Kepler problem. In: Holomorphic
dynamics (Mexico, 1986), Lecture Notes in Math., 1345, Springer, Berlin, 1988, pp. 177-191.
http://dx.doi.org/10.1007/BFb0081402

[12] T. Levi-Civita, Sur la régularisation du probléme des trois corps. Acta Math. 42(1920), 99-144.
http://dx.doi.org/10.1007/BF02404404

[13] H. Liebmann, Die Kegelschnitte und die Planetenbewegung im nichteuklidischen Raum. Berichte
Konigl, Sachsischen Gesell. Wiss., Math. Phys. Klasse 54(1902), 393-423.

[14] R. Martinez and C. Sim6, On the stability of the Lagrangian homographic solutions in a curved
three body problem on S%. Discrete Cont. Dyn. Syst. Ser. A. 33(2013), no. 3, 1157-1175.

[15] H. Pollard, Introduction to celestial mechanics. The Carus Mathematical Monographs, 18, The
Mathematical Association of America, Washington, D.C., 1976.

[16] A. V. Shchepetilov, Nonintegrability of the two-body problem in constant curvature spaces. J. Phys.
A 39(2006), no. 20, 5787-5806.  http:/dx.doi.org/10.1088/0305-4470/39/20/011

[17] E. L. Stiefel and G. Scheifele, Linear and regular celestial mechanics. Perturbed two-body motion,
numerical methods, canonical theory. Die Grundlehren der mathematischen Wissenschaften, 174,
Springer-Verlag, New York-Heidelberg, 1971.

[18] W. E. Story, On non-euclidean properties of conics. Amer. ]. Math. 5(1882), no. 1-4, 358-381.
http://dx.doi.org/10.2307/2369551

[19] K.FE Sundman, Mémoire sur le probléme des trois corps. Acta Math. 36(1913), no. 1, 105-179.
http://dx.doi.org/10.1007/BF02422379

[20] V. Szebehely, Theory of orbits—the restricted problem of three bodies. Academic Press, New York,
1967.

[21] P. Tibboel, Polygonal homographic orbits in spaces of constant curvature. Proc. Amer. Math. Soc.
141(2013), no. 4, 1465-1471.  http://dx.doi.org/10.1090/50002-9939-2012-11410-8

[22] S.Zhu, Eulerian relative equilibria of the curved 3-body problems in S%. Proc. Amer. Math. Soc.
142(2014), no. 8, 2837-2848.  http://dx.doi.org/10.1090/S0002-9939-2014-11995-2

[3

[4

(5]
(6]

https://doi.org/10.4153/CJM-2016-014-5 Published online by Cambridge University Press


http://dx.doi.org/10.1063/1.1893214
http://arxiv.org/abs/0807.1747
http://dx.doi.org/10.1007/s00332-011-9116-z
http://dx.doi.org/10.1007/s00332-011-9117-y
http://dx.doi.org/10.2991/978-94-91216-68-8
http://dx.doi.org/10.1007/978-1-4612-4398-4
http://dx.doi.org/10.1007/BF00049149
http://dx.doi.org/10.1007/BFb0081402
http://dx.doi.org/10.1007/BF02404404
http://dx.doi.org/10.1088/0305-4470/39/20/011
http://dx.doi.org/10.2307/2369551
http://dx.doi.org/10.1007/BF02422379
http://dx.doi.org/10.1090/S0002-9939-2012-11410-8
http://dx.doi.org/10.1090/S0002-9939-2014-11995-2
https://doi.org/10.4153/CJM-2016-014-5

Dynamics and Regularization of the Kepler Problem 991

Departamento de Matemdtica, Facultad de Ciencias, Universidad de Bio-Bio, Casilla 5-C, Concepcion,
VIII-region, Chile

e-mail: jandrade@ubiobio.cl

Departamento de Matemdtica, Facultad de Ciencias, Universidad de Bio-Bio, Casilla 5-C, Concepcion,
VIII-region, Chile

e-mail: ndavila@ubiobio.cl

Departamento de Matemdticas, Instituto Tecnolégico Auténomo de México, (ITAM), Rio Hondo 1, Col.
Progreso Tizapdn, Ciudad de México, 01080, México

e-mail: ernesto.perez@itam.mx

Grupo de Investigacion en Sistemas Dindmicos y Aplicaciones-GISDA, Departamento de Matemadtica,
Facultad de Ciencias, Universidad de Bio-Bio, Casilla 5-C, Concepcién, VIII-regién, Chile
e-mail: clvidal@ubiobio.cl

https://doi.org/10.4153/CJM-2016-014-5 Published online by Cambridge University Press


mailto:jandrade@ubiobio.cl
mailto:ndavila@ubiobio.cl
mailto:ernesto.perez@itam.mx
mailto:clvidal@ubiobio.cl
https://doi.org/10.4153/CJM-2016-014-5

