Proceedings of the Edinburgh Mathematical Society (2003) 46, 293-314 ©
DOI:10.1017/S0013091502000664 Printed in the United Kingdom

A UNIQUENESS THEOREM FOR AN INVERSE
ELECTROMAGNETIC SCATTERING PROBLEM
IN INHOMOGENEOUS ANISOTROPIC MEDIA

FIORALBA CAKONI AND DAVID COLTON

Department of Mathematical Sciences, University of Delaware, Newark,
DE 19716, USA (cakoni@math.udel.edu; colton@math.udel.edu)

(Received 3 July 2002)

Abstract  We show that the support of a (possibly) coated anisotropic medium is uniquely determined
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1. Introduction

In the past 10 years considerable progress has been made in the mathematical investi-
gation of the inverse scattering problem for electromagnetic waves [7]. Of central impor-
tance in this investigation is the derivation of various uniqueness theorems for the inverse
scattering problem at fixed frequency. In particular, given the far-field patterns of scat-
tered time-harmonic electromagnetic waves corresponding to incident plane waves with
arbitrary direction and polarization, the question was asked if the shape of an impene-
trable scatterer, or the index of refraction of an inhomogeneous penetrable scatterer, can
be uniquely determined. In the case of a perfect conductor, this question was answered
affirmatively in 1992 [6, Theorem 7.1] by using the ideas of Kirsch and Kress for the
case of acoustic scattering [14]. At about the same time it was shown by Colton and
Péivérinta [8] that the index of refraction of an inhomogeneous isotropic medium with
constant permeability was uniquely determined by the far-field pattern. This result was
subsequently generalized to the case of variable permeability by Ola, Paivérinta and Som-
ersalo [20] and by Ola and Somersalo [19]. Further progress in establishing uniqueness
results for inverse electromagnetic scattering problems was made by Héhner [10] and
Hettlich [13], who considered transmission problems for isotropic media. Hahner also
gave a simplified and improved version of the theorem of Colton and Péivérinta [12].
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The key tool used in all of the above work was a clever use of fundamental solutions
for Maxwell’s equations. In the case of obstacle scattering the fundamental solution of
concern was the classical dyadic Green function, whereas for the case of an inhomo-
geneous, isotropic medium a new class of exponentially growing solutions to Maxwell’s
equations was introduced. Given the success of the above approach, there is considerable
interest in extending the above collection of ideas from the case of isotropic media to the
anisotropic case. Of course, for anisotropic media standard examples show that the index
of refraction (which is now a tensor) is not in fact uniquely determined, but rather what
is possible to determine is the support of the inhomogeneity [22]. However, even with
this more limited objective, serious problems arise in pursuing the above programme to
prove uniqueness for anisotropic media due to the difficulty in constructing and analys-
ing a fundamental solution to Maxwell’s equations for anisotropic media without putting
overly restrictive conditions on the constitutive parameters. A way around this difficulty
was recently proposed for the case of acoustic waves by Hahner [11], who was able to
avoid the use of fundamental solutions for elliptic equations with variable coefficients by
using regularity results for the solution to what is called an interior transmission problem
(cf. [3], [21] and [6, §8.4]). In [11] Héhner says that ‘this structure of the proof hopefully
turns out to be useful in other inhomogeneous medium problems’; and in our view this
paper is a confirmation of his hope for a class of problems in electromagnetic scattering
theory.

As indicated above, the problem we consider in this paper is to show that the support of
a bounded anisotropic scattering object is uniquely determined by the far-field patterns
corresponding to electromagnetic plane waves of arbitrary direction and polarization.
We are in fact able to consider the more general case when the anisotropic scatterer is
possibly partly coated by a thin layer of a highly conductive material, i.e. on part of the
boundary the electromagnetic field is allowed to (possibly) satisfy a conductive boundary
condition [1]. This problem is of particular interest in the detection of decoys, e.g. wooden
tanks coated by metallic paint (with the ultimate aim of distinguishing real tanks from
the decoys). We begin our paper by using variational methods to show that the mixed
boundary-value problem described above is well posed and sufficiently regular. We then
introduce a class of modified interior transmission problems for Maxwell’s equations and
use the programme of Héhner to arrive at the desired uniqueness theorem. As is usual in
going from the case of acoustic waves to electromagnetic waves, the main difficulty occurs
in the different spaces needed to analyse the boundary-value problems for Maxwell’s
equations, in our case the space X (D, I%) (cf. §2.2) instead of the standard Sobolev
space H!(D) used in the scalar case.

2. The direct scattering problem

2.1. Formulation of the problem

Let D C R3 be a bounded open set having a C?-smooth boundary I" such that the
exterior domain D, := R3\ D is connected. The unit normal vector to I" directed into
the exterior of D is denoted by v. We assume that the boundary I' = I1 U Il U I is
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split in two open disjoint parts I} and I's having IT as their possible common boundary
in I'. The domain D is the support of an anisotropic (possibly disconnected) object
that is partly coated on a portion I of the boundary by a very thin layer of a high
conductivity material and the incident field is a time-harmonic electromagnetic plane
wave with frequency w (I» may be the empty set!). The interior electric and magnetic
fields, £, H"t and the exterior electric and magnetic fields, E®*, He satisfy

V x B —iwpgH™ =0
- . in D, (2.1)

V x H™ 4+ jweg B =0

V x E"™ —jwpgH™ =0
. .. in D, (2.2)

V x H™ + (iwe(z) — o(z))E™ =0

and on the boundary I'

vX B~y x E™ =0 on T, (2.3)
vx H* —yx H™ =0 on I, (2.4)

vx H — ) x Fint — 7(x)(v x E’eXt) xv on Iy.

The electric permittivity ey and magnetic permeability po of the exterior dielectric
medium are positive constants, whereas the scatterer has the same magnetic perme-
ability uo as the exterior medium but the electric permittivity € and conductivity o are
real 3 X 3-matrix-valued functions. The function 1 > 0, defined on the portion I, of the
boundary, describes the physical properties of the thin coating layer [1] and w denotes
the frequency. If we define

E(ext,int) — 1 E(ext,int)’ Er(ext,int) — 1 H(ext,int), k_2 — €0M0w2a

o) = (0 +172). o) - ot

we obtain the transmission problem

v X ECXt _ ik_HCXt
V X Hext —l—ikEeXt

U b (2.6)
in D, .
0

V x E™ kg™ =0) 5 @)
. . mn D, .
V x H™ +ikn(z)E™ =0

vX B —yx E™ =0 onT, (2.8
vx H* —yx H™ =0 on I3, .
vx H* —y x H™ = pn(z)(v x E®") x v on I}, (2.10)
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where the exterior field E*, H® is given by

E™ = B + E°, (2.11)
H™ = H' + 0¥, (2.12)

E3, H® is the scattered field satisfying the Silver—Miiller radiation condition
lim (H° xxz —rE®) =0 (2.13)

r—00

uniformly in & = x/|z|, r = |z|, the incident field E', H' is given by

E'(z) = %v X V x peik™d = ik(d x p) x deth*d, (214

Hl(x) =V x pel*®?d = jkd x pelk*d,

the wavenumber k is positive, d is a unit vector giving the direction of propagation
and p is the polarization vector. In the following we assume that n is a 3 x 3-matrix-
valued function whose entries are C''(D) functions such that n is symmetric and satisfies
€-Im(n)é >0 and & - Re(n)¢ > |€|? for all £ € C? and all x € D, where 7 is a positive
constant. Finally, we assume that 1 > 0 is a bounded C' function supported on I. We
again remind the reader that I's; may be the empty set.

2.2. The direct problem

In order to formulate precisely the problem we are concerned with throughout this
paper, we need the following spaces. Letting (H®(D))3, (Hy .(D.))? and (H3(I))3, s € R,
denote the product of the standard Sobolev spaces defined on D, D, and I, respectively
(with the convention H° = L?), and

H(curl, D) := {u € (L*(D))* : V x u € (L*(D))?},
LX) :={uec (L*))*:v-u=0o0n T},
Li(I3) := {ulr, s u e L{(I)},
we introduce the space
X(D,Iy) :={u € H(curl, D) : v x u|p, € L}(I)}

equipped with the norm

”qu((D,FQ) = ||u||%-1(curl,D) + [lv x UH%2(F2)- (2.15)

For the exterior domain D, we define the above spaces in the same way for every DN Bg,
with Bgr a ball of arbitrary radius R and denote these spaces by Hjc(curl, D) and
Xioc(De, I), respectively. The trace spaces of v x u|r and v x (ux v)|r for u € H(curl, D)
(or u € Hyoc(curl, D,)) are given by

HEY() o= (we (H VX)), v-u=0, divpu e H V2(I)),
Hﬁl/Q(F) =we (HY*D)?, v-u=0, curlpu € HY/2(IN)),

curl
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respectively. Finally, we introduce the trace space of X (D, I3) on I" by
Y(I') :={h € (H Y2(I"))* : 3u € Hy(curl, Br), v x u|p, € L*(I}) and h = v x u|p},

where the ball B contains D and Hy(curl, Br) is the space of functions u in H(curl, Bg)
satisfying v X u|s,, = 0. As shown in [4] Y(I") is a Banach space with respect to the norm

”hH%’([‘) = inf{Hu”%—I(curl,BR) + ||V X u”%f(f'z)}a (216)

where the infimum is taken over all functions u € Ho(curl, Bg) such that vxu|p, € L(I%)
and h = v x u|p. Y(I') is a Hilbert space and coincides with Hd_iim(l“) N L?(13).

The direct scattering problem is a particular case of the following general transmis-
sion problem. Given f € Y/(I'), h € Y(I'), h1 = h|r,, ho = h|p, find E® € Xj5c(De, I3),

E™ e X (D, Iy), H® € Hype(curl, Do) and H™ € H(curl, D) such that

VXxE —ikH®*=0 and V x H*+ikE®* =0 in D,, (2.17a)

V x B™ —ikH™ =0 and V x H™ +ikn(z)E™ =0 in D, (2.17b)
VX ES—uvx E™=f onl, (2.17¢)
vx HS —vx H™ =h; on Iy, (2.17d)
vx HS —vx H™ = n(z)E5 + hy on I, (2.17¢€)
rllrgo(HS xx—rE%) =0, (2.17 f)

where by ur we denote the tangential component of u given by ur = (v x u) x v|p. We
refer to (2.17) as problem (TP).

In order to arrive at a variational formulation of (TP) over a bounded domain, we
introduce an artificial boundary Sg that is the surface of the ball Br of radius R such
that the scatterer is contained in the interior of the ball. Furthermore, for given f € Y'(I")
we construct a function Ey € X(Bg \ D, I3) by solving the boundary-value problem

VXVXEf—I—Ef:O inBR\D, VXEf‘F:f and I/><Ef|SR=0. (218)

Note that this problem is uniquely solvable in H (curl, BR N D,) and by transforming this
to a problem with homogeneous boundary data we see that

B¢ || curt, Brrpe) < CIE|| b (cunt, Broe)s

for any function E € Hy(curl, Bg) such that v x E|p = f and v x E|g,, = 0, where C' =
C(BrNDs.) is a positive constant. Now for all € > 0, from the definition of Y (I"), we can
choose a E, in Hy(curl, Bg) satisfying

HEGHH(CUYLBR) + HV X Ee||L2([‘2) < ||f||Y(F) + €,
and since the above constant C' is independent of the choice of E we obtain

||Ef||X(BR\D,F2) < O|lflly(ry, for some constant C' > 0. (2.19)
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We now introduce the exterior Calderon operator Ge (cf. [15,16]), which is an isomor-
phism between H;i‘ll/z(S’R) and H(;\ll/Z(SR) and maps a tangential vector field A on Sp
to & x H® where (E®, H%) satisfies
V x E° —ikH®* =0 in R3\ Bg,
V x H* +ikE* =0 in R*\ Bg,
Tx E*=X on Sg,

lim (H® x ¢ —rE®) = 0.

T—00

(2.20)

By expressing the magnetic fields in (TP) in terms of the electric fields, using the trans-
mission conditions, the definition of G, and integrating by parts, we obtain the following
variational formulation for the electric field of (TP). Given h € Y/(I'), find U € X (Bg, I%)
satisfying

/D[(VXU)~(V><¢)—k2nU-¢]dU
+/ [(VxU)-(Vx¢)—kU-¢|dv
Bgr\D

_ik/ nUr - g1 ds + ik Ge(z xU) - ¢rds
Iy Sr

:/h¢TdS+l/€/ nEfT'¢TdS
r I
[ VR E) (VX 6)+ By gl do
Br\D
71]43\/ Ge(fCXEf)(deS (221)
Sk

for every test function ¢ € X (Bg, I). If U is a solution of (2.21), then it is easy to show by
choosing sufficiently smooth test functions that E'™ := U|p and E® := Ulp\p + Ef sat-
isfy the differential equations for the electric fields of (TP) in D and Br\ D, respectively,
the transmission conditions on I' (with H® = (1/ik)V x E® and H™ = (1/ik)V x E™t)
and & x (V x E®) = ikGe(Z x E®) on Sg.

A solution of the variational problem (2.21) (from now on we refer to it as (VIP))
and the corresponding magnetic fields H® = (1/ik)V x E®, H™ = (1/ik)V x E™! can be
extended to a solution of (TP). Indeed, at the interface Sg there is no jump of & x E®
and the link between & x E® and & x H® through the operator G, shows that &£ x H® has
no jump either.

Theorem 2.1. The problems (TP) and (VTP) have at most one solution.
Proof. It suffices to show uniqueness for the problem (TP). Let E™ € X (D, I3),

E® € Xioe(De, I'p) and H™ = (1/ik)V x E™ H® = (1/ik)V x E° be the solution of
(TP) with boundary data f = 0 and h = 0. Taking the dot product of the equations of
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(TP) for the electric fields by E'™ and E®, and then using integration by parts and the
transmission conditions on I, we obtain

ik/ (VXES)-HSds:—/ b x (V x E%)] - Fop ds
SR SR
= / (|V x E*]2 — k?|E5|*) dv
Bgr\D
+/ (|V x E™2 — k*n|E™?) dv fik/ n|Ex?ds. (2.22)
D I

After taking the imaginary part of (2.22) and using the fact that Im(n) > 0 and n > 0,
we now obtain

_ : 1 .
Re</ (ybe)-HSds) :—k/ Im(n)|Emt|2—f/ n|E5*ds < 0.
SR D k FQ

Hence from Theorem 6.10 of [6], E* = 0 and H® = 0 in D, and so the transmission
conditions become simply the continuity of the tangential component of the electric and
magnetic fields. Now we employ the unique continuation principle (cf. [18]) to deduce
that £ and H™' are both zero in D. O

Now we prove the existence of a solution to (VIP). To this end we define the sesquilin-
ear form a : X(Bgr,I2) X X(Bg,I2) — C by

a(U,¢) := (V x U,V X @) r2(pr) — k> (AU, §) 12(B5)
+1k(Ge(@ X U), ¢1)12(58) — 1k(MUT, ¢T) L2(1) 5

where 71 :=n in D and 7 = 1 in Br \ D and denote by b(¢) the right-hand side of (2.21)
for ¢ € X(Bgr,I2). Using the Schwarz inequality, the trace theorem and (2.19) it is easy
to see that

b(@)| < Chlly oy + Iy )@l x (Br.12): Vo € X(Br, I32). (2.23)

The existence of a solution to (VTP) is based on the technique used by Kirsch and Monk
in [15,16] for the case when 1 = 0 (in this case our space X (Bg, I2) becomes simply
H(curl, Br)). We follow their analysis, emphasizing the modifications due to the addi-
tional term on I'z. We first observe that any function U € X (Bg, I'2) such that VxU =0
in Br and v x U|r, = 0 satisfies U = Vp with p € S, where S := {p € HY(BR) : p|r, = ¢}
and c is a constant. (Note that the constants are possibly different on each disconnected
component of I'; and we can choose the value of ¢ on one component to vanish (see [4]
or [16, Theorem 4.3] for details).)
The problem of the unique determination of p € S such that

a(Vp,Vq) := —k*(AVD,Vq)12(8) + ik(Ge(& X VD), Vs,q)12(s55) = b(Vg) Vg€ S
(2.24)
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now becomes exactly the one treated in Theorem 10.2 in [16] (see also [15]). In particular,
there exist a unique p € S that solves (2.24) and satisfies

IVDllL2(Brrp.) < CII0II-
Now we can factor out VS from X (Br N De, I2). To this end, we define
Xo:={U € X(Bg, I) : —k*(aU,Vq) +ik(Ge(& x U),Vs,q) =0Vq € S}  (2.25)
and note that the condition in X is a weak form of

V. (aU) =0 in Bg,
) . (") oon (2.26)
k%t -U =1ikVg, - Ge(Z x U) on Sg.
We then have that the space X (Bg N D, I3) is the direct sum of Xy and VS, i.e.
X(BrN De,I3) = Xo @ VS

and furthermore that the projections onto the subspaces are bounded (the proof follows
Lemma 10.3 in [16] or Lemma 0.1 in the Corrigendum to [15]).

We are now ready to analyse (VTP). First, by using expansions in spherical harmonics,
one can show [15,16, Lemma 10.5] that the exterior Calderon operator G, can be split
into two parts, GeA = GIX + G2\ for A\ € Héi/VQ(SR), such that the mapping

(a) u— GL(# x u) is compact from X into Hl/Q(SR), (2.27)

div

(b)  ik(G%(Z x A\), A1) = 0. (2.28)

We now decompose U = W + Vp, where W € Xy and Vp € VS and observe that
a(W,Vq) =0 Vq € S by the definition of X,. Hence we can write

a(Vp,Vq) +a(Vp,¥) + a(W,¢) = b(Vq) +b(¢) Vi € Xo, g€ 5. (2.29)
After determining p € S from (2.24) it remains to find W € X; by solving the equation
a(W,¢) = b(¢) —a(Vp,¥p) V¢ € Xo. (2.30)

To this end we split the sesquilinear form a(W,¢) = a1 (W, ¥) + az(W, ), where

ar(W, ) = (V x W,V x ¥) 2By + (U, ¥) L2(Bp)
— ik(nUr, 1) L2(ry) + 1k(G2(Z X U), 1) 12(981) (2.31)
G’Q(Waw) = 1k<Gé(‘% X U)7’L/)T>L2(SR) - ((kzﬁ’ + 1)U?1/))L2(BR)'

From the Cauchy—Schwarz inequality we have that

lar (W, )| < a1 [W]x|[llx, e >0,

and by taking the real and imaginary parts, using (2.28) and the fact that > 0 we have
ar (W W)| = 2| W%, 2> 0.

In order to treat the sesquilinear form az(W, 1) we need the following lemma.
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Lemma 2.2. The space Xy is compactly imbedded in L?(Bg).

Proof. Consider a bounded sequence {U;}72; in Xo. Each function in U; € X can
be extended to all R? by solving the exterior Maxwell problem
Vx (VxV;)—kV;=0 in R®\ Bg,

2 xV;=2xU; onSg,

together with the Silver—Miiller radiation condition at infinity. The extended function U7

defined by
Ue — Uj on BR, B
! V; onR®\ Bg
is in Hjoc(curl, R?) since the tangential components are continuous across Sg. Due to the
condition (2.26), the extended function has a well-defined divergence and

V- (aU5) =0 inR*

Now we choose a cut-off function y € C§°(R?) such that x = 1 in Br and is supported
in 2 D Bg. From a result of Costabel [9] we have that the space

Hy(curl,div, 2) := {U € H(curl,div, 2) : v x U|p, € L*(I%) and v x U|gg = 0},

where H (curl, div, £2) is the space of function U € L?({2) such that curlU € L?(£2) and
divU € L?(£2), is continuously imbedded in H'/2=¢(£2) for every € > 0 and therefore the
space

Xg={Ue€X(2,1»):vxUlpg =0 and (U, VE)2() =0, V& € S}

is compactly imbedded in (L?(£2))3. By using the technique of Theorem 4.7 in [16] or
Proposition 2.28 in [5] we can extend this result to the space

X ={Ue€X(2,1n):vxUlpg =0 and (AU, VE) 20y = 0, Vé € S},
and the result now follows from the fact that xU; € X O

We are now ready to conclude the proof of the existence of a solution to (VTP). By
an application of the Lax—Milgram lemma, a; gives rise to a bijective operator and by
the compact imbedding of X, in L?(Bgr) and (2.27) the second part ap gives rise to a
compact operator. Then a standard argument implies that the Fredholm alternative is
applicable, which together with the uniqueness Theorem 2.1 shows that there exists a
unique solution U of (VIP). Hence E™ = U|p, H™ = (1/ik)V x E'™ and the unique
extension E° to D, of U|p,\p + Ey and H® = (1/ik)V x E* are the unique solution of
(TP). So we have proved the following result provided D, n and 7 satisfy the assumptions
of §2.1.
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Theorem 2.3. The transmission problem (TP) has a unique solution E™ € X (D, I"),
E® € X(D.,T"), H™ € H(curl, D), H® € H(curl, D,). Moreover, it satisfies

IE™||x(,r) + |1 Bl x (B\5.1) + H™ | (curt,0) + 1 H | b1 (curt, B\ DY
< CUfllyry + I1Rllyry),  (2.32)

for some positive constant C' depending on R but not on f and h.

2.3. Regularity of the solution of the direct problem

Let K=Vv and H = %V -v on I' denote the curvature and mean curvature, respec-
tively, which are bounded for a C?-smooth boundary, and let Htl/2 (I') be the space of

the tangential fields in H'/2 (I"). In order to prove our desired uniqueness theorem in §4,
we need to establish a regularity result for the solution of (TP).
We begin with the following technical lemma [17, Lemma 5.4.2].

Lemma 2.4. Let {2 be a bounded domain having a C?-smooth boundary I" and let v
be the outward normal vector. Then for any two vectors U and V in (H'(£2))? we have

/[(VU-VV)—(V><U)~(V><V)—(V-U)(V‘V)]dv
2
= — /F[Vp . UT(V . I/) +Vr- VT(U . I/) + QH(U . V)(V . I/) + (ICUT . VT)} ds.
(2.33)

We are now ready to prove a regularity result for the solution of the transmission
problem (TP) under some restrictions on the behaviour of the surface conductivity 7 at
the boundary IT of I on I'.

Theorem 2.5. Suppose that V- f € HY/?(I'), h € Htl/z(f'), and n and Vn act
as multipliers in H=/?(I") and Ht_l/Z(F), respectively. Then the magnetic fields of the
solution to (TP) satisfy H™ € (HY(D))? and H® € (H}_(D.))3.

Proof. The magnetic fields H® € H(curl, D.) and H™® € H(curl, D) of the solution
to the (TP) satisty

Vx(VxH)~k*H* =0, V-H*=0 inD,,
V x (n 'V x H™) —k*H™ =0, V-H™ =0 in D

and the transmission conditions

V-HS—V-HintZ%vF'f on I
HS —H® =h; xv  onlIy, (2.34)

Hi — Hy' = —%n(ﬂc)[u x (Vx H)]+ hgy xv on Ih,
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which are obtained by first applying the surface divergence to (2.17¢) and then using
Vi (vx E%)=—v-(Vx E%) =—ik(v- H?).

Now we apply Lemma 2.4 for smooth H™™*, " and H®, H® in D and Bg \ D, respec-
tively, to estimate the L? norm of the gradient. The desired result is then obtained by
employing a denseness argument. In particular, we have

/ |VHi“t|2dv+/ |VH|? dv
D Bgr\D

:/ |V><Hi“t\2du+/ |V x H%|? dv
D Br\D
a / [Vp- HE(H™ -v) + V- HY(H™ - v)
I . . . _ .
FOH(H™ V) (H™ - v) + (KHD - 7] ds
+/[vp-H%(ﬁ.y)+vp.ﬁT<Hs.y)
I _ _
+H(H® -v)(H® -v)+ (KHY - HY)]ds
—/ Ve, - Ho(EF - &) + Vs, - For(H" - 3)
Sr

+2H(H® - 2)(H® - &) + (KHY - HY)] d4.

By using the Schwartz inequality and the fact that K, and H are bounded we obtain

/ |VHim|2du+/ |VH|>dv
D Bgr\D

<V x HintHQL?(D) + IV x H5Hi2(3R\D)
B vl ooy lH™ - vl gracry + el H vl g [1H? - Vil e
+ ol H® 2l g-1r2(sp) 1 H® - &l 12 (spy +€llVse - Hillg-12(s ) 1H® - &l 1255
+ 2’ / Vi Hy(HS -v) — V- HR(H . p)]ds|. (2.35)
r
We now note that by expanding the magnetic field H of the solution of (TP) in spherical

harmonics [6, 15], we can see that ||V - Hy| g-1/2(5,) is bounded. Next we use the
transmission conditions (2.34) to see that

/[VF . H%(ﬁy) — VF . HriIr\lt(gint . V)] ds
r
— i [ Ve BT st [ To o) ) ds
r r
i

—— | Vr-[nlvxVx H)(H™ -v)ds,  (2.36)
kJp,
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and hence
‘/[VF~H%(H-1/)—Vp-Hif‘t(Hint-z/)] ds
r

< (Ve H)lg=22ry)IVr - fllaarezr
+c| Ve (B x v)llg-12m [H™ - vl g2y
+ C”VF . [7’](V x V X HS)H|H71/2(F)HHint . V||H1/2(F). (237)

Simple computations show that
Vr v x (Vx H))]=nVr -[vx (VxH)+Vrn-[vx(VxH%)] only (2.38)

From (2.38) and the assumptions on 7 and V7 we have that for H® € H(curl, Bg \ D)
both V- [vx (V x H®)] and Vn-[v x (V x H%)] are in H=Y/2(I"), whence ||V - [n(v x
(V x H))||lzr-1/2(I") is bounded. Now combining (2.35) and (2.37) we obtain that

/ |VHint|2dv+/ |VH®?dv
D Bgr\D

<V x H™| 2y + IV X H?|| 125, )
+ CHHint : V”H*l/?(F)HHint : V||H1/2(F) +c||H® - V||H71/2(1“)||1L1rS ) V||H1/2(F)
+cl|H® - 2l gr-1/2(s) 1 - 2l sz sy + Vs - Hyll =125 ) HH® - 2l gz (s
+cl[Vr - (hx V)HH—l/’L’(F)HHint Ul ey
+ el (Ve Ho)lg-2oy Ve - fllae o
+e| V- [nv x V x Bl g-1rzpy | H™ - vl g2y (2.39)

The first two terms of (2.39) are bounded by the H(curl, D) and H(curl, Bg \ D) norms,
respectively. In order to estimate the third term, we use the inequality

N vl oy V™ -7y < ™ vy + <N 0By agary- (2:40)

It follows from the trace theorem that when e is small enough the first term on the
right-hand side of (2.40) is dominated by |H™||;1 and the second term is bounded
with respect to the H(curl, D) norm. The same technique can be applied to each of the
remaining terms in (2.39). Note that by assumption ||h||H1/2 and ||V - fll g1z are
bounded. Hence the above analysis shows that H'™ e (H(D) 3) and H € (H*(Bgr \ D))?
and

HHim”Hl(D) + 1H || g2 (B\ D)
C((H];Imt||H(Cu1r1,D) + HHSHH(Curl,BR\D) + ||h||Htl/z([‘) + ||VF : f”Hl/Z(F))a (241)

with C a positive constant depending on R but not on H, f and h. Note that
12 - H®||gg1/2(s,,) becomes arbitrarily small for arbitrarily large R since H*® satisfies the
radiation condition. O
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The same type of regularity can be obtained for the electric fields E™™, ES of the
solution to (TP).

Theorem 2.6. Suppose that f € Htl/Q(F), he Htl/z(F), Vr-he HY*(I), and 1/n
and Vr(1/n) act as multipliers in H='/2(I") and H~'/?(I');, respectively. Then the
electric fields of the solution to (TP) satisfy E™ € (HY(D))? and E® € (H}_(D.)).

Proof. The proof uses the same techniques as in the previous theorem. The trans-
mission conditions for E™, E° now become

By —EXM=fxv onl,

V,ES_V.(nEint):—%VF‘hl on Fl, (242)

V'ES—V'(nEth):_%VF'(T]E%‘JF}LZ) on FQ’
Avoiding the repetition of the same procedure, we note only that some slight modifica-
tions are needed due to the fact that V - (nE™*) = 0 (cf. [17, Theorem 5.4.4] for the

equation corresponding to (2.33) in this case). In addition we need to make use of the
relation

, 1 , ; i 1
VF'EEF:%VF- n(ux(Vbe)—I/x(VxEmt))} —%Vlm (Uh> on I5

in order to estimate the integral over I's, where the assumptions on 1/n and Vp(1/n)
are used.
The corresponding norm estimate for the electric fields is

IE™ 1) + 1B 1 8\ by < CUE™ i1 (curt. D) + 1B || b (curt, B\ D)
TN vy F WV - hllirecry + 100 g2 ). (2.43)
O

We end this section by reformulating the above regularity result in a form which will
be used later on (see also [17, Theorem 5.4.4]).

Remark 2.7. It is easy to see that the conclusions of Theorems 2.5 and 2.6 are also
valid if we merely require that the fields satisfy

H® € (L?OC(DG))B’ V x H® € (L%OC(DE))?)’ V-H" € L%oc(De)ﬂ
H™ € (L*(D))?, V x H™ e (L*(D))?, V-H™ e L*(D)

together with (2.34), and

E® e (L} .(De))?, V x E* € (L}.(Deo))?, V- E* e LY. (D),

loc loc

E™ ¢ (L*(D))3, V x E™ ¢ (L*(D))3, V- (nE™) € L*(D)

together with (2.42), respectively.
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3. The interior transmission problem

Before proceeding with the uniqueness of the inverse problem we need to study the
interior transmission problem (referred to as (ITP)) corresponding to the transmission
problem of the previous section. (For the relation of the interior transmission problem
with the inverse scattering problem, see [6,11]). Throughout this section we assume
that D is simply connected. This is not a restriction since as will be seen in the next
section we need only to consider (ITP) in each connected component of D separately.
The interior transmission problem is given D, n and 7 as in the direct problem and given
feY(),heY(I), hy =hlp, ha = h|p, find E, E™ € X(D, ), H, H™ € H(curl, D)

satisfying
VxE—ikH=0 and VxH+ikE=0)
V x EM _RH™ =0 and YV x H™ 4 ikn(z) B — 0} D,
1/><E—1/><Eint:f on I, (3.1)

vx H—vxH"=h; onl},

VXH—VxHi“t:n(x)ET—i—hg on I5.

Our goal is to show that a slightly modified interior transmission problem has a unique
solution that depends continuously on the data. It turns out that this modified interior
transmission problem gives the necessary tool to prove the main result of this paper,
i.e. the shape of a penetrable (possibly) partly coated anisotropic obstacle is uniquely
determined by the far-field data.

3.1. The modified interior transmission problem

Let m be a positive number, Fy, Fy € (L?(D))3, f € Y(I'), h € Y(I') and hy = h|p,,
ha = h|r,. We want to find H, H™ € H(curl, D) withv x (V x H)|r, € L?(I3) satisfying

Vx(VxH) +H=F
» (.t ) T D, (3.2a)

Vxn (Vx H"™)+mH™ = F,
vx (VxH)—vxn Y (VxH")=f onT, (3.2b)
Hy — HM =h; xv on I, (3.2¢)

fﬁ-f@wz_%m@px(vXﬂn+h2xu(mrg (3.2d)

We will reformulate (3.1) as a variational problem. To this end we introduce the sesquilin-
ear form A defined on H(curl, D) x X (D, I) by

mquwz/

[(VxH)-(Vx¢)+H-4’>]dac+/HT-(VXLP)ds
D r

+/D[1(V><V)'(V><W)+nV-W]dm

m

+/F(u><V)-Q§Tds+Iic/&n(zxxV)-(yxu'/)ds, (3.3)
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where (H,V) and (@,¥) are in H(curl, D) x X (D, I3). We also introduce for (®,¥) €
H(curl, D) x X(D, I;) the antilinear form

L(@,W)/D{Fl-@+;F2~(V><LT/)]dx
+/F(h><u).(yxgp)ds—/Ff-¢Tds—;/F2nf-(uw)ds. (3.4)

Note that the integrals over I' are interpreted as the duality between H (;‘1,/ 2(I“) and
Hﬁl/z(lj)7 while the integral over I is the L?(I%) scalar product (note that h x v is in

curl

H_ () since h € HY?(I)).

curl v

The variational formulation of problem (3.2) is find (H,V) € H(curl, D) x X(D, I3)
such that

A(H,V;0,W) = L(®,¥), Y(®,¥) € H(curl, D) x X (D, I}). (3.5)

The following theorem proves the equivalence between the existence of a solution to
problems (3.2) and (3.5).

Theorem 3.1.

(a) If (H, H™) is a solution to (3.2), then (H,V) with V := n=}(V x H™) is a solution
to (3.5).

(b) Conversely, if (H,V) is a solution to (3.5), then (H, H™) with
. 1 F.
H™ = - —(VxV)+ =2
m m

is a solution to (3.2).

Proof. (a) Let (H, H™) be a solution of problem (3.2) and set V := n=!V x H™,
Since VXV = Fob—mH™ and v x V € LZ(I%), then V € X(D, I';). Moreover, V satisfies

Vx(VxV)+mn(z)V =V x F, (3.6)

interpreted in the sense of distributions. Now taking the L? scalar product of the first
equation of (3.2a) with a function ¢ € H(curl, D), integrating by parts and using the
boundary condition (3.2b), which now takes the form

vX(VxH)—vxV=f onl,

we obtain

(VXV)-@TdS:/DFl'¢d$—Af'¢TdS.
(3.7)

/D[(VXH)~(V><¢)+H.¢]dx+/F
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We now take the L? scalar product of (3.6) with a function ¥ € X (D, I';) and integrate
by parts to obtain

/D[l(VXV)~(V><§15)+nV-W}dx—;/DFQ-(VXW)d:v

m

1 1
- — (VXV)T'(VXW)dS-F*/FQT'(Z/XW)dS:O. (38)
mJjr mJr

From the fact that V x V = F, — mH™ and the boundary condition (3.2d), we have

1

— / [—(V X V)T —|—F2T] . (1/ X W)ds

mJr

Z/HT-(Z/XLT/)dS—F%/ Ny x (Vx H)-(vxW¥)ds
r I
- / (hxv) (vxW)ds. (3.9)
r

Combining (3.9) with (3.8) and using (3.2b) we finally obtain

/D[I(VXV)-(VXET/)—FHV-W} dz

m

+1 17(1/><V)~(1/><¢)ds+/HT'(I/XW)ds
kJr, r

:i/ F2~(V><J/)dm+/(hxu)~(ux@)dsfl/ nf - (v x ¥)ds.
m D I k; Fz

(3.10)
Adding (3.7) and (3.10) shows that (H,V) is a solution of (3.5).

(b) Let (H,V) be a solution of (3.5). It is obvious that H and V satisfy (3.7) and

(3.10), respectively. Set
Fy

. 1
H™:= - —VxV+4—=,
m m

By taking sufficiently smooth test functions ¥ in (3.10) we see that V satisfies
1 F.
—Vx(VxV)+n(@)V=Vx= iD,

m m

which means that V x H™ + n(z)V =0 in D. Therefore, H™ is in H(curl, D) such
that v x n=1(V x H"%)|p, € L?(I%) and satisfies the second equation of (3.2a). By now
taking smooth functions @ the variational expression (3.7) yields the first equation of
(3.2a). Tt is easy to verify that the boundary conditions (3.2b)-(3.2d) for H and H™
are also satisfied. This ends the proof. O

Theorem 3.2. Assume that there exists a constant v > 1 such that, for x € D,

Re(¢-n(2)€) = ~[¢]* V¢ € C? and % > . (3.11)
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Then problem (3.5) has a unique solution (H,V) € H(curl, D) x X (D, I'y). This solution
satisfies the a priori estimate

I eurt,0y + IV lx 0,1y < CUFL 20y + 1F2l 20y + I flly () + [Blly (ry)s (3:12)
where the constant C' > 0 is independent of Fy, Fy, f, h and 7.

Proof. Classical trace theorems and Schwarz’s inequality ensure the continuity of the
sesquilinear form A and of the antilinear form L on H(curl, D) x X (D, I';) as well as the
existence of a positive constant ¢ independent of Fy, Fy, f and h such that

LI < el Frll e + [1F2l 2 + I flly + [1R]ly)- (3.13)

Next we take the real part of A for (H, V) € H(curl, D) x X(D, I';) and use the assump-
tion (3.11) to obtain

Re(A(H,V;H,V)) = v HH”?LI(curl,D) + HVH?{(curLD) +2Re((H,V)),

where (H, V) denotes the duality between H, (;\1,/ 2 and H_'/? defined by

curl
(H,V) ::/(z/xV)~HTds:/[(VxV)-fI—(VxH)~V]dJ;.
r D
By Schwarz’s inequality we have that

|<ﬁ’ V>‘ < ||HHH(curl,D) ||V||H(curl,D)

and therefore

TaR Y, 2 2
Re(‘A(H7 Va Ha V)) 2 ||H||H(curl,D) + ||V||H(curl,D) -2 ||H||H(curl,D) HVHH(curI,D) .

Using the identity

2

2, .2 v+1 2 7y—1 o v—1,
— Oy = _

yx© +y Ty 5 (a: 7+1y>+ 5 x+’y+1y7

we conclude that

_ v — 1
RG(A(H,V,H,V)) = m(HH”z(curl,D) + HV”i(curl,D))'

Now taking the imaginary part of A and using the facts that Im(n) > 0, n > 0 and
n € CY(Iy) implies that there exits a positive constant ¢ such that

Im(A(I‘L V; ij, ‘_/)) > CHI/ X VHLQ(I’Q)-
Hence we have that
== 2 2
AWH, V;H, V)| 2 CL(lH 5 eun,py + 1V X (p.1)

for some C7 > 0 and thus A is coercive. The unique determination of (H,V) and the a
priori estimate are therefore a direct consequence of the Lax—Milgram lemma applied to
A in H(curl, D) x X (D, I;) and (3.13). This proves the theorem. O
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Theorem 3.3. Under the assumptions of Theorem 3.2, the problem (3.2) has a unique
solution (H, H™) € H(curl, D) x H(curl, D), such that v x (V x H)|p, € L?(I). This
solution satisfies the a priori estimate

||HHH(cur1,D) + HHintHH(curl,D) + [l x (V x H)||L2(Fz)
< 2C(1Full 2oy + 1F2ll 2oy + I lly () + 1Blly (1), (3-14)
where the constant C > 0 is independent of Fy, Fy, f, h and .

Proof. It only remains to prove that the uniqueness of the variational problem (3.5)
implies the uniqueness of the modified interior transmission problem (3.2). Then the
theorem is a consequence of Theorems 3.1 and 3.2.

Consider two solutions (Hy, Hi"*) and (Ha, Hi*) to (3.2). Then from Theorem 3.1
(Hy,nV x HI") and (Ho,nV x H") are two solutions to (3.5), whence H; = H, and
n(V x H*) = n(V x Hi*). Since n~! is bounded and D simply connected, the latter
means that there exists a function P € H' (D), uniquely determined up to a real constant,
such that Hin® — Hin* = VP. The second equation of (3.2a) yields mVP = 0 in D and
whence Hint = Hint, O

The extra condition on the matrix n, Re(£ - n(x)€) = v|¢|? for some v > 1, Vo € D
and ¢ € C?, is not an essential restriction. In particular, it is possible to prove that if
Re(€ - n~1¢) > |€|? for some v > 1, then there exists a unique solution of the modified
transmission problem (3.2). In this case we write a variational formulation for V := Vx H
and H'™ in X (D, I';) and H (curl, D), respectively, and follow a similar procedure to that
above (see [2] for the corresponding scalar case). Note also that, since n is a symmetric

matrix, Re(€ - n&) = £ - Re(n)¢.

4. Uniqueness for the inverse problem

Now we consider the following inverse problem corresponding to the direct problem of
§2.1: given, on a large sphere Sg, of radius R surrounding D, the scattered fields E%|s,, and
H?|s,, for all incident plane waves E'(z) = (i/k)V x V x pe**? and H(z) := V x pelF®-d,
2 € R3, with polarization p € R3 and incident direction d on the unit sphere, find the
support D of n (note that H field can be computed from the E field and vice versa). The
scattered fields F® and H*® are the solution to the transmission problem (TP) with the
boundary data f :=v x El|r and h := v x Hi|p. The main result of this section states
that D can be uniquely determined by these data. We note that from Rellich’s lemma
the scattered fields E®|g, and H®|g, on Sk can be uniquely computed by the electric
(or magnetic) far-field pattern and conversely [6]. Hence the result is equivalent to the
unique determination of D from the electric or magnetic far-field pattern corresponding
to all incident directions and all polarizations.

Theorem 4.1. Let the domains D' and D? with the boundaries I'' and I'?, respec-
tively, the matrix-valued functions ny and no and the functions 1; and 71s determined on
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the portions I't C I'' and I'§ C I'?, respectively (either I'y or Iy, or both can possibly
be empty sets), satisty the assumptions of (TP) in §§ 2.2 and 2.3. Moreover, let us assume
that either £ - Re(ny)€ > v|€)? or € -Re(ny )€ = v|€|?, and either € - Re(ng)€ = v|€|? or
€ -Re(ny )¢ > |¢)? for some v > 1. If the scattered fields (Ey, H;) corresponding to
the data D', ni, n1 and (Ea, Hs) corresponding to the data D2, no, M2 coincide on a
large sphere Sy of radius R for all incident plane waves with arbitrary direction d and
polarization p, then D' = D?.

Proof. Consider the scattering of electric dipole fields given by

: i
El(x;2,p) = EVI X (Vg x p&(x, 2)), (4.1)

Hl(z;2,p) = Vu x pd(z, 2),

due to an electric dipole with polarization p located at z, where @(z, 2) is the fundamental
solution to the Helmholtz equation given by

1 eik|;17—z|

b(x,2) : T # z.

T drm |z — 2]’
Denote the corresponding scattered waves by ES(-, z,p) and HE(-, z,p). Then, under the
assumptions of the theorem, it was shown in [6, Theorem 7.1] that the scattered fields
E3Y HSY and E$?%, HS? coincide on Sg. Note that from Rellich’s lemma the scattered
fields on Sk can be uniquely computed by the far-field patterns and conversely [6].

Now let us assume that D7 is not included in D, and let G denote the unbounded
connected component of R?\ (D! N D?). Then there exists a point z such that z € I'!
and z ¢ I'?. In particular, we have that the points z, = 2 + (¢/n)v(z) lie in G for all
n € N and e sufficiently small, where v(z) is the outward normal vector to I'! at z.

Due to the singular behaviour of @(z, z), it is obvious that || H(-, zn, v(2)) || i (cur, 01y —
o0 as n — 00, where H! (-, z,,v(2)) is the magnetic field of the electric dipole (4.1) with
polarization v(z). We now consider the incident fields

Hi (@ 20, v(2))
[ 2 oo + 19 % Gz’ | (4

H,(z)=

1

E,(z) = fﬁv x H,(x)
for x € D! U D? and denote by EJ*, H}* and EJ™™, H}" the corresponding solutions of
(TP) for the domains D7, j = 1,2. Note that F,(z) is uniformly bounded in X (D!, I'}).
Next we want to show that the sequence H,, is uniformly bounded in H'(D') and con-
sequently in X (D1, I'}). Theorem 2.3 will then show that the corresponding scattered
fields and interior fields are uniformly bounded in their respective norms. To this end
with the help of a cut-off function x supported in Bs.(z) and x = 1 in B.(z), we first
write )
[ He (5 20, v(2)) | m1 (D10B. (2))

| H&(5 20, v(2)) ”H(curl,DlﬂBe(z)) '

(1 = Xx)Hn + xHpl g1 (p1y < C + (4.3)
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Simple computations show that

HHé('§znv”@))”%{l(DlmBe(z)) = [[Va®(z, 2) ¥ V(Z)H%Z(DlmBe(z))
+ Ve Va® (2, 2n) X v(2)72(pinB. (o)
1
= 541+ O(|zn — 2)],

|2 — 2|

and

||Hé(’ Zn, I/(Z))”%{(cur],DlﬂBe(z)) = ||v1@(x7 Zn) X V(z)Hiz(DlﬂBe(z))
+ K2 ®(x, 20)v(2) + Vo Vad(2, 20) - v(2)72(D1 8, (1)
1
= 542 + O(lzn = 2|)].

|20 — 2]

Furthermore, a straightforward but long computation shows that

[ t2(3cos? 0+ 1)sinf
Ay =2
2 ﬂ-/“ﬂ/o (t?+ 1 —2tcosh)3 dtdé > 0,

whence (4.3) is uniformly bounded for n € N.

Now let B.(z) be a ball of radius ¢ > 0 centred at z. Since Ee(-, 2, (%)) and
He (-, zn,v(2)) together with their derivatives are uniformly bounded in every compact
subset of R\ By (2), we have that

lim ||Ep|lf1(p2) = lim ||Hy| 1 (p2) =0,
n—00 n—00
whence

A IES s (mne) = i (1l rne) = 0

from the estimates (2.32), (2.41), (2.43) applied to the scattered field corresponding to
D% But - H!®|s, = & - H2®|s, and therefore by the uniqueness of the exterior Maxwell
problem outside Br and unique continuation we conclude that

M 1Bl sane) = lisn B0l sanc) = 0,
Jim L L rney = Hm 1R sanc) = 0

Hence from trace theorems and the help of a cut-off function x € C§°(Be(z)), where
¢’ > 0 is small enough to ensure that B (2) N D! = Be/(2) N Z, we conclude that

Jim |y x xHy [y = lim v x (V5 xHy*)lly(r1) = 0. (4.4)
In the exterior of Ba.(z) the H'(Bg\ Bac(z)) norm of E, and H, remain uniformly

bounded and therefore from Remark 2.7 (1 —x)EL* (1 — x)H!*® are also uniformly
bounded in H*((Bg N D}) \ Bac(2)). Using the compact imbedding of H'(Bg N D}) into
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HU=7)(Br N D}) for 0 < 7 < 1, we can now select a X (Br N D!) convergent subsequence
(1-— X)H}l’js from (1 — x)H}*. Hence, v x (1 — X)H}l’js and v x [V x (1 — X)H};JS] are con-
vergent in Y (I'!) as well. Combining this fact with (4.4) we have that the sequences

v X Héjb and v x (V x H}L]b)

converge in the trace space Y (I'").

The estimate (2.41) shows that H!™ is uniformly bounded in H'(D') because H,
is uniformly bounded in H!(D!) and consequently the boundary data are uniformly
bounded in the required trace spaces. Since Hy, and Hrlb;_int is a solution of the interior
transmission problem (3.1) in D! with boundary data produced by the exterior field H}L;S
we have that H,, and H%;i”t also solve the modified interior transmission problem (3.2)
with Fy := H,; and Fy := H};™ and boundary data f := v x (V x Hy®), h:=v x Hy*.
By using the compact imbedding of H'(D') in L?(D') we can select from H,, and
H}Lf convergent subsequences in L?(D'), which we again denote by H,,; and H%f. The
estimate (3.14) in Theorem 3.3 now gives that H,; converges with respect to the norm
H(curl, D) to Hy € H(curl, D') and moreover V x Hy |y converges to V x Ho|py with
respect to L?(I'y). Obviously, Hy satisfies V x (V x Hy) — k*Hy = 0 in the weak sense.
But Ho|p1\ B, () = 0 since the function H,,, converges uniformly to zero outside the ball
Bs.. Therefore, Hy must be equivalent to zero in all of D!. But this contradicts the fact
that || Hpll (e, pt) + IV X Hyllp2(rp) = 1 for all n € N.

Since we can derive the same contradiction for the assumption that D? is not included
in D', we have proved that D! = D2, O
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