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SEMISIMPLE ALGEBRAS OF INFINITE VALUED
LOGIC AND BOLD FUZZY SET THEORY

L. P. BELLUCE

0. Introduction. In classical two-valued logic there is a three way
relationship among formal systems, Boolean algebras and set theory. In
the case of infinite-valued logic we have a similar relationship among
formal systems, MV-algebras and what is called Bold fuzzy set theory. The
relationship, in the latter case, between formal systems and MV-algebras
has been known for many years while the relationship between
MV-algebras and fuzzy set theory has hardly been studied. This is not
surprising. MV-algebras were invented by C. C. Chang [1] in order to
provide an algebraic proof of the completeness theorem of the infinite-
valued logic of Lukasiewicz and Tarski. Having served this purpose (see
[2] ), the study of these algebras has been minimal, see for example [6], [7].
Fuzzy set theory was also being born around the same time and only in
recent years has its connection with infinite-valued logic been made, see
e.g. [3], [4], [S]. It seems appropriate then, to take a further look at the
structure of MV-algebras and their relation to fuzzy set theory. This
relation, in itself, is not complicated; those MV-algebras which are
semi-simple are precisely the Bold algebras of fuzzy sets. Now, though
MV-algebras are a certain generalization of Boolean algebras their
structure is much more complicated and one striking difference between
them is that not every MV-algebra is semi-simple. Indeed, it is known
([1]) that the class of semi-simple algebras is not a universal class. So the
wrinkle here is in deciding whether or not a given MV-algebra is
semi-simple. To this end a deeper structure theory needs development and
it is the purpose of this paper to initiate such an investigation. We end this
paper in a representation theorem for 8j-complete atomic MV-algebras.
Many questions remain unanswered, in particular whether or not a
complete MV-algebra is semi-simple.

In Section 1 we give the basic definitions and properties of MV-
algebras. Since all this material is in [1], [2] we only present what is needed
later. Section 2 looks at the relationship between MV-algebras and Bold
fuzzy set theory presenting an analogue of the Stone representation
theorem for Boolean algebras. Section 3 begins the deeper study of our
subject and introduces a distributive lattice intimately associated to a
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given MV-algebra. This lattice will provide some insight into the prime
ideal space of an MV-algebra. Section 4 studies representations and
concludes with a structure theorem for N)-complete and atomic MV-
algebras.

1. An MV-aigebra is a non-empty set A with two binary operations
+, -, one unary operation and two special elements 0, 1 such that
1. (4, +,0), {4, 1)
are commutative semi-groups with identity.
2. x+X=1Lxx=00=1
for all x € 4.

G T -F R Ay -

x|
+

=I
=l
I
=

for all x, y € A.
4. Defining V, /\ by

xVy=x+Xxy,xANy=(x=+y)y
we have that
(A, V, 0, {4, \, 1)
are to be commutative semi-groups with identity.
5. x-(yVz)=x-yVx-z,x+(yNz)=x+y) N(x + 2)

for all x, y, z € A.

Though these axioms seem cumbersome and are not the most efficient
they are convenient. These are the same axioms as in [1].

The defined operations V, A with 0, 1 make A a commutative lattice
with least element O and greatest element 1 under the ordering x = y if
and only if x /A y = x. We then have (see [1]).

THEOREM 1. Let A be an MV-algebra and let x, y € A. Then
a) x y=xNy=x
b) x=xVy=x-+y
¢) x=yifandonly if x-y =0ifandonly if x +y = 1
d) x+y=yifandonlyif x-y = x
e)
f) xyANx-y=0
g) x-x=xifandonly if x N\ X = 0.

(yt+tz)y=y+x-z
y y

=
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One of the most important examples for us of an MV-algebra is the unit
interval A = [0, 1] of real numbers. Here we define

x+y=min(l,x +y),x-y =max(0,x +y — 1)andx =1 — x.
Then
x Vy = max(x, y), x /A y = min(x, y).

We will refer to this algebra just by [0, 1].

Another example of importance, though not for this paper, is the set of
equivalence classes of well-formed formulas of infinite-valued proposi-
tional logic under the relation: @ = B if and only if «, B8 are provably
equivalent.

Recall that given a set X, a fuzzy subset of X is a function f:X — [0, 1].
Consequently 4 = [0, I]X becomes an MV-algebra under the obviously
induced operations. Any subalgebra of 4 will be called a Bold algebra of
fuzzy sets. Usually the algebras of fuzzy sets use only V, /A. For more
of this see [3].

Let G be any linearly ordered abelian group, written additively, a € G,
a > 0. Let

A =100,a] = {x € G:0 = x = a}.
Then A4 is an MV-algebra under the operations
x +y=min(g, x + y), x-y =max(0,x +y —a),x =a — x.

_In this algebra the role of “1” is played by a. It is shown in [2] that every
linearly ordered MV-algebra arises in this manner from some linearly
ordered abelian group.

A quick examination of these examples will show the elements of an
MV-algebra are not, in general, idempotent nor do they satisfy the
distributive law

x-(y+tz)y=x-y+ x-z

This is another major difference between MV-algebras and Boolean
algebras. In fact an MV-algebra in which each element is idempotent is a
Boolean algebra; similarly an MV-algebra in which the distributive law
holds is also Boolean.

2. In this section we give an analogue of the Stone representation
theorem. Our approach is more from the view point of the Gelfand
representation theorem since it seems more suitable to the algebra of fuzzy
sets. The prime and maximal ideal spaces are herein introduced. In an
MV-algebra not all prime ideals are maximal so the corresponding spaces
are distinct. We present here only one simple theorem about these
spaces since we shall show in the next section each of these spaces is
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homeomorphic to the corresponding space of some distributive lattice.
Let 4 be an MV-algebra throughout this section.

Definition. An ideal in A is a non-empty subset I S A such that
x,y€limplyx +yel, x €l y=ximplyy € I.

We give two easy characterizations of ideals.

THEOREM 2.1) I € A is an ideal if and only if I # @, I is closed under +,
andx € I,y € Aimplyx Ny € I.

il) I € A is an ideal if and only if I # 0, I is closed under +, and x € I,
ye€Adimplyx-y € L

Proof. i) This is obvious since x A\ y = y if and only if y = x. ii) One
direction is clear since x - y = x. Assume then, I # #, is closed under
+andx € Tandy € Aimply x-y € A. Now let x € I, y = x. Then
x-(xXx+y)elLButx-(xt+ty)=x/ ANysox \Ny=y¢€l

An ideal M of A is maximal if and only if M # A and for all ideals
I C A MCIC AimpliesM =1Tor M = A.

As usual, ideals give rise to congruence relations, x = y if and only if
x+y + X -y € I, and consequently quotient algebras 4/I, homomor-
phisms etc. [1].

For maximal ideals M we have,

THEOREM 3. A/M is isomorphic to a subalgebra of [0, 1].

For the proof of this see the remarks after 3.21 of [1] and Lemma 6
of [2].
Thus we have for each maximal ideal M a homomorphism

opiA — A/M — [0, 1].

Now let # be the set of all maximal ideals of 4. With each x € A4 we
associate a fuzzy subset of ./, namely,

xX:M — [0, 1] where X(M) = g),(x).
If #(4) = {X: x € A} then #(4) is a Bold algebra of fuzzy sets,

R4 -G AR PG o)E=%0=01=1
Then the map x — X is a homomorphism of 4 into #(A4). In general this
map is not an injection.

THEOREM 4. For each MV-algebra A there is a Bold algebra of fuzzy sets
F(A) and a homomorphism of A onto F(A). The homomorphism x — X is
one-one if and only if Rad(4) = 0, where Rad(A) is the intersection of all
maximal ideals of A.

Proof. (This is basically 4.9 of [1] ). We know x — X is a homomorphism.
X = p if and only if for each maximal ideal M, x -y + X -y € M. Thus
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Rad(4) = O implies x -y + x -y = 0sox -y + x -y = 0
by Theorem Lx=ylIf Rad(A) # 0 choose y € Rad(4), y # 0. Then
= 0 = 0 and so x — X is not one-one.

Rad(A) is called the radical of A and we say A is semi-simple if and only
if Rad(4) = 0. The above theorem tells us, then, that the semi-simple
MV-algebras are Bold algebras of fuzzy sets. As mentioned in the
introduction, not all MV-algebras are semi-simple. Later we will give a
necessary and sufficient condition for an MV-algebra to be semi-simple,
which will imply each Bold algebra of fuzzy sets to be semisimple.

For each x € 4 let

S(x) = {M:M € # and x &€ M}.

It is obvious that S(x - y) € S(x) N S(y), hence the sets S(x) generate a
topology .7 on /. 1t is easy to show that

THEOREM 5. 7 is a compact T-space and if x is idempotent then S(x)
will be open and closed.

In MV-algebras the prime ideals play a more important role than the
maximal ideals. It seems likely that the prime ideal space will be more
revealing than the maximal ideal space. Though neither of these spaces is
much investigated in this paper we shall prove in the next section a general
theorem about them.

An ideal P € A is called prime if and only if I # A4 and for each
x,y€ A, x-y € Porx-y € P.

It is shown in [2] that P is a prime ideal if and only if 4/P is a linearly
ordered MV-algebra. Since [0, 1] is linearly ordered we see that every
maximal ideal is prime. Examples are given in [1] of linearly ordered
MV-algebras not contained in [0, 1], consequently prime ideals need not
be maximal.

Letting £ denote the set of all prime ideals of 4 and defining

R(x) = {P € #: x & P}

we have as before that the sets R(x), x € A, generate a topology on #.
This topology is also a compact T;-space and for x idempotent R(x) will
be open and closed.

3. In this and the following section occurs the principal part of this
paper. We construct a lattice associated to a given MV-algebra 4 whose
ideal structure parrots that of 4. This will give us another way to get at the
prime and maximal ideal spaces of 4. The relationship between 4 and its
associated lattice will also enable us to get at certain structural features of
A itself. Though undoubtedly the transition from A to this lattice loses
some information, enough is retained to make its introduction worthwhile.
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Note that this lattice is not (4, V, A, 0, 1) whose ideal structure is in
general quite different from that of A. Just take [0, 1] for example which
only has the trivial ideals as an MV-algebra whereas every subinterval
[0, x] is a lattice ideal.

Since we shall work primarily with prime ideals in this section we begin
with a characterization reminiscent of prime ideals in rings. 4 will be a
fixed MV-algebra throughout this section.

THEOREM 6. Let P be an ideal of A. Then, P is prime if and only if for any
x,y € P,x Ny € Pimpliesx € Pory € P.

Proof. Suppose x \'y € Pimpliesx € Pory € P.Sincex -y A Xy
= 0 it follows that x -y € Porx -y € P so P is prime. Conversely
suppose P is prime and x /A y € P. Assume x -y € P. Then

x Ny +x-y €P.
So
x+y)-x+x-ye€P
Now we know from part 1 that
x=x"1=x-x+xVy)=x-x+y+x-y)
=x+ty)-x+x-y

and so x € P. Similarly X - y € P implies y € P.

Now consider the set # of prime ideals of 4. Let & € £ be any
non-empty subset. On the algebra 4 define x = y(mod &) if and only if
for each P € &, x € P if and only if y € P. Thus two elements of 4 are
related (mod &) if and only if no prime P € & can separate them.

THEOREM 7. = (mod %) is a congruence relation on A with respect to
+, /.

Proof. Clearly = (mod &) is an equivalence relation. Suppose then
that x = y, z = w, (mod & is to be understood). Let P € & and assume
x +z€ P.Thenx,z € Pandsoy,w € P and we havey + w € P. By
symmetry, then, x + z = y + w. Suppose now that x /\ z &€ P. Since P is
prime, x € Porz € P. Thusy € Porw € P.Ineithercasey A w € P.
Again by symmetry, x N\ z =y N\ w.

Note that = (mod %) is also a congruence with respect to V and that
x+z=xVz

Now for each x € A let [x] denote the equivalence class of x under =
and let [4], denote the set of all such equivalence classes. On [4],
define +, - by

[x] + [y] =[x +yL[x]-[y] =[x Ayl
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Let 1 = [1], 0 = [0] and define [x] = [y]if and only if [x] - [y] = [x]; the
relation = is obviously well defined.

THEOREM 8. ([4],, +, -, =, 0, 1) is a distributive lattice with least
element 0 and greatest element 1.

Proof. Clearly x + x = x, x /A x = x. Also obvious is x + 0 = x,
x A1 = x. So we get that

] + [x] = [x] [x] - [x] = [x] [x] + 0 = [x], [x] - 1 = [x].

Both +, - are obviously commutative and associative. To prove distribu-
tivity we need to show

xNAN(y+2)=xANy)+ (xAz2).
So let P € & and suppose
xAy)+ xNz)e P

Thenx Ay, x Nz&€ P.lf x € Pthenx N\ (y + z) € P.If x & P then by
Theorem 6, y, z € P,soy + z € P. Again, then, x N\ (y + z) € P.
Conversely, suppose x /\ (y + z) € P. Now

XNy, x Nz=xN(y + z)

sowe get x /\ y, x N\ z € P; thus
xANy)y+(&xANz)e P

Thus [4], is an idempotent, commutative semi-ring with 0 and 1. Now
[x]-(Ix] + [¥]) = [x] + [x]-[y] =[x + x A y] = [x]

since clearly x + x A\ y = x. Thus [x] = [x] + [y]; similarly [y] =
[x] + [»] Suppose then that [x] = [z], [y] = [z]. Thus

[x]-1z] = [x], [¥]- [2] = [»]),
SO

[z]- ([x] + [yD = [x] + [¥]

Hence [x] + [y] = [z]; so we see that

Lub. ([x], [¥]) = [x] + [¥].

Clearly [x] - [y] = [x]), [¥], soif [z] = [x], [ y] we get
2] (Ix] - [y]) = [2]

so that
glb. ([x]. [¥]) = [x]-[¥]

Finally, it is evident that 0 = [x] = 1 and the theorem is proved.
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Note that for each [x] € [4], thereis a [X] € [4], with [x] + [X] = 1;
in general [x] - [X] # 0 so [4]¢ is not a complemented lattice.

Recall that an ideal in a distributive lattice is a non-empty subset /
closed under + and such that if a € I, and b is arbitrary, then ab € 1. We
now relate the ideals of A4 to those of [4].

Let I be an ideal of A. Define

I* = {[x] € [A]yfor some y € [x],y € I}.
THEOREM 9. I* is an ideal of [A] 4.

Proof. Since I # @ it is evident that I* # @. Let [x], [y] € I*
Then there are z € [x],w € [y] withz, w € I. Hence z + w € I. Thus
[z + w] € I*. But

[z + w]l=I[z] +[w] =[x] + [y]

and so I* is closed under +. Now let [x] € I*, [y] € [4]gs For some
z € [x] wehavez € I. Thusz Ny € I; so

xI-yl =1zl [yl =z Ayl € I*.

Now I* need not be proper; however, if I € U.% then I* will be proper.
For suppose 1 € I*. Then for some x € [1]we havex € I.Soif ] © UZ
then for some prime P € % we would have x € P. But x = 1 (mod %)
and so 1 € P which is impossible.

As noted previously, 4 is a lattice under the operations of V, A;
moreover the mapping x — [x]:4 — [A]s is a lattice morphism. Since
lattice ideals of 4 are not in general ideals of 4 this morphism, as a lattice
morphism is not of much use to us. As a map however we see it does carry
ideals of A to those of [4].

We now describe how to go from the ideals of [4], to those of A.

Let L be an ideal of [4].

THEOREM 10. Let L, = U{ [x]:[x] € L}. Then
i) L, is an ideal of A

i) (Ly)* = L

iii) 1 € L, if and only if [1] € L.

Proof. 1) Let x, y € L,. Then [x], [y] € L so [x + y] € L; thus
x+y€e L, lfxe L,y € Athen[x ANyl € Landsox Ny € L,.
Hence L, is an ideal.

ii) Let [x] € (Ly)*. Then for some y € [x] we have y € L,. Hence
[¥] € L. But [y] = [x] so [x] € L and we have (L,)* € L. Conversely,
let [x] € L. Then x € L, so [x] € (Ly)*. Thus L © (L,)*.

iii) If 1 = [1] € L then obviously 1 € L,. On the other hand if 1 € L,
then 1 = [1] € (Ly)* = L.
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A proper ideal in a distributive lattice is called prime if and only if
whenever it contains a product it contains one of the factors.
Let #, denote the set of prime ideals of [4]g. Then,

THEOREM 11. If P € & then P* € Z,.

Proof. P € U obviously so P* is proper. Suppose then that
[x]-[y] € P*. Thus, [x A\ y] € P*. So thereisaz € [x A y]withz € P.
Since P € % it follows that x A\ y € P. Hence x € Pory € P so
[x] € P*or [y] € P* Thus P* € Z,.

A kind of converse to this theorem is
THEOREM 12. Let P € & Then (P*), = P.

Proof. Let x € P. Then [x] € P* so x € (P*),. Conversely, let
x € (P*),. Then x € [y] for some [y] € P*. Thus thereisaz € [y] with
z € P.But[x] = [z] = [y]sox € P. Hence P = (P¥),.

THEOREM 13. Suppose M € % is a maximal ideal of A. Then M* is a
maximal ideal of [A] 4.

Proof. If M € % then M* is proper in [4]g Let, then, L be an ideal
of [A], with M* € L. Then (M*), € L,. Now M is maximal, hence
prime in A so we have by Theorem 12, (M*), = M. Thus L, = 4 or
L, = M. If L, = A then L = [A], by Theorem 10 iii). If L, = M
then L = (L,)* = M*. Thus M* is maximal.

Thus the map I — I, carries primes and maximals in % to primes and
maximals respectively of [4],. Next we show that primes in [4] give rise
to primes in A4 though not necessarily in £

THEOREM 14. Let L € #,. Then L, € Z.

Proof. L is proper, hence so is L,. Now let x A\ y € L,. Then
[x Nyl € (Ly)* = L;so[x] [y] € Landsince L € & [x] € L or
[¥] € L.Soweseethat x € Lyory € Ly, so L, € #.

Let £, denote the ideals of 4 contained in U% Let £} be the proper
ideals of [4],. We have a mapping I — I, of £, on £$ which carries the
prime and maximal ideals in % into the prime and maximal ideals
respectively of [4],. We also have a mapping L — L, of £} to the set of
ideals of 4. This map carries prime ideals to prime ideals. Suppose now
that for x € A4, [x] # [1] € [4]s Then x % I(mod &) so for some prime
ideal P € & x € P. So if L is any proper ideal in [4], it follows that
L, © UZ Thus we see that the mapping L — L, is a map of %, onto £
Moreover it is one-one by Theorem 10 ii).

Let’s now consider the case where ¥ = £ We obtain
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THEOREM 15. P — P, is a one-one map of P to P,. This mapping,
moreover, carries M onto My, the set of maximal ideals of [A]g.

Proof. Let P, Q € 2 If P* = Q* then by Theorem 12 P = (P*), =
(Q%)s = Q. (By Theorem 11 we know P*, Q* € P*). If L € £* then
L, € # and (Ly)* = L. If M € # we know by Theorem 13 that
M* € #*. Suppose then that L € #*. Let [ be an ideal of 4, I # A,
L* C ]. Then

L =U)* CI*# [Alp.
Hence L = I*. If x € I'then[x] € Lsox € L,. ThusI = L,so L, € A,
and we see the map carries .# onto .#*.

Also, in the case & = £, we have that x = 1 (mod &) if and only if
ord x << oo where ord x is the least integer n such that nx = 1 (see [1]).
For clearly, ord x < oo implies x = 1 (mod ). When no such rn exists we
say that ord x = oo. In this case let

I = {y:y = nx for some n = 0}.
I will then be a proper ideal in 4 hence contalned in some maximal ideal
Me £ Thenx € M, 1 &€ M so

x %= 1 (mod £).

We now compare the topologies on & and #*. Recall from Section 2
that the sets R(x), x € A, generate a topology on #. Consider also the
family of sets

T([x]) ={L:Le P*and[x] & L}, x € 4,
.which determine a topology on [4],. Now for any subset  C £ let
* = {P*:P € %}.
THEOREM 16. R(x)* = T([x]), where R(x)* has the obvious meaning.

Proof. Let P* € R(x)*. Then x &€ Pso[x] N P = @. Thus [x] & P* so
P* € T([x]). Conversely, let L € T([x]). Then by Theorem 15 L = P*
for some P € £ So [x] & P*, hence x & (P*), = P. So P € R(x) and
P* = L € R(x)*.

Now let

I ={R(x)x € A}, 7* = {T([x]):x € A}.

We have a map R(x) — R(x)* of  to I*. We will show this map is
one-one, onto and preserves arbitrary unions, finite intersections.

THEOREM 17. R(x)* = R(y)* implies R(x) = R(y).

Proof. Given R(x)* = R(y)* we have T([x]) = T([y]). So for each
P € #* we have [x] &€ P* if and only if [y] ¢ P*. This implies x & P if
and only if y & P since P = (P*),. Therefore R(x) = R(y).
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THEOREM 18. (R(x) N R(»))* = R(x)* N R(»)*.
Proof. Obviously R(x) N R(y) = R(x N y). So

(R(x) N R(y))* = T([x N yl) = T(IxlyD)
T([x]) N T([y])

I

also obviously. Thus
(R(x) N R(y))* = R(x)* N R(y)*.
THEOREM 19. Let J be an index set. Then
(Ugey R(x))* = U,y R(X)™
Proof. Let
P* € (Uyey R(x))*.
Then by definition P € U,.; R(x) so for some x € J, P € R(x). Thus
P* € R(x)* so we have inclusion in one direction. Conversely, if
P* € U.; R(x)*
then P* € R(x)* for some x € J so
P € R(x) € U,c; R(x).
Hence
P* € (U, c; R(x))*
and we have inclusion in the other direction.
Summarizing we have,

THEOREM 20. For each MV-algebra A there is a distributive lattice
[4]p with 0, 1 such that the prime ideal spaces of A and [A]y are homeo-
morphic.

We point out that the map 4 — [4] is a functor from the cateogry of
MV-algebras to the category of distributive lattices with 0, 1. It is not
known which distributive lattices are in the range of this functor.

Having now shown the structure of the set of ideals of an MV-algebra is
the same as that of some distributive lattice, we wish to take up the
relationship between the structure of A4 and that of [4], We will
assume here that¥ € #,.% # @ and N.Y¥ = {0}. We note that N = {0}.
NS = {0} implies that in [4 ] [0] = {0} since if x # O there is a prime
P € with0 € P and x &€ P. We use this fact many times.

Recall from [1] that an MV-algebra is locally finite means every x € A,
x # 0, has finite order, i.e., ord x < oco. Now every locally finite 4 is a
subalgebra of [0, 1]. This is just the case where {0} is a maximal ideal.
Obviously every subalgebra of [0, 1] is locally finite. Locally finite algebras
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are, then, just the simple MV-algebras, i.e., the only ideals are {0}, 4. We
have,

THEOREM 21. Let A be locally finite. Then [A], = {0, 1}, 0 # 1.

Proof. Let x € A, x # 0. then nx = 1 for some n so we have x = 1
(mod ). Thus [1] = 1. Clearly [x] # [0].

A kind of converse to this theorem is
THEOREM 22. If & = P and [A]p = {0, 1} then A is locally finite.

Proof. Let x € A, x # 0. Then [x] = 1 so x = 1 (mod £). Hence
x belongs to no prime ideals. It follows from 4.4, 4.6 of [1] that
ord x < co.

Every locally finite algebra is linearly ordered obviously and we can
extend the above results to

THEOREM 23. A is linearly ordered if and only if [A]y is linearly
ordered.

Proof. 1f [A], is linearly ordered then all its ideals are prime (see
ex. 1, pg. 42, Birkhoff’s Lattice Theory). Hence {[0]} is prime. So
{[0] }« = {0} is prime in A by Theorem 14. Thus A4 is linearly ordered
(Lemma 1 of [2]). Now if A4 is linearly ordered then for each x, y € 4
either x A y = x or x /A y = y. Hence in [4] either [x] - [y] = [x] or
[x] - [»¥] = [¥]. So we may conclude that [4 ] is linearly ordered.

The next result deals with atoms of [4], and is somewhat curious.

LEMMA. Let [x] be an atom of [A]. Then as a subset of A, [x] is linearly
ordered.

Proof. Let a, b € [x]; then [a] = [x] = [b]. Seta@’ = a-b, b’ = a- b.
Then

a ANb =a-bANab=0

by Theorem 1, f). Hence [d] - ['] = [0]. Now &’ = & /A a since by
Theorem 1, a) a’ = a. So it follows that [@'] = [a] = [x]. Similarly,
[p'] = [x]. Since [x] is an atom we have [@'] = [x] or [d] = O
and [»’] = [x] or [b'] = [0]. Since [a’] - [b'] = [0] = O we know [a’] # [x]
or [b'] # [x]. If [@'] # [x] then [@'] = 0 which means a - b = 0 and so
a = b. Similarly if [b’] # [x] then b = a. Thus [x] is linearly ordered.

THEOREM 24. If [x] is an atom of [A])g then {0} U [x] is a linearly
ordered ideal of A.

Proof. Let L = {0, [x] }; then L is an ideal of [4], and so L, is an ideal
of A. L, = {0} U [x] and by the lemma is linearly ordered.
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For X C A, X # # define

Xt ={aae€ Adanda N X = 0}
where

a/NX={a/N xx € X}.

X+ will be called the annihilator of X. As in ring theory the annihilator
produces an ideal.

THEOREM 25. If X € A, X # 8, X # {0}, then X is a proper ideal
in A.

Proof. Let a, b € X+, x € X. Now
@+b)Ax=@+b+% -x=a+ B+ x
=a+ (b/N\x)=a
So
@a+b)ANx=@+b)ANxNx=a/\x=0.

Thusa + b € X'.Ifa € X" and b = aitis clear that b € X. So X" is
an ideal. Since X # {0} we have 1 & X+ so X is proper.

In some cases X is a prime ideal, that is

THEOREM 26. If I is a linearly ordered ideal of A then I'- is a prime
ideal.

Proof. We know I“isa proper ideal. Suppose then that a N\ b € I+,
a@& I+, b & I'". Then there are ¢/, ¢’ € I'witha A ¢’ # 0,b N\ ¢” # 0.
Let ¢ = ¢’ V ¢”. Since I is an ideal and ¢ = ¢’ + ¢”, we see that ¢ € 1.
Moreover, since

aNd=alNe,bN\Nc”=b/Nec

we have a A\ ¢, b /\ c are not 0. Since I is an ideal, a N\ ¢, b /\ ¢ € I. We
can assume a /\ ¢ = b /\ ¢. Thus

alNc=aNaNc=a/Nb/Nc=0.
This contradiction proves the theorem.

Notice the above theorem only requires that / be a linearly ordered ideal
of the lattice {4, V, A\, 0, 1). It is not known if all prime ideals of 4 can be
obtained as annihilators in this manner.

Now for each x € A4 let

L, = {1 =I[x]}
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Then L, is a principal ideal in [4], and depends only on the equivalence
class of x. Thus (L,), is an ideal of 4. Let J, = (L )y and B, = A/J,
which also only depends on the equivalence class of x. Combining the
previous results gives

THEOREM 27. If [x] is an atom then B, is a linearly ordered MV-algebra
and x/J, the image of x in B,, is not 0.

Proof. Since [x] is an atom, L, = {0, [x] }. Thus (L,), is a linearly
ordered ideal of A. Thus J, is a prime ideal so B, is linearly ordered. Now
x € (L )xand x A\ x # 0sox & J; hence x/J, # 0.

We will use these results in the next section.

4. In this section we consider a special type of subdirect product
representation of a given MV-algebra 4 which, in some sense, is minimal.
Whether or not a given 4 has this type of representation is crucial to its
being semisimple.

Let A be a given MV-algebra. By a representation of A we will mean a
collection of MV-algebras {4,}, i € I for some index set I', such that 4
can be embedded isomorphically into the direct product II, 4,
subdirectly. The A, will be referred to as the components of the
representation.

Given a representation {4,},i € T, of 4 and i, € T, the component A,-0
will be called superfluous if {A4;}, i € T — {i,} is also a representation
of A. A component A, is essential if and only if it is not superfluous.

We can characterize essential components by

THEOREM 28. A, is essential if and only if there is an x € A such that
x; > 0 and x; = 0 for j + i, where x; is the image of x under the
mapping

A4—-]11,4,- 4,

Proof. Suppose we have such an x. For each j let F, be the kernel of the
map

A—11 4, - 4,

For j # i we have x; = 0 so x € F. Thus

X € Ny I;;

hence A is not contained in Hj#i A; subdirectly. Thus 4; is essential.
Conversely, suppose 4, is an essential component of some representation
{4,},j € I'. Then {4,},j € T — {i} is not a representation. Thus

Nui B # 0.

Choose
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x € ﬂj#ilj, x # 0.

Then x; = 0, # i and x; > 0.

We will call a representation {4;}, i € T, irreducible if and only if each
A; is essential. We then have

THEOREM 29. An MV-algebra A has an irreducible representation if and
only if there is an & C P such that N = {0} and [A] is atomic.

Proof. Suppose {4,}, i € T, is an irreducible representation. For each
i € T let P, be as in the above theorem. Let. = {P:i € I'}. Then.¥ € Z
and NY = {0}. Now let [x] € [44], x # 0. Choose i € I so that x; # 0.
Since 4, is essential there is a y € A4 with y; > 0, y; = 0,7 # i. Now if
# € Sthen P = Fforsomej € I' If x € P thenx; = 0o/ # i. Hence
y; = 0soy € P. This implies

x Ny =y (mod.¥),

ie,[x]-[y] =[y]so[y] = [x]and[y] # 0. If [z] <[y] then[z N\ y] =
[z] and for some P € &, z € P,andy & P.Soforj # i,y € }J’,thus
z Ny € B, hence z € F. So fori we have P = F, and z € F. Thus

z € mjeer (\5”;

so z = 0. Hence [y] is an atom of [4y], [y] = [x], so [44] is atomic.
Conversely, suppose [4,] is atomic, N = {0}. Let AT be the set of
atoms of [44]. Let

B = H[x]eAT B,,

where B = A/J, as in Theorem 27. We know by Theorem 27 that each B,
is lmearly ordered and is an epimorphic image of 4. Let ¢:4 — B be given

by
(p(a)[X] = a/Jx.

¢ is clearly a homomorphism. Suppose a > 0. Then [a] > 0 so there is a
[x] € AT with [x] = [a]. Now x/J, # 0in B,.lfa € J thena A x =0
so [x] - [a] = [O]; but [x] - [a] = [x] # [0]. Soa & J,, and a/J, # 0. Thus
¢(a) # 0 so we have ¢(a) = 0 if and only if a = 0 and this implies ¢
is an isomorphism of A4 into B. Since each B, is an epimorphic image of
A, we can infer that {B_}, [x] € AT, is a representation of 4. Now for
[x] € AT we know x/J, = 0. If AT = { [x] } then clearly B, is essential
so we can assume there is a [y] € AT, [y] # [x]. Then [x] - [y] = O
and sox Ay = 0.1In fact, if [y'] = [y] then again, x /\ y' = 0. Thus for

» = {0, [¥]} we have x E(L)*,that is x € J,. Hence x/J, = 0.
So by Theorem 28 we see that B is essential. Therefore the representa-
tion {B,}, [x] € AT, is 1rreducrble
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Now let x be an atom of 4. Then for each y € 4, x N\ y = x or
x Ay = 0. Thus for any ¥ C £ with N¥ = {0} we have [x] # O,
[x] - {y] = [x] or [x] - [y] = 0. It follows that [x] is an atom of [4y].
Hence

THEOREM 30. If A is atomic then A has an irreducible representation.

Proof. Let & = . Choose any [x] € [A]p, [x] # 0. then x # 0 so
there’s an atom y € A, y = x. Thus, by the preceeding remarks, [ y] is an
atom of [4]p and [y] = [x]. Hence [4]y is atomic so by the previous
theorem A4 has an irreducible representation.

Suppose now that A is locally finite so that for each x € A4, x # 0 there
is an n with nx = 1. Now A, which is necessarily linearly ordered ( [1]), is
Archimedean in the sense that for each x, y € A4, x # 0, there is an n with
y = nx. We are trying, here, to get some understanding of semisimple
MV-algebras. So now let 4 be semisimple with a representation {4,},
i € T, each 4, locally finite. Suppose x, y € A are such that nx = y for all
n = 0. If A were locally finite this would imply x = 0 or y = 1. Thus in
the subdirect product,

A4 ¢ JLer 4,

we would have nx; = y, for all n and each i. Each 4, is locally finite so we
have x; = 0 or y; = 1. Consider now the product x - y in 4. Then in each
A; we have

vy = % s = {0, if x; = 0;

Vi = %Y= \x, ifx, # 0.
Thus for each i, (x - y); = x;. It follows then that x - y = x. We use this
discussion to motivate the following definition.

Definition. An MV-algebra A is archimedean if and only if for each
x,y € A,if nx = yforalln = 0 then x - y = x.

Thus we have proved
THEOREM 31. Every semisimple MV-algebra A is archimedean.

As we have seen, every locally finite MV-algebra A4 is archimedean. We
also have

THEOREM 32. A4 linearly ordered archimedean algebra A is locally finite.

Proof. Suppose not. Let x be such that x # 0, nx < 1 for all n. Since
A is linearly ordered we must have nx < X for all » as X = nx implies
(n + Dx = 1. 4 is archimedean so x - X = x. But then x = 0 contrary to

our choice of x.
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The property of being archimedean characterizes the semisimple
algebras, that is we have the converse of Theorem 31:

THEOREM 33. Let A be archimedean. Then A is semisimple.

Proof. Suppose x € Rad(4). Then x has infinite order, i.e., nx < 1 for
all n. Let P be a prime ideal. If x & P then P is not maximal. In 4/P, x/P,
the image of x, must also have infinite order; for P can be extended to a
maximal ideal M and x € M, so x/P € M/P and M/P is a proper ideal in
A/P since M # P. Thus n(x/P) < Xx/P for all n, A/P being linearly
ordered. Now A has a representation {4/P}, P € . Consider the element
(nx) /\ X; its image in the Pth-component A/P is

0, if x € P;

(nx A\ X)/P = {nx/P, if x & P.

So for each P € &,
(nx N\ x)/P = nx/P,

hence nx A\ X = nx for all n. Thus nx = X for all n = 0 and so by the
archimedean property x - X = 0, therefore x = 0. This shows that 4 is
semisimple.

It is easy to see that each Bold algebra of fuzzy sets is archimedean; a
slight modification of the argument for Theorem 31 will do it.

For each positive integer m let A (m) be the subalgebra of [0, 1] defined
by

A(m) = {0, 1/m, 2/m, ..., (m — 1)/m, 1}.
We then have

THEOREM 34. If A is atomic and semisimple then A has a representation
{A(m)}, m € T, where T is a subset of the non-negative integers.

Proof. Let At be the set of atoms of A. For each x € At let P, be a prime
ideal with x & P.. Let

J=Nicu P

”
If y € J,y # 0 then there is an x € At with x = y. Thus x € J which

implies x € P. ThusJ = {0} and so {4/P.}, x € At, is a representation
of 4. Now x/P, is an atom in A/P,. For let 0 < y/P, = x/P,. Then

/PN x/P. = (y N\ x)/P. = y/P,.

Sincey A x =0ory A x = x we must havey /A x = x, so x = y. Thus
y/P. = x/P, and x/P, is an atom. Suppose x/P, has infinite order.
Then,

n(x/P.) = x/P, for all n.
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Consider then, the element nx A\ X € 4. For any z € At, z + x we have
x /N z =0 € P.Since z # P, we have x € P,. Thus for any n, (nx)/P, = 0
and so

(nx N\ X)/P. = 0.
Also we have
(nx N\ X)/P, = nx/P,.
Thus for each y € Ar we have
(nx N\ X)/F, = nx/P,

and this implies nx /\ X = nx. So for each n, nx = X and since, by
Theorem 31, A4 is archimedean we get x = x - X = 0. This contradiction
shows that x/P, has finite order; by 3.19 of [1] we infer that A/P, is
isomorphic to some A (m) for some integer m > 0.

One might try to prove the above theorem more directly by using the
fact that

A< HieF Ai

where each 4, is locally finite, then showing each A, is atomic. However it
seems that this approach requires that one show that no maximal ideal
contains all of the atoms. In an arbitrary MV-algebra this is not true (see
pg. 474 of [1]).

We now begin the task of showing that if 4 is atomic and complete then
A i1s also semisimple. Since in general an atomic MV-algebra need not be
semisimple, (the algebra C X C for example, pg. 474 of [1]), some extra
condition must be imposed.

Again let 4 be an MV-algebra ¥ € Z, N = {0}.

THEOREM 35. Let a € A be such that [a] is an atom of [A]y. Suppose
x € [a], x # 0 an idempotent of A. Then x = [a] i.e, x = y for all

y € [a].

Proof. We have [x] = [a] so for any prime P € %, x € P if and
only if a € P. For any prime P, x /A X € P since for an idempotent x,
x ANX=0. Thusif x € Pthenx € Pandsoa-x € P.lf x e P € ¥
then so is a and again a - X € P. Hence for all P € ¥, a-X € P so
a-x = 0; thus a = x. Now if y € [a] then [y] = [a] and the above
argument shows y = x.

Clearly then, an atom [a] can contain at most one idempotent. We want
to see what happens if an atom [a] contains no idempotent. To this end let
I be an arbitrary proper ideal of 4 and let 4, be the subalgebra generated
by 1. We describe 4, thusly:
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THEOREM 36. x € A; if and only if x € I or there are y, z € I and
xX=y+7Z

Proof. Clearly if x € T or x = y + Z with y, z € I then x € 4,. Thus,
let

B=1U({y+7Zzyzel}

Then I € B C A,. Let u, v € B. We have several cases to examine.
1) u,v € I. Then certainly u + v € I C B.
Wuelv=y+7zy,z€l Thenu+v=w-+y)+7z¢€B

W) u =y, +7,,v =y, + 72y, ¥, ¥ 2. 2, € I. Then
utv=y +y,+2z 20 €B

sincey, +y, € I,z, -z, € L.

Thus B is closed under +.
ivyu € I,v € Bimpliesu-v € 1 € B.
VVu=y +z;,v=y,+ 2 ¥, Y 2, 2, € 1. Then

u-v=(y t7z) (nt+7on)
So

u-v=0+y z; +y,- 2.

Since y, -z, ¥, -z, € I, 0 € I we see that u - v € B.

Thus B is closed under +, -.

vi) If u € I then clearly u € B. If u = y + z, y, z € I then
u=y-zel

Thus B is closed under +,:, ;0 € I € Bso 1 € B. Therefore Bis a
subalgebra of A containing I and obviously any subalgebra of A that
contains I must contain B. Hence B = A4; and the theorem is proved.

THEOREM 37. Suppose [a] is an atom of [Aly, not containing any
idempotent of A. Let I = (L,)x, J = I'-. Then A ; is isomorphically em-
beddable in A/J.

Proof. For x € A; let ¢(x) = x/J. Clearly ¢ is a homomorphism of
A; into A/J. Suppose ¢(x) = 0. Then x € J; since x € A;,, x € I or
x=y+zforsomey,z€ I.LIf x € Ithenx e INJsox =x/\x=0.
Supposethenx =y +z,y,z € I.x € Jimpliesy,z € J.Nowy € I N J
soy = 0.z € I'soz A Z = 0 thus z is an idempotent of 4. Now z = 0
implies x = 1 which in turn implies 1 € J and that’s not possible.
z # 0 implies z € [a] since I = {0} U [a]. Thus [a] contains an
idempotent contrary to the assumption on [a]. It follows then that x = 0
and so we see that ¢ is one-one.

The above argument can be modified slightly to arrive at the same
conclusion under the assumption that [a] has no maximal element.
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Again, let [a] be an atom of [4]y, let e € [a], e an idempotent. Let
I = (L,)s. Definel, =e,X =Xx-e,x € I Let

o, =, +,,7,0, 1,).
Then
THEOREM 38. .97, is a linearly ordered MV-algebra.

Proof. Since [a] is an atom we know from Theorem 24 that I is linearly
ordered. Since 7 is an ideal it is closed under +, - and contains 0. Since
e € [a] we see that 1, € I. Now from Theorem 35 we know x = 1, for
allx € I.Soforx e I, x + 1, = 1,s0x + 1, = 1,. It now follows from
Theorem 1 d) that x - 1, = x. Since e = 1, € I we see that for all x €
that X = X - 1, € I and clearly x - X = 0. Now

=xVl1, =1,

a

x+X=x+Xx"1,

forx € I. Forx,y € I,
T~ e
x+y)=x+y-1l,=x"1,"y-1,=X-y

and

X=X 1, l,=x+1)-1,=xA1,=x
Thus

~ /’w—-\"s/

xty=xy=((X+Yy)
hence

XYy =% 4+75.0=0-1,=1-1,=1,
Define x V, y = x -5 + y; then

But x -y € Iif x € I, so then
x-y-l,=x-yandxV,y = xVy.

Similarly, define
XNy =x+y)-y=x+y-1) y

Now since x A T, = 1, A T, we have x A\ 1, = 0; so by 3.2 of [1],
x+y-l,=1,-(x+Y).

Thus,
XNy =1, x+y)-y=x+y)y=xAy

It now follows that all the axioms of an MV-algebra are satisfied and so
the theorem is proved.

https://doi.org/10.4153/CJM-1986-069-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1986-069-0

1376 L. P. BELLUCE

Note that the above theorem goes through even if [a] is not an atom but
then ./, would not necessarily be linear ordered.

Now by an N,-complete algebra we mean an MV-algebra 4 such that for
any countable subset X C A the least upper bound X X exists in 4. For
X = {nx:n = 0} we write 2 nx for 2 X. We then obtain

THEOREM 39. Let A be an 8y-complete MV-algebra, [a] an atom in [A] .
Then [a] contains an idempotent.

Proof. 1f [A], = {0, 1}, then [a] = 1 = [1] so | € [a]. Assume then
that [a] # 1 and contains no idempotents. Then for I = (L,)4, J = I+ we
know I is proper and A, is isomorphically embeddable into A/J, I is
linearly ordered, J is prime. Thus A4, is linearly ordered. Suppose for some
x € A;, x # 0, that x has infinite order. Then nx = X for all n. Since
A; € A and 4 is 8-complete, we know X nx exists in A and 2 nx = X.

Thus
X 2 nx = 0.
We claim

x+2nx=2nx=2(x+nx).

For let z = x + nx for all n. Then
z-XZ((x+nx)-x =Xx/ nx = nx for all n.

So z - X = > nx and therefore

It follows that
x+2nx=2(x+r1X);
since it’s e;/ident that
S+ nx)=>(n+ Dx = > nx
we then get
x + 2 nx = 2 nx.
By Theorem 1 d) then
X > nx = x.

So x = 0 which is impossible. Thus A4, is locally finite. Now a € [a] € I
soa € A,;. Hence for some n, na = 1. But then 1 € I which is impossible.
Thus [a] must contain an idempotent.
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LEMMA. Suppose [a] an atom in [A). Let x € A and suppose for some
y € la] that y £ x. Then there are u, v € A with [u] = [a], [v] - [a] = 0,
x=u+

Proof. Letu = x N\ y,v = x - u. Then u = x so we have
Uu+v=u+x-u=xVu=x
Since u = y € [a] we have [u] = [a]. Let b = a /\ v. Then we have
b=aANx - u=x-u=u
Now
ut+b=w@+taANw+v)y=w+a) N x,
by axiom 5. Thus u + b = x. If b, u # 0 then b, u € [a] and so
b + u € [a] since {0} U [a] is an ideal in A. Now [a] is linearly ordered
and since y € [a] we get
utb=yory=u-+b
If u, b = O then certainly u + b = y. Now y = u + bimplies y = x which
is contrary to our assumption. Thus 4 + b << y. Hence
utb=xANy=u
so
u+b=u=0+u
Nowb =v=uand0 =usobyl.140f[1],b =0.Soa A v = 0 and we
have [a] - [v] = O.

THEOREM 40. Let [a] be an atom in [A) g, I = (L,)s, J = I+ Suppose
[a] contains an idempotent. Then o, is isomorphic to A/J, in symbols
o, = AlJ.

Proof. Let e be the unique idempotent in [a]. For x in 7, let
o(x) = x/J € A/J.

Clearly ¢ preserves +, -, —, 0. Moreover ¢(x) = Oif andonlyif x € J N [
if and only if x = 0, so ¢ is one-one. e & J so ¢(e) # O; & = e so
o(e)’ = o(e) so ge) is an idempotent in 4/J. But A/J is linearly ordered
and the only idempotents in a linearly ordered MV-algebra are 0, 1. Hence
¢le) = 1. Now forx € I,ie,xine,X = X eso

o(X) = @(X) - 9le) = o(x).

Thus ¢ is an injection of 7, into 4/J. Now let z € A and consider
z/J € A/J. If z Z yforally € [a] then e = z s0

l=ed=z/J =1
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and so
gle) =1 = z/J.

Suppose then there is a y € [a] with y £ z. By the lemma there are
u,v € A withu + v = z, [u] = [a), [v] - [a] = 0. This means u € I,
v € J. Hence

ow) =u/d =u/J +v/J =W+ v)/J=1z/].
Thus ¢ is an epimorphism so &, = A4/J.
Assembling the previous theorems we have

THEOREM 41. Suppose A is ¥y-complete and [A ]y is atomic. Then A is
semisimple.

Proof. From Theorem 29 we know that A4 has an irreducible
representation {B, }, [x] € AT; thus A C Il c 47 B, subdirectly where
B, = 4/J, J, = (Lx)i. By the preceeding theorem B, = /. Let
x € AT. Now the elements of .« are also elements of A; let y belong to
&, y # 0, and suppose y has infinite order. Since .27, is linearly ordered
this implies ny = y for all n. But y = y - e where e is the idempotent in [x]
guaranteed by Theorem 39. Thus ny = y for all n in 4. As in the proof of
Theorem 39 this implies y = 0 which is impossible. Hence %7, is locally
finite and therefore B, is locally finite. It now follows that A4 is
semisimple.

Our final theorem is

THEOREM 42. If A is ¥-complete and atomic then A has a subdirect
product representation of finite linearly ordered MV-algebras of the type
A(m). Moreover this representation is irreducible.

Proof. From Theorem 30 we know [4 ] is atomic with.¥ = 2. Hence by
the preceeding theorem A is semisimple. The result now follows from
Theorems 30 and 34.

5. Throughout this paper several questions concerning MV-algebras
presented themselves. Theorem 41 raises the question of whether it’s
necessary to assume A4 is atomic, i.e., is any complete MV-algebra
semisimple? I haven’t been able to show this without some additional
assumptions, e.g. something that would imply X nx is idempotent. My
suspicion is that not every complete MV-algebra is semisimple. Another
question of interest is whether or not, in Theorem 42, A4 is the direct
product of the algebras 4 (m). It is easy to show that 4 is “dense” in the
direct product in the sense that given any y € [1,, 4 (m) and any finite set
of indices F, there is an x € A with x; = y, for each i € F. I suspect that A
is in fact isomorphic to the direct product of the algebras 4 (m).
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