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RIEMANN DOMAINS WITH BOUNDARY OF
CAPACITY ZERO

HIROTAKA FUJIMOTO

§1. Introduction.

The well-known Thullen-Remmert-Stein’s theorem (9], [7]) asserts that,
for a domain D in C¥ and an n-dimensional irreducible analytic set S in
D, a purely n-dimensional analytic set A in D — S has an essential singu-
larity at any point in S if A has at least one essential singularity in S. In
[1], E. Bishop generalized this to the case that A has the boundary of
capacity zero in his sense. Afterwards, in [8], W. Rothstein obtained more
precise informations on the essential singularities of A under the assumption
dim A =1. The main purpose in this paper is to generalize these Rothstein’s
results to the case of arbitrary dimensional analytic sets.

We consider a Riemann domain (X, r, M) with boundary of capacity
zero, namely, a triple of a connected n-dimensional normal complex space
X, a connected n-dimensional complex manifold M and a discrete holo-
morphic map z : X - M with the following properties:

For any z,&M there are a neighborhood U of 2, and a plurisubharmonic
function «u(x) on a~*(U) such that (i) u(x) <0, (ii) #(x) # — o on any con-
nected component of z~!(U) and (iii) lim #(x,) = — oo for any sequence {,}
without accumulation points in X if 1;;12(90”) exists in U.

y—00

The first main result is the following

Tureorem 1. If (X,z,M) is a Riemann domain with boundary of capacity
zero, then M — n(X) is of capacity zero (c.f. Definition 2.5).

We define a direct boundary point of a Riemann domain on the
analogy of a direct transcendental singularity in the theory of functions of
one complex variable (c.f. Definition 4.3). As an application of Theorem
I, we give the following theorem, which is a generalization of a result in

[4].
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TueoreM 1I.  The projection image of the set of all direct boundary points of
a Riemann domain with boundary of capacity zero is a set of capacity zero in the
base space.

Using Theorem II, we prove Rothstein’s results in [8] without the as-
sumption of dimension one. The following theorem is shown.

Tueorem III. Let D = D,xD; be a domain in C***(D,cC", D,eC*) and
S be a closed subset of C™*(ScD). If an irreducible n-dimensional analytic set
A in D — S satisfies the conditions (1) there is a plurisubharmonic function u(x) on
A such that 0= u(x) = — o and 0151‘%1 u(@) = — oo, (ii) AN(DyXaD;)cS and (iii)
there is a set P of positive capacity in D, such that each {z = c}N A(c€P) s finite,
then AN(D,XC*) ts analytic in DyXCF*.

In this connection, we generalize the well-known Iversen’s theorem to
the case of Riemann domains with boundary of capacity zero and give some

other applications.

§2. Preliminaries on plurisubharmonic functions.

In this paper a complex space is always assumed to be normal unless
stated to the contrary. Moreover, we assume that all complex spaces and
complex manifolds are s-compact and connected.

Let X be a complex space and u(x) be an extended real-valued function
on X which permits the value — o but not + co.

DErintTION 2.1, u(%) is said to be plurisubharmonic on X if (i) wu(x) is
upper semi-continuous on X and (ii), for any open set W in the complex
plane C and a holomorphic map ¢ : W —C, the composite u-¢ : W = X is
subharmonic on W in the usual sense or identically equal to — co.

As is easily seen, it holds that

(2.2) (i) Let ¢ be a holomorphic map of X into another complex space Y.
If u(x) is plurisubharmonic on Y, then u-¢ is also plurisubharmonic.

(i) If w(x) and v(x) are plurisubharmonic on X and c¢ is a positive real
constant, then cu, w+ v and max (u,v) are also plurisubharmonic.

The following assertion was proved by H. Grauert and R. Remmert
in [2], Satz 3, p. 181.
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(2.3) Let S be a thin analytic set in a complex space X and u(x) a plurisub-
harmonic function on X — S which is bounded above. Then there exists exactly one
plurisubharmonic  function #(x) on X such that d(x) =u(x) on X—S and it is
given by @(x) : = . lim Su(x')(xeX).

/s, o € X —

The assertion (2.3) implies the following

(2.4) If u(z) is a plurisubharmonic function on X and S is a thin analytic
subset of X, then we have u(x) = Tim < u(x’) for any x=X.

2/ g, ze X ~

Now, we give the definition of a subset of capacity zero in a complex
space X (c.f. T. Nishino [6], p. 232).

Derinrrion 2.5, We shall say a subset S of X to be of capacity zero in X
and write it cap (S) =0 if we can take a countable family {S,} of subsets
of X such that S = U,S, and, for each S,, there exists a plurisubharmonic
function #, on a connected open set U, satisfying the conditions that (i)
u,(®) £ — o on U, and (ii) S,c{z€U,; u,(x) = — }. If Sis not of capacity
zero, it is said to be a set of positive capacity and denoted by cap (S) > 0.

RemMARK. A closed set in the complex plane C is of capacity zero in
the sense of Definition 2.5 if and only if it is of logarithmic capacity zero
in the usual sense.

Easily, we have

(2.6) (i) If each S, (v =1,2, - - ) is of capacity zero, so is the unmion U,S..
(i) Any subset of a set of capacity zero is of capacity zero.
(iii) If S is of positive capacity, the set
S’ ={xeS; cap (SNU) >0 for any neighborhood U of x}
is also of positive capacity.

§3. A generalization of the Riemann theorem on removable
sigularities.

For later use, we shall prove

ProrosiTiON 3.1. Let X be a complex space and S be a closed subset of
capacity zero in X. If a holomorphic function f on X — S is locally bounded on
S, i.e., bounded on some neighborhood of each x<S, then it has exactly one holo-
morphic continuation to X.
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Progf. Firstly, under the assumption that X is a complex manifold, we
shall show that, for each xz,€S, f has a holomorphic continuation to a
neighborhood of x,. Take a sufficiently small neighborhood V of 2, which
can be written V = {|z,] <1, 1<i <n} with a system of local coordinates
Zi » + +»%, defined on some neighborhood of V. There is no harm in as-
suming that ScV and S = U,S,, where each S, is included in {x€U,; u,(x)
= — oo} for a suitable plurisubharmonic function #, (% — ) on a connected
open subset U, of V.

Let {a®; £ =0,1,2,-++} (@ 0) and {6® : = (B, +--,bP); p =0,1,2, -}
be countable dense subsets of the sets {]w;] <1/2} in € and {|w,] <<1/2,
2<i=mn} in C* respectively, where we let 3 :=(0,---,0). By o, we
denote the non-singular linear transformation defined as follows;

2y = 2]a®
2y = 250 + b

Zn = 250 4 bY,

Then, each v,.(?') = u(9.(2') (t,¢t,v =0,1,2, -+ ) is plurisubharmonic on
o:1(U,), where 2'=(z{, « « +,2z;). Since any set F,,, : = 0:}(U,)N {v,u(7") = —o0}
is of measure zero with respect to the coordinates 2/, we can find a point
(¢,d): = (c,dsy - - -yd,) in CXC"! such that 0< |c| <1, |d;|<1 2=Zi<n)
and (c,d)§F,,, for any «, g, v if (¢,d)e®:}(U,). Consider the non-singular
linear transformation

21 = CWy
22 = dawy; + wy

We have new local coordinates wy, w., ++ -+, w, which are well-defined on
W:={lw]| <12 1=i<n}. Let w:=(wy - -+, w, and w: = (w,w) =
(wy, *+ » +,w,). The functions #,(w,w) = u,(¥(w, w)) defined on Wn¥-yU,)
satisfy the condition #,(a®, b®) =—o0 if (a®, p®)e¥YU,). So, u,(w, s*")%—oco
on any connected component of Wn{w = bd®}N¥(U,) because {a®} is dense
in {|lw,] < 1/2}. Since
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W NS, N A{w =5t {u(w, ") = — o} N W N TYU,)
for any # and », itis considered as a set of capacity zero in the w;-plane. In
particular, WnNSN{w, = + ++ =w, =0} is of capacity zero in the w,-plane.
Then, as is well-known, there is an arbitrarily small real number s, such that

{lw] =s}x{wy=+++ =w, =0}))NS =¢

and so we can find real numbers s{, s%, ss * * +, s, such that ({s{=|w,| =57} X
{lws] < sgp v v o, |w,] <s, NS =¢, where 0<s]<s;,<s7<1/2 and 0<s; <
12 2=i<mn).

Put U ={|lw;| <s; 1=i=<n)}. We want to prove that f has a holo-
morphic continuation to U. It may be assumed that f is bounded. Con-

sider the function

Sl w) = zii S|c1=s’{%d§'

Obviouly, it is holomorphic on U. On the other hand, each &, (w,): =
Sflwy, 8®) is a bounded holomorphic function on {|w;| <s;} except a closed
set of capacity zero. It has exactly one holomorphic continuation to the
whole {|w,| <s;} (e.g. [8], p. 171), which ought to be equal to F(wy, ™).
It follows that f(w;,d®™) = F(w,b®) on U—S. Since {6®} is dense in
{lw;] <1/2, 2<i <u}, we conclude f(w) = f(w) on the whole U —S. This
shows that f is a continuation of f to U.

Now, we set about the proof of Proposition 3.1 for an arbitrary complex
space X. By X, we denote the set of all regular points of X. Then, it
is considered as a complex manifold and SNX:.s is a closed set of capacity
zero in Xyeg. By the above proof, f has a bounded holomorphic continua-
tion to the whole X,e. Since X — X,eg is a thin analytic subset of X,
Proposition 3.1 is an immediate consequence of the well-known Riemann
theorem on removable singularities of holomorphic functions on a normal

complex space.

CoroLLARY 3.2. If S is a closed set of capacity zero in a complex space,
then D — S s connected for any connected open subset D of X.

Progf. Assume that D— S is not connected, i.e. it can be written
D — S = D,UD, with mutually disjoint non-empty open sets D, and D,. The
bounded holomorphic function f(z) on D—S defined as f(z) =i on D;
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(i =1,2) is not continuable to D, which is contrary to the assumption by
Proposition 3.1.

§4. The boundary of a Riemann domain.

By definition, a Riemann domain (X, z, M) is a triple of complex spaces
X and M with dim X =dim M and a discrete holomorphic mapz : X— M.
In this paper, the base space M is always assumed to be a complex manifold.

Let (X,z, M) be an arbitrary Riemann domain.

DeriniTioN 4.1. We shall say a sequence {2,} in X to converge to the
boundary of X (relative to M) if {#,} has no accumulation point in X and
the sequence {r(x,)} has a limit 2, in M. Such a point 2, i.e. the limit of
{z(x,)} for some {x,} converging to the boundary, is said a boundary value
of (X, =, M).

DeFINITION 4.2. An accessible boundary point of (X,=, M) is defined as a
filter » = {U, ; I} satisfying the conditions (i) there exist a point z in M
and a fundamental system {V,; eI} of open connected neighborhoods of z

such that each U, is a connected component of z(V,) and (ii) U,er is not
relatively compact in X.

We denote the set of all accessible boundary points of (X, =, M) by 8,X
and put X = XUd,X. The set X has a canonically defined locally connected
Hausdorff topology such that a base for neighborhoods of each 7,={U}€d, X
is given by the system {(v],}, where

U, := U,u{res. X ; there exists some V,.er with V,cU}.
The projection map = is canonically extended to a continuous map z : X — M.
A sequence {x,} in X converges to some r €9, X if and only if {xz,}
converges to the boundary of X and there is a continuous curve 7(¢) (0<<
t=<1) in X such that 7(1/y) = 2, for any v and }1_%1 7(7(8) = lif;”(x'"

DeriniTION 4.3. An accessible boundary point r€6,X is said to be a
direct boundary point if there exists a neighborhood U of #(r) such that the
connected component U’ of z~(U) which gives a neighborhood U of 7 sa-
tisfies the condition U’'Nz"Yx(r)) = .

By definition, we see easily

(4.4) For a point r€d, X, if =~ z(r)) contains only finitely many points in
X, v is a direct boundary point.
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DEeriNiTION 4.5. A Riemann domain (X, z, M) is said to kave the boundary
of capacity zero if each zeM has a neighborhood U such that there exists a
plurisubharmonic function #(x) on z~Y(U) with the following properties;

(i) a(x)=0,

(ii) wu(x) # — co on any connected component of z~(U),

(iii) limu(x,) = — oo for any sequence {z,} in X which converges to the
boundaryl:_mo

ExampLe 4.6. (i) Let (X, 7, M) be a Riemann domain with boundary
of capacity zero and D be a connected open subset of M. Then, for any

connected component D, of z(D), (D,=|D,, D) is also a Riemann domain
with boundary of capacity zero.

(if) If X is a Riemann surface of type Og (e.g., see [10], p. 429) and
¢(x) is a non-constant meromorphic function on X, a Riemann domain
(X, ¢, P) has the boundary of capacity zero, where P is the Riemann sphere.

For, if a Riemann surface X is of type Os we can find a non-positive
harmonic funcion #(x) on X — X, for an arbitrarily small suitable relatively
compact open set X, in X such that lim u(»,) = — co for any sequence {x,}

Y=o

in X converging to the ideal boundary (c.f. M. Nakai [5], Theorem, p. 624).

(iii) Let D be a domain in C* and S be an at most k¢ dimensional
analytic set in D. If A is an irreducible analytic set in D —S and 2 is a
point in ANS, we can find polydiscs U, : = {|z:| <7, 1 =i =<k}, Up: =
{lz;] <7y E+1=<i=<n} (r,>0) for a suitable system of local coordinates
2+ *y2, on a neighborhood of # with # =(0) such that the Riemann
domain (X, z-#,U,) has the boundary of capacity zero, where = : (2, * * +,2,)
> (245 +  +,2;) is the canoncal projection and X is the normalization of the
locally analytic set AN(U,xU;) with projection map p.

To see this, we take a system of local coordinates z, -+, 2, in a
neighborhood V of # with 2 =(0) such that the map = : (2, * + *, 22) > (21, = * =, 2¢)
is discrete on VN(AUS). Then we can find easily a sufficiently small poly-
disc Up:={|z]<r, E+1=<i=<n} (r;>0) with the property ({z, =+ =
2y = 0} x8U,)N(AUS) = ¢ and hence a polydisc U,:={|z]| <r, 1=i=k}
(r; >0) such that (U, xaU,) N (AUS) = ¢ because AUS is closed, where
U:=UxU,eV. On the other hand, by the assumption we may assume
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that UnSc{f =0} with a suitable holomorphic function f(z) on U which
does not vanish identically on A. Using the plurisubharmonic function
u(z) : = log|(f-p)x)] on X, we can easily conclude that these polydiscs U,
and U, satisfy the desired condition.

§5. The projection image of a Riemann domain with boundary
of capacity zero.

The following theorem is a generalization of a result in [4] (c.f. Tsuji,
[10]. p. 437) to the case of Riemann domains of arbitrary dimension.

TrEOREM 5.1. If (X, 7, M) is a Riemann domain with boundary of capacity
zero, then M — z(X) is a closed set of capacity zero in M.

For the proof, we give the following

LEmMA 5.2. Let (X,z, M) be a Riemann domain such that = ts proper and
u(z) be a plurisubharmonic function on X. If we put

w(z) : = max {u(x); z(x) =2, =X}

Sor each 2 M, then the function w(z) is plurisubharmonic on M.

Proof. By the assumption, there is a thin analytic set Nin M such that
(X —z"YN), n|X—=z"(N), M— N) is an unramified proper covering space.
If we put z7%z) = {®(z), + + +, 2,(2)} (2€M— N), then w(z) =lgl;2§1u(xi(z)) is
plurisubharmonic on M — N by (2.2). To prove Lemma 5.2, it suffices to

show lim  w(2) = w(z,) for any z,&N because of (2.3).

22, ze M—~N

Take an arbitrary sequence {z,} in M — N such that limz, = 2, (2,€N)

y—o

and limw(z,) = 1EM Nw(z). By the definition of w(z), there is a sequence
{2z,} with the proiﬁerties n(®,) = 2, and w(z,) = u(»,), which may be assumed
to have a limit point %, in X by the properness of z. Then we get

im  w() = lim u(,) < lim #(z) < w(z,).
22, €« M~N y—>00 2%,

On the other hand, if we take a point #,€X such that w(z,) = u(x,) and
n(2,) = 2,, there is a sequence {x,} in X — z7%N) satisfying the condition
limz, = %, and lim #(2,) = u(x,) because of (2.4). Hence we have

y—r00

w(z,) = lim #(x,) < lim w(x(%,)) = lim w(z).
y—o0 y—0 z-2, ze€ M~N .
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This completes the proof.

Lemma 5.3. Let u(x) be a plurisubharmonic function on a Riemann domain
(X, 7, M) such that (i) 0= u(x)%— oo and (ii) limu(x,)=— co for any sequence
{x,} in X which converges to the boundary. If we put

{ sup {u(z) ; z(x) =2, X} for any z€x(X)

w(z) =
— Jor any z&Ex(X),

it is plurisubharmonic on M.

Proof. TFirstly, we shall show that w(z) is upper semicontinuous on M.
For any z,eM, take a sequence {2z} in M such that limz =12, and
y—o0

K :=limw(z,) exists. We want to prove K =w(z,). Let K+ — o because,
if not:ﬁale proof is trivial. Choosing a subsequence and changing indices
if necessary, we may assume that there is a sequence {x,} in X such that
z(x,) = z,, limu(x,) =K and, moreover, {z,} has a limit x, in X by the
assumptior;—)(?ii) in Lemma 5.3. Since z(x,) =2, and u(x) is upper semi-
continuous, it holds that

K = limu(x,) < lim () =< u(x,) < w(2,).

y—oo X%,

This shows that w(z) is upper semi-continuous.

To complete the proof, taking an open set W in € and a holomorphic
map ¢ : W — M, we shall prove that

(- 9)(t) = | (w9t + re)ds

for any #,&W and a sufficiently small arbitrary positive real number 7.
We may assume (w-¢)(#,) = — o. Consider the set E : = {z€X ; u(z)=w(z,),
n(%) = z,}, where z,==(f,). By the properties of = and u, E is a finite
set. We can find easily neighborhoods V of E and U of z, such that the
mapz’:=x|V:V—=U is proper. Then the Riemann domain (V, =/, U)
satisfies the assumption in Lemma 5.2. So, the function #@(z) : = max {u(x);
n(x) =2, x€V} is plurisubharmonic and, obviously, satisfies the conditions
W(z,) = w(z,) and wW(z) <w(z) on U. We obtain

() = (@ P)ts) < —5— . @+ P)t, + rei)do

< (M- e, + rewyds

1
2r

https://doi.org/10.1017/50027763000014501 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000014501

10 HIROTAKA FUJIMOTO

for any sufficiently small » >0. This asserts that w(z) is plurisubharmonic
on M.

Proof of Theorem 5.1. Let z, be an arbitrary point in the boundary
dz(X) of #(X). By the assumption, for a suitable neighborhood U of =z,
there is a plurisubharmonic function #(x) on z~(U) satisfying the conditions
in Definition 4.5, (i)~(iii). For an arbitrarily fixed connected component
V. of z7(U), the Riemann domain (V,z|V,U) satisfies the assumption in
Lemma 5.3. The function

) sup {u(x) ; z(z)=2, x€V,} for any zez(V,)
w(z): =
— for any zeU — =(V)
is plurisubharmonic on U. Obviously, UNnaz(X)={2€U ; w(z) = — oo}, which
is of capacity zero. Since 9z(X) is covered by countably many U’s with
the above properties, it is of capacity zero. Then we have M — z(X)=dz(X)
and hence Theorem 5.1. Indeed, if not, M — z(X) has a boundary point in
M—0on(X) because M—az(X) is connected by Corollary 3.2, which is absurd.

§6. Direct boundary points of Riemann domains with boundary
of capacity zero.

Using Theorem 5.1, we can prove the following theorem on direct

boundary points of a Riemann domain, which is a generalization of A.
Mori [4], Corollary 2, p. 288.

THEOREM 6.. If (X,z,M) is a Riemann domain with boundary of capacity
zero, the projection image of the set of all direct boundary points of X is a set of
capacity zero in M.

Proof. Let % ={U,} be a countable base for connected open sets in
M. For each U,, each connectd component U, of z7}(U,) defines a Riemann
domain (U:, z|U:,U,) which has the boundary of capacity zero. According
to Theorem 5.1, the set Fi:=U,— z(U;) is of capacity zero in U,. So,
F:=U,,F; is also of capacity zero in M. We need only to show that the
z-image of an arbitrary direct boundary point of (X, z, M) is contained in F.
Let 7€9,X be an arbitrary direct boundary point and put z(r) =z. By
definition, there is a neighborhood U of z such that a connected component
U’ of z~Y(U) with U’er satisfies the condition U’Nz"Yz(r)) = ¢, where we
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may assume U =U,e¥ and U’ =U for some y, and ¢. Obviously,

z€Fy cF. This completes the proof.

As an application of Theorem 6.1, we can generalize the result of W.
Rothstein [8], p. 172 to the case of Riemann domains of arbitrary dimen-
sion.

COROLLARY 6.2. Assume that (X,z, M) has the boundary of capacity zero.
If P is a subset of the set of all boundary values of (X, =, M) such that z7'(c) is
finite for any c€P, it is of capacity zero.

Proof. Assume that cap P>0. Without loss of generality, we may
assume that P contains no direct boundary point because of Theorem 6.1.
Consider the set

P, ={z€P; r7Y(z) consists of at most v points}
for any v =0,1,2, - - .. Since P=U,P, there issome v, such that cap P, >0
by (2.6), (i). Here, it cannot happen to be v, =0 in virtue of Theorem 5.1.
Moreover, according to (2.6) (iii),
P': = {z€P, ;cap (P,,NU)>0 for any neighborhood U of z}

is of positive capacity. Take a point 2z, in P’ and an arbitrary neighborhood
U ofz, For any connected component U, of z7}(U), since cap (U—=(U.)) =0,
we can choose a point z,&P/NU such that z,¢ U, (U—=(U.)), whence z,€n=(U,).
This shows that z~}(U) has at most v, connected components. Since z, is
the boundary value of (X, z, M), there is at least one connected component
of z7Y(U) which is not relatively compact in X. This concludes that z, is
the r-image of an accessible boundary point of (X,r, M), which is absurd
because of (4.4). Hence Corollary 6.2 is proved.

The following theorem is essentially another description of the Bishop’s
result in [1], Theorem 4, p. 301 (c.f. Theorem 7.3 in the following section).

TueoreM 6.3. Let (X, =, M) be a Riemann domain with boundary of capacity
zero. If there is at least one point in M which ts not a boundary value of (X, =, M),
then ==Y(z) is finite for any z=M and, moreover, there exists a closed set N of capa-
city zero in M such that =|X — z\(N): X — z \(N)—M— N s proper.

Proof. Since the set S of all boundary values is closed, we can take
a connected open set U in M such that UnS=¢. Obviously, the map
x|z Y(U) : z=(U)—U is proper. Consider the set G of all points z in M
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with the property that z|z~%(V) : z7(V) =V is proper for some neighborhood
V of z. Then obviously, z|z"(G) : z7Y(G)— G itself is also proper and 3GcS.
Moreover, z~%(z) is finite for any 2€38G. In view of Corollary 6.2, 8G is
of capacity zero and so N:=M— G =46G as in the proof of Theorem 5.1.
This concludes Theorem 6.3.

CoROLLARY 6.4. For a Riemann domain (X, z, M) with boundary of capacity
zero, if there is a set P in M such that cap P>0 and z7(z) is a finite set for any
2E€P, the same conclusion in Theorem 6.3 is valid (c.f. W. Rothstein [8], Satz 1,
p. 173).

The proof is evident by Corollary 6.2 and Theorem 6. 3.

Now, we give another application of Theorem 5.1. The following is
a generalization of the well-known Iversen’s theorem.

THEOREM 6.5. Assume that (X, =, M) has the boundary of capacity zero. Take
an arbitrary point z, in M and a connected neighborhood U of z,. Then, for any
2.,€x N U), there exists a continuous curve ¥(¢) (0<t=1) in = NU) such that
(1) = 2, and 1%1(7: T (E) = 2,

Progf. Let {U)} be a countable base for connected open neighborhoods
of z,. It suffices to show that there is a sequence {x,} such that z,ex~Y(U,)
and a suitable continuous curve 7,(¢) in z7YU,) joins #, with z,., for any ».
We proceed by induction on ». Assume that there exist points 2, and
curves 7, (1= p=<y) with the desired properties. Let U’ be a connected
component of z~}(U,) which contains «,. Since (U, =|U’, U,) has the boundary
of capacity zero, we see cap (U, —=(U’) =0. If we choose an arbitrary
%,.,€U" with z(,4,)€U,4,, @, is joined with #,,; by a continuous curve 7,4,
in U’. These %,.; and 7,,; are the desired ones.

§7. Continuations of Riemann domains and analytic sets.

Applying the results of the previous sections, we can give some sufficient
conditions for the continuability of Riemann domains and analytic sets by
the similar arguments as in W. Rothstein [8].

TuEOREM 7.1. Let (X, 7, M) be a Riemann domain with boundary of capacity
zero. Assume that there is a set P in M with the properties that (i) cap P> 0,
(i1) for any z€P z~\z) is finite and (iii) for each z,=P a suitable bounded holo-
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morphic function f on X satisfies the condition f(x;)# f(x;) (i #=7), where
7Y 2,) = {&1, « « +, %n}. Then the space X=XU 0,X defined as in §4 has a structure
of a complex space such that X is an open subspace of X with cap (X—-X)=0

and the projection x is a proper discrete holomorphic map.

For the proof, we need

Lemma 7.2. For a Riemann domain (X,z,M), if it has the boundary of
capacity zero and z7V(z) contains at most finitely many points for any z€M, it holds
that (i) X is dense in X, (i) DNX is connected for any connected open subset D
of X, (iii) X is locally compact and (iv) r : X—Mis proper discrete.

Proof. The properties (i) and (ii) are evident by the definition of the
topology of X and (iii) follows from (iv). It remains only to prove (iv).
As is easily seen, there is an integer v, ( >0) such that =7%(z) consists of at
most y, points for any zeM. Moreover, as in the proof of Corollary 6.2,
z7Y(U) has at most v, connected components for any connected open set U
in M. This implies that any sequence converging to the boundary has a
subsequence converging to an accessible boundary point and so = is proper.
The discreteness of = is obvious because z74z) (€M) contains at most v,
points.

Proof of Theorem 7.1. By Corollary 6.4, z|X—z"}(N): X—z"Y(N)-=>M—-N
is proper for a suitable closed set N of capacity zero in M, where (X—z"(N),
z|X —z"Y(N), M— N) may be assumed to be an unramified proper covering
space. Put X' :=X—z"(N) and z’ :=z|X — z"}N). Since cap (z7}(N))=0,
we see easily X =X as topological spaces and z’ = 7, where X' =XUd, X
and %’ is an extension of =’ to X’ as defined in §4 for a Riemann domain
(X'yz'yM). There is no harm in assuming that X = X’ and = = a'.
Put z7(z)= {z,(z), » - +, 2.(2)} for any 2z&€M — N. Using the holomorphic
function f on X given for some z,P— N, we define the pseudopolynomial

7w — f2:(2) = w™ + @(z)w™™" + -+« + an(2)

whose coefficients a,(z) are holomorphic on M— N and locally bounded on
N. By virtue of Proposition 3.1, each a,(z) has a holomorphic continuation
d;(z) to the whole M. Let Y be the analytic set in MxC defined by the
equation
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W AW e F da(z) =0

and take the normalization #:Y—Y of Y. For the canonical projection
7 ¢ (2, w) =2, putting #==,- ¢, we have proper finite covering space (Y,7 M).
By the assumption of f, #7'(z) contains exactly m points for any z&M except
a thin analytic set. Then there is a homeomorphism = of ¥ —#(N) onto
X — z7Y(N) such that zr =% on ¥ —#N). In this situation, by virtue of
Lemma 7.2, we can easily prove that ¢ has an extension #: Y- X with
## =7 which gives a homeomorphism between ¥ and X by the analogous
argument as in the proof of the uniqueness of the normalization of a not
necessarily normal reduced complx space (c.f. [3], Satz 2, p. 250). We can
define a structure of a complex space on X such that # is biholomorphic.
The Riemann domain (X, 7z, M) obtained in this manner satisfies obviously
the conditions in Theorem 7.1.

Now, we shall prove Theorem III stated in §1 under slightly weaker
assumptions.

THEOREM 7.3. Let M be a complex manifold of dimension n. Assume that
an irreducible n-dimensional analytic set A in some open subset of Mx C* satisfies
the following conditions;

(1)  there is a plurisubharmonic function u(x) on A such that 0= u(x) % — o
and limu(z,) = —co for any sequence {x,} in A without accumulation points if
Yy oo

lim 7,(%,) exists,

¥y—00

(11) 7a(A) is a bounded subset of C¥,

(iil)  there is a set P in M such that cap (P)>0 and z7'(2)NA s finite for
any z€P,

where 7,1 MXC* - M and n,: MXC* — C* are the canonical projections.
Then, A is analytic in M xC*,

Proof. Let p:X-— A be the normalization of A and put = :=m -z
The Riemann domain (X,z, M) has the boundary of capacity zero. By
Corollary 6.4, z|X—z"%N): X~z (N)->M— N is proper if we take a
suitable closed subset N of capacity zero in M. Then, =,|A— 27}(N):
A—=+a7(N)—= M—N is also proper. As usual, for each coordinate w;(1 <17 =Fk)
in C* we take the equation
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Pi(z 5 wi) = w} + aP(wi™ 4+« -+ +a2(2) =0

on A— z7}(N), where 4§’ are bounded holomorphic on M — N and so have
holomorphic continuations @ to M. If we take the analytic set A’: =
{w? + aPw? '+ - +aP =0, 1=<i=k}, it can be easily seen that the
irreducible component of A’ including AN((M — N)xC*) coincides with the
set A. This shows that A is analytic in M xC*.

Lastly we note that the Thullen-Remmert-Stein’s theorem on the essential
singularities of analytic sets in [9] and [7] is an immediate consequence of
Theorem 7.3 and Example 4.6, (iii).
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