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Abstract

Let K =Q(ω)with ω the root of a degree n monic irreducible polynomial f ∈ Z[X ]. We show that
the degree n polynomial N (

∑n−k
i=1 xiω

i−1) in n−k variables takes the expected asymptotic number
of prime values if n > 4k. In the special case K = Q( n

√
θ), we show that N (

∑n−k
i=1 xi

n
√
θ i−1) takes

infinitely many prime values, provided n > 22k/7.
Our proof relies on using suitable ‘Type I’ and ‘Type II’ estimates in Harman’s sieve, which are

established in a similar overall manner to the previous work of Friedlander and Iwaniec on prime
values of X 2

+ Y 4 and of Heath-Brown on X 3
+ 2Y 3. Our proof ultimately relies on employing

explicit elementary estimates from the geometry of numbers and algebraic geometry to control the
number of highly skewed lattices appearing in our final estimates.

2010 Mathematics Subject Classification: 11N05 (primary); 11N35, 11N32 (secondary)

1. Introduction

It is believed that any integer polynomial satisfying some simple necessary
conditions should represent infinitely many primes. Specifically, we have the
following quantitative strengthening of Bunyakovsky’s conjecture, which is the
Bateman–Horn conjecture [1] in the special case of one polynomial.

CONJECTURE. Let f ∈ Z[X ] be an irreducible polynomial of degree d with
positive leading coefficient and no fixed prime divisor. Then we have

#{1 6 a 6 x : f (a) prime} = S f
x

d log x
+ o f

(
x

log x

)
,
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where

S f =
∏

p

(
1−

ν f (p)
p

)(
1−

1
p

)−1

,

ν f (p) = #{1 6 a 6 p : f (a) ≡ 0 (mod p)}.

It follows from a classical result of Kronecker (or the later Frobenius or
Chebotarev density theorems) that the infinite product S f converges to a positive
constant.

Unfortunately, no case of the above conjecture is known other than when f
is linear, and the problem seems to be well beyond the current techniques. A
nonlinear polynomial f represents O(x1/2) integers less than x , and there are
essentially no examples of sets containing O(x1/2) integers less than x which
contain infinitely many primes (beyond artificial examples). (The seemingly
simpler problem of showing the existence of a prime in the short interval [x,
x + x1/2

], for example, is not known even under the assumption of the Riemann
hypothesis.) Thus, the sparsity of the set of values of f presents a major obstacle.

As an approximation to the conjecture, one can look at polynomials f ∈ Z[X1,

. . . , Xn] in multiple variables, so the resulting sets are less sparse. If the number
of variables is sufficiently large (relative to other measures of the complexity
of f ), then, in principle, the Hardy–Littlewood circle method can be used to
show that every integer satisfying necessary local conditions is represented
by f . It follows from the seminal work of Birch [2], for example, that any
homogeneous nonsingular f ∈ Z[X1, . . . , Xn] of degree d with no fixed prime
divisor represents infinitely many prime values, provided n > (d − 1)2d .

When the number of variables is not larger than the degree, only a few
polynomials are known to represent infinitely many primes, and these tend to
have extra algebraic structure. Iwaniec [17] has shown that any suitable binary
quadratic polynomial represents infinitely many primes. If K/Q is a number
field with an Z-basis {β1, . . . , βn} of OK , then the norm form NK/Q(X1β1 +

· · · + Xnβn) ∈ Z[X1, . . . , Xn] is a degree n polynomial in n variables, which
represents infinitely many primes, since every degree 1 principal prime ideal of
K gives rise to a prime value of NK/Q.

The groundbreaking work of Friedlander–Iwaniec [8] shows that the
polynomial X 2

1 + X 4
2 takes the expected number of prime values. Along

with the work of Heath-Brown [13] on X 3
1 + 2X 3

2 (and its generalizations due to
Heath-Brown and Moroz [16], [15] and the recent work of Heath-Brown–Li [14]
on X 2

+ p4), these are the only known examples of a set of polynomial values
containing O(x c) elements less than x (for some constant c < 1) which contain
infinitely many prime values. A key feature in the proofs are the fact that these
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polynomials are closely related to norm forms; NQ(i)/Q(X1 + X 2
2i) = X 2

1 + X 4
2

and NQ( 3√2)/Q(X1 + X2
3
√

2) = X 3
1 + 2X 3

2 . This allows the structure of the prime
factorization in the number field to be combined with bilinear techniques to
count primes in these cases.

The paper of Heath-Brown [13] suggested that one might hope to utilize
similar techniques when considering higher degree norm forms with appropriate
variables set equal to zero. We address this problem in this paper, thereby giving
further examples of thin polynomials which represent infinitely many primes.

THEOREM 1.1. Let n, k be positive integers. Let f ∈ Z[X ] be a monic
irreducible polynomial of degree n with root ω ∈ C. Let K = Q(ω) be the
corresponding number field of degree n, and let NK ∈ Z[X1, . . . , Xn−k] be the

‘incomplete norm form’

NK (a) = NK (a1, . . . , an−k) = NK/Q

( n−k∑
i=1

aiω
i−1

)
.

If n > 4k, then as X →∞, we have

#{a ∈ [1, X ]n−k
: NK (a) prime} = (S+ o(1))

X n−k

n log X
,

where

S =
∏

p

(
1−

ν(p)
pn−k

)(
1−

1
p

)−1

,

ν(p) = #{1 6 a1, . . . , an−k 6 p : NK (a) ≡ 0 (mod p)}.

All implied constants depend only on ω and are effectively computable.

THEOREM 1.2. Let n, k be positive integers. Let f (X) = X n
− θ ∈ Z[X ] be

irreducible, K = Q( n
√
θ) and NK (a) = NK/Q(

∑n−k
i=1 ai

n
√
θ i−1), as in Theorem 1.1

in the case f (X) = X n
− θ .

If n > 22k/7 and X is sufficiently large, then

#{a ∈ [1, X ]n−k
: NK (a) prime} � S

X n−k

log X
.

All implied constants depend only on θ and are effectively computable, and S is
the constant defined in Theorem 1.1.
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A sieve upper bound shows #{a ∈ [1, X ]n−k
: NK (a) prime} � SX n−k/ log X ,

and so the lower bound in Theorem 1.2 is of the correct order of magnitude. We
note 22/7 = 3.14 . . . < 4.

Theorems 1.1 and 1.2 give examples of sets of polynomial values containing
roughly x1−k/n elements less than x which contain many primes. We obtain an
asymptotic for the number of primes in the sets of Theorem 1.1 which contain
�x3/4 values less than x , and a lower bound of the correct order of magnitude for
the sets of Theorem 1.2 which contain�x15/22 elements. By way of comparison,
the Friedlander–Iwaniec polynomial X 2

1+ X 4
2 takes roughly x3/4 values less than

x , which is at the limit of the range for asymptotic estimates in Theorem 1.1,
whilst Heath-Brown’s polynomial X 3

1 + 2X 3
2 takes roughly x2/3 values less than

x , which is thinner than the sets considered in Theorem 1.1 or Theorem 1.2.
By virtue of being homogeneous, the algebraic structure of the polynomials

considered in Theorems 1.1 and 1.2 are simpler in some key aspects to the
Friedlander–Iwaniec polynomial X 2

1 + X 4
2; much of the paper [8] is spent

employing sophisticated techniques to handle sums twisted by a quadratic
character caused by the nonhomogeneity. In our situation, the key multiplicative
machinery is instead just a Siegel–Walfisz-type estimate for Hecke L-functions.
(The fact that n > 3k means that characters of large conductor do not play a
role, and so we do not even require a large sieve type estimate as in [13].) On
the other hand, the fact that we consider polynomials in an arbitrary number of
variables and with multiple coordinates of the norm form set to 0 introduces
different complications of a geometric nature. It is handling such issues, which
is the key innovation of this paper. In particular, if just one coefficient were set
equal to zero, then the result would follow from an adaption of the paper of
Heath-Brown. Thus, the fact that we are able to take a moderately large positive
proportion of the coefficients to be equal to zero should be viewed as the key
feature of Theorem 1.1.

Unlike the previous estimates, the implied constants in Theorems 1.1 and 1.2
are effectively computable. This is a by-product of the fact that we explicitly treat
the contribution of a possible exceptional quadratic character in order to be able
to utilize a Siegel–Walfisz-type estimate in a slightly wider range of uniformity
of conductor. This extra range of uniformity enables us to restrict ourselves to
simpler algebraic estimates.

In view of the results of Friedlander–Iwaniec and Heath-Brown, the
restrictions of n > 4k and n > 22k/7 in Theorems 1.1 and 1.2 might seem
unnatural at first sight, but it turns out that these are natural barriers to any
simple argument used to establish ‘Type I’ and ‘Type II’ estimates. If one simply
bounds the naturally occurring error terms by their absolute values without
showing genuine cancellations, then one can only hope to obtain ‘Type I’ and
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‘Type II’ estimates in certain restricted ranges depending on the density of
the sequence. Heath-Brown [13] obtains an asymptotic in a sparser sequence
precisely because he is able to treat the error terms arising in a nontrivial manner.
We discuss this further in Section 11.

With more care, one could give a quantitative bound to the o(1) error term
appearing in Theorem 1.1.

2. Outline of the proof

In the interest of clarity, we prove Theorems 1.1 and 1.2 together in the case
of K = Q( n

√
θ) in Sections 5–11, and then in Section 12, we sketch the few

modifications to the argument required to obtain Theorem 1.1 in the general
case of K = Q(ω).

We now give a broad outline of the key steps in the proof; what we say here
should be thought of as a heuristic motivation and not interpreted precisely.

Given a small quantity η1 > 0 and large quantities X i of size about X , we let

A = {a ∈ Zn−k
: ai ∈ [X i , X i + η1 X i ]}.

We establish a suitable estimate for the number of times NK (a) is prime for
a ∈ A for each of these smaller sets individually. For each a ∈ A , there is a
principal ideal (

∑n−k
i=1 ai

n
√
θ i−1) with the same norm. Provided all elements of A

have norm of size � X n (as will be the case for typical choices of the X i ) and
provided η1 is sufficiently small, this ideal is unique (since units are a discrete
group in K ). Thus, we wish to count the number of degree 1 prime ideals in
A = {(

∑n−k
i=1 ai

n
√
θ i−1) : a ∈ A }, and so we can use the unique factorization of

ideals in K .
In Section 6, we apply a combinatorial decomposition to A based on

Buchstab’s identity and Harman’s sieve [11]. In the case when n > 4k, this
takes the simple form

#{prime ideals in A} = #{a ∈ A with no prime factor of norm < X n−3k−4ε
}

−

∑
Xn−3k−4ε<N (p)<Xn/2+2ε

#{a ∈ A with p the factor of smallest norm}.

The point of this decomposition is that we will be able to appropriately
estimate terms when every ideal counted has a factor whose norm is in the
interval [X k+ε, X n−2k−ε

]. This is clearly the case with the second term on the
right-hand side above. The first term can be repeatedly decomposed by further
Buchstab iterations so that all terms count ideals with a prime factor of norm in
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the interval [R, R X n−3k−4ε
] (for any suitable choice of R) or simply count the

number of ideals in A which are a multiple of some divisor d.
Thus, it suffices to obtain suitable asymptotic estimates (at least on average)

for the number of ideals in A which are a multiple of some ideal d or the number
of ideals in A with a particular type of prime factorization whenever this prime
factorization ensures the existence of a conveniently sized factor. These estimates
are the so-called ‘Type I’ (linear) and ‘Type II’ (bilinear) estimates which provide
the key arithmetic content.

Our Type I estimate of Section 7 states that∑
N (d)∈[D,2D]

∣∣∣∣#{a ∈ A : d|a} −
ρ(d)#A

N (d)

∣∣∣∣� X n−k−1 D1/(n−k)+ε
+ D,

where ρ is the function defined by

ρ(d) =
#{x ∈ [1, N (d)]n−k

: d|(
∑n−k

i=1 xi
n
√
θ i−1)}

N (d)n−k−1
.

This allows us to accurately count the number of ideals in A which are a multiple
of an ideal of norm O(X n−k−ε) on average. Since #A ≈ X n−k , we see that this
range is essentially best possible.

If d = (
∑n

i=1 di
n
√
θ i−1) is a principal ideal in Z[ n

√
θ ] and if Z[ n

√
θ ] = OK , then

we see that the number of ideals a = ed in A which are a multiple of d is given
by

#
{

e ∈ Zn
:

n−k∑
i=1

ei
n
√

θ i−1 ×

n∑
i=1

di
n
√

θ i−1 ∈ A

}
= {e ∈ Zn

: d(i) · e ∈ [X i , X i + η1 X i ] for i 6 n − k,d(i) · e = 0 for i > n − k},

where d(i) is the i th row in the multiplication-by-
∑n

i=1 di
n
√
θ i−1 matrix with

respect to the basis { n
√
θ i−1}16i6n . But this is counting vectors in the lattice

defined by d(i) ·e = 0 for i > n−k in the bounded region defined by d(i) ·e ∈ [X i ,

X i+η1 X i ] for i 6 n−k. By estimates from the geometry of numbers, the number
of such points is approximately the volume of the bounded region divided by
the lattice discriminant, provided the lattice and the bounded region are not
too skewed. Our Type I estimate then follows from showing that the number
of skewed lattices is rare. (Small technical modifications are made to deal with d
in other ideal classes and if Z[ n

√
θ ] 6= OK .)

The argument then relies on establishing a suitable Type II estimate, which is
the main part of the paper. Given integers `′ 6 ` and a polytope R ⊆ R` such
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that any e ∈ R has ei > ε2 for all i and k + ε 6
∑`′

i=1 ei 6 n − 2k − ε, our
Type II estimate obtains an asymptotic for the sum∑

a∈A

1R(a),

where

1R(a) =

{
1, a = p1 . . . p`, N (pi) = X ei , (e1, . . . , e`) ∈ R,
0, otherwise.

This sum counts ideals in A with a given number of prime factors each of a given
size, and the condition that k + ε 6

∑`′

i=1 ei 6 n − 2k − ε implies that a has a
‘conveniently sized’ ideal factor. By performing a decomposition to R, we may
assume that R = R1 ×R2 for two polytopes R1,R2 with R2 corresponding to
the conveniently sized factor. We are left to estimate the bilinear sum∑

ab∈A

1R1(a)1R2(b).

We estimate this sum using a combination of L1 and L2 bounds. We introduce
an approximation 1̃R2(b) to 1R2(b), which is a sieve weight designed to have
the same distributional properties as 1R2(b). The sums

∑
ab∈A 1R1(a)1̃R2(b)

can then be estimated using our Type I estimates, and they give the expected
asymptotic.

To show that the error in this approximation is small, we use Linnik’s
dispersion method to exploit the bilinear structure. By Cauchy–Schwarz and
using 1R1(a) 6 1, we are left to bound

∑
a

∣∣∣∣ ∑
b:ab∈A

(1R2(b)− 1̃R2(b))

∣∣∣∣2.
Writing gb = 1R2(b)− 1̃R2(b), expanding the square and swapping the order of
summation, we are left to estimate∑

b1,b2

gb1 gb2

∑
a

b1a,b2a∈A

1.

If b1, b2 are both principal and a = (
∑n

i=1 ai
n
√
θ i−1) for some a = (a1, . . . , an) ∈

Zn , then each condition ab1 ∈ A and ab2 ∈ A imposes k linear constraints on
a (with coefficients of these linear constraints depending on the coefficients of
the bi ). For generic b1, b2, these constraints are linearly independent, and so a
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will be constrained to lie in a bounded region in a rank n − 2k lattice. Using the
geometry of numbers again, the number of such a is roughly the volume of the
region divided by the lattice discriminant, provided neither are too skewed. An
iterative argument shows that the number of skewed lattices here is acceptably
small.

To finish the estimate, we have to show suitable cancellation in the sum∑
b1,b2

gb1 gb2 vol(Rb1,b2)

det(Λb1,b2)
,

where Rb1,b2 and Λb1,b2 are the bounded region and lattice which a was
constrained to. The volume of the bounded region is continuous and so plays
a minor role. More significant complications occur in showing that those b1, b2

for which det(Λb1,b2) is small make a negligible contribution.
The determinant can be small if a certain vector of polynomials in the

coefficients of b1, b2 is small in either the Euclidean metric or a p-adic metric.
To show that this is only rarely the case, we obtain a (sharp) bound on the
dimension of the corresponding variety given by these polynomials. We obtain
this by elementary algebraic means by exploiting the simple explicit description
of multiplication of elements in the order Z[ n

√
θ ].

Having shown that only those b1, b2 for which Λb1,b2 has determinant almost
as large as possible make a contribution, we can localize the coefficients of b1, b2

to a small region in the Euclidean metric and p-adic metrics for small p. Once
localized in this way, the denominator no longer plays an important role. The
remaining sum then factors, and so we are ultimately left to show cancellation in

′∑
b

gb,

where
∑
′ indicates that the coefficients are localized to a small box and an

arithmetic progression. Recalling that gb = 1R1(b) − 1̃R2(b), we can show
such an estimate using a Siegel–Walfisz-type bound for Hecke characters. In
avoiding some algebraic considerations, we require uniformity in the conductor
to be slightly larger than a fixed power of a logarithm in the norm of the ideals
considered, and this requires us to take explicit account of possible fluctuations
caused by a Siegel zero throughout the argument.

3. Notation

We view n, k, θ and K = Q( n
√
θ) (or K = Q(ω) in Section 12) as fixed

throughout the paper. All constants implied by O(·), o(·),� and�may depend
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on θ (and, hence, may depend on n and k since 3k + 1 6 n and n is the degree
of θ ). All asymptotic notation should be interpreted in the limit as X →∞.

Throughout the paper, we let ε be a small but fixed (that is, independent of X )
positive constant which is always assumed to be sufficiently small in terms of n
and k. Our implied constants will not depend on ε unless explicitly stated, but we
will assume ε > 1/ log log X to avoid too many dependencies in our error terms.
We let ∆K be the discriminant of the field K , φK (a) = N (a)

∏
p|a(1− N (p)−1),

and γK the residue of ζK (s) at s = 1.
By abuse of notation, we write N = NK/Q for the norm form on ideals of

K and for algebraic integers of K . We let NK (x) be the polynomial in n − k
variables x1, . . . , xn−k which coincides with NK/Q(

∑n−k
i=1 xi

n
√
θ i−1) on integers.

We use lower Gothic script (for example, a, b, . . .) to denote integral ideals of
K and p to denote a prime ideal of K . Algebraic integers in OK will typically
be written in Greek lower case (for example, α, β, . . .) and (α) is used to denote
the principal ideal generated by α. Vectors will be denoted by roman bold lower
case (for example, a,b, . . .), and we have endeavoured to use consistent notation
across vectors, integers and ideals referring to related objects so that b = (β) for
the principal ideal generated by β =

∑n
i=1 bi

n
√
θ i−1 for some vector b. We let

‖b‖ =
√∑

i b2
i denote the usual Euclidean norm.

4. Basic estimates

We recall some results from the geometry of numbers and Minkowski’s theory
of successive minima. We recall that a lattice in Rk is a discrete subgroup of the
additive group Rk .

LEMMA 4.1 (Minkowski-reduced basis). Let Λ ⊆ Rk be a lattice. Then there is
a set {v1, . . . , vr } of linearly independent vectors in Rk such that

(1) {v1, . . . , vr } is a basis:

Λ = v1Z+ · · · + vrZ.

(2) The vi are quasiorthogonal: For any x1, . . . , xr ∈ R, we have

‖x1v1 + · · · + xr vr‖ �

r∑
i=1

‖xi vi‖.

(3) The sizes of the vi are controlled by successive minima: If λ1 6 λ2 · · · 6 λr

are the successive minima of Λ, then ‖vi‖ � λi for all i . In particular,

‖v1‖ · · · ‖vr‖ � det(Λ).
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The implied constants above depend only on the ambient dimension k. Here,
det(Λ) is the r-dimensional volume of the fundamental parallelepiped, given
by { r∑

i=1

xi vi : x1, . . . , xr ∈ [0, 1]
}
,

and the j th successive minimum is the smallest quantity λ j such thatΛ contains
j linearly independent vectors of norm at most λ j .

Proof. This follows from [6, Page 110] or [3, Ch. 1]. Explicitly, let a1,

. . . ar be chosen in turn such that a j is the shortest vector of Λ which is
linearly independent from a1, . . . , a j−1. Then ‖ai‖ = λi and the ai are linearly
independent by definition. By [3, Page 13, Corollary 2], there is then an integral
basis v1, . . . , vr of Λ with v j =

∑ j−1
i=1 µi, j vi + µ j, j a j for some constants

|µi, j | 6 1. In particular, ‖vi‖ � λi by the triangle inequality. Since {vi} is a basis,
v j is linearly independent of {a1, . . . , a j−1}. Thus, ‖v j‖ > λ j by minimality
of ‖a j‖, and so we have ‖v j‖ � λ j . By Minkowski’s second Theorem (see,
for example, [3, Page 205, Theorem 1]), we have that det(Λ) � λ1 · · · λr , so
det(Λ) � ‖v1‖ · · · ‖vr‖. Trivially, we have that ‖

∑r
i=1 xi vi‖ �

∑r
i=1 ‖xi vi‖ �

‖x j v j‖ for some 1 6 j 6 r . Let v j = v′j+v′′j where v′′j ∈ Rk is linearly dependent
on the other vi and where v′j ∈ Rk is orthogonal to the other vi . We then have
that

λ1 · · · λr � det(Λ) = det(v1| · · · |vr ) = det(v1| · · · |v′j | · · · |vr )� ‖v′j‖
∏
i 6= j

λi .

Thus, ‖v′j‖ � λ j � ‖v j‖. But since v′j is orthogonal to the other vi , we have
‖
∑r

i=1 xi vi‖> ‖x j v′j‖ � ‖x j v j‖, as required. Together, this gives the result.

We see that the properties of the Minkowski-reduced basis above indicate that
each generating vector vi has a positive proportion of its length in a direction
orthogonal to all the other basis vectors.

LEMMA 4.2 (Well-sized generators). Let a be a principal ideal. Then there is a
generator α of a such that

|ασ | � N (a)1/n

for all embeddings σ : k ↪→ C. In particular, α = (θn)−n ∑n
i=1 ai

n
√
θ i−1 for some

integers ai � N (a)1/n .

Proof. Let α ∈ OK and let K have r1 real embeddings and r2 complex ones.
The Minkowski embedding sends α to the vector (log |ασ |)σ ∈ Rr1+r2 indexed by
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embeddings σ of K , where one only considers one of the two complex conjugate
embeddings. The set of units of OK is sent to a rank r1 + r2 − 1 lattice of
determinant O(1) in the trace 0 hyperplane. α ∈ OK is sent to a point x with
trace log N (α). Note that x− log N (α)/n is a point of trace 0. By Minkowski’s
convex body theorem (or Lemma 7.1), there is a point e in the lattice such that∣∣∣∣e+ x−

log N (α)
n

∣∣∣∣ 6 C,

for some suitably large constant C . We then see that e is the image of a unit ε,
and αε satisfies the required properties.

LEMMA 4.3 (Prime ideal theorem). There is a constant c > 0 such that∑
N (a)6X

Λ(a) = X + O(X exp(−c
√

log X)).

LEMMA 4.4 (Zero-free region apart from Siegel zeros). There is at most one
modulus d∗ with N (d∗) 6 exp(

√
log X) and at most one primitive Hecke

character χd∗ (mod d∗) such that the Hecke L-function L(s, χd∗) has a zero
in the region {

s = σ + i t : σ > 1−
c√

log(X (2+ |t |))

}
.

Here c > 0 is a fixed small constant. This character, if it exists, must be a real
quadratic character and the corresponding L-function has a unique real simple
zero βd∗ in the above region. The modulus d∗ in this case must satisfy N (d∗) >
(log X)ε and d∗ must be square-free apart from a factor of norm O(1).

LEMMA 4.5 (Prime ideal theorem with Hecke characters). Let χ 6= χd∗ be a
nontrivial primitive Hecke character with χ = χ1χ2, where χ1 is the torsion part
of χ and χ2 is torsion-free. Letting λ1, . . . , λn−1 be a basis of the torsion-free
characters, we have that χ2 =

∏n−1
i=1 λ

mi
i for some integers m i . Then we have∑

N (a)6X

Λ(a)χ(a)� X exp(−c
√

log X)

uniformly over all such primitive χ = χ1χ2 6= χd∗ of conductor 6 exp(
√

log X)
and with m i � exp(

√
log X) for all 1 6 i 6 n−1. In the case χ = χd∗ , we have∑

N (a)6X

Λ(a)χd∗(a) =
−Xβd∗

βd∗
+ O(X exp(−c

√
log X)).
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Proof of Lemmas 4.3, 4.4 and 4.5. See [21, Theorem 1.9], for example.

LEMMA 4.6 (Growth of Hecke L-series). Let r1 and 2r2 denote the number of
real and complex embeddings of K , and let λ1, . . . , λr1+r2−1 be a basis for the
torsion-free Hecke characters. Let χ be a Hecke character of conductor q, and
let q = N (q). Then χ factors as χ = χ1λ

m1
1 . . . λ

mr1+r2−1

r1+r2−1 , where χ1 is a class
character mod q and m1, . . . ,mr1+r2−1 ∈ Z. Then we have

L(1− σ + i t, χ)�ε

((
1+ |t | +

r1+r2−1∑
i=1

|m i |

)
q
)nσ/2+ε

for |σ + i t | > 1/10. The implied constant depends on K and the choice of basis
λ1, . . . , λr1+r2−1.

Proof. This follows from the Phragmén–Lindelöf principle—see [7,
Equation (1.2.8)], for example.

LEMMA 4.7 (Lower bound in zero-free-type region). There is a constant cK > 0
such that for σ > 1− cK/ log t , we have

1
ζK (σ + i t)

� log(2+ |t |)+
1

|1− σ − i t |
.

Proof. This follows from [20, Lemma b and γ ] and [4], for example.

5. Initial manipulations

We begin our first steps in the proof of Theorems 1.1 and 1.2 for K = Q( n
√
θ).

Here we use a simple decomposition to reduce our problem to counting principal
prime ideals whose generators are localized. We may assume, without loss of
generality, that θ is a positive integer if n is odd. We note that NK (X, 1, 0, . . . ,
0) = X n

− θ has no fixed prime divisor, and so NK does not have a fixed prime
divisor (in particular, S 6= 0). We wish to reduce the proof to the following
proposition, where we set

η1 = (log X)−100. (5.1)

PROPOSITION 5.1 (Localized prime ideal counts). Let R = {x ∈ Rn−k
: xi ∈

[X i , (1+η1)X i ]} be a hyperrectangle fully contained in {x ∈ Rk
: εX 6 xi 6 X,
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NK (x) > εX n
}. Let

A(a0) =

{( n−k∑
i=1

ai
n
√

θ i−1

)
: a ∈ R ∩ Zn−k, a ≡ a0 (mod q∗)

}
.

Then if n > 4k, we have∑
a0∈[1,q∗]n−k

#{a ∈ A(a0) : p|a⇒ N (p) > X n/2+ε
} = (S+ O(ε1/n))

#(R ∩ Zn−k)

n log X
,

and if n > 22k/7, we have∑
a0∈[1,q∗]n−k

#{a ∈ A(a0) : p|a⇒ N (p) > X n/2+ε
} �

#(R ∩ Zn−k)

log X
.

We note that since we are summing over all relevant choices of a0, the
restrictions mod q∗ in Proposition 5.1 are somewhat artificial. We have included
them since we will consider each a0 separately in our later analysis. As an
intermediate step, we establish the following lemma from Proposition 5.1.

LEMMA 5.2 (Localized prime counts in OK ). Let R = {x ∈ Rn−k
: xi ∈ [X i ,

(1 + η1)X i ]} be a hyperrectangle fully contained in {x ∈ Rk
: εX 6 xi 6 X,

NK (x) > εX n
}. Let A ′(a0) ⊆ OK be given by

A ′(a0) =

{ n−k∑
i=1

ai
n
√

θ i−1 : a ∈ R ∩ Zn−k, a ≡ a0 (mod q∗)
}
.

Then if n > 4k, we have∑
a0∈[1,q∗]n−k

#{α ∈ A ′(a0) : N (α) prime} = (S+ O(ε1/n))
#(R ∩ Zn−k)

n log X
,

and if n > 22k/7, we have∑
a0∈[1,q∗]n−k

#{α ∈ A ′(a0) : N (α) prime} �
#(R ∩ Zn−k)

log X
.

Proof of Lemma 5.2 assuming Proposition 5.1. This is simply a question of
converting a count of prime algebraic integers to counting principal prime ideals.
We define

A(a0) =

{( n−k∑
i=1

ai
n
√

θ i−1

)
: a ∈ A ′(a0)

}
to be the set of principal ideals generated by elements of A ′(a0).

https://doi.org/10.1017/fmp.2019.8 Published online by Cambridge University Press

https://doi.org/10.1017/fmp.2019.8


J. Maynard 14

We claim that every ideal in A(a0) has a unique generator in A ′(a0). If x ∈R,
then NK (x) > εX n and xi 6 X for all i . Thus, it follows that |

∑n−k
i=1 xi

n
√
θ i−1

σ
| �

X for all embeddings σ . This gives (letting ι denote the identity embedding, and
Σ(K/Q) the set of embeddings of K/Q)∣∣∣∣ n−k∑

i=1

xi
n
√

θ i−1

∣∣∣∣ = NK (x)∏
σ∈Σ(K/Q)

σ 6=ι

|
∑n−k

i=1 xi
n
√
θ i−1

σ
|

� εX.

In particular, if y, x ∈ R, then y = x + O(η1 X), and so
∑n−k

i=1 yi
n
√
θ i−1/

∑n−k
i=1

xi
n
√
θ i−1 = 1+ Oε(η1), which cannot be a nontrivial unit when η1 is sufficiently

small (since the units of OK distinct from 1 are bounded uniformly away from 1).
Thus, there are no two associates

∑n−k
i=1 xi

n
√
θ i−1 and

∑n−k
i=1 yi

n
√
θ i−1 in A ′(a0).

We therefore see that A(a0) is indeed in bijection with A ′(a0).
There are O(X n/2) prime ideals p with N (p) < X not prime (i.e a prime ideal

of degree greater than 1), so it suffices to simply count prime ideals in A at the
cost of an error term of size O(X n/2). Putting this together, we see that

#{α ∈ A ′(a0) : N (α) prime}
= #{a ∈ A(a0) : p|a⇒ N (p) > X n/2+ε

} + O(X n/2).

We now see that the statements of Lemma 5.2 follow immediately from
Proposition 5.1, giving the result.

Proof of Theorems 1.2 and 1.1 for K = Q( n
√
θ) assuming Proposition 5.1. We

aim to reduce the statement of Theorems 1.2 and 1.1 to that of Lemma 5.2 by
considering the contribution from small regions separately.

The measure of t ∈ [1, X ]n−k such that NK (t) 6 κX n is O(κ1/n X n−k)

uniformly in κ , and so we see that∫
· · ·

∫
t∈[1,X ]n−k

NK (t)>2

dt1 . . . dtn−k

log NK (t)
= (1+ o(1))

X n−k

n log X
.

Thus, it suffices to show that if n > 4k, we have

#{a ∈ Zn−k
: 1 6 ai 6 X, NK (a) prime}

= (S+ O(ε1/2n))

∫
· · ·

∫
t∈[1,X ]n−k

NK (t)>2

dt1 . . . dtn−k

log NK (t)
, (5.2)

and if n > 22k/7, then the left-hand side of (5.2) is bounded below by a positive
constant times the right-hand side.
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We first consider the region

E = {x ∈ Rn−k
: 0 6 xi 6 εX for some i}.

By a simple sieve upper bound (see [9, Theorem 5.1] or Lemma 7.9 of
Section 7), the number of prime values of NK (a1, . . . , an−k) for a ∈ E ∩ Zn−k

is O(εX n−k/ log X). The contribution of t ∈ E to the integral on the right-hand
side of (5.2) is also O(εX n−k/ log X). Thus, we may restrict a and t to lie outside
of E , and so in the region where xi > εX for all i .

We recall from (5.1) that η1 = (log X)−100. We cover the region {x ∈ Rn−k
:

εX 6 xi 6 X} with O(ε−o(1)η
−(n−k)
1 ) disjoint hyperrectangles of the form

{x ∈ Rn−k
: xi ∈ (X i , X i + η1 X i ]}. Again a sieve upper bound shows that

the number of prime values of NK (a1, . . . , an−k) for integer vectors a in such
a hyperrectangle is O(ηn−k

1 X n−k/ log X). Thus, the total number of prime values
of NK from the Oε(η

−(n−k−1)
1 ) hyperrectangles not entirely contained within our

region {x ∈ Rn−k
: εX < xi 6 X} is Oε(η1 X n−k/ log X). Similarly, we see

that the total contribution to the integral on the right-hand side over real vectors
t in the union of such boundary hyperrectangles is Oε(η1 X n−k/ log X). Thus,
we may restrict our attention to hyperrectangles fully contained in the region
{x ∈ Rn−k

: εX 6 xi 6 X}.
We can clearly discard any hyperrectangles for which the norm is always

negative since they make no contribution to either side of (5.2). We note that
∂

∂x j
NK (x1, . . . , xn−k) � X n−1 on [1, X ]n−k for all j ∈ {1, . . . , n − k}. Thus,

if |NK (x)| 6 εX n , then all points y in the same hyperrectangle as x satisfy
|NK (y)| 6 2εX n . But there are O(ε1/n X n−k) integer points a ∈ [1, X ]n−k for
which |NK (a)| 6 2εX n since, given any choice of a2, . . . , an−k 6 X , NK (a)
is a nonzero integer polynomial of degree n in a1, and we see that a1 must lie
within O(ε1/n X) of one of the (complex) roots of this polynomial. Thus, there
are O(ε1/n−o(1)η

−(n−k)
1 ) hyperrectangles containing a point x with |NK (x)|6 εX n ,

and the total contribution from these hyperrectangles is O(ε1/n−o(1)X n−k/ log X).
Similarly, the contribution to the integral on the right-hand side from t in the
union of such hyperrectangles is O(ε1/n−o(1)X n−k/ log X). Thus, we may further
restrict our attention to hyperrectangles with NK (x) > εX n for all x in the
hyperrectangle.

Thus, we only need to consider hyperrectangles fully contained in the region
{x ∈ Rn−k

: εX 6 xi , NK (x) > εX n
}. But for such hyperrectangles, the result

follows immediately from Lemma 5.2 since N (
∑k

i=1 ai
n
√
θ i−1) = NK (a).

Thus, we are left to establish Proposition 5.1.
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6. Sieve decomposition

In this section, we give a combinatorial decomposition of the number of
primes in A based on Harman’s sieve [11] and reduce our result to establishing
suitable Type I and Type II estimates.

6.1. Initial setup. It will be notationally convenient to fix an (slightly
artificial) ordering of ideals in K for this section. We first fix an ordering of
prime ideals of K such that p1 < p2 if N (p1) < N (p2), and we choose an arbitrary
ordering of prime ideals of the same norm. We extend this to a total ordering of
all ideals so that a < b if N (a) < N (b), whilst if N (a) = N (b), we have a < b if
the least prime ideal factor of a/ gcd(a, b) is less than the least prime ideal factor
of b/ gcd(a, b). Given a set of ideals C and an ideal a, we let

Ca = {b : ab ∈ C},
S(C, a) = #{b ∈ C : p|b⇒ p > a}.

For convenience, we let $ = 0.3182, and we fix ideals r1, r2 chosen maximally
with respect to this ordering such that

N (r1) 6

{
X n(1−3$), n < 4k,
X n−3k−4ε, n > 4k,

(6.1)

N (r2) 6 X n(1/2+ε). (6.2)

In particular, we see that

#{a ∈ A(a0) : p|a⇒ N (p) > X n(1/2+ε)
} = S(A(a0), r2).

We now wish to decompose S(A(a), r2) into various terms such that each term
can either be estimated asymptotically or the term is positive and can be dropped
for a lower bound. To ease notation, we suppress the dependence of A(a0) on a0,
and so write A = A(a0). Roughly speaking, we will be able to asymptotically
estimate terms of the form S(Ad, r1) when N (d) < X n−k−4ε and terms S(Ad, r)
for fairly arbitrary ideals r if X k+ε 6 N (d) 6 X n−2k−ε (this latter type we refer to
as the ‘Type II range’). To make this precise, we introduce some further notation.

To keep track of the decomposition for A, we perform the identical
decompositions to a simpler set B, which we use to compare to A. To account
for the impact of a possible exceptional character χ∗, we consider ideals with
a fixed value of a real Hecke character so that the number of prime ideals in
B fluctuates in the same manner as those in A. Let a0 = (

∑n−k
i=1 (a0)i

n
√
θ i−1)
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be the ideal generated by the algebraic integer corresponding to a0, let χ∗ be
a real Hecke character on ideals with modulus q∗ and let q∗ = N (q∗). χ∗

will be taken to be an exceptional character, if one exists, and an arbitrary
such character otherwise, and q∗ will satisfy (log x)ε � q∗ � exp( 4

√
log X).

q∗ will be square-free as an ideal, apart from a possible factor of norm O(1).
We see that χ∗ takes values in {0, 1,−1} and factors on principal ideals as
χ∗((α)) = χ∗f (α)χ

∗

∞
(α) as its finite and infinite components. Since all elements

of A are principal and their coordinates are localized such that no norms are
small, χ∗

∞
takes a constant value on A; let us call this χ∗

∞
(A). Since all elements

of A come from a vector a ≡ a0 (mod q∗), we also have that χ∗f (α) is constant
and equal to χ∗f (

∑n−k
i=1 (a0)i

n
√
θ i−1) for all ideals (α) ∈ A. Let N0 �ε X be such

that the smallest norm of an ideal in A is N n
0 . We then define the set B of ideals

of OK by

B = B(a0)

= {ideals b of OK : N (b) ∈ [N n
0 , (1+ η1)N n

0 ], χ
∗(b) = χ∗

∞
(A)χ∗f (α0)}.

Here α0 =
∑n−k

i=1 (a0)i
n
√
θ i−1.

By a polytope in R`, we mean a bounded region defined by a set of linear
inequalities, where the inequalities can be strict, weak or a combination of strict
and weak inequalities. Given a polytope R ⊆ R` for some `, we define

1R(a) =

{
1, a = p1 . . . p` with N (pi) = X ei , (e1, . . . , e`) ∈ R,
0, otherwise.

(6.3)

We see that 1R is the indicator function of ideals with a particular type of prime
ideal factorization, given by the polytope R. Since we are only concerned with
1R(a) for a ∈ A or a ∈ B, we will only consider points with N (a) ∈ [N n

0 ,

(1 + O(η1))N n
0 ], and so we could restrict our attention to polytopes R with∑`

i=1 ei = n log N0/ log X + O(η1). For technical reasons, we find it useful to
actually consider larger R without this restriction which are independent of X ,
although it is useful to keep in mind the fact that only these points will actually
contribute to our final estimates. With this setup, we are now able to state our
two key propositions and the main lemmas.

6.2. Key propositions and lemmas.

PROPOSITION 6.1 (Type II sums). Let R ⊆ [ε2, 2n]` be a polytope in R` such
that (e1, . . . , e`) ∈ R ⇒ k + ε 6

∑`′

j=1 e j 6 n − 2k − ε for some `′ 6 ` and
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such that R contains points x, y with
∑`

i=1 xi > n + ε,
∑`

i=1 yi 6 n − ε. Then
we have ∑

a∈A

1R(a)− S̃
#A
#B

∑
b∈B

1R(b)�R η
1/2
1 #A.

Here

S̃ =
∏
p-q∗

(
1−

ν(p)
pn−k

)(
1−

ν2(p)
pn

)−1

,

ν(p) = #{1 6 a1, . . . , an−k 6 p : NK (a) ≡ 0 (mod p)},

ν2(p) = #
{

1 6 a1, . . . , an 6 p : N
( n∑

i=1

ai
n
√

θ i−1

)
≡ 0 (mod p)

}
.

PROPOSITION 6.2 (Sieve asymptotic terms). Let R ⊆ [ε2, 2n]` be a polytope in
R` such that (e1, . . . e`) ∈ R ⇒

∑`

i=1 ei < n − k − 4ε, and R contains points
x, y with

∑`

i=1 xi > n+ ε,
∑`

i=1 yi 6 n− ε. Let X ε2
< N (a1) 6 X n−3k−4ε . Then

we have ∑
d

1R(d)

(
S(Ad, a1)− S̃

#A
#B S(Bd, a1)

)

�R
exp(−ε−1/2)#A

log X

∏
p|q∗

(
1−

ν(p)
pn−k

)−1

.

Here S̃ and ν(p) are as in Proposition 6.1.

Assuming these two propositions, it is fairly straightforward to establish
Proposition 5.1 when n > 4k. We first record a couple of estimates for the set
B = B(a0).

LEMMA 6.3.

#B = γK

2
φK ((q∗))

q∗n
η1 N n

0 + O(N n−1+o(1)
0 ).

In the lemma above, φK (a) = #{b (mod a) : gcd(b, a) = 1} is Euler’s φ
function for ideals of K .

Proof. This is a simple exercise in counting via Perron’s formula, using the
bound L(1−σ + i t, χ∗2), L(1−σ + i t, χ∗)� ((1+|t |)q∗)nσ/2+ε for |σ + i t | >
1/10 from Lemma 4.6. Let c = 1 + 1/ log N0 and T = N0. Moving the line of
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integration to <(s) = 1/2 gives

#B =
∑
b

N (b)∈[N n
0 ,(1+η1)N n

0 ]

χ∗(b)2 + χ∗(b)χ∗f (a0)χ
∗

∞
(A)

2

=
1

2π i

∫ c+iT

c−iT
(L(s, (χ∗)2)+ χ∗f (a0)χ

∗

∞
(A)L(s, χ∗))N ns

0 ((1+ η)
s
− 1)ds

2s

+ O
(

N n
0 (log N0)

2

T

)
=
η1 N n

0

2
Res
s=1
(L(s, (χ∗)2))+ O(N n−1+o(1)

0 )

=
γK

2
φK ((q∗))

q∗n
η1 N n

0 + O(N n−1+o(1)
0 ).

Here γK is the residue of ζK (s) at s = 1, and the first summation is over all ideals
of OK with the norm restriction.

Trivially, we have that the size of A is given by #A = (1 + o(1))
ηn−k

1 q∗−(n−k)∏n−k
i=1 X i for any choice of a0.

Finally, we have the following lemmas which show that if we sum over all
a0 ∈ [1, q∗]n−k , then we remove any distortions caused by a possible exceptional
character from primes in B. We delay the proof of Lemma 6.4 to Section 7.

LEMMA 6.4. Let R ⊆ [ε2, 2n]` be a closed polytope which contains points x, y
with

∑`

i=1 xi > n + ε,
∑`

i=1 yi 6 n − ε. Then∑
a0∈[1,q∗]n−k

gcd(NK (a0),q∗)=1

∑
b∈B(a0)

1R(b) =
q∗(n−k)η1 N n

0

2 log X

∏
p|q∗

(
1−

ν(p)
pn−k

)
(IR + oR(1)),

where
IR = n

∫
· · ·

∫
(e1,...,e`)∈R∑`

i=1 ei=n

de1 . . . de`−1

e1 . . . e`
.

If ` = 1, then IR is interpreted as 1 if n ∈ R and 0 otherwise.

LEMMA 6.5. Let R ⊆ [ε2, 2n]` be a closed polytope. Then∑
a0∈[1,q∗]n−k

S̃
#A(a0)

#B(a0)

∑
b∈B(a0)

1R(b) = S
#(R ∩ Zn−k)

n log X
(IR + oR(1)),
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where IR is as in Lemma 6.4. In particular, choosing R = [n(1/2+ ε), 2n], we
have ∑

a0∈[1,q∗]n−k

S̃
#A(a0)

#B(a0)
S(B(a0), r2) = (1+ o(1))S

#(R ∩ Zn−k)

n log X
.

Proof of Lemma 6.5 assuming Lemma 6.4. We recall that

#A(a0) = (1+ o(1))
ηn−k

1

∏n−k
i=1 X i

q∗(n−k)
= (1+ o(1))

#(R ∩ Zn−k)

q∗(n−k)

for all choices of a0 and that #B(a0) = (γK/2 + o(1))η1 N n
0 φK ((q∗))/q∗n by

Lemma 6.3. Since 1R(b) is supported on ideals with no factors of small norm,
we see that there is no contribution from a0 with gcd(NK (a0), q∗) 6= 1. We see
that the number of choices of a0 ∈ [1, q∗]n−k such that a0 = (

∑n−k
i=1 (a0)i

n
√
θ i−1)

has no common ideal factor with (q∗) is given by q∗(n−k)∏
p|q∗(1− ν(p)/pn−k).

Thus, by Lemma 6.4 and our estimates for #A(a0) and #B(a0), we have that∑
a0∈[1,q∗]n−k

S̃
#A(a0)

#B(a0)

∑
b∈B(a0)

1R(b)

=
(IR + oR(1))q∗nS̃

γKφK ((q∗))
#(R ∩ Zn−k)

n log X

∏
p|q∗

(
1−

ν(p)
pn−k

)
.

We recall that γK =
∏

p(1− ν2(p)p−n)−1(1− p−1) is the residue at s = 1 of
ζK (s) and so find that

q∗n

γKφK ((q∗))
S̃
∏
p|q∗

(
1−

ν(p)
pn−k

)
=

∏
p

(
1−

ν(p)
pn−k

)(
1−

1
p

)−1

= S.

Thus, we find that∑
a0∈[1,q∗]n−k

S̃
#A(a0)

#B(a0)

∑
b∈B(a0)

1R(b) = (IR + oR(1))S
#(R ∩ Zn−k)

n log X
.

Proof of Proposition 5.1 assuming Propositions 6.1, 6.2, Lemma 6.4 and n > 4k.
We first consider n > 6k. In this case, n− 3k− 4ε > n/2+ ε, so it follows from
Proposition 6.2 that (explicitly putting in our dependence on a0)

S(A(a0), r2) = S̃
#A(a0)

#B(a0)
S(B(a0), r2)
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+ O
(

exp(−ε−1/2)#A(a0)

log X

∏
p|q∗

(
1−

ν(p)
pn−k

)−1)
.

We now sum over the choices of a0, noting that there is only a contribution
from those such that a0 = (

∑n−k
i=1 (a0)i

n
√
θ i−1) has no common ideal factor with

(q∗). The number of such a0 is (q∗)n−k ∏
p|q∗(1− ν(p)/pn−k), and we recall that

#A(a0) = (1+ o(1))#(R ∩ Zn−k)q∗−(n−k). Thus, we obtain∑
a0∈[1,q∗]n−k

S(A(a0), r2) =
∑

a0∈[1,q∗]n−k

S̃
#A(a0)

#B(a0)
S(B(a0), r2))

+ O
(

exp(−ε−1/2)#(R ∩ Zn−k)

log X

)
.

Lemma 6.5 gives an asymptotic estimate for the main term, giving∑
a0∈[1,q∗]n−k

S(A(a0), r2) = S
#(R ∩ Zn−k)

n log X
(1+ O(exp(−ε−1/2))).

This gives the result in the case n > 6k.
We now consider 6k > n > 4k. We see that by Buchstab’s identity (this simply

applies inclusion–exclusion according to the smallest prime factor), we have

S(A, r2) = S(A, r1)−
∑

r1<p6r2

S(Ap, p).

Applying the same decomposition to B and subtracting the difference weighted
by S̃#A/#B, we see that

S(A, r2) =
S̃#A
#B S(B, r2)+

(
S(A, r1)−

S̃#A
#B S(B, r1)

)
−

( ∑
r1<p6r2

S(Ap, p)−
S̃#A
#B

∑
r1<p6r2

S(Bp, p)

)
.

By Proposition 6.2, the first term in parentheses is negligible. The second term
in parentheses counts ideals with O(1) prime ideal factors, one of which lies
between r1 and r2 and all of which are larger than r1. Therefore, splitting the sum
according to the number of prime factors, it can be written as a sum of O(1)
terms of the form ∑

a∈A

1R(a)−
S̃#A
#B

∑
b∈B

1R(b)
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for some polytope R satisfying the conditions of Proposition 6.1. Explicitly, we
can choose

R1 = {e ∈ R2
: n − 3k − 4ε 6 e1 6 n(1/2+ ε), e1 6 e2, e2 6 n},

R2 = {e ∈ R3
: n − 3k − 4ε 6 e1 6 n(1/2+ ε), e1 6 e2 6 e3, e3 6 n},

R3 = {e ∈ R4
: n − 3k − 4ε 6 e1 6 n(1/2+ ε), e1 6 e2 6 e3 6 e4, e4 6 n}.

(We note that since n > 4k elements with all prime ideal factors bigger than
r1 can have at most four prime ideal factors.) In particular, it follows from
Proposition 6.1 that these terms are negligible. Using Lemma 6.5, we see that
this gives (making explicit the dependence of A on a0)∑

a0∈[1,q∗]n−k

S(A(a0), r2) = S
#(R ∩ Zn−k)

n log X
(1+ O(exp(−ε−1/2)))

for n > 4k.
Finally, we consider the case when n = 4k. In this case, we cannot estimate

terms S(Ap, p) with N (p) ∈ E , where E = [X n−3k−4ε, X k+ε
] ∪ [X 2k−ε, X n/2+ε

],
since this lies outside the range of our Type II estimates. However, bounding
these terms by 0 6 S(Ap, p) 6 S(Ap, r1) introduces a negligible error term to
the final estimates since this range of p is short. Specifically, letting λ = λ(a0) =

S̃#A/#B, we have∑
a0∈[1,q∗]n−k

S(A, r2) =
∑

a0∈[1,q∗]n−k

λS(B, r2)+
∑

a0∈[1,q∗]n−k

(S(A, r1)− λS(B, r1))

−

∑
a0∈[1,q∗]n−k

∑
Xk+ε<N (p)6X2k−ε

(S(Ap, p)− λS(Bp, p))

+

∑
a0∈[1,q∗]n−k

∑
N (p)∈E

O(S(Ap, r1)+ λS(Bp, r1)).

As before, the first term in parentheses on the right-hand side is negligible
by Proposition 6.2, and the second term in parentheses is negligible by
Proposition 6.1. Finally, by Proposition 6.2 and Lemma 6.5, the last term
is

�

∑
a0∈[1,q∗]n−k

∑
N (p)∈E

S̃#A(a0)

#B(a0)
S(Bp(a0), r1)� ε

#(R ∩ Zn−k)

log X
.

Thus, this is negligible, and so using Lemma 6.5 for the main term, we obtain
the result.

When n < 4k, we require a more complicated decomposition based on the
use of Harman’s sieve. Here we discard some terms through positivity, which
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restricts us to obtaining a lower bound of the correct order of magnitude. Because
the ranges of our ‘Type I’ and ‘Type II’ estimates are the same as those used
in Harman’s work on the problem of Diophantine approximation by primes,
we could use precisely the same decomposition as Harman uses in [10]. The
only minor difference is that in our case, the summations are over prime ideals
rather than rational primes, but this does not affect the final estimates since they
both have the same density. Instead, since Harman’s decomposition is not fully
explicit, we have included an explicit description of an adequate decomposition
in the appendix to this article along with a Mathematica file performing the
relevant numerical computations for this decomposition. The result of this is
the following proposition.

PROPOSITION 6.6 (Sieve decomposition for n < 4k). Let $n > k. There exist
sets S1, . . . ,S5 of polytopes which are independent of X such that for any set C
of ideals a with εX n < N (a)� X n , we have

S(C, r2)=
∑
R∈S1

∑
d

1R(d)S(Cd, r1)−
∑
R∈S2

∑
d

1R(d)S(Cd, r1)+
∑
R∈S3

∑
a∈C

1R(a)

−

∑
R∈S4

∑
a∈C

1R(a)+
∑
R∈S5

∑
a∈C

1R(a).

Moreover, the sets S1, . . . ,S5 satisfy

(1) #Si � 1 for each i .

(2) (All terms involve a bounded number of primes factors) Each polytope R ∈⋃5
i=1 Si lies in R` for some ` 6 1/ε2 (but different polytopes may be of

different dimensions).

(3) (No term involves small prime factors) If R ∈
⋃5

i=1 Si and (e1, . . . , e`) ∈R,
then e j > ε2 for all j ∈ {1, . . . , `}.

(4) (R does not depend too much on the norms) Each polytope R ∈
⋃5

i=1 Si

contains a point x and a point y with
∑`

i=1 xi > n+ ε and
∑`

i=1 yi < n− ε.

(5) (S1 and S2 correspond to simpler sieve terms) If R ∈ S1 ∪ S2 and (e1, . . . ,

e`) ∈ R, then
∑`

i=1 ei < n − k − 4ε.

(6) (S3 and S4 correspond to Type II terms) If R ∈ S3∪S4 and (e1, . . . , e`) ∈R,
then there is some `′ such that

k + ε 6
`′∑

i=1

ei 6 n − 2k − ε.
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(7) (The terms from S5 do not contribute too much) We have that all R ∈ S5

are closed and ∑
R∈S5

IR < 0.99,

where
IR = n

∫
· · ·

∫
(e1,...,e`)∈R∑`

i=1 ei=n

de1 . . . de`−1

e1 . . . e`
.

As mentioned above, the proof of Proposition 6.6 essentially follows from the
work of Harman [10], but in the interests of explicitness and verifiability, we
have included an alternative proof in the appendix. Since the full decomposition
is complicated to write down (and requires nontrivial numerical computation),
we just highlight some key details here.

In general, we use two means of transforming terms S(Cd, a) in our
decomposition:

(1) Buchstab iterations: Given ideals a1 < a2 and d with N (d) <

X n−k−4ε/N (a2), we can apply two Buchstab iterations, which gives

S(Cd, a2) = S(Cd, a1)−
∑

a1<p16a2

S(Cdp1, a1)+
∑

a1<p26p16a2

S(Cdp1p2, p2).

If a1 = r1, then the first two sums correspond to polytopes in S1 and S2.
Some of the terms in the final sum will involve factors which fall into our
Type II range and so correspond to polytopes in S3 and S4; we are left to
obtain a suitable estimate for the remaining terms.

(2) Reversal of roles: If T is a set of ideals t satisfying b < t < b2, we can write∑
p∈T prime

S(Adp, a) =
∑
u∈U

S(A∗ud, b),

where A∗ud = {t ∈ Aud : t ∈ T } and U = {u : p|u⇒ p > a}.

Having applied these transformations in some combination a finite number of
times, we produce a decomposition of the required shape

S(C, r2) =
∑
R∈S1

∑
d

1R(d)S(Cd, r1)−
∑
R∈S2

∑
d

1R(d)S(Cd, r1)+
∑
R∈S3

∑
a∈C

1R(a)

−

∑
R∈S4

∑
a∈C

1R(a)+
∑
R∈S5

∑
a∈C

1R(a),
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for some explicit sets S1, . . . ,S5 of polytopes R independent of X and with
#S j � 1. Here we recall that 1R(a) is the indicator function of ideals which
have a particular shape of prime factorization determined by R. It then requires
a numerical verification that for this particular choice of decomposition, we have∑

R∈S5
IR < 0.99.

Proof of Proposition 5.1 assuming Propositions 6.1, 6.2, Lemma 6.4 and n < 4k.
Applying Proposition 6.6 to A, we obtain

S(A, r2) =
∑
R∈S1

∑
d

1R(d)S(Ad, r1)−
∑
R∈S2

∑
d

1R(d)S(Ad, r1)

+

∑
R∈S3

∑
a∈A

1R(a)−
∑
R∈S4

∑
a∈A

1R(a)+
∑
R∈S5

∑
a∈A

1R(a). (6.4)

The point of this decomposition is that we can obtain asymptotic estimates for
the terms coming from polytopes in S1,S2,S3 and S4 by a combination of our
‘Type I’ and ‘Type II’ estimates, and so we obtain a lower bound for S(A, r2)

by dropping the terms coming from S5 through positivity. Specifically, the terms
from S1 and S2 can be estimated using Proposition 6.2 and the terms from S3 and
S4 can be estimated using Proposition 6.1. It will turn out that since

∑
R∈S5

IR <
1, we still obtain a positive lower bound for S(A, r2), giving the result.

Applying the same decomposition of Proposition 6.6 to B and subtracting
these terms multiplied by a constant λ = S̃#A/#B from (6.4) gives

S(A, r2) = λS(B, r2)+
∑
R∈S1

∑
d

1R(d)(S(Ad, r1)− λS(Bd, r1))

−

∑
R∈S2

∑
d

1R(d)(S(Ad, r1)− λS(Bd, r1))

+

∑
R∈S3

(∑
a∈A

1R(a)− λ
∑
b∈B

1R(b)

)
−

∑
R∈S4

(∑
a∈A

1R(a)− λ
∑
b∈B

1R(b)

)
+

∑
R∈S5

∑
a∈A

1R(a)− λ
∑
R∈S5

∑
b∈B

1R(b)

> λ

(
S(B, r2)−

∑
R∈S5

∑
b∈B

1R(b)

)
−

∑
R∈S1∪S2

∣∣∣∣∑
d

1R(d)(S(Ad, r1)− λS(Bd, r1))

∣∣∣∣
−

∑
R∈S3∪S4

∣∣∣∣∑
a∈A

1R(a)− λ
∑
b∈B

1R(b)

∣∣∣∣. (6.5)
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Here we have dropped the nonnegative terms
∑

R∈S5

∑
a∈A 1R(a) for a lower

bound.
By Proposition 6.2, the second term on the right-hand side of (6.5) involving a

sum over R ∈ S1 ∪S2 is negligible since S1 and S2 only contain polytopes with
sum of coordinates at most n− k − 4ε. Similarly, the last term on the right-hand
side of (6.5) involving R ∈ S3 ∪ S4 is negligible by Proposition 6.1 since they
only involve polytopes where a subset of the coordinates lies in the Type II range.
This gives us the lower bound for k/$ + 8ε < n < 4k

S(A, r2) > S̃
#A
#B

(
S(B, r2)−

∑
R∈S5

∑
b∈B

1R(b)

)
+O

(
ε#A
log X

∏
p|q∗

(
1−

ν(p)
pn−k

)−1)
.

We now sum over a0 ∈ [1, q∗]n−k such that (
∑n−k

i=1 (a0)i
n
√
θ i−1) has no ideal factor

in common with q∗. By Lemma 6.5, we have∑
a0∈[1,q∗]n−k

S̃
#A(a0)

#B(a0)
S(B(a0), r2) = (1+ o(1))S

#(R ∩ Zn−k)

n log X
,

and for each R ∈ S5,∑
a0∈[1,q∗]n−k

S̃
#A(a0)

#B(a0)

∑
b∈B(a0)

1R(b) = (1+ o(1))S
#(R ∩ Zn−k)

n log X
IR.

Putting these estimates together, we obtain∑
a0∈[1,q∗]n−k

S(A(a0), r2) > S
#(R ∩ Zn−k)

n log X

(
1−

∑
R∈S5

IR + O(ε)
)

�
S#(R ∩ Zn−k)

log X

since, by Proposition 6.6, we have that
∑

R∈S5
IR < 0.99. This gives the result

whenever n > k/$ + 8ε > 22k/7, as required.

Thus, to establish Proposition 5.1 and, hence, Theorems 1.1 and 1.2 for K =
Q( n
√
θ), it suffices to prove Lemma 6.4 and Propositions 6.1 and 6.2.

7. Type I sums

In this section, we establish Lemma 6.4 and Proposition 6.2 under the
assumption of Proposition 6.1 by using estimates from the geometry of numbers.
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LEMMA 7.1 (Geometry of numbers). Let R ⊆ R` be a region such that any line
parallel to the coordinate axes intersects R in O(1) intervals. Then we have

#{a ∈ Z` ∩R} = volR+ O
(

1+
`−1∑
j=1

V j

)
,

where V j is the sum of all the (`− j)-dimensional volumes of the projections of
R formed by equating j coordinates to zero. In particular, if R is contained in
an `-dimensional hypercube of side length B andΛ ⊆ Z` is a rank ` lattice with
successive minima Z1 6 · · · 6 Z`, then we have

#{a ∈ Λ ∩R} = volR
det(Λ)

+ O
(

1+
`−1∑
j=1

B j∏ j
i=1 Z i

)
.

Proof. The first statement is Davenport’s theorem [5]. For the second statement,
there is a basis z1, . . . , z` of Λ with ‖zi‖ � Z i and ‖

∑`

i=1 ai zi‖ �
∑`

i=1 ‖ai zi‖

for any a ∈ R` by Lemma 4.1. Letting M be the ` × ` matrix with columns
z1, . . . , z`, we see that counting x ∈ Λ ∩ R is the same as counting x′ ∈
Z`∩M−1R. This region has volume volR/ det(M) = volR/ det(Λ). Any point
a =

∑`

i=1 ai zi must be a distance O(B) from the centre c =
∑`

i=1 ci zi of the
hypercube containing R, and so

∑`

i=1 ‖(ai − ci)zi‖ � ‖
∑`

i=1(ai − ci)zi‖ � B.
This means that ai is constrained to lie in an interval of length O(B/Z i), and,
hence, in this case, V j = O(B`− j/

∏`− j
i=1 Z i).

LEMMA 7.2. Given d, e ∈ Zn
\{0}, let e � d be the vector b such that

n∑
i=1

bi
n
√

θ i−1 =

n∑
i=1

ei
n
√

θ i−1 ×

n∑
i=1

di
n
√

θ i−1

and let Λd be the lattice

Λd = {e ∈ Zn
: (d � e) j = 0 for n − k < j 6 n}.

Then for any d ∈ Zn
\{0},

(1) Λd is a rank n − k lattice.

(2) det(Λd)� ‖d‖k .

Proof. We see that the j th component of e�d is v j,d·e, where v j,d is the j th row in
the multiplication-by-

∑n
i=1 di

n
√
θ i−1 matrix with respect to the basis { n

√
θ i−1}ni=1.
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The multiplication-by-
∑n

i=1 di
n
√
θ i−1 matrix has determinant N (

∑n
i=1 di

n
√
θ i−1),

and so is nonzero for any d ∈ Zn
\{0}. Thus, the vectors vn−k+1,d, . . . , vn,d are k

linearly independent vectors, so Λd is a lattice of rank n − k.
Since the components of v j,d have size O(‖d‖), the lattice has determinant

detΛd �
∏n

j=n−k+1 ‖v j,d‖ � ‖d‖k . (This bound follows from considering the
dual lattice or is an immediate consequence of Lemma 10.1.)

LEMMA 7.3. Let d ∈ (Zn
\{0})∩[−D, D]n andΛd be as in Lemma 7.2. Let z1(d)

denote the shortest nonzero vector in Λd. Then we have ‖z1(d)‖ � Dk/(n−k) and

#{d ∈ [1, D]n : ‖z1(d)‖ 6 Z} � Dn−k+o(1)Z n−k .

In particular, ∑
‖d‖6D

1
‖z1(d)‖n−k−1

� Dn−k+k/(n−k)+o(1).

Proof. By Lemma 7.2, Λd has rank n − k and determinant O(Dk) when d ∈
[−D, D]n . By Lemma 4.1, if λ1 6 λ2 6 · · · 6 λn−k are the successive minima
of Λd, then

‖z1(d)‖n−k
= λn−k

1 6 λ1 · · · λn−k � det(Λd)� Dk,

so ‖z1(d)‖ � Dk/(n−k). This gives the first claim.
Since z1(d) ∈ Λd, we have (d�z1(d)) j = 0 for n−k < j 6 n. By Lemma 7.8,

given x ∈ Zn
\{0}, there are at most τ(

∑n
i=1 xi

n
√
θ i−1)� ‖x‖o(1) choices of d and

z such that z � d = x since
∑n

i=1 zi
n
√
θ i−1 and

∑n
i=1 di

n
√
θ i−1 must be divisors of∑n

i=1 xi
n
√
θ i−1. Moreover, such a x must have x j = 0 for j > n − k. Putting this

together, for any choice of Z > 0, we find that∑
d∈[1,D]n
‖z1(d)‖6Z

1 6
∑
z∈Zn

‖z‖6Z

∑
d∈[1,D]n

(d�z) j=0 if j>n−k

1

6
∑

x∈Zn−k

‖x‖�DZ

τ

( n−k∑
i=1

xi
n
√

θ i−1

)

6 Dn−k+o(1)Z n−k+o(1).

This gives the second claim.
By considering ‖z1(d)‖ in dyadic intervals [Z , 2Z ], we find∑

d∈[1,D]n

1
‖z1(d)‖n−k−1

� log D sup
Z�Dk/(n−k)

1
Z n−k−1

∑
d∈[1,D]n

Z6‖z1(d)‖62Z

1
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� sup
Z�Dk/(n−k)

Dn−k+o(1)Z

� Dn−k+k/(n−k)+o(1).

This gives the final claim.

LEMMA 7.4 (Weak Type I estimate). Let d be an ideal of OK with N (d) coprime
to Q. Let R ⊂ [−X, X ]n−k satisfy the conditions of Lemma 7.1. Then we have

#
{

a ∈ Zn−k
∩R : d|

( n−k∑
i=1

ai
n
√

θ i−1

)
, a ≡ a0 (mod Q)

}
=
ρ(d) volR
N (d)Qn−k

+ O(N (d)n X n−k−1).

Here ρ is the function defined by

ρ(d) =
#{a ∈ [1, N (d)]n−k

: d|(
∑n−k

i=1 ai
n
√
θ i−1)}

N (d)n−k−1
.

Proof. We split the count into residue classes modulo QN (d). We note that if
a ≡ b (mod N (d)), then d|(

∑n−k
i=1 bi

n
√
θ i−1) if and only if d|(

∑n−k
i=1 ai

n
√
θ i−1).

Therefore, ∑
a∈Zn−k

∩R
a≡a0 (mod Q)

d|(
∑n−k

i=1 ai
n√
θ i−1)

1 =
∑

b∈[1,QN (d)]n−k

b≡a0 (mod Q)
d|(
∑n−k

i=1 bi
n√
θ i−1)

∑
a∈Zn−k

∩R
a≡b (mod QN (d))

1.

By letting a = b + a2 QN (d), we see that the inner sum is over a2 ∈ Zn−k
∩R′

where R′ = (R − b)/QN (d) is a translated and scaled copy of R. Since R′ is
contained in a hypercube of side length X/QN (d), by Lemma 7.1, the inner sum
is given by

volR′ + O
(

1+
X n−k−1

Qn−k−1 N (d)n−k−1

)
=

volR
Qn−k N (d)n−k

+ O
(

1+
X n−k−1

Qn−k−1 N (d)n−k−1

)
.

Since Q and N (d) are coprime, there are precisely N (d)n−k−1ρ(d) � N (d)n

terms in the sum over b by the Chinese remainder theorem. This gives the result.
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PROPOSITION 7.5 (Type I estimate). Let R =R(X) ⊆ [−X, X ]n−k be a region
such that any line parallel to the coordinate axes intersects R in O(1) intervals.
Given a vector a0 ∈ Zn−k , and a quantity Q 6 X 1/2, we define the set

C =

{ n−k∑
i=1

ai
n
√

θ i−1 : a ∈ Zn−k
∩R, a ≡ a0 (mod Q)

}
.

We let Cd = {κ ∈ C : d|(κ)} be the elements of C which generate an ideal which
is a multiple of d. Then we have∑

N (d)∈[D,2D]
gcd(N (d),Q)=1

∣∣∣∣#Cd −
ρ(d) volR
Qn−k N (d)

∣∣∣∣� X n−k−1 Qn+o(1)D1/(n−k)+o(1)
+ DQn+o(1).

In particular, taking R = [X1, X1+η1 X1]×· · ·×[Xn−k, Xn−k+η1 Xn−k], x0 = a0

and Q = q∗, we have∑
N (d)∈[D,2D]

gcd(N (d),q∗)=1

∣∣∣∣#Ad −
ρ(d)#A

N (d)

∣∣∣∣� X n−k−1+o(1)D1/(n−k)+o(1)
+ DX o(1).

Here ρ is the function defined by

ρ(d) =
#{a ∈ [1, N (d)]n−k

: d|(
∑n−k

i=1 ai
n
√
θ i−1)}

N (d)n−k−1
.

Proof. We consider separately the contribution from ideals d occurring in each
class C ∈ ClK . Given a class C, we fix a representative integral ideal c ∈ C with
gcd(N (c), Q)= 1. We can choose such an ideal with N (c)= Qo(1). (Since Q has
O(log Q) prime factors, there must be a prime ideal in C with norm coprime to
Q amongst the first O(log Q) prime ideals in C.) We let (δc) be the principal
fractional ideal dc−1, where the generator δc =

∑n
i=1 di

n
√
θ i−1/(θnN (c))n is

chosen such that di ∈ Z with di � D1/n Qo(1). (The di can be taken as integers
since dc−1(N (c)) is integral and Z[ n

√
θ ] is an order in OK of index dividing (θn)n .

The di can be chosen to be of size O(D1/n Qo(1)) by Lemma 4.2.) We note that
|δσ0

c | = N (δc)/
∏

σ 6=σ0
|δσc | � D1/n Qo(1) for any embedding σ0.

We see that

#{α ∈ C : d|(α)} = #{α ∈ C : (α) = a′d = a′cdc−1 for some integral a′}
= #{β ∈ OK : δcβ ∈ C , c|(β)}.

Here we have put β as a generator of the principal ideal a′c.
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We let β = (θn)−n ∑n
i=1 bi

n
√
θ i−1 with b ∈ Zn . All such β have such a

representation since Z[ n
√
θ ] is an order in OK of index dividing (θn)n . Moreover,

since Z[ n
√
θ ] ⊆ OK , provided b lies in a suitable residue class (mod (θn)n),

we have that (θn)−n ∑n
i=1 bi

n
√
θ i−1 ∈ OK , and so with this restriction on

residue classes, the representation is then bijective. We may introduce a further
restriction (mod N (c)n(θn)2n) to ensure βδc ∈ Z[ n

√
θ ] and c|(β). We now split

the count into residue classes mod q = QN (c)n(θn)2n so that we are left to
estimate ∑′

b0

∑
b∈Zn

b≡b0 (mod q)
δcβ∈C

1. (7.1)

Here
∑
′

b0
indicates that we sum over b0 ∈ [1, q]n restricted to the residue classes

(mod N (c)n(θn)2n) described above and also such that the coefficient of n
√
θ i−1

in β0δc ∈ Z[ n
√
θ ] is congruent to 0 (mod Q) for i > n − k and congruent to

(a0)i (mod Q) for i 6 n − k.
We concentrate on the inner sum. Recall that d � b denotes the vector e such

that
∑n

i=1 ei
n
√
θ i−1 =

∑n
i=1 di

n
√
θ i−1 ×

∑n
i=1 bi

n
√
θ i−1. Since δcβ ∈ C , we must

have that (d � b) j = 0 for n − k < j 6 n. Thus, b is restricted to lie in the
lattice Λd described by Lemma 7.2. If there is no vector b(1) ∈ Λd such that
b(1) ≡ b0 (mod q), then the inner sum of (7.1) is clearly empty. If there is such a
vector, we write b = b(1) + qb(2), giving∑′

b0

∑
b∈Zn

b≡b0 (mod q)
δcβ∈C

1 =
∑′′

b0

∑
b(2)∈Λd

δcβ1+qδcβ2∈C

1.

Here
∑
′′ indicates that we have the additional condition that such a vector b(1)

exists, and we have put β1 = (θn)−n ∑n
i=1 b(1)i

n
√
θ i−1. The conditions b(2) ∈ Λd

and δcβ1+qδcβ2 ∈ C are equivalent to b(2) ∈ Λd∩R′ for some region R′. Since,
for any embedding σ , we have |δσc | � D1/nqo(1) and any α ∈ C has |ασ | � X ,
we see that |(β2+ β1/q)σ | � X D−1/nq−1+o(1). In particular, R′ is contained in a
hypercube of side length X D−1/nq−1+o(1). Thus, by Lemma 7.1, we have

∑
b(2)∈Λd∩R′

1 =
volR′

det(Λd)
+ O

(
1+

X n−k−1

‖z1(d)‖n−k−1 D(n−k−1)/n

)
, (7.2)

where z1(d) is the shortest nonzero vector in Λd. We recall that R′ is the region
for b(2) from the condition that δcβ1+qδcβ2 ∈ C . From this, we see that volR′ =
volR/ fd,q for some quantity fd,q independent of X . Thus, after summing over
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b0, we find

#{α ∈ C : d|(α)} = volR
∑′′

b0

1
fd,q
+ O

(
qn
+

qn X n−k−1

‖z1(d)‖n−k−1 D(n−k−1)/n

)
.

We note that the sum over b0 above depends on q and d but not on X or R.
Since this holds for all X and R, if X is large compared with q, d and R is the
hypercube [1, X ]n−k , we see that the main term must match that of Lemma 7.4,
and so we must have that ∑′′

b0

1
fd,q
=

ρ(d)

N (d)Qn−k
.

Since the above equation is independent of X and R, it must, in fact, hold
regardless of the choice of X and R. Thus,

#{α ∈ C : d|(α)} = volR ρ(d)

N (d)Qn−k
+ O

(
qn
+

qn X n−k−1

‖z1(d)‖n−k−1 D(n−k−1)/n

)
.

(7.3)
By Lemma 7.3, when summing over N (d) ∈ [D, 2D], the error term in (7.3)
contributes a total

�

∑
d�D1/n Qo(1)

(
qn
+

qn X n−k−1

‖z1(d)‖n−k−1 D(n−k−1)/n

)

� Dqn Qo(1)
+ qn X n−k−1

D(n−k−1)/n

∑
d�D1/n Qo(1)

1
‖z1(d)‖n−k−1

� Dqn Qo(1)
+ qn X n−k−1 D1/(n−k)+o(1)Qo(1).

Recalling that q � Q1+o(1), we see that this is

� X n−k−1 Qn+o(1)D1/(n−k)+o(1)
+ DQn+o(1).

This gives the result.

LEMMA 7.6. ∑
N (d)6D

∣∣∣∣#Bd −
#B

N (d)

∣∣∣∣� X n−1+o(1)D1/n.

Proof. The proof of Lemma 6.3 shows that the number of ideals a of norm at
most Y > X ε with χ∗(a) = χ∗(a0) is (recalling q∗ = X o(1))

γKφK ((q∗))
2q∗n

Y + O(Y 1−1/n+o(1)),
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where γK = Ress=1 ζK (s). Letting b = ad ∈ Bd, this gives

#Bd = #
{
a :

N n
0

N (d)
6 N (a) 6

N n
0 (1+ η1)

N (d)
, χ∗(ad) = χ∗(a0)

}
=
η1γKφK ((q∗))N n

0

2q∗n N (d)
+ O

(
X n−1+o(1)

N (d)1−1/n

)
.

Applying this also with d = (1), we see that the main term above is (#B +
O(X n−1+o(1)))/N (d). Summing over d then gives the result.

Recall from Proposition 7.5 that ρ is defined by

ρ(d) =
#{a ∈ [1, N (d)]n−k

: d|(
∑n−k

i=1 ai
n
√
θ i−1)}

N (d)n−k−1
.

We wish to establish some basic properties of this function.

LEMMA 7.7. (i) ρ(p) = 1 for any degree one prime ideal p - (θn).

(ii) We have

#
{

x ∈ [1, p2
]

n−k
: p2
|N
( n−k∑

i=1

xi
n
√

θ i−1

)}
� p2n−2k−2.

In particular, for any ideal with N (e) a power of p, we have

ρ(e)

N (p)
�

1
p2

unless e is a degree 1 prime ideal above p.

(iii) ρ(ab) = ρ(a)ρ(b) if gcd(N (a), N (b)) = 1.

Proof. (i) Let N (p) = p - θn, so Z[ n
√
θ ]/pZ[ n

√
θ ] ∼= OK/pOK . There exists

a ∈ [1, p]n such that p|(
∑n

i=1 ai
n
√
θ i−1) but p2 - N (

∑n
i=1 ai

n
√
θ i−1) since there

are asymptotically more ideals which are a multiple of p than there are ideals
having norm a multiple of p2, by Lemma 7.6. But then the multiplication-
by-
∑n

i=1 ai
n
√
θ i−1 matrix (with respect to the basis {1, n

√
θ, . . . ,

n
√
θ n−1}) has

determinant a multiple of p but not of p2, and so has rank n − 1 over Fp. This
means the pn−1 distinct multiples of

∑n
i=1 ai

n
√
θ i−1 in Z[ n

√
θ ]/pZ[ n

√
θ ] are all

the elements of OK/pOK which generate an ideal which is a multiple of p. In
addition, the condition that

∑n
i=1 bi

n
√
θ i−1 is congruent modulo p to a multiple
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of
∑n

i=1 ai
n
√
θ i−1 is equivalent to cp · b ≡ 0 (mod p) for some integer vector cp

since the multiplication-by-
∑n

i=1 ai
n
√
θ i−1 matrix has kernel of rank 1. Therefore,

ρ(p) counts the number of x ∈ [1, p]n−k
× {0}k such that cp · x = 0 (mod p).

But N (
∑n−k

i=1 xi
n
√
θ i−1) has no fixed prime divisor, so cp · x cannot vanish for all

x ∈ [1, p]n−k
× {0}k . Thus, there are exactly pn−k−1 such x, giving ρ(p) = 1.

(ii) NK (x) is a nonzero polynomial in x1 since the leading term is xn
1 . Moreover,

the resultant of NK (x) and ∂

∂x1
NK (x) (viewed as polynomials in x1) is a nonzero

polynomial in x2, . . . , xn−k since NK is separable. Both of these are therefore
nonzero polynomials over Fp for p sufficiently large. Thus, there are O(pn−k−1)

choices of x2, . . . , xn−k (mod p) such that the resultant is 0 (mod p), and for
any such choice, there are O(1) values of x1 (mod p) with NK (x) ≡ 0 (mod p).
These constraints give rise to O(p2n−2k−2) choices of x (mod p2). Alternatively,
if the resultant is nonzero, then for any such choice of x2, . . . , xn−k , there are
O(1) choices of x1 (mod p) such that N (x) ≡ 0 (mod p), and all of these
choices of x1 lift (by Hensel’s lemma) to a unique x1 (mod p2) such that
NK (x) ≡ 0 (mod p2). Thus, in either case, there are O(p2n−2k−2) choices. The
result follows.

(iii) This follows immediately from the Chinese remainder theorem.

LEMMA 7.8 (Divisor bound for OK ). For any positive integer m, we have

∑
‖x‖�X

x j=0 if j>n−k

τ

( n−k∑
i=1

xi
n
√

θ i−1

)m

� X n−k(log X)Om (1).

Proof. By [13, Lemma 4.4], given any integer r > 0, an ideal a has an ideal
factor b|a with N (b) 6 N (a)1/r and τ(a) 6 2r−1τ(b)2r−1. Thus, taking r = n2,
we have∑

‖x‖�X
x j=0 if j>n−k

τ

( n−k∑
i=1

xi
n
√

θ i−1

)m

�

∑
N (d)�X1/n

τ(d)2mn2 ∑
‖x‖�X

x j=0 if j>n−k
d|(
∑n−k

i=1 xi
n√
θ i−1)

1

�

∑
N (d)�X1/n

τ(d)2mn2
ρ(d)N (d)n−k−1

(
X n−k

N (d)n−k
+ O(X n−k−1)

)

� X n−k
∑

N (d)<X1/n

τ(d)2mn2
ρ(d)

N (d)
.

Here we bounded the number of x with d|(
∑n−k

i=1 xi
n
√
θ i−1) trivially by splitting
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the xi into arithmetic progressions (mod N (d)). The sum over d is then bounded
by

∏
N (p)6X1/n

(
1+

22mn2
ρ(p)

N (p)
+ O

(
1

N (p)2

))
�

∏
p<X1/n

(
1+

22mn2
νp

p
+ O

(
1
p2

))
� (log X)Om (1),

by Lemma 7.7.

LEMMA 7.9 (Fundamental lemma). Let z0 be chosen maximally with N (z0) 6
X ε2

. Then we have

∑
N (d)<Xn−k−ε

p|d⇒p>z0

τ(d)

∣∣∣∣S(Ad, z0)−S̃
#A
#B S(Bd, z0)

∣∣∣∣� exp(−ε−2/3)

log X
#A

∏
p|q∗

(
1−
ν(p)
pn−k

)−1

.

Here S̃ =
∏

p-q∗
(
1− ν(p)

pn−k

)(
1− ν2(p)

pn

)−1
is as in Proposition 6.1.

Proof. We first relate the estimate to a sieving problem over Q, where the result
then follows from the classical ‘fundamental lemma’ of sieve methods. We have

S(Ad, z0) = #{a ∈ Ad : p|a⇒ p > z0}

= #{a ∈ Ad : p|N (a)⇒ p > X ε2
}

+ O
( ∑

p∈[X ε2/n ,X ε2
]

#{a ∈ Ad : p2
|N (a)}

)
.

By Proposition 7.5 and Lemma 7.7, the final term is O(X n−k−ε2/n). The first term
is a classical sieve quantity.

Define a function ρ2 on primes by

ρ2(p) =
#{a ∈ [1, pn

]
n−k
: p|N (

∑n−k
i=1 ai

n
√
θ i−1)}

pn(n−k)
=
ν(p)
pn−k

and extend ρ2 to a function on square-free integers by multiplicativity. By
inclusion–exclusion, we have that

ρ2(p) =
∑
p

p|N (p)

ρ(p)

N (p)
−

∑
p1<p2

p|N (p1),N (p2)

ρ(p1p2)

N (p1p2)
+ · · · .
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For a square-free integer e satisfying gcd(e, N (d)) = 1 and gcd(q∗, eN (d)) = 1,
we define Rd(e) by

Rd(e) = #{a ∈ Ad : e|N (a)} −
ρ2(e)ρ(d)#A

N (d)
.

We see from the inclusion–exclusion formula above that

Rd(e)�
∑
e

e|N (e)
N (e)|en

µ2(e)

∣∣∣∣Ade −
ρ(de)

N (de)
#A
∣∣∣∣.

Thus, by Proposition 7.5, the error terms Rd(e) satisfy∑
N (d)<Xn−k−ε

p|d⇒p>z0

∑
e<X ε/(2n2)

gcd(e,q∗N (d))=1

τ(d)µ2(e)|Rd(e)|

6
∑

N (d)<Xn−k−ε

∑
N (e)<X ε/2n

gcd(N (e),q∗N (d))=1

X o(1)

∣∣∣∣#Ade −
ρ(de)

N (de)
#A
∣∣∣∣

� X n−k−ε/2n+o(1). (7.4)

Here we used the divisor bound τ(d) < X o(1) in the second line and
Proposition 7.5 in the final line. We note that ρ2(p) = ν(p)/pn−k

=

νp/p + O(p−2) by Lemma 7.7, where νp is the number of degree one prime
ideals of OK above p. By the fundamental lemma of sieve methods (see, for
example, [8, Theorem 6.9]) and the bound (7.4), we have∑

N (d)<Xn−k−ε

p|d⇒p>z0

τ(d)

∣∣∣∣S(Ad, z0)−
ρ(d)#A

N (d)

∏
p<X ε

2

p-q∗

(
1−

ν(p)
pn−k

)∣∣∣∣
� exp(−ε−1)

∏
p<X ε

2

p-q∗

(
1−

ν(p)
pn−k

)
#A

∑
N (d)<Xn−k−ε

p|d⇒p>z0

τ(d)ρ(d)

N (d)

+ O(X n−k−ε/2n+o(1)). (7.5)

Here we used the fact that d has no prime factors with norm 6 N (z0) and so
must satisfy gcd(q∗e, N (d)) = 1 since q∗ 6 X o(1), and we only consider e with
prime factors p 6 N (z0).

The sum over d in the final bound is then easily seen to be O(ε−4) by an Euler
product upper bound and Lemma 7.7.
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We now replace ρ(d) with the constant 1 in the main term of (7.5). Since
ρ(p) = 1 on degree 1 prime ideals and d is restricted to prime factors p > z0, by
Lemma 7.7, we have that∑

N (d)<Xn−k−ε

p|d⇒p>z0

τ(d)|ρ(d)− 1|
N (d)

� X o(1)

( ∏
p>X ε2/n

(
1+

O(1)
p2

)
− 1

)
� X−ε

2/2n,

so this change introduces a negligible error term. Thus, since S =
∏

p(1 −
ν(p)p−(n−k))(1− p−1)−1

= O(1), we have∑
N (d)<Xn−k−ε

p|d⇒p>z0

τ(d)

∣∣∣∣S(Ad, z0)−
#A

N (d)

∏
p<X ε

2

p-q∗

(
1−

ν(p)
pn−k

)∣∣∣∣
�

exp(−ε−2/3)#A
log X

∏
p|q∗

(
1−

ν(p)
pn−k

)−1

.

An identical argument works for the sets Bd, with ν2(p)/pn instead of ν(p)/pn−k .
Subtracting these expressions and noting the main terms cancel, we have

∑
N (d)<Xn−k−ε

p|d⇒p>z0

τ(d)

∣∣∣∣S(Ad, z0)−S̃
#A
#B S(Bd, z0)

∣∣∣∣�exp(−ε−2/3)

log X
#A

∏
p|q∗

(
1−
ν(p)
pn−k

)−1

.

Using Lemma 7.9, we can now prove Proposition 6.2, assuming
Proposition 6.1.

Proof of Proposition 6.2 assuming Proposition 6.1. To ease notation, let a0, a2,

a3 be chosen maximally with respect to our ordering of ideals subject to N (a0) 6
X ε2 , N (a2) 6 X k+2ε and N (a3) 6 X n−2k−2ε , and let a1 be as in the statement of
the proposition. We see from this choice that a0 = z0 defined previously and that
N (a1) 6 X n−3k−4ε so that a1a2 6 a3. We first consider the contribution from
d < a2. Given a set of ideals C, we let

Tm(C; d) =
∑

a0<pm6···6p16a1
dp1...pm6a2

S(Cp1...pm , a0),

Um(C; d) =
∑

a0<pm6···6p16a1
dp1...pm6a2

S(Cp1...pm , pm),
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Vm(C; d) =
∑

a0<pm6···6p16a1
a2<dp1...pm6a2pm

S(Cp1...pm , pm).

Since a2a1 6 a3, all products dp1 . . . pm occurring in Vm(C; d) lie in our Type II
range between a2 and a3.

By Buchstab’s identity, we have that

Um(C; d) = Tm(C; d)−Um+1(C; d)− Vm+1(C; d).

We define T0(C; d) = S(C; a0) and V0(C; d) = 0. This gives

S(C, a1) = T0(C; d)− V1(C; d)−U1(C; d) =
∑
m>0

(−1)m(Tm(C; d)+ Vm(C; d)).

We apply the above decomposition to Ad. This gives an expression with O(ε−2)

terms since trivially Tm(Ad) = Um(Ad) = Vm(Ad) = 0 if m > n/ε2. Applying
the same decomposition to S(Bd, a1), subtracting the difference weighted by
λ = S̃#A/#B and summing over d < a2 with 1R(d) 6= 0, we obtain∑

d<a2

1R(d)(S(Ad, a1)− λS(Bd, a1))

�

∑
06m6n/ε2

∑
d<a2

1R(d)|Tm(Ad; d)− λTm(Bd; d)|

+

∑
06m6n/ε2

∣∣∣∣∑
d<a2

1R(d)(Vm(Ad; d)− λVm(Bd; d))

∣∣∣∣. (7.6)

For the first term on the right-hand side of (7.6), we expand Tm as a sum, giving∑
d<a2

1R(d)|Tm(Ad; d)− λTm(Bd; d)|

6
∑
d<a2

1R(d)
∑

a0<pm6···6p16a1
dp1...pm6a2

|S(Adp1...pm , a0)− λS(Bdp1...pm , a0)|.

We put d′ = p1 . . . pmd and note that any given d′ occurs at most ε−2τ(d′) times
in the sum above and satisfies d′ 6 a2. Thus, using Lemma 7.9, we have∑

d<a2

1R(d)|Tm(Ad; d)− λTm(Bd; d)|

�

∑
d′6a2

p|d′⇒p>a0

ε−2τ(d′)|S(Ad′, a0)− λS(Bd′, a0)|
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� ε−2 exp(−ε−2/3)#A
log X

∏
p|q∗

(
1−

ν(p)
pn−k

)−1

.

For the second term on the right-hand side of (7.6), we expand Vm and
S(Adp1...pm , pm). For the part of the inner sum involving Ad, this gives∑

d<a2

1R(d)Vm(Ad; d) =
∑
d<a2

1R(d)
∑

a0<pm6···6p16a1
a2<dp1...pm6a2pm

S(Adp1...pm , pm)

=

∑
d<a2

1R(d)
∑

a0<pm6···6p16a1
a2<dp1...pm6a2pm

∑
a

dp1...pma∈A
p|a⇒p>pm

1.

Since a occurring in the sum above has all prime ideal factors bigger than a0, it
has O(ε−2) prime factors constrained only to be larger than pm . Thus, we may
rewrite the above expression as ∑

R′

∑
a′∈A

1R′(a),

where R′ ranges over O(ε−2) polytopes describing the possible prime
factorizations of a, all independent of X . Each polytope is in [ε2, 2n]`

for some ` � ε−2. Moreover, by ordering the coordinates such that the
first `′ coordinates correspond to the factor dp1 . . . pm , we see that (e1, . . . ,

e`) ∈ R⇒ k+ ε 6
∑`′

i=1 ei 6 n− 2k− ε since a2 < dp1 . . . pm 6 a3. Applying
the same manipulations to λVm(Bd; d), we find∑

d<a2

1R(d)(Vm(Ad; d)− λVm(Bd; d))�
∑
R′

∣∣∣∣∑
a∈A

1R′(a)− λ
∑
b∈B

1R′(b)

∣∣∣∣.
By Proposition 6.1, this is O(#A(log X)−10). This completes the proof for
d 6 a2.

The contribution from d with d > a3 and N (d) 6 X 2k+2ε can be handled by an
essentially identical argument. Let b2, b3 be chosen maximally such that N (b2)6
X 2k+2ε and N (b3) 6 X n−k−2ε and let T ′m,U

′

m, V ′m be Tm,Um, Vm with a2 replaced
by b2 in the conditions on the summation. Applying an analogous decomposition
to the argument above, it suffices to handle only the terms corresponding to T ′m
and V ′m . Since b2a1 6 b3, all products dp1 . . . pm occurring in V ′m lie in the range
[b2, b3]. In particular, if a ∈ Adp1...pm for such a product dp1 . . . pm , then a =
a′dp1 . . . pm for some ideal a′ with N (a′) ∈ [X k+ε, X n−2k−ε

]. Such sums can be
handled by our Type II estimate given by Proposition 6.1. Similarly, any product
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dp1 . . . pm occurring in T ′m satisfies dp1 . . . pm 6 b2, and so the terms T ′m can be
handled by our Type I estimate given by Proposition 7.5.

Finally, the contribution from d with a2 6 d 6 a3 or X 2k+2ε 6 N (d) 6 X n−k−2ε

is negligible without any Buchstab decompositions since it can be written as
a sum over O(ε−2) polytopes to which Proposition 6.1 applies. This gives the
result.

LEMMA 7.10 (Pólya–Vinogradov-type inequality). Let q be an ideal with a
prime ideal factor of norm at least log log log X and q = N (q). Let χ f be a
character of OK with modulus q and no infinite component (that is, χ f factors
through (OK/qOK )

×). Then we have

∑
a∈[1,q]n−k

gcd(NK (a),q)=1

χ f

( n−k∑
i=1

ai
n
√

θ i−1

)
= o

( ∑
a∈[1,q]n−k

gcd(NK (a),q)=1

1
)
. (7.7)

Proof. This follows from a Pólya–Vinogradov-type inequality for
Z[ n
√
θ ]/qZ[ n

√
θ ], but there are some technical complications relating the

restrictions on the algebraic integers α0 appearing to ideals and the modulus q
of χ f . We let q′2 be a prime ideal factor of q of largest norm, and factor q = q1q2

with q1 the largest factor of q with norm coprime to N (q′2). By assumption, we
have that N (q′2)� log log log X and is a prime power of exponent at most n, so
q2 is coprime to the ideal generated by nθ . Correspondingly, we factor χ f = χ1χ2

into characters modulo q1 and q2. Letting q2 = N (q2), we see that q2|(q2) and
so we can view χ2 as a character on Z[ n

√
θ ]/q2Z[ n

√
θ ] ∼= OK/q2OK . (We have

Z[ n
√
θ ]/q2Z[ n

√
θ ] ∼= OK/q2OK since q2 is coprime to the ideal generated by

nθ .) Finally, we note that we have q2 � N (q′2) � log log log X . By writing
a0 = q2a1+ q1a2 (where q1 = N (q1)) and using the Chinese remainder theorem,
we see that it is sufficient to show that

∑
a∈[1,q2]n−k

χ2

( n−k∑
i=1

ai
n
√

θ i−1

)
= o(qn−k

2 ).

Finally, we let ψ be the additive character of Z[ n
√
θ ]/q2Z[ n

√
θ ] given by

ψ(
∑n

j=1 a j
n
√
θ j−1) = exp(2π ian/q2) and χ̂2 be the Fourier transform of χ2 given

by

χ̂2(β) =
1
qn

2

∑
γ∈Z[ n√

θ ]/q2Z[ n√
θ ]

χ2(γ )ψ(βγ ).
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We have∑
a∈[1,q2]n−k

χ2

( n−k∑
i=1

ai
n
√

θ i−1

)
=

∑
β∈Z[ n√

θ ]/q2Z[ n√
θ ]

χ̂2(β)
∑

a∈[1,q2]n−k

ψ(−αβ),

where α =
∑n−k

i=1 ai
n
√
θ i−1, viewed as an element of Z[ n

√
θ ]/q2Z[ n

√
θ ]. The inner

sum is 0 unless the final n − k components of β are equal to 0, in which case it
is qn−k

2 . Thus, we are left to show

∑
b1,...,bk∈Z/q2Z

χ̂2

( k∑
i=1

bi
n
√

θ i−1

)
= o(1).

We note that

qn
2 χ̂2(β) =

∑
γ∈Z[ n√

θ ]/q2Z[ n√
θ ]

χ2(γ )ψ(βγ )

=

∑
α∈βZ[ n√

θ ]/q2Z[ n√
θ ]

ψ(α)
∑

λ∈Z[ n√
θ ]/q2Z[ n√

θ]
βλ=α

χ2(λ).

Denote the inner sum by fβ(α). We then see that χ2(µ) fβ(α) = fβ(µα) for any
invertible µ ∈ Z[ n

√
θ ]/q2Z[ n

√
θ ]. But if µ ≡ 1 (mod (q2)/ gcd((q2), (α))), then

µα = α in Z[ n
√
θ ]/q2Z[ n

√
θ ], and so fβ(α)= 0 unless χ2(µ)= 1 for all invertible

µ ≡ 1 (mod (q2)/ gcd((q2), (α))). Here the ideals are viewed as ideals in OK ,
noting that the choice of lift of α ∈ Z[ n

√
θ ]/q2Z[ n

√
θ ] does not affect the ideal

gcd((α), (q2)) (recall that Z[ n
√
θ ]/q2Z[ n

√
θ ] ∼= OK/q2OK ). But χ2 is induced by

a primitive character (mod q2), and so this only occurs if q2|(q2)/ gcd((q2), (α)),
that is, if q2 - (α) (since q′2 is a prime ideal of large norm, and so lies above an
unramified rational prime). Thus, χ̂2(β) = 0 if q2|(β).

We also note that χ̂2(µβ) = χ2(µ)χ̂2(β) for any invertible µ, so χ̂2 is of
constant magnitude cd on all β such that gcd((β), (q2)) = d. By Parseval’s
identity, we have∑

α∈Z[ n√
θ ]/q2Z[ n√

θ ]

|χ̂2(α)|
2
=

1
qn

2

∑
β∈Z[ n√

θ ]/q2Z[ n√
θ ]

|χ2(β)|
2
= φK ((q2))/qn

2 � 1.

Thus, since there are O(qn
2 /N (d)) elements β ∈ Z[ n

√
θ ]/q2Z[ n

√
θ ] with gcd((β),

(q2)) = d, we see that c2
dqn

2 /N (d)� 1, which gives

|χ̂2(β)| 6
N (gcd((β), (q2)))

1/2

qn/2
2

.
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Thus, recalling that χ̂2(β) = 0 if q2|(β), we have∣∣∣∣ ∑
b1,...,bk∈Z/q2Z

χ̂2

( k∑
i=1

bi
n
√

θ i−1

)∣∣∣∣ 6 1

qn/2
2

∑
d|(q2)/q2

N (d)1/2
∑

16b1,...,bk6q2

d|(
∑k

i=1 bi
n√
θ i−1)

1.

We see that the final sum is counting points in a bounded region in a lattice of
rank k. Any point (b1, . . . , bk) with d|(

∑k
i= bi

n
√
θ i−1) must have

∑k
i=1 |bi | �

N (
∑k

i=1 bi
n
√
θ i−1)1/n > N (d)1/n . Thus, all nonzero vectors in the lattice, and in

particular the basis vectors, must have length� N (d)1/n . Therefore, the number
of points is O(1+ qk

2/N (d)k/n). This gives∣∣∣∣ ∑
b1,...,bk∈Z/q2Z

χ̂2

( k∑
i=1

bi
n
√

θ i−1

)∣∣∣∣ 6 1

qn/2
2

∑
d|(q2)/q2

(
N (d)1/2 + qk

2 N (d)1/2−k/n

)
�ε

qε2
N (q2)1/2

+
qε2

N (q2)1/2−k/n
.

Here we used the divisor bound in the final line. Since 2k < n, this is o(1), as
required.

We finish this section with a proof of Lemma 6.4.

Proof of Lemma 6.4. We recall the definition of B(a0):

B(a0) = {ideals b of OK : N (b) ∈ [N n
0 , (1+ η1)N n

0 ], χ
∗(b) = χ∗

∞
(A)χ∗f (α0)},

where here, and throughout the lemma, α0 =
∑n−k

i=1 (a0)i
n
√
θ i−1. To ease notation,

let q = q∗. We have∑
a0∈[1,q]n−k

gcd(NK (a0),q)=1

∑
b∈B(a0)

1R(b) =
∑

a0∈[1,q]n−k

gcd(NK (a0),q)=1

∑
N (b)∈[N n

0 ,(1+η1)N n
0 ]

χ∗(b)=χ∗∞(A)χ∗f (α0)

1R(b)

=

∑
N (b)∈[N n

0 ,(1+η1)N n
0 ]

1R(b)
∑

a0∈[1,q]n−k

gcd(NK (a0),q)=1

1+ χ∗(b)χ∗
∞
(A)χ∗f (α0)

2

=

( ∑
a0∈[1,q]n−k

gcd(NK (a0),q)=1

1
2

)( ∑
N (b)∈[N n

0 ,(1+η1)N n
0 ]

1R(b)

)

+ O
(
η1 N n

0

log X

∣∣∣∣ ∑
a0∈[1,q]n−k

gcd(NK (a0),q)=1

χ∗f (α0)

∣∣∣∣).
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In the second line, we have used the fact that 1R is supported on ideals with norm
coprime to q and so on ideals with (χ∗)2 = 1. In the last line, we have separated
the summations and used a simple sieve bound for the sum over b in the error
term. Recalling the definition of ν(p), the first term in parentheses is

∑
a0∈[1,q]n−k

gcd(NK (a0),q)=1

1
2
=

qn−k

2

∏
p|q

(
1−

ν(p)
pn−k

)
.

By the prime ideal theorem (Lemma 4.3), the second term in parentheses is∑
N (b)∈[N n

0 ,(1+η1)N n
0 ]

1R(b)

=
qn−k

log X

∏
p|q

(
1−

ν(p)
pn−k

)( ∫
· · ·

∫
(e1,...,e`)∈R

X
∑`

i=1 ei ∈[N n
0 ,(1+η1)N n

0 ]

X
∑`

i=1 ei de1 . . . de`
e1 . . . e`

+ o(1)
)

=
qn−k N n

0

log X

∏
p|q

(
1−

ν(p)
pn−k

)( ∫
· · ·

∫
(e1,...,e`)∈R

X
∑`

i=1 ei ∈[N n
0 ,(1+η1)N n

0 ]

de1 . . . de`
e1 . . . e`

+ oR(1)
)
.

Since we have an error term which depends on R, we may think of R as fixed
and η1 as small. Since R is closed and log N n

0 / log X = n+o(1), we see that the
integral is equal to

η1

∫
· · ·

∫
(e1,...,e`)∈R∑`

i=1 ei=n

de1 . . . de`−1

e1 . . . e`
+ oR(1) = IR + o(1).

Finally, we recall that q∗ is square-free apart from an ideal factor of norm O(1)
and N (q∗) � (log x)ε , and so χ∗f satisfies the conditions of Lemma 7.10. Thus,
we have that

η1 N n
0

log X

∣∣∣∣ ∑
a0∈[1,q]n−k

gcd(NK (a0),q)=1

χ∗f (α0)

∣∣∣∣ = o
(

qn−kη1 N n
0

log X

∏
p|q

(
1−

ν(p)
pn−k

))
.

This gives the result.

Thus, we are left to establish Proposition 6.1.
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8. Type II Estimate: The L1 Bounds

In this section, we introduce an approximation 1̃R ≈ 1R in our Type II sums
and establish various L1 estimates based on this. Much of this section is a
generalization of the corresponding estimates of Heath-Brown [13]. The aim of
this section is to reduce the proof of Proposition 6.1 to Proposition 8.7.

We wish to establish Proposition 6.1, namely that∑
a∈A

1R(a)− S̃
#A
#B

∑
b∈B

1R(b)�R η
1/2
1 #A, (8.1)

where R ⊆ [ε2, 2n]` is a polytope such that there is an `′ 6 ` so that any e ∈ R
satisfies k + ε 6

∑`′

i=1 ei 6 n− 2k − ε. We recall that η1 = (log X)−100 and that

1R(a) =

{
1, a = p1 . . . p` with N (pi) = X ei , (e1, . . . , e`) ∈ R,
0, otherwise,

A =
{( n−k∑

i=1

ai
n
√

θ i−1

)
: X i 6 ai 6 X i + η1 X i , ai ≡ (a0)i (mod q∗)

}
,

B = {b : N (b) ∈ [N n
0 , (1+ η1)N n

0 ], χ
∗(b) = χ∗

∞
(A)χ∗f (α0)},

S̃ =
∏
p-q∗

(
1−

ν(p)
pn−k

)(
1−

ν2(p)
pn

)−1

,

with N n
0 > εX n the smallest norm of an ideal in A. Since the implied constant is

allowed to depend on R, we may assume that R is defined by a bounded number
of linear inequalities, none of which depends on our underlying parameter X . We
will therefore suppress the dependence on R for the rest of this section.

We now wish to reduce Proposition 6.1 to the following statement.

LEMMA 8.1. Let R satisfy the assumptions of Proposition 6.1. Given a
hypercube C, write C = R1 ×R2 with R2 representing the first `′ coordinates
and R1 the final ` − `′ coordinates. Then for any set of nonoverlapping
hypercubes of side length η2

1 which covers R, we have∑
C=R1×R2
C∩R 6=∅

( ∑
a1,a2

a1a2∈A

1R1(a1)1R2(a2)− S̃
#A
#B

∑
b1,b2

b1b2∈B

1R1(b1)1R2(b2)

)
�R η

1/2
1 #A,

∑
C=R1×R2

C⊆R

( ∑
a1,a2

a1a2∈A

1R1(a1)1R2(a2)− S̃
#A
#B

∑
b1,b2

b1b2∈B

1R1(b1)1R2(b2)

)
�R η

1/2
1 #A.
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We note that 1R2 is supported on ideals b with N (b) ∈ [X k+ε/2, X n−2k−ε/2
]

from our bounds on
∑`′

i=1 ei .

Proof of Proposition 6.1 assuming Lemma 8.1. We cover R by O(η−2`
1 )

nonoverlapping hypercubes C so that each of e1, . . . , e` lies in intervals of
side length η2

1. We see that∑
C⊆R

1C(a) 6 1R(a) 6
∑

C∩R6=∅

1C(a).

Thus, first upper bounding the sum over a ∈ A and lower bounding the sum over
b ∈ B, and then lower bounding the sum over a and upper bounding the sum
over b, we obtain∣∣∣∣∑

a∈A

1R(a)− S̃
#A
#B

∑
b∈B

1R(b)

∣∣∣∣ 6 ∣∣∣∣ ∑
C∩R 6=∅

(∑
a∈A

1C(a)− S̃
#A
#B

∑
b∈B

1C(b)

)∣∣∣∣
+

∣∣∣∣∑
C⊆R

(∑
a∈A

1C(a)− S̃
#A
#B

∑
b∈B

1C(b)

)∣∣∣∣
+ S̃

#A
#B

∑
C∩R6=∅
C 6⊆R

∑
b∈B

1C(b). (8.2)

By the prime ideal theorem (Lemma 4.3), we have for e1, . . . , e` > ε2,∑
p1,...,p`

N (pi )∈[Xei ,Xei+η
2
1 ]

1�ε η
2`
1 X

∑`
i=1 ei .

Thus, since B is supported on ideals b with N (b) ∈ [N1, (1+η1)N1], we see that
for any hypercube C under consideration,∑

b∈B

1C(b)�ε η
2`
1 N1 � η2`−1

1 #B. (8.3)

There are OR(η
−2(`−1)
1 ) hypercubes C intersecting the boundary of R since R is

a polytope defined by OR(1) inequalities. Therefore, by (8.3), the final term on
the right-hand side of (8.2) contributes

S̃
#A
#B

∑
C∩R6=∅
C 6⊆R

∑
b∈B

1C(b)�ε #A
∑

C∩R6=∅
C 6⊆R

η2`−1
1 �ε,R η1#A,

https://doi.org/10.1017/fmp.2019.8 Published online by Cambridge University Press

https://doi.org/10.1017/fmp.2019.8


J. Maynard 46

which is negligible. Thus, it suffices to show∣∣∣∣ ∑
C∩R 6=∅

(∑
a∈A

1C(a)− S̃
#A
#B

∑
b∈B

1C(b)

)∣∣∣∣�R η
1/2
1 #A,

and similarly when summing over all C with C ⊆ R.
Any hypercube C can be identified with R1×R2 with R2 representing the first

`′ coordinates of C. Call C good if C ∩R 6= ∅ and C does not contain any point
e such that |ei − e j | � η2

1 for some 1 6 i < j 6 `. If C is good, then any a with
1C(a) 6= 0 has a unique representation as a = a1a2 with 1R1(a1) = 1R2(a2) = 1.
If C does contain a point e such that |ei − e j | � η2

1, then there can be between 1
and n different representations a = a1a2. Thus,∑

C∩R 6=∅

(∑
a∈A

1C(a)− S̃
#A
#B

∑
b∈B

1C(b)

)

�

∣∣∣∣ ∑
C∩R6=∅

( ∑
a1a2∈A

1R1(a1)1R2(a2)− S̃
#A
#B

∑
b1b2∈B

1R1(b1)1R2(b2)

)∣∣∣∣
+ O

(
S̃

#A
#B

∑
C∩R6=∅
C not good

∣∣∣∣∑
b∈C

1C(b)

∣∣∣∣), (8.4)

and similarly when considering all C ⊆ R.
There are O(η−2(`−1)

1 ) hypercubes which contain a point e with |ei − e j | � η2
1

for some 1 6 i < j 6 `. By (8.3), each such hypercube contributes Oε(η
2`−1
1 #B)

to the inner sum above. Thus, the contribution from hypercubes which are not
good is Oε(η1#A).

Finally, Lemma 8.1 shows that the first term on the right-hand side of (8.4) is
OR(η

1/2
1 #A), giving Proposition 6.1.

It will be convenient to split the sum to localize the size of the norm of a1a2

and b1b2. We let

η2 = η
10`
1 ,

A′ =
{( n−k∑

i=1

ai
n
√

θ i−1

)
: X i 6 ai 6 X i + η1 X i , ai ≡ (a′0)i (mod J !q∗),

N
( n−k∑

i=1

ai
n
√

θ i−1

)
∈ [X n

0 , X n
0 + η2 X n

0 ]

}
,

B′ = {b ∈ B : N (b) ∈ [X n
0 , X n

0 + η2 X n
0 ]}.
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Here we have extended the congruence conditions in A from a ≡ a0 (mod q∗)
to a ≡ a′0 (mod J !q∗), for a suitable constant J � 1 which will be chosen later
do be large enough in terms of n and k. We consider separately all a′0 such that
a′0 ≡ a0 (mod q∗) and a ≡ a′0 (mod J !) H⇒ p - N (

∑n
i=1 ai

n
√
θ i−1)∀p 6 J .

(It is sufficient to only consider such a′0 since 1R is supported on ideals with no
small factors.) The key estimate we wish to establish is the following.

PROPOSITION 8.2. Let R satisfy the assumptions of Proposition 6.1. Uniformly
for X0 ∈ [N0, (1+ O(η1))N0] and over all hypercubes C = R1 ×R2 ∩R 6= ∅
occurring in Lemma 8.1, we have

∑
a1,a2

a1a2∈A′

1R1(a1)1R2(a2) =
qn

0 S̃cR1×R2(X
n
0)#A′

φK ((q0))γK

(
1+

χ∗(a0)

(−β∗)`X n−nβ∗
0

)

+ O(η1/3
2 #A′),

where q0 = J !q∗, and∑
b1,b2

b1b2∈B′

1R1(b1)1R2(b2)=
q∗ncR1×R2(X

n
0)#B′

φK ((q∗))γK

(
1+

χ∗(a0)

(−β∗)`X n−nβ∗
0

)
+O(η1/3

2 #B′),

where β∗ ∈ [0, 1] is a quantity depending only on X and where for a set S ⊂ R`

cS(t) =
∫
· · ·

∫
(e1,...,e`)∈S∑`

i=1 ei∈It

de1 . . . de`
η

1/2
2

∏`

i=1 ei

,

It =

[
log t
log X

,
log(t + η1/2

2 t)
log X

]
.

Here β∗ will be a possible exceptional zero if one exists, and 0 otherwise.
We note that for any set S ⊆ [ε2, 2n]`, we have the following Lipschitz

bounds.

LEMMA 8.3. Let S ⊆ [ε2, 2n]`, and let s+ = sup{
∑`

i=1 ei : e ∈ S} and s− =
inf{

∑`

i=1 ei : ei ∈ S}.

(i) We have

cS(t + δ)− cS(t)�ε

δ

η
1/2
2 t

.
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(ii) If S is a polytope and log t/ log X ∈ [s− + ε, s+ − ε], then we have

cS(t + δ)− cS(t)�ε,S
δ

t
.

(iii) If S is a hypercube (with edges parallel to the coordinate axes) and ` > 1,
then

cS(t + δ)− cS(t)�ε

δ

t
.

All implied constants may depend on n and `.

We note that the implied constant in the first bound is independent of S ,
whereas the implied constant in the second bound depends on S .

Proof. The first bound is straightforward. For any choice of e1, . . . , e`−1, we
have ∣∣∣∣ ∫

e`
(e1,...,e`)∈S∑`

i=1 ei∈It

de`
e`
−

∫
e`

(e1,...,e`)∈S∑`
i=1 ei∈It+δ

de`
e`

∣∣∣∣�ε #(It+δ \ It)+ #(It \ It+δ)�
δ

t
.

Expanding cS(t+δ)−cS(t) by the integral definition and substituting this bound
then gives the first claim.

We now consider the second claim of the lemma. The result is trivial if δ > ε3,
so we may assume δ 6 ε3. Since S is a polytope, the (`− 1)-dimensional region
Su of e ∈ S with

∑`

i=1 ei = u is a polytope depending on u. After translating Su

by O(v), we see that it differs from Su+v by a region of ((` − 1)-dimensional)
volume OS(v), unless S has a face contained in

∑`−1
i=1 ei = u0 for some u0 ∈ [u,

u + v]. But S cannot contain such a face for u ∈ [s−, s+ − v] since it is convex.
Therefore, for u ∈ [s−, s+ − ε] and v 6 ε3, we have∫
· · ·

∫
(e1,...,e`)∈Su

de1 . . . de`−1

e1 . . . e`
=

∫
· · ·

∫
(e1,...,e`)∈Su+v

de1 . . . de`−1

e1 . . . e`
+ Oε,S(v).

Here we used the fact that if e ∈ S , then ei > ε2. Thus, we find that |cS(t + δ)−
cS(t)| is

�

∫
u∈It

1

η
1/2
2

(∫
· · ·

∫
e∈S∑`

i=1 ei=u

de1 . . . de`−1

e1 . . . e`
−

∫
· · ·

∫
e∈S∑`

i=1 ei=u+ log(1+δ/t)
log X

de1 . . . de`−1

e1 . . . e`

)
du
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�ε,S

∫
u∈It

1

η
1/2
2

δ

t
�S

δ

t
.

This gives the second claim.
Finally, if S ⊆ [ε2, 2n]` is a hypercube with edges parallel to the coordinate

axes and ` > 1, then the (`− 1)-dimensional volume of e ∈ S with
∑`

i=1 ei = u
is a region which varies in a Lipschitz manner as described above, with Lipschitz
constant O(1) independent of S , since all faces of S are at an angle� 1 from
the hyperplanes

∑`

i=1 ei = u. Using this in the bound above gives the final claim.

We first show that Proposition 8.2 gives Lemma 8.1, and so Proposition 6.1.
We will then go on to establish Proposition 8.2.

Proof of Lemma 8.1 assuming Proposition 8.2. Summing the first estimate of
Proposition 8.2 over all hypercubes C ⊆ R under consideration, we obtain∑

R1×R2=C⊆R

∑
a1,a2

a1a2∈A′

1R1(a1)1R2(a2)

=
qn

0 S̃#A′
φK ((q0))γK

(
1+

χ∗(a0)

(−β∗)`X n−nβ∗
0

)∑
C⊆R

cC(X n
0).

+ O(η1/3
2 η

−2(`−1)
1 #A′).

Since R is convex and contains points with sum of coordinates bigger than
n + ε and smaller than n − ε, there are OR(η

−2(`−2)
1 ) hypercubes C = [a1,

a1 + η
2
1) × · · · × [a`, a` + η2

1) intersecting the boundary of R with
∑`

i=1 ai =

n log X0/ log X + O(η2
1). For each such hypercube C, we see cC(X n

0) � η2`−2
1 .

Therefore, we see that∑
C⊆R

cC(X n
0) = cR(X n

0)+ OR

(
η−2`+4

1 sup
C∩R6=∅

cC(X n
0)

)
= cR(X n

0)+ OR(η
2
1).

Thus, we have∑
R1×R2=C⊆R

∑
a1,a2

a1a2∈A′

1R1(a1)1R2(a2) =
qn

0 S̃#A′
φK ((q0))γK

(
1+

χ∗(a0)

(−β∗)`X n−nβ∗
0

)
cR(X n

0)

+ OR(η
2
1#A′).

We note that for all N n
0 6 X n

0 6 (1+ O(η1))N n
0 , we have cR(X n

0) = cR(N n
0 )+

OR(η1) by Lemma 8.3, and we have 1/X n−nβ∗

0 = (1+O(η1))/N n−nβ∗

0 . We recall
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that q0 6 N0 and η1 = (log X)−100, so qn
0 /φK ((q)) < η

−1/100
1 . Thus, inserting

these bounds and summing over a suitable set of disjoint choices of A′ covering
A, noting that there are φK ((q0))/φK ((q∗)) choices of a′0, we obtain

∑
R1×R2=C⊆R

∑
a1,a2

a1a2∈A

1R1(a1)1R2(a2) =
q∗nS̃cR(N n

0 )#A
φK ((q∗))γK

(
1+

χ∗(a0)

(−β∗)`N n−nβ∗
0

)
+ OR(η

9/10
1 #A).

We obtain an entirely analogous result for B which is larger by a factor
#B/(S̃#A). This gives the second claim of Lemma 8.1. The first claim is entirely
analogous, but we sum over C ∩R 6= ∅ instead of C ⊆ R.

Thus, we are left to establish Proposition 8.2, which we will do over the next
two sections.

We first wish to replace 1R2(a) with a more easily controlled approximation
1̃R2(a). To do this, we will take into account the possible effect of an exceptional
character distorting the distribution of prime ideals in residue classes (mod q),
and so we recall the results on zero-free regions for Hecke L-functions given
by Lemmas 4.4 and 4.5. This also makes precise the choice of q∗, χ∗ in the
definitions of A,B which so far have been treated as arbitrary quantities and the
quantity β∗ appearing in Proposition 8.2.

We now describe how we define χ∗, q∗ and β∗ and our approximation 1̃R2 . If
an exceptional character χd∗ does exist (in the sense of Lemma 4.4) and N (d∗) 6
exp( 4

√
log X), then we let χ∗ = χd∗ with corresponding modulus q∗ = d∗ and real

zero β∗ = βd∗ . If χd∗ does not exist or if N (d∗) > exp( 4
√

log X), then we make an
arbitrary choice of q∗ and χ∗ such that χ∗ is a nontrivial primitive real character
to a square-free modulus q∗ with N (q∗) � exp( 5

√
log X), and we take β∗ = 1/2.

With this choice of q∗, χ∗, β∗, regardless of which situation we are in, we
recall the consequences of Lemma 4.5: we have that∑

N (a)6X

Λ(a)χ(a)� X exp(−c
√

log X) (8.5)

uniformly over all nontrivial primitive Hecke characters χ = χ1
∏n−1

i=1 λ
mi
i 6=

χ∗ with torsion part χ1 of conductor 6 q∗(log log X)2 exp( 5
√

log X) and with m i 6
q∗(log log X)2 exp( 5

√
log X) for all 1 6 i 6 n − 1. If instead χ = χ∗, we have

∑
N (a)6X

Λ(a)χ∗(a) =
−Xβ∗

β∗
+ O(X exp(−c

√
log X)). (8.6)
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If β∗ = 1/2, then all the terms involving χ∗ or β∗ will be negligible and can be
ignored.

We then define

1̃R2(b) = cR2(N (b))
(

1+
χ∗(b)

(−β∗)`
′N (b)1−β∗

)∑
d|b

λd, (8.7)

where

R = X ε2
,

λd =

µ(d) log
R

N (d)
, N (d) < R,

0, otherwise,

and we recall the definition of cR2(t) from Proposition 8.2.
The sum

∑
d|b λd should be thought of as a sieve weight which approximates

the indicator function of ideals with no prime ideal factors of norm less than
R, whilst the cR2(N (b)) factor represents the density of 1R2 on ideals of norm
approximately N (b).

We will now proceed to show that the first estimate of Proposition 8.2 holds
with 1̃R2 in place of 1R2 and establish the second estimate directly. This then
reduces the problem to showing 1R2(a2) ≈ 1̃R2(a2) for a1a2 ∈ A′, which we do
by our L2 estimate in the next section.

To ease notation, we fix a0 such that χ∗(a0) = χ
∗

∞
(A)χ∗f (α0).

LEMMA 8.4. Let C = R1 ×R2 be as in Proposition 8.2. Then

∑
a,b

ab∈B′

1R1(a)1R2(b) =
q∗ncR1×R2(X

n
0)#B′

φK ((q∗))γK

(
1+

χ∗(a0)

(−β∗)`X n−nβ∗
0

)
+ O(η2#B′).

Proof. This essentially follows from the prime ideal theorem. We recall that
B′ = {a : N (a) ∈ I, χ∗(a) = χ∗(a0)}, where I is the interval [X n

0 , X n
0 +

η2 X n
0 ]. Since χ∗(ab)2 = 1 if gcd(ab, q∗) = 1, which occurs on the support of

1R1(a)1R2(b), we have∑
a,b

ab∈B′

1R1(a)1R2(b) =
1
2

∑
a,b

N (ab)∈I

1R1(a)1R2(b)(1+ χ
∗(ab)χ∗(a0)).

By the prime ideal theorem (Lemma 4.3), partial summation and Lemma 8.3, we
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have ∑
a,b

N (ab)∈I

1R1(a)1R2(b)

=

∫
· · ·

∫
(e1,...,e`)∈R1×R2

X
∑`

i=1 ei ∈I

X
∑`

i=1 ei de1 . . . de`∏`

i=1 ei

+ O
(

X n
0 exp(−

c
2

√
log X0)

)

= X n
0 log X

∫
X t∈I

(∫
· · ·

∫
e∈R1×R2∑`

i=1 ei=t

de1 . . . de`−1

e1 . . . e`

)
dt + O(η2

2 X n
0),

= η2 X n
0 cR1×R2(X

n
0)+ O(η2

2 X n
0).

Similarly, using (8.6), we have∑
a,b

N (ab)∈I

1R1(a)1R2(b)χ
∗(ab)

=
1

(−β∗)`

∫
· · ·

∫
(e1,...,e`)∈R1×R2

X
∑`

i=1 ei ∈I

Xβ∗
∑`

i=1 ei de1 . . . de`∏`

i=1 ei

+ O(η2
2 X n

0)

=
η2

(−β∗)`
X nβ∗

0 cR1×R2(X
n
0)+ O(η2

2 X n
0).

Since #B′ = φK ((q∗))γKη2 X n
0/2q∗n + O(X n−1

0 ), this gives the result.

LEMMA 8.5. There is a constant c > 0 such that for any integer q, we have

∑
N (d)<R

gcd(N (d),q)=1

µ(d)ρ(d)

N (d)
log

R
N (d)

=
qnS̃

φK ((q))γK
+ O

(
qo(1) exp(−c

√
log R)

)
.

Proof. This is an application of counting via complex analysis and the zero-free
region of ζK (s). By Perron’s formula, we have (noting that the integrals converge
absolutely)

∑
N (d)<R

gcd(N (d),q)=1

µ(d)ρ(d)

N (d)
log

R
N (d)

=
1

2π i

∫ 1+i∞

1−i∞

Rs

s2

( ∑
gcd(N (d),q)=1

µ(d)ρ(d)

N (d)1+s

)
ds
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=
1

2π i

∫ 1+i∞

1−i∞

Rs

s2ζK (1+ s)
f (1+ s)ds, (8.8)

where f (s) is given by the Euler product

f (s) =
∏
p-(q)

(
1−

ρ(p)

N (p)s

)(
1−

1
N (p)s

)−1 ∏
p|(q)

(
1−

1
N (p)s

)−1

=

∏
p-q

(
1−

νp

ps
+ O(p−2<(s))

)(
1−

νp

ps
+ O(p−2<(s))

)−1

×

∏
p|(q)

(
1−

1
N (p)s

)−1

=

∏
p-q

(
1+ O(p−2<(s))

)∏
p|(q)

(
1−

1
N (p)s

)−1

.

Here we have made use of Lemma 7.7 to bound the error terms in the Euler
product and assumed that <(s) > 3/4. In particular, f (1 + s) converges
absolutely for <(s) > −1/4 and is of size O(qo(1)) in this region.

We first move the line of integration in (8.8) to <(s) = 1/ log R (covering a
region where the integrand is analytic), giving∑

N (d)<R
gcd(N (d),q)=1

µ(d)ρ(d)

N (d)
log

R
N (d)

=
1

2π i

∫ 1/ log R+i∞

1/ log R−i∞

Rs

s2ζK (1+ s)
f (1+ s)ds.

Using the bound ζK (1 + 1/ log R + i t)−1
� log(2 + |t |) for |t | > 1 from

Lemma 4.7, we see that the contribution from |=(s)| > T := exp(
√

log R) is

�

∫
t>T

qo(1) log t
t2

dt �
qo(1) log T

T
.

Thus, we may discard this part of the integral at the cost of a negligible
error. We now move the truncated contour of integration to the left again, to
<(s) = −2c/ log T , where c = cK/2 > 0 is defined in terms of the constant
of Lemma 4.7, so we have the bound ζK (s)−1

� log(2 + |s|) within this
region. This introduces a term from the pole at s = 0, an integral over the line
<(s) = −2c/ log T , and small contour integrals along the lines =(s) = ±T .
The contours integrals with |=(s)| = T contribute O(qo(1) log T/T 2), and so are
negligible. The contour integral with <(s) = −2c/ log T contributes

1
2π i

∫
−2c/ log T+iT

−2c/ log T−iT

Rs f (1+ s)
s2ζK (1+ s)

ds � qo(1)(log T )2 R−2c/ log T
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� qo(1) exp(−c
√

log R).

Thus, only the residue at s = 0 makes a nonnegligible contribution, and we have∑
N (d)<R

gcd(N (d),q)=1

µ(d)ρ(d)

N (d)
log

R
N (d)

= Res
s=0

Rs f (1+ s)
s2ζK (1+ s)

+ O
(

qo(1) exp(−c
√

log R)
)

= γ −1
K f (1)+ O

(
qo(1) exp(−c

√
log R)

)
.

The result follows on noting that f (1) = qnS̃/φK ((q)).

LEMMA 8.6. We have

∑
a,b

ab∈A′

1R1(a)1̃R2(b) =
qn

0 #A′S̃cR1×R2(X
n
0)

φK ((q0))γK

(
1+

χ∗(a0)

(−β∗)`X n−nβ∗
0

)
+O(η1/3

2 #A′),

where q0 = J !q∗.

Proof. This is a sieve calculation, relying on Proposition 7.5 and the prime ideal
theorem in the form (8.5) and (8.6). We substitute the definition (8.7) of 1̃R2(b)
and swap the order of summation to give∑

a,b
ab∈A′

1R1(a)1̃R2(b)

=

∑
a

1R1(a)
∑

N (d)<R

λd
∑
u∈A′
ad|u

cR2(N (u/a))
(

1+
χ∗(u/a)

(−β∗)`
′N (u/a)1−β∗

)
. (8.9)

We wish to replace cR2(N (u/a)) with cR2(X
n
0/N (a)). Since all ideals in A′

have norm X n
0 + O(η2 X n

0) with X n
0 � X n , we have that cR2(N (u/a)) =

cR2(X
n
0/N (a))+ O(η1/2

2 ) by Lemma 8.3. This error term contributes

� η
1/2
2 log X

∑
a

1R1(a)
∑

N (d)<R

|λd|

log X
#A′ad.

We recall 1R1 is supported on ideals a with N (a) � X n−k−ε and with all prime
factors p of a satisfying N (p) > X ε2

= R. Thus, d, a must be coprime if they
make a contribution to the sum. We let e = ad and recall that |λd| � log X .

https://doi.org/10.1017/fmp.2019.8 Published online by Cambridge University Press

https://doi.org/10.1017/fmp.2019.8


Primes represented by incomplete norm forms 55

Putting this together, the error in replacing cR2(N (u/a)) with cR2(X
n
0/N (a))

contributes a total

� η
1/2
2 log X

∑
N (e)�R Xn−k−ε

#A′e � η
1/2
2 log X#A′

∑
N (e)<Xn−2k−ε/2

ρ(e)

N (e)
+ X n−k−ε/2n

by Proposition 7.5, noting that if gcd(N (e), q0) 6= 1, then #A′e = 0. The sum
here is O(log X) by an Euler product upper bound and Lemma 7.7, so the total
error is O(η1/3

2 #A′).
An essentially identical argument shows that we can replace N (u/a)1−β

∗ in
(8.9) with X n−nβ∗

0 /N (a)1−β
∗ at the cost of an error term of size O(η1/2

2 #A′).
Since all elements u of A′ have χ∗(u) = χ∗(a0), we are left to evaluate∑

a

1R1(a)cR2

(
X n

0

N (a)

)(
1+

χ∗(a)χ∗(a0)N (a)1−β
∗

(−β∗)`
′X n−nβ∗

0

) ∑
N (d)<R

λd#A′ad.

Since all elements of A′ have norm coprime to q0, we can restrict to gcd(N (d),
q0) = 1. Using Proposition 7.5, again, we may then replace #A′ad with
ρ(ad)#A′/N (ad) at the cost of an error O(X n−k−ε/2n), which is negligible. Thus,
we are left to evaluate

#A′
∑
a

1R1(a)cR2

(
X n

0

N (a)

)(
1+

χ∗(a)χ∗(a0)N (a)1−β
∗

(−β∗)`
′X n−nβ∗

0

) ∑
N (d)<R

gcd(N (d),q0)=1

λdρ(ad)

N (ad)
.

Any pairs a, d making a contribution must be coprime since 1R1 is supported on
ideals with all factors having norm at least R. Thus, we may replace ρ(ad) with
ρ(d)ρ(a), and so the double sum factorizes as(∑

a

ρ(a)1R1(a)

N (a)
cR2

(
X n

0

N (a)

)(
1+

χ∗(a)χ∗(a0)N (a)1−β
∗

(−β∗)`
′X n−nβ∗

0

))
×

( ∑
N (d)<R

gcd(N (d),q0)=1

λdρ(d)

N (d)

)
.

By Lemma 8.5, we have that the second factor is qn
0 S̃/γKφK ((q0)) +

O(qo(1)
0 exp(−c

√
log R)).

Since all degree 1 prime ideals have ρ(p) = 1, we see that 1R1(a)ρ(a) =

1R1(a) unless p2
|N (a) for some p > X ε2 . Thus, we can replace ρ(a) with the

constant 1 in the first factor at the cost of an error

�

∑
p>X ε2

∑
N (a)<Xn−k−ε/2

p2
|N (a)

ρ(a)

N (a)
�

∑
p>X ε2

1
p2

∏
N (p)<X

(
1+

ρ(p)

N (p)

)
� X−ε

2
log X,
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by Lemma 7.7. This is negligible, and we can evaluate the resulting expressions
by partial summation, the prime ideal theorem (Lemma 4.3) and (8.6). We have

∑
a

1R1(a)

N (a)
cR2

(
X n

0

N (a)

)
=

∫
· · ·

∫
(e1,...,e`)∈R1×R2∑`

i=1 ei∈IXn
0

de1 . . . de`
η

1/2
2

∏`

i=1 ei

+ O(η2),

∑
a

1R1(a)χ
∗(a)

N (a)β∗
cR2

(
X n

0

N (a)

)
=

∫
· · ·

∫
(e1,...,e`)∈R1×R2∑`

i=1 ei∈IXn
0

de1 . . . de`
(−β∗)`−`

′

η
1/2
2

∏`

i=1 ei

+ O(η2).

Combining these estimates gives the result.

With these lemmas in place, we can reduce the proof of Proposition 8.2 to the
following proposition.

PROPOSITION 8.7. Let c be a fixed ideal. Uniformly over all hypercubes R1 ×

R2 intersecting R and uniformly over all A′ ⊆ A, we have∑
a,b principal
c|b, c′|a

ab/N (c)∈A′

1R1(a/c
′)(1R2(b/c)− 1̃R2(b/c))� η

1/2
2 #A′. (8.10)

Proof of Proposition 8.2 assuming Proposition 8.7. Lemma 8.4 gives the
second statement of Proposition 8.2, and Lemma 8.6 gives the first statement
with 1̃R2 in place of 1R2 . We are therefore left to show that the error introduced
by replacing 1R2 with 1̃R2 in the first statement is suitably small. In particular,
it is sufficient to show that uniformly over all hypercubes C = R1 × R2 with
C ∩R 6= ∅ and all sets A′∑

ab∈A′
1R1(a)(1R2(b)− 1̃R2(b))� η

1/2
2 #A′.

We split the sum over b into ideal classes C ∈ ClK . We let c be an ideal in C, and
c′ = (N (c))/c. Then ac′ and bc are both principal integral ideals, and so can be
written as (α), (β) say with c′|(α) and c|(β). The above estimate now follows
immediately from Proposition 8.7.

Thus, we are left to establish Proposition 8.7.
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9. Localized ideal counts

The aim of this section is to show that 1R2(b/c) ≈ 1̃R2(b/c) when b is
localized to a particular ideal class, residue mod q and angle of Hecke character.
The main result of this section is Proposition 9.7, which will be important in
establishing Proposition 8.7 (and, hence, Theorems 1.1 and 1.2) in the later
sections.

LEMMA 9.1. Let λ1, . . . , λn−1 be a fixed basis of the torsion-free Hecke
characters of K . Let ∆ > 0. Let α ∈ OK and a = (α). Let b be a principal
ideal such that for each j ∈ {1, . . . , n − 1}, we have

|λ j(b)− λ j(a)| 6 ∆

and such that |N (b)− N (a)| 6 ∆N (a).
Then there is a generator β of b such that

β = α(1+ O(∆)).

We caution that the implied constant above may depend on the choice of basis,
but for the purposes of this paper, we just consider a single fixed basis.

Proof. This fact is given, for example, in [7, Section 3.2]. Alternatively, it
follows from the characterizations of torsion-free characters from [19, Ch. 7,
§6]. A torsion-free character (that is, of pure infinity type) takes the form

χ((γ )) = exp
(∑

σ

(
pσ log

(
γ σ

|γ σ |

)
+ iqσ log |γ σ |

))
,

where the sum is over embeddings σ , pσ ∈ Z satisfy pσ pσ = 0 and qσ ∈ R
satisfy qσ = qσ and

∑
σ qσ = 0. Provided the right-hand side is trivial on units,

this is a well-defined character on principal ideals.
The result follows from Lemma 4.2 if ∆ � 1, so we may assume that ∆ is

sufficiently small. Let ε1, . . . , εr1+r2−1 be a basis for the torsion-free units in OK .
Given m = (m1, . . . ,mr1+r2−1), there is a choice of coefficients qσ such that∑

σ

qσ log |εσj | = 2πm j .

(This is a system of linearly independent linear equations—the linear
independence follows from the nonvanishing of the regulator.) By considering
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m as the standard basis vectors of Zr1+r2−1, we see that there are choices q j,σ for
1 6 j 6 r1 + r2 − 1 such that

i
∑
σ

q j,σ log |εσr | =

{
2π i if r = j,
0 otherwise,

and these give rise to Hecke characters χ1, . . . , χr1+r2−1 such that

χ j((γ )) = exp
(

i
∑
σ

q j,σ log |γ σ |
)

since the right-hand side is invariant under multiplication of γ by units. These
χ j are torsion-free, and so of the form λ

e1
1 . . . λ

en−1
n−1 for some e1, . . . , en−1 �m 1.

Thus, since λ j((α)) = λ j((β)) + O(∆), we have χ j((α)) = χ j((β)) + O(∆),
and so

i
∑
σ

q j,σ log |ασ | = i
∑
σ

q j,σ log |βσ | + O(∆) (mod 2π i).

But, by construction, we see that we can find β2 = ε
m1
1 . . . ε

mr1+r2−1

r1+r2−1 β for suitable
m ∈ Z such that

i
∑
σ

q j,σ log |ασ | = i
∑
σ

q j,σ log |βσ2 | + O(∆).

Moreover, since N (β2) = N (α)(1 + O(∆)), we also have
∑

σ log |βσ2 | =∑
σ log |ασ |(1 + O(∆)). Thus, we see that since the (q j,σ )σ are linearly

independent, |βσ2 | = (1+ O(∆))|ασ | for all σ .
Similarly, we can choose pσ0 = 1 for a complex embedding σ0, and pσ = 0

for all other embeddings, and then find constants qσ such that

χσ0((γ )) = exp
(

log
(
γ σ0

|γ σ0 |

)
+

∑
σ

qσ log |γ σ |
)

is a Hecke character. Again, we must have χσ0(α) = χσ0(β2)(1 + O(∆)). But
since |ασ | = |βσ2 |(1 + O(∆)) for all σ , we see that this implies ασ0 = β

σ0
2 (1 +

O(∆)). Thus, we have that ασ = βσ2 (1+ O(∆)) for all complex embeddings σ
and that |ασ | = |βσ2 |(1+ O(∆)) for all real embeddings. From this, we see that
α = β2(1+ O(∆)).
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LEMMA 9.2. Let λ1, . . . , λn−1 be a basis of the torsion-free Hecke characters,
and define

W (a; b;∆) =


n−1∏
j=1

(
1−

1
2π∆

∣∣∣∣arg
(
λ j(a)

λ j(b)

)∣∣∣∣), if
∣∣∣∣arg

(
λ j(a)

λ j(b)

)∣∣∣∣ 6 2π∆∀ j,

0, otherwise.

Let A � Bn and ∆ > A−ε
2/2n . Then we have∑

A6N (a)6A+∆A
a principal

W (a; b;∆) =
γK∆

n A
hK

(1+ O(∆)).

(Here we use the branch of arg(x) such that arg(x) ∈ [−π, π).)

Proof. The result is trivial if ∆ � 1, so we assume that ∆ is sufficiently small.
By Fourier expansion, if |z| = 1, then

2π∆
∑
m∈Z

zm

(
sinπm∆
πm∆

)2

=


(

1−
1

2π∆
| arg(z)|

)
, if | arg(z)| 6 2π∆,

0, otherwise.

Thus,

W (a; b;∆) = ∆n−1
∑

m∈Zn−1

n−1∏
j=1

λ j(a)
m j

λ j(b)m j

(
sinπm j∆

πm j∆

)2

= ∆n−1
∑

m∈Zn−1

χm(a)

χm(b)
ŵ(m). (9.1)

Here χm(a) =
∏n−1

j=1 λ
m j
j (a), ŵ(m) =

∏n−1
j=1(sinπm j∆/πm j∆)

2, and we take
sinπm j∆/πm j∆ to be 1 when m j = 0.

We note that∑
A6N (a)6A+∆A

a principal

W (a; b;∆) =
∆n−1

hK

∑
ξ

∑
m∈Zn−1

χm(b)−1ŵ(m)
∑

A6N (a)6A+∆A

χm(a)ξ(a),

(9.2)
where ξ runs over all characters of the class group ClK .

Since ŵ(m) �
∏n−1

j=1 min(1, (m j∆)
−2), those terms with m j > M0 for some

j contribute O(∆−n+2 A/M0) in total to (9.2). Choosing M0 = ∆
−2n shows that

these contribute O(∆n+2 A).
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If ‖m‖ � M0 < Aε
2 and χmξ is nontrivial, then the inner sum over a in (9.2) is

O(A1−ε) by Perron’s formula and the bound L K (s, χmξ)� O(|s|+‖m‖)n(1−σ)/2
from Lemma 4.6. Thus, these terms contribute O(∆n−1 Mn−1

0 A1−ε) = O(∆2n A)
in total to (9.2).

Finally, the term with χmξ = 1 contributes γK∆
n A(1 + O(∆))/hK . Putting

these estimates together gives the result.

LEMMA 9.3. Let c be a fixed ideal and q � q∗ log log B exp( 6
√

log B) with
(θn)n N (c)|q. Let β0, α ∈ OK be such that gcd((q), (β0)) = c and β0 = α(1 +
O(δ0)). Let ∆ = δn

0 and NK (α) � Bk . Define

V (α) =
∑
β∈OK

|β−α|6∆|α|/δ1/2n
0

β≡β0 (mod q)
N (a)/(1+∆)6N (b)6N (a)

1R2(b/c)W (a; b;∆).

Then if q∗|(q)/c, we have

V (α) =
∆n−1

hKφK ((q)/c)

×

∑
b

N (a)/(1+∆)6N (b)6N (a)
c|b

1R2(b/c)
(
1+ χ∗(b/c)χ∗(b0/c)

)
+ O(δ1/2

0 ∆n Bn).

If instead q∗ - (q)/c, we have

V (α) =
∆n−1

hKφK ((q)/c)

∑
b

N (a)/(1+∆)6N (b)6N (a)
c|b

1R2(b/c)+ O(δ1/2
0 ∆n Bn).

Here b denotes the ideal (β) generated by β ∈ OK . Similarly, a = (α) denotes
the ideal generated by α and b0 = (β0) the ideal generated by β0.

Proof. We first detect β ≡ β ′0 (mod q) by characters χf of the multiplicative
group (OK/f)

× where f = (q)/c. Since gcd((q), (β0)) = c, we see that β/β ′0 can
be viewed as an element of OK/f if c|b. We see that #(OK/f)

×
= φK ((q)/c), and

so

V (α) =
1

φK ((q)/c)

∑
χf

∑
β∈OK

|β−α|6∆|α|/δ1/2n
0

16N (a/b)61+∆
c|b

χf(β/β
′

0)1R2(b/c)W (a, b;∆), (9.3)

where
∑

χf
is a sum over all characters of (OK/f)

×.

https://doi.org/10.1017/fmp.2019.8 Published online by Cambridge University Press

https://doi.org/10.1017/fmp.2019.8


Primes represented by incomplete norm forms 61

The characters χf are not characters of ideals, and so we first translate them
to this setting. Given a character χf on (OK/f)

×, as in the proof of Lemma 9.1,
there is a choice of constants pσ,χf, qσ,χf � 1 for each embedding σ : K ↪→ C
such that

χ̃f(γ ) = χf(γ ) exp
(∑

σ

qσ,χf log |γ σ |
)∏

σ

(γ σ/|γ σ |)
pσ,χf

is trivial on units of OK . This then defines a character on principal ideals coprime
to f, which we can lift to a character on all ideals coprime to f. The resulting
character is not unique since there are O(1) possible choices of the constants
pσ,χf , qσ,χf and the lift is only unique up to multiplication by Hilbert characters.
This lack of uniqueness is irrelevant to us, so we arbitrarily fix a lift for each χf,
which we also denote by χ̃f.

We would like to replace χf(β/β
′

0) by χ̃f(b/b
′

0) in (9.3) so that we have
characters of ideals. Since b,b′0 ∈ C, we have b = b′0(1 + O(δ0)), and so,
since log is continuous, χf(β/β

′

0) = χ̃f(b/b
′

0)(1+ O(δ0)). This error term O(δ0)

contributes

�
1

φK ((q)/c)

∑
χf

∑
β=α(1+O(∆/δ1/2n

0 ))

δ0 � δ
1/2
0 ∆n Bn

to (9.3), which is negligible. Thus,

V (α) =
1

φK ((q)/c)

×

∑
χf

∑
β∈OK

|β−α|6∆|α|/δ1/2n
0

16N (a/b)61+∆
c|b

χ̃f(b/b
′

0)1R2(b/c)W (a, b;∆)+ O(δ1/2
0 ∆n Bn).

Since all β in the above sum satisfy β = α(1+ O(∆/δ1/2n
0 )) and that ∆/δ1/2n

0 is
sufficiently small, we see that no two terms appearing are associates. Therefore,
(β) ranges over a set of principal prime ideals b with |N (b) − N (a)| 6 ∆N (a).
Since W (a, b;∆) = 0 unless |λ j(a) − λ j(b)| � ∆, we may restrict the
summation over β such that this holds. But then by Lemma 9.1, every such ideal
b occurs exactly once in the above sum. Therefore,

V (α)=
1

φK ((q)/c)

∑
χf

∑
b principal

16N (a/b)61+∆
c|b

χ̃f(b/b
′

0)1R2(b/c)W (a, b;∆)+O(δ1/2
0 ∆n Bn).
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We use characters ξ of the class group ClK to detect the condition that b is
principal and insert the Fourier expansion (9.1) of W . This gives

V (α) =
∆n−1

hKφK ((q)/c)

∑
m∈Zn−1

ŵ(m)
∑
χf

∑
ξ

χm(a)χ−m(c)ξ(c)χ̃f(b0/c)

×

∑
c|b

16N (a/b)61+∆

χ−m(b/c)ξ(b/c)χ̃f(b/c)1R2(b/c)+ O(δ1/2
0 ∆n Bn).

(9.4)

By partial summation and (8.5), we have that if χ−mξ χ̃f is nontrivial (that is,
takes values not in {0, 1}) and not induced by an exceptional character χ∗, then
there is a constant c0 > 0 such that∑

N (a)/(1+∆)6N (b)6N (a)

χ−m(b/c)ξ(b/c)χ̃f(b/c)1R2(b/c)� Bn exp(−c0

√
log B)

uniformly for q , ‖m‖ 6 q∗(log log B)2 exp( 5
√

log B). This implies that the total
contribution to (9.4) from all such characters χ−mξ χ̃f with ‖m‖ � M0 =

∆−2n
� q∗2n log log B exp(2n 6

√
log B) is

� ∆−1 Bn Mn−1
0 exp(−c0

√
log B),

which is negligible. Thus, we only need to consider characters with ‖m‖ > M0

or when χ−mξ χ̃f is a finite order character induced by 1 or χ∗.
As before, using the trivial bound ŵ(m) �

∏
j min(1, (m j∆)

−2), those
characters with ‖m‖ > M0 contribute � ∆−2n+2 Bn M−1

0 � δ0∆
n Bn , which is

negligible. We are therefore left only with the contribution from when χ−mξ χ̃f

is induced by the trivial character 1 or is induced by χ∗.
By considering the finite part of χ−mξ χ̃f, we see that this character can only

be induced by χ∗ if q∗|(q)/c, and in this case, there is a unique choice of χ̃f,
ξ and m � 1 such that ξχ−mχ̃f is induced by χ∗. Similarly, there is a unique
choice of χ̃f, ξ and m� 1 such that ξχ−mχ̃f is induced by 1.

Since 1R2 is supported only on ideals coprime to q (because q < X ε2 ), if
χ−mξ χ̃f is induced by χ∗, then we can replace it with χ∗, and if it is induced by 1,
we can replace it by 1. We note that ŵ(m)= 1+O(∆) and χm(a/b′0)= 1+O(δ0)

if m� 1 and recall that b0 is principal so ξ(b0) = 1.
Thus, putting the above estimates together, we find that if q∗|(q)/c, then

V (α) =
∆n−1

hKφK ((q)/c)

∑
b

16N (a/b)61+∆
c|b

1R2(b/c)

https://doi.org/10.1017/fmp.2019.8 Published online by Cambridge University Press

https://doi.org/10.1017/fmp.2019.8


Primes represented by incomplete norm forms 63

+
∆n−1χ∗(b0/c)

hKφK ((q)/c)

∑
b

16N (a/b)61+∆
c|b

χ∗(b/c)1R2(b/c)+ O(δ1/2
0 ∆n Bn).

If instead q∗ - (q)/c, then we obtain the same expression but without the second
summation. This gives the result.

LEMMA 9.4. Let c be an integral ideal of norm O(1). Let δ0 and B be quantities
satisfying exp(− 6

√
log B)q∗−log log B 6 δ0 6 η2 and X 1/10 6 B 6 X. Let C ⊆ Rn

be a hypercube of side length δ0 B which contains a point b0 ∈ Zn such that
‖b0‖ � B and b0 = ((θn)−n ∑n

i=1(b0)i
n
√
θ i−1) is an integral ideal which satisfies

N (b0) = Bn
0 � Bn and c|b0.

Then uniformly over all q � q∗ log log B exp( 6
√

log B) with (θn)n N (c)|q and
over all such C,b0, we have the following:

• If gcd((q), b0) 6= c, then ∑
b∈C

b≡b0 (mod q)

1R2

(
b

c

)
= 0.

• If gcd((q), b0) = c and χ∗(b/c) = χ∗(b0/c) for all b ≡ b0 (mod q), then∑
b∈C

b≡b0 (mod q)

1R2(b/c)

=
1

γKφK ((q)/c)N (c)

∫
· · ·

∫
a∈C,e∈R2∑`′

i=1 ei=log N (a/c)/ log X

de1 . . . de`′−1da
log X

∏`′

i=1 ei

+ O(δn+1/2
0 Bn).

+
χ∗(b0/c)B

n(β∗−1)
0

γK (−β∗)`
′

φK ((q)/c)N (c)β
∗

∫
· · ·

∫
a∈C,e∈R2∑`′

i=1 ei=log N (a/c)/ log X

de1 . . . de`′−1da
log X

∏`′

i=1 ei

.

• If gcd((q), b0) = c but χ∗(b/c) 6= χ∗(b0/c) for some b ≡ b0 (mod q), then∑
b∈C

b≡b0 (mod q)

1R2(b/c)

=
1

γKφK ((q)/c)N (c)

∫
· · ·

∫
a∈C,e∈R2∑`′

i=1 ei=log N (a/c)/ log X

de1 . . . de`′−1da
log X

∏`′

i=1 ei

+ O(δn+1/2
0 Bn).
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Here b denotes the ideal ((θn)−n ∑n
i=1 bi

n
√
θ i−1) depending on the vector b. All

the implied constants are effectively computable.

Proof. Fundamentally, this is an exercise in counting localized ideals via Hecke
characters, although there are some technical complications passing conditions
between the vectors b, elements of the order Z[ n

√
θ ], algebraic integers β and

ideals b.
We note that the sum is 0 if the ideal b0/c is not coprime to (q) since 1R2 is

nonzero only when all prime ideal factors have norm at least X ε2
> N (q), and

this gives the first statement. Thus, we may assume gcd((q), b0) = c.
We first detect the condition b ∈ C by Hecke characters. Since C has side

length δ0 B and contains a point b0 with N (b0)= Bn
0 � Bn (from the assumptions

of the lemma), we have that N (b) = Bn
0 + O(δ0 Bn

0 ) for all b ∈ C. Here, and
throughout, given b ∈ Zn , we let β = (θn)−n ∑n

i=1 bi
n
√
θ i−1 and b = (β). By

Lemma 9.2, choosing A = N (b) and ∆ = δn
0 , we have∑

b∈C
b≡b0 (mod q)

1R2(b/c)

=
hK

γK∆n Bn
0

∑
a principal

∑
b∈C

16N (a/b)61+∆
b≡b0 (mod q)

1R2(b/c)W (a; b;∆)+ O(δn+1
0 Bn).

Here we used the fact that ∆ = δn
0 6 δ0.

Let a = (α) with α = (θn)−n ∑n
i=1 ai

n
√
θ i−1 for some vector a. We see that if

W (a, b;∆) 6= 0, then λ j(a) = λ j(b)(1+O(∆)) for all j ∈ {1, . . . , n−1}. Since
we also have the condition N (a) = N (α) = N (b)(1 + O(∆)), by Lemma 9.1,
there is a generator α of a such that ασ = βσ (1 + O(∆)) for all embeddings
σ , and so a = b(1 + O(∆)). Moreover, since b ∈ C, a hypercube of elements
of norm � Bn of side length δ0 B, all such α lie within a fundamental domain
for the action by the unit group of OK . In particular, the α such that a is within
O(∆B) of C are in one-to-one correspondence with a set containing all the ideals
a making a nonzero contribution.

If the distance from a to the boundary of C is a sufficiently large multiple of
∆B, then the vectors b with a = b(1 + O(∆)) are either all outside of C or all
inside C depending on whether a /∈ C or a ∈ C. Since there are O(∆Bn) vectors
a within O(∆B) of the boundary of C, these a contribute a total

�
hK∆Bn

γK∆n Bn
0

sup
‖a‖�B

∑
b=a+O(∆B)

1� ∆Bn
� δn+1

0 Bn.
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Thus, we can restrict to a ∈ C ′, a hypercube inside C with all points at least a
certain multiple of ∆B from the boundary of C. This leaves us with

hK

γK∆n Bn
0

∑
a∈C′
α∈OK

∑
b=a(1+O(∆))
b≡b0 (mod q)

16N (a/b)61+∆

1R2(b/c)W (a; b;∆). (9.5)

We can relax the condition b = a(1+ O(∆)) to |b− a| 6 ∆‖a‖/δ1/2n
0 since by

our above discussion, the additional terms make no contribution.
We now consider the condition b ≡ b0 (mod q). We see that b ≡ b0 (mod q)

is equivalent to β = (θn)−n ∑n
i=1 bi

n
√
θ i−1 ∈ OK and β ≡ β ′0 (mod q) over OK

for one of [(θn)−nZ[ n
√
θ ] : OK ] � 1 different algebraic integers β ′0. (Here we

are using the fact that (θn)n|q and b0 is integral.) We may choose β ′0 such that
β ′0 = (θn)−n ∑n

i=1(b
′

0)i
n
√
θ i−1 for some vector b′0 ∈ C. We consider each such

β ′0 separately. By Lemma 9.3, the inner sum depends on whether q∗|(q)/c or
not. We argue now in the case when this happens; if q∗ - (q)/c, the argument
is identical with all terms involving χ∗ simply omitted. By Lemma 9.3, we find
that ∑

β∈OK
β≡β ′0 (mod q)

16N (a/b)61+∆

1R2(b/c)W (a, b;∆) = O(δ1/2
0 ∆n Bn)

+
∆n−1

hkφK ((q)/c)

∑
b

N (a)/(1+∆)6N (b)6N (a)
c|b

1R2(b/c)
(
1+ χ∗(b/c)χ∗(b0/c)

)
.

We can estimate the inner sum of (9.4) by partial summation and Lemma 4.5,
giving

∑
N (a)/(1+∆)6N (b)6N (a)

c|b

1R2(b/c) =

∫
· · ·

∫
e∈R2∩I (a)

X
∑`′

i=1 ei de1 . . . de`′∏`′

i=1 ei

+ O(Bn exp(−c0

√
log B)),∑

N (a)/(1+∆)6N (b)6N (a)
c|b

χ∗(b/c)1R2(b/c) =

∫
· · ·

∫
e∈R2∩I (a)

Xβ∗
∑`′

i=1 ei de1 . . . de`′

(−β∗)`
′
∏`′

i=1 ei

+ O(Bn exp(−c0

√
log B)),
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where

I (a) =
{

e ∈ R`′
:

log N (a/c)
(1+∆) log X

6
`′∑

i=1

ei 6
log N (a/c)

log X

}
.

We note that ŵ(m) = 1+O(∆) and χm(a/b′0) = 1+O(δ0) if m� 1, and recall
that b0 is principal so ξ(b0) = 1. Thus, (9.5) simplifies to give∑

b∈C
β≡β ′0 (mod q)

1R2

(
b

c

)
=

1
γK∆Bn

0φK ((q)/c)

∑
a∈C′
α∈OK

∫
· · ·

∫
e∈R2∩I (a)

X
∑`′

i=1 ei de1 . . . de`′∏`′

i=1 ei

+
1

γK∆Bn
0φK ((q)/c)

∑
a∈C′
α∈OK

χ∗(b′0/c)

(−β∗)`
′

∫
· · ·

∫
e∈R2∩I (a)

Xβ∗
∑`′

i=1 ei de1 . . . de`′∏`′

i=1 ei

+ O(δn+1/2
0 Bn).

The condition α ∈ OK is equivalent to a congruence condition on
a (mod (θn)n) which holds for a proportion r−1

K = [(θn)−nZ[ n
√
θ ] : OK ]

−1

of the vectors a in a cube of side length (θn)n . Using the fact that
X
∑`′

i=1 ei = (1+ O(δ0 log X))Bn
0 /N (c), we see that partial summation shows that

the right-hand side above is

1
γK rK N (c)φK ((q)/c)

(
1+

χ∗(b′0/c)

(−β∗)`
′N (c)β∗Bn−nβ∗

0

)
×

∫
a∈C′

cR2(N (a)/N (c))da+ O(δn+1/2
0 Bn).

We now sum over the rK values of β ′0. (We recall that these are the elements of
OK/qOK of the form β ′0 = (θn)−n ∑n

i=1(b′0)i
n
√
θ i−1 with b′0 ≡ b0 (mod q).)

We see that the terms involving χ∗(b′0/c) cancel unless all b ≡ b0 (mod q)
have χ∗(b/c) = χ∗(b0/c) since χ∗ is primitive. The rest of the expression is
independent of the β ′0. Thus, if χ∗(b/c) = χ∗(b0/c) for all b ≡ b0 (mod q), we
have ∑

b∈C
b≡b0 (mod q)

1R2

(
b

c

)

=
1

γKφK ((q)/c)N (c)

∫
a∈C′

cR2(N (a)/N (c))da+ O(δn+1/2
0 Bn)

+
χ∗(b0/c)

γK (−β∗)`
′

φK ((q)/c)N (c)β
∗Bn−nβ∗

0

∫
a∈C′

cR2(N (a)/N (c))da,
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and if χ∗ is not constant over these b, then we have the same expression with the
final term removed.

Finally, extending the integration over a from C ′ to C introduces an error of
size O(∆Bn) since the integrand is of size O(1), and this increases the volume
of the region of integration by O(∆Bn). This then gives the result.

LEMMA 9.5. Let d be a square-free ideal with gcd(d, (q))|b0 and let (θn)2n
|q.

Then we have

∑
b∈C

b≡b0 (mod q)
d|b

1 =
vol C

N (lcm((q), d))
+ O(Bn−1 N (d)n−1qn(n−1)).

Proof. Let Q1 = N (lcm(d, (q))) 6 qn N (d). Splitting into residue classes
(mod Q1), we have that

∑
b∈C

b≡b0 (mod q)
d|b

1 =
∑

a (mod Q1)
a≡b0 (mod q)

d|a

∑
b∈C

b≡a (mod Q1)

1.

Here we remind the reader again that a is the ideal generated by α =

(θn)−n ∑n
i=1 ai

n
√
θ i−1. Since (θn)2n

|q , the condition a ≡ b (mod q) is equivalent
to α ≡ β ′ (mod q) over OK for one of [(θn)−nZ[ n

√
θ ] : OK ] different β ′, all of

which satisfy β ′ ≡ β (mod q ′) over OK where q ′ = q/(θn)n . Since q ′ has the
same square-free part as q and d is square-free, we then see that the outer sum
has no terms unless gcd(d, (q))|b0, in which case there are Qn−1

1 terms in the
outer sum. The inner sum is (vol C)/Qn

1 + O(δn−1
0 Bn−1).

LEMMA 9.6. If gcd(b0, (q)) = c, then

∑
d<R

gcd(dc,(q))|b0

λd

lcm(N (dc), N ((q)))
=

1
γKφK ((q)/c)N (c)

+ O(δ0),

and if gcd(b0, (q)) 6= c, then the left-hand side is O(δ0).

Proof. We estimate that this in an analogous way to Lemma 8.5. We let (q) =
cq1q2, with gcd(q2, b0/c) = 1 and q1 composed only of primes which divide
b0/c. Since λd = 0, if d is not square-free and c|b0, we may replace the condition
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gcd(dc, (q))|b0 with gcd(d, q2) = 1. The argument used to prove Lemma 8.5
then gives

∑
N (d)<R

gcd(q2,d)=1

µ(d) log R
N (d)

N (lcm(dc, cq1q2))
=

1
2π i N (q2c)

∫ 1+i∞

1−i∞

Rs g(1+ s)
s2ζK (1+ s)

ds

=
1

N (q2c)
Res
s=0

Rs g(1+ s)
s2ζK (1+ s)

+ O
(

exp(−c
√

log R)
)
,

where

g(1+ s) =
∏
p|q1

N (p)−1
− N (p)−1−s

1− N (p)−1−s

∏
p|q2

1
1− N (p)−1−s

.

We see that the residue is 0 if q1 6= (1), whereas if q1 = (1) (so gcd(b0, (q)) = c),
the residue is γ −1

K N (q2)/φK (q2). Thus, if gcd(b0, (q)) = c, then

∑
d<R

gcd(dc,(q))|b0

λd

lcm(N (dc), N ((q)))
=

1
γKφK ((q)/c)N (c)

+ O(δ0),

and if gcd(b0, (q)) 6= c, then the left-hand side is O(δ0).

PROPOSITION 9.7. Let c, δ0, B, C,b0 be as in Lemma 9.4. Then uniformly over
all q � q∗ log log B exp( 6

√
log B) with N (c)(θn)n|q and over all such C,b0, we

have ∑
b∈C

b≡b0 (mod q)

1R2(b/c) =
∑
b∈C

b≡b0 (mod q)

1̃R2(b/c)+ O(δn+1/2
0 Bn).

Here b denotes the ideal generated by (θn)−n ∑n
i=1 bi

n
√
θ i−1. The implied

constant is effectively computable.

Proof. If the result holds for any residue class b0 (mod N (c)(θn)nq) instead of
any residue class (mod q), then (after perhaps adjusting the implied constants)
by summing over all b0 in a given residue class (mod q), we see that the
result also holds for any residue class (mod q). Thus, we may assume that
N (c)2(θn)2n

|q .
We will evaluate the sum on the right-hand side, which is a standard sieve

quantity, and show that it gives the same result as Lemma 9.4 gives for the left-
hand side.

Substituting the definition (8.7) of 1̃R2 and swapping the order of summation,
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we have ∑
b∈C

b≡b′0 (mod q)

1̃R2(b/c)

=

∑
N (d)<R

λd
∑
b∈C

b≡b′0 (mod q)
d|b/c

cR2(N (b/c))
(

1+
χ∗(b/c)

(−β∗)`
′N (b/c)1−β∗

)
.

We split C into O(δ−n
0 ) disjoint smaller hypercubes C ′ of side length δ2

0 B.
Since cR2(N (b/c)) satisfies the Lipschitz bound of Lemma 8.3, we can replace
cR2(N (b/c)) with

cR2(C ′) :=
1

vol C ′

∫
· · ·

∫
a∈C′,e∈R2∑`′

i=1 ei∈IN (a/c)

de1 . . . de`′da
log X

∏`′

i=1 ei

on the hypercube C ′, at the cost of an error of total size

�

∑
N (d)<R

log X
∑
b∈C

b≡b′0 (mod q)
d|b/c

δ0

η
1/2
2

�

∑
N (d)<R

δ0 vol C log X

η
1/2
2 N (d)

� δ
1/2
0 vol C.

Similarly, we can replace N (b/c) with N (b0/c) at the cost of an error
O(δ1/2

0 vol C).
Thus, we are left to evaluate∑

C′
cR2(C ′)

∑
N (d)<R

λd
∑
b∈C′

b≡b′0 (mod q)
d|b/c

(
1+

χ∗(b/c)

(−β∗)`
′N (b0/c)1−β

∗

)
. (9.6)

Recall that λd is supported on square-free d. For such d, by Lemma 9.5, we see
that provided gcd(dc, (q))|b0, we have∑

b∈C′
b≡b′0 (mod q)

d|b/c

1 =
vol C ′

N (lcm((q), dc))
+ O(Bn−1 Rn−1), (9.7)

and otherwise the sum is 0. The O(Bn−1 Rn−1) error term makes a total
contribution O(Bn−1 Rn log X), which is negligible.
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We now consider the terms involving χ∗. We have that χ∗(b/c) = 0 if gcd(q∗,
b/c) 6= 1, and so there are no contributions from terms with gcd(d, q∗) 6= 1. By
splitting the sum into residue classes (mod Q2) where Q2 = N (lcm(dcq∗, (q)),
we see that ∑

b∈C′
b≡b′0 (mod q)

d|b/c

χ∗(b/c) =
∑

a (mod Q2)
a≡b′0 (mod q)

d|a/c

χ∗(a/c)
∑
b∈C′

b≡a (mod Q2)

1.

By Lemma 9.5, the inner sum is vol C ′/Qn
2 + O(δ2n−2

0 Bn−1), and this error term
makes a negligible total contribution. The remaining sum of χ∗(a/c) is then seen
to cancel completely unless χ∗(b) = χ∗(b′0) for all b ≡ b′0 (mod q). If this is the
case, then by Lemma 9.5, we have∑

b∈C′
b≡b′0 (mod q)

d|b/c

χ∗(b/c) =
χ∗(b′0/c) vol C ′
N (lcm((q), dc))

+ O(Bn−1 Rn−1), (9.8)

and otherwise the sum is simply O(Bn−1 Rn−1). Again, these O(Bn−1 Rn−1) error
terms make a total contribution O(Bn−1 Rn log X), which is negligible.

Thus, to estimate (9.6), we see from (9.7) and (9.8) that it suffices to estimate∑
C′

cR2(C ′) vol C ′
∑
d<R

gcd(dc,(q))|b0

λd

lcm(N (dc), N ((q)))
.

By Lemma 9.6, we have that the inner sum is

1
γKφK ((q)/c)N (c)

+ O(δ0),

provided gcd(b0, (q)) = c. Finally, we note that∑
C′

cR2(C ′) vol C ′ = cR2(C) vol C.

Putting all these estimates together, we obtain an expression for∑
b∈C

b≡b0 (mod q)

1̃R2(b/c),

which is identical to the estimates of Lemma 9.4. This gives the result.
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10. Some lattice estimates

In this section, we collect some information about the structure of ideals b ∈
A′a before we finish our Type II estimate in the next section. Here we exploit
some of the simple structure from the fact K = Q( n

√
θ).

If a = (α) is principal, then b ∈ A′a if b = (β) with (βα) = (
∑n−k

i=1 xi
n
√
θ i−1)

for some x ∈ Zn with xi ∈ [X i , X i + η1 X i ] for 1 6 i 6 n − k and xi = 0 for
n − k < i 6 n and x ≡ x0 (mod q∗) and N (

∑n−k
i=1 xi

n
√
θ i−1) ∈ [X n

0 , X n
0 + η2 X n

0 ].
Since Z[ n

√
θ ] is an order in OK of finite index dividing (θn)n , any principal

ideal b has a unique representation as (β)with β = (θn)−n ∑n
i=1 bi

n
√
θ i−1 and b ∈

Zn
∩F for a fundamental domain F by the action of the group of units UK , with

b satisfying some integral linear congruence conditions L(b) ≡ 0 (mod (θn)n).
We have ( n∑

i=1

bi
n
√

θ i−1

)( n∑
i=1

ai
n
√

θ i−1

)
=

( n∑
i=1

ci
n
√

θ i−1

)
with

c j =

( j∑
i=1

b j−i+1ai + θ

n∑
i= j+1

bn+ j−i+1ai

)
= T n− j(

�

b) · a,

where · is the usual Euclidean dot product on Rn , �v indicates the reverse of the
coordinates of v (that is, �

v j = vn+1− j ) and T i indicates the i th iterate of the linear
map T : Rn

→ Rn given by

T (v) j =

{
v j+1, j < n,
θv1, j = n.

We let � denote the above operation so that c = b � a. We note that

N (v) = det(T 0(v) | T (v) | . . . | T n−1(v)).

In particular, if v 6= 0, then T j(v) are linearly independent for 0 6 j < n.
Thus, there is a bijection between pairs of principal ideals a, b with ab/N (c) ∈

A′, and vectors a ∈ Zn
∩ F , b ∈ Zn (for any choice of fundamental domain F

for the action of the unit group O∗K ) with L(a) ≡ L(b) ≡ 0 (mod (θn)n) and
with a � b ∈ RX , where RX is given by

RX =
{
x ∈ Rn

: xi ∈ [X ′i , X ′i + η1 X ′i ] for i 6 n − k, xi = 0 for i > n − k,

N (
∑n

i=1 xi
n
√
θ i−1) ∈ [X ′n0 , X ′n0 + η2 X ′n0 ]

}
. (10.1)

Here X ′i = (θn)2n N (c)X i , which still satisfy X ′i �c X . We see that, given a ∈ Zn ,
the conditions (b � a) j = 0 force b to satisfy k integral linear equations and,
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hence, lie in a sublattice of Zn . With this in mind, we define the lattices

Λv = {x ∈ Zn
: (x � v)i = 0, n − k < i 6 n}

= {x ∈ Zn
: x · T i(

�v) = 0, 0 6 i 6 k − 1},
Λv1,v2 = {x ∈ Zn

: (x � v1)i = (x � v2)i = 0, n − k < i 6 n}

= {x ∈ Zn
: x · T i(

�v1) = x · T i(
�v2) = 0, 0 6 i 6 k − 1}. (10.2)

We first establish some basic properties of these lattices.

LEMMA 10.1. Let v, v1, v2 ∈ Zn
\{0}. Let ∧(v) ∈ Z(

n
k) be the vector of

determinants of k × k submatrices of the k × n matrix formed by the k vectors
T 0(v), . . . , T k−1(v). Similarly, let∧(v1, v2) ∈ Z(

n
2k) be the vector of determinants

of the 2k× 2k submatrices of the 2k× n matrix formed of the 2k vectors T 0(v1),

. . . , T k−1(v1) and T 0(v2), . . . , T k−1(v2). Finally, let Dv be the largest integer
D such that ∧(v) ≡ 0 (mod D) and Dv1,v2 be the largest integer D′ such that
∧(v1, v2) ≡ 0 (mod D′). Then we have

det(Λv) =
‖ ∧ (v)‖

Dv
,

det(Λv1,v2) =
‖ ∧ (v1, v2)‖

Dv1,v2

if ∧ (b1,b2) 6= 0.

Proof. Let v1, . . . , vr be linearly independent vectors in Zn , and let Λ = {x ∈
Zn
: x · v1 = · · · = x · vr = 0}. By [12, Lemma 1], detΛ = detΛ∗ where

Λ∗ = {x ∈ Zn
: x =

∑r
i=1 ci vi , ci ∈ Q}.

Let D(v1, . . . , vr ) be the largest integer such that the determinant of all r × r
submatrices of the n × r matrix formed with linearly independent columns v1,

. . . , vr ∈ Zn vanish mod D(v1, . . . , vr ). (That is, the largest integer D such that
v1, . . . , vr are linearly dependent (mod D).) We define a reduction procedure
as follows. Given {x1, . . . , xr } ∈ (Zn)r with D(x1, . . . , xr ) 6= 1, we choose
(arbitrarily) a prime p|D(x1, . . . , xr ). By definition of D(·), this means that
there are constants c1, . . . , cr at least one of which is 1, such that

∑r
i=1 ci xi ≡

0 (mod p). We choose (arbitrarily) an index j such that c j = 1 and replace
x j with

∑r
i=1 ci xi/p ∈ Zn to produce a new set of vectors (x′1, . . . , x′r ), and

we see that we must have D(x′1, . . . , x′r ) = D(x1, . . . , xr )/p. By starting with
{v1, . . . , vr } and repeatedly performing this reduction, we arrive at a Z-basis z1,

. . . , zr ∈ Zn for Λ∗. (This process clearly terminates as D(x1, . . . , xr ) decreases
at each stage, and the resulting set is a basis since D(z1, . . . , zr ) = 1, so integral
vectors in the Q-span of z1, . . . , zr lie in the Z-span of z1, . . . , zr , and the Q-span
is clearly the whole lattice.) Moreover, we see that the Z-span of v1, . . . , vr is a
lattice Λ̃ which is an index D(v1, . . . , vr ) sublattice of Λ∗.
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Thus, detΛ = detΛ∗ = det Λ̃/D(v1, . . . , vr ). But det Λ̃ is simply the
volume of the r -dimensional fundamental volume of Λ̃. If er+1, . . . , en ∈ Rn

are orthonormal vectors orthogonal to v1, . . . , vr , then det Λ̃ is given by the
determinant of the n × n matrix with columns v1, . . . , vr , er+1, . . . , en . This is
then seen to be the Euclidean norm of the exterior product of v1, . . . , vr (that
is, the vector of all determinants of the r × r submatrices of the r × n matrix
with columns v1, . . . , vr ) since both quantities are independent of a choice
of orthonormal basis of Rn and agree on the orthonormal basis {e1, . . . , en}

extending er+1, . . . , en .
Applying the above argument to {v1, . . . , vk} = {T 0(v), . . . , T k−1(v)} gives

the result for Λv, whilst using {T 0(v1), . . . , T k−1(v1), T 0(v2), . . . , T k−1(v2)}

gives the result for Λv1,v2 .

LEMMA 10.2 (Vandermonde determinant). Let m1, . . .mr be nonnegative
integers and n = r +

∑r
i=1 m i . Let λ1, . . . , λr ∈ C\{0}, and let M = M(λ1,

. . . λr ,m1, . . . ,mr ) be the n × n matrix
λ1 λ1 . . . λ1 λ2 . . . λ2 . . . λr

λ2
1 2λ2

1 . . . 2m1λ2
1 λ

2
2 . . . 2m2λ2

2 . . . 2mrλ2
r

...
...

...
...

...
...

λn
1 nλn

1 . . . nm1λn
1 λ

n
2 . . . nm2λn

2 . . . nmrλn
r


formed with entries in the j th row given by jmλ

j
i for 0 6 m 6 m i and 1 6 i 6 r .

Then we have

det(M) =
( r∏

i=1

mi−1∏
m=1

m!
)( r∏

i=1

λ
mi (mi+1)/2
i

)( ∏
16i< j6r

(λ j − λi)
mi m j

)
.

In particular, det(M) = 0 if and only if λi = λ j for some i 6= j .

Proof. Let M be the matrix of the lemma. By subtracting a suitable linear
combination of the first j − 1 columns from the j th column, we see that
det(M) is equal to det(M ′), where M ′ is the matrix with j th row given by
( j − 1) . . . ( j − m)λ j

i for 0 6 m 6 m i and 1 6 i 6 r instead of jmλ
j
i (we

interpret the expression as λ j
i if m = 0). We see that the j th column of M ′ is

a multiple of λ j
1 for all 1 6 j 6 m1. Therefore, the determinant is a multiple

of λm1(m1+1)/2
1 , and similarly for the other λi by symmetry. We now wish to show

that (λ1−λ2)
m1m2 divides the determinant. For ` = 0, . . . ,m1m2−1, we consider

∂`

∂λ`1

∣∣∣∣
λ1=λ2

det(M) =
∑

j1,..., jm1+1>0
j1+···+ jm1+1=`

(
n

j1, . . . , jm1+1

)
det(M ( j1,..., jm1+1)),

https://doi.org/10.1017/fmp.2019.8 Published online by Cambridge University Press

https://doi.org/10.1017/fmp.2019.8


J. Maynard 74

Here M ( j1,..., jm1+1) is the matrix formed by replacing the i th column vi of M ′ with

∂ ji

∂λ
ji
1

∣∣∣∣
λ1=λ2

vi

for each i ∈ {1, . . . ,m1 + 1}. We see that this expression has j th entry ( j −
1) . . . ( j−i)×( j− ji+1) . . . jλ j− ji

2 . In particular, for i 6 m1+1, we see that the
i th column of M ( j1,..., jm1+1) is a vector with j th entry P( j)λ j

2 for some polynomial
P of degree i+ ji . However, the columns vm1+2, . . . , vm1+m2+2 also have j th entry
of the form P( j)λ j

2 for some polynomial P of degree at most m2. Thus, we have
m1 + m2 + 2 columns, and for each column, there is a polynomial P such that
the j th entry of the column is P( j)λ j

2 for all 1 6 j 6 n. But any k + 2 vectors
whose j th entry is of the form P( j)λ j for a polynomial P of degree at most k
must be linearly dependent (this is seen by cancelling the highest coefficients in
turn). Thus, we see that these columns are linearly independent only if for every
k ∈ N, there are at most k+ 1 columns involving a polynomial of degree at most
k. But this requires that the sum of degrees of the m1 + m2 + 2 polynomials be
at least (m1 + m2 + 2)(m1 + m2 + 1)/2, which requires

m1+1∑
i=1

( ji + i)+
m2+1∑
i=1

i >
(m1 + m2 + 2)(m1 + m2 + 1)

2
.

This simplifies to

` =

m1+1∑
i=1

ji > m1m2.

Thus, for all ` ∈ {0, . . . ,m1m2−1}, we see that det(M ( j1,..., jm1+1)) = 0, and so we
must have that (λ1 − λ2)

m1m2 divides det(M ′). By symmetry, we therefore find
that det(M ′) is a multiple of( r∏

i=1

λ
mi (mi+1)/2
i

)( ∏
16i< j6r

(λ j − λi)
mi m j

)
.

By expanding the determinant via rows, we see that the determinant is a
homogeneous polynomial of degree n(n+1)/2 in the λi , and so det(M)must be
proportional to the above expression. Finally, by considering the coefficient of
λ

e1
1 λ

e2
2 . . . λ

er
r with first e1 minimal, then e2 minimal, we see that the coefficient is

r∏
i=1

mi+1∏
ji=1

( ji − 1)!

This gives the result.
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LEMMA 10.3 (Difference equations). Let c1, . . . , cr ∈ Q with c1 6= 0 and cr 6= 0.
Let x1, . . . , x J satisfy

x j =

r∑
i=1

ci x j−i

for j > r . Then there are constants λ1, . . . , λ` ∈ C and polynomials P1, . . . , P`
such that

x j =

`∑
i=1

Pi( j)λ j
i .

Moreover,
∑`

i=1(1+ deg(Pi)) 6 r , the λi lie in a finite extension of Q and the λi

only depend on c1, . . . , cr .

Proof. Let M be the r × r matrix

M =


c1 c2 c3 . . . cr

1 0 0 . . . 0
0 1 0 . . . 0
...
. . .

. . .
. . .

...

0 . . . 0 1 0

 ,
so if x j = (x j , x j−1, . . . , x j−r+1), then x j+1 = Mx j for j > r . In particular,
x j = M j−r xr for all j > r . Since cr 6= 0, we see that M is nonsingular. But M
can be put into Jordan normal form after a change of basis, which means that
M = A−1 D A for some upper triangular matrix D formed of Jordan blocks. But
then M j

= A−1 D j A, and the entries of D j are all of the form Pi( j)λ j
i , where

the λi are the eigenvalues of M and Pi is a polynomial of degree at most one less
than the multiplicity of λi . This gives the result for the shape of the x j . Since the
λi are the eigenvalues of M and deg(Pi)+ 1 is at most the multiplicity of λi , we
get the other claims of the lemma.

LEMMA 10.4. Let n > 3k. Let b ∈ Zn
\{0} and let L be a linear subspace of Rn

such that ∧(x,b) = 0 for all x ∈ L. Then L has dimension at most k.

Proof. If ∧(x,b) = 0, then there exist constants c0, . . . , ck−1, d0, . . . , dk−1 ∈ Z
not all zero such that

k−1∑
i=0

ci T i(x) =
k−1∑
i=0

di T i(b).

Since b 6= 0, we have that {T i(b)}n−1
i=0 are linearly independent vectors in Rn .

Thus, we cannot have c0 = · · · = ck−1 = 0 and we can write x =
∑n−1

i=0 xi T i(b).
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With respect to this basis, the above equation implies that
∑k−1

i=0 ci x j−i = 0 for
each k 6 j < n. Since the c0, . . . , ck−1 are not all zero, we let c` be the first
nonzero element, so we have x j =

∑k−1−`
i=1 c′`+i x j−i for each k 6 j < n with

c′i = ci/c`. For notational simplicity, we now restrict our argument to the case
when c0, ck−1 6= 0; the other cases follow by an entirely analogous argument.

The equation x j =
∑k−1

i=1 c′i x j−i for k 6 j < n is a difference equation and
so, by Lemma 10.3, has solution x j =

∑
i Pi( j)λ j

i for 1 6 j < n for some
polynomials P1, . . . , P` with

∑
i(1+ deg(Pi)) 6 k− 1 and some constants λi in

a finite extension of Q, all of which may depend only on the constants ci .
We will show that in any linear space L ⊆ Rn containing only points with
∧(x,b) = 0, at most k − 1 different monomials j dλ

j
i can appear in such an

expression over all possible choices of the ci .
Assume the contrary for a contradiction. By taking linear combinations of

these monomials, we see that there exists x, y ∈ L with (x) j =
∑

i Pi( j)λ j
i

and (y) j =
∑

m Qm( j)µ j
m for 1 < j 6 n, for some polynomials Pi , Qm ∈

C[X ] and some algebraic integers λi , µm ∈ C such that
∑

i(1 + deg(Pi)),∑
i(1 + deg(Qi)) 6 k − 1; but, in total, at least k different monomials

jm1λ j
m2

, jm3µ j
m4

appear with nonzero coefficients across these two expressions.
In particular, there is a real linear combination a1x + a2y such that at least
k different monomials appear. But a1x + a2y ∈ L, so (a1x + a2y) j can also
be written as

∑
i Ri( j)γ j

i with at most k − 1 different monomials jm1γ j
m2

appearing and
∑

i(1 + deg(Ri)) 6 k − 1. But then we have
∑

i Ri( j)γ j
i =

a1
∑

i Pi( j)λ j
i + a2

∑
i Qi( j)µ j

i for all 1 < j 6 n; so the monomials jm1γ j
m2
,

jm3µ j
m4
, jm5λ j

m6
satisfy a nonzero linear equation

∑
i ei Mi( j) = 0 for all 1 <

j 6 n, for some constants ei not all zero and distinct monomials Mi( j) of the
form jm1γ j

m2
, jm3µ j

m4
or jm5λ j

m6
(for some integers m1, . . . ,m6). Moreover, since∑

i(1 + deg(Pi)),
∑

i(1 + deg(Qi)),
∑

i(1 + deg(Ri)) 6 k − 1, there are at
most 3k − 3 monomials appearing in this expression. In matrix form, this set of
equations is M1(1) . . . M3k−3(1)

...
...

M1(n) . . . M3k−3(n)


 e1

...

e3k−3

 = 0.

Since n > 3k, this includes the first 3k − 3 rows which form a (3k − 3)× (3k −
3) generalized Vandermonde matrix. By Lemma 10.2, the determinant of this
matrix is nonzero. Thus, the vector (e1, . . . , e3k−3) must be zero, a contradiction
to our assumption that it is nonzero. Thus, only k − 1 different monomials can
appear, and so L has dimension at most k (since x0 is a free variable).
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REMARK. The bound in Lemma 10.4 is tight since the subspace generated by
the vectors T 0(b), . . . , T k−1(b) has dimension k.

LEMMA 10.5. Let n > 3k. Let a ∈ Zn
\{0} and Λa have successive minima

Z1 6 · · · 6 Zn−k . Then Λa has a Z-basis z1, . . . , zn−k such that

• for each i ∈ {1, . . . , n − k} we have Z i � ‖zi‖ � Z i ;

• ∧(z1, zk+1) 6= 0;

• for any λ1, . . . , λn−k ∈ Rn−k , ‖
∑n−k

i=1 λi zi‖ �
∑n−k

i=1 ‖λi zi‖.

Proof. Since T 0(a), . . . , T k−1(a) are linearly independent, we see that Λa has
rank n − k. By Lemma 4.1, Λa has a Minkowski-reduced basis {z1, . . . , zn−k}.
The space generated by z1, . . . , zk+1 is a linear space of dimension k + 1, so
by Lemma 10.4, we have that ∧(x, z1) does not vanish for all x in this space.
But since ∧(·, z1) = 0 is given by the vanishing of a system of homogeneous
polynomials of degree O(1), this means that there is a nonzero homogeneous
polynomial f ∈ Z[X1, . . . , Xk+1] of degree O(1) such that∧(

∑k+1
i=1 λi zi , z1) = 0

only if f (λ1, . . . , λk+1) = 0. But there is then a choice of λ1, . . . , λk+1 ∈ Z with
λk+1 = 1 and λi � 1 for all 1 6 i 6 k such that f (λ1, . . . , λk+1) 6= 0. Let
z′k+1 =

∑k+1
i=1 λi zi . We claim that {z1, . . . , zk, z′k+1, zk+2 . . . , zn−k} gives a basis

with the required properties. Since z′k+1 is a linear combination of z1, . . . , zk+1

with zk+1-coefficient equal to 1, we see that this is indeed a basis since {z1, . . . ,

zn−k} is. Since f (λ1, . . . , λk+1) 6= 0, we have that ∧(z′k+1, z1) 6= 0. Since λi � 1,
we see that ‖z′k+1‖ �

∑k+1
i=1 ‖λi zi‖ � Zk+1. Finally, since λi � 1, we have

∥∥∥∥ak+1zk+1 +
∑

i 6=k+1

ai zi

∥∥∥∥ = ∥∥∥∥ k∑
i=1

(ai + O(ak+1))zi + ak+1zk+1 +

n−k∑
i=k+2

ai zi

∥∥∥∥
�

k∑
i=1

|ai + O(ak+1)|Z i + |ak+1|Zk+1 +

n−k∑
i=k+2

|ai |Z i

�

n−k∑
i=1

|ai |Z i .

In the last line, we used the fact that if |ai + O(ak+1)| � ai , then the
contribution is� |ai |Z i , whereas if |ai + O(ak+1)| � ak+1, then the contribution
is O(ak+1 Zk+1) since Z1 6 · · · 6 Zk+1, and the (nonnegative) contribution is
suitably bounded by the contribution from ak+1 Zk+1. This gives the result.
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11. Type II estimate: the L2 bound

In this section, we use the Linnik dispersion method and estimates from
the geometry of numbers and elementary algebraic geometry to prove
Proposition 8.7 and so finish the proof of our Type II estimate. We will
make use of Proposition 9.7 and the estimates of Section 10. It is this section
which involves the key new ideas behind our proof.

We recall from Proposition 8.7 that we wish to show that∑
a,b principal
c|b, c′|a

ab/N (c)∈A′

1R1(a/c
′)(1R2(b/c)− 1̃R2(b/c))� η

1/2
2 #A′.

Here η2 = (log X)−100(4`+2) and

A′ =
{( n−k∑

i=1

ai
n
√

θ i−1

)
: X i 6 ai 6 X i + η1 X i , ai ≡ (a′0)i (mod J !q∗),

N
( n−k∑

i=1

ai
n
√

θ i−1

)
∈ [X n

0 , X n
0 + η2 X n

0 ]

}
.

We first want to reduce this to the following proposition.

PROPOSITION 11.1. Let mod q̃ = (θn)nq∗N (c)(J !)J and ε0 =

q̃−4n exp(− 7
√

log X). Let X k+ε/2 6 B 6 X n−2k−ε/2 and AB � X. Let

gb =

{
1R2(b/c)− 1̃R2(b/c), τ (b) 6 ε−2

0 ,

0, otherwise.

Rb1,b2 = {a ∈ Rn
: ‖a‖ ∈ [A, 2A], a � b1 ∈ RX , a � b2 ∈ RX }.

Then we have ∑
‖b1‖,‖b2‖∈[B,2B]
b1,b2≡b0 (mod q̃)

gb1 gb2

∑
a∈Λb1,b2∩Rb1,b2

1� ε0 An−2k B2n−2k .

We recall that the latticeΛb1,b2 is defined in (10.2) and the regionRX is defined
in (10.1).

Proof of Proposition 8.7 assuming Proposition 11.1. From the discussion at the
beginning of Section 10, ab/N (c) ∈ A′ for principal a, b is equivalent to a =
((θn)−n ∑n

i=1 ai
n
√
θ i−1)) and b = ((θn)−n ∑n

i=1 bi
n
√
θ i−1) for some a ∈ Zn

∩ F ,
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b ∈ Zn , for any choice of fundamental domain F of the action of the group
of units UK and with a � b ∈ RX satisfying some congruence condition L̃(a,
b) ≡ 0 (mod (θn)n). Here we recall from (10.1) that

RX = {x ∈ Rn
: xi ∈ [X ′i , X ′i + η1 X ′i ] for i 6 n − k, xi = 0 for i > n − k,

N (
∑n

i=1 xi
n
√
θ i−1) ∈ [X ′n0 , X ′n0 + η2 X ′n0 ]}.

We recall that we have localized the norms of the ideals appearing so that if
1R1(a) 6= 0, then N (a) ∈ [A, 2A] for some quantity A, and if we also have
ab/N (c) ∈ A′, then N (b) ∈ [B, 2B] for some quantity B with X k+ε/2 6 B 6
X n−2k−ε/2 and X � AB � X .

Any element x ∈ RX ∩ Zn has ‖x‖ � X , and so γ =
∑n

i=1 xi
n
√
θ i−1 has

|γ σ | � X for all embeddings σ . Since N (γ ) =
∏

σ γ
σ
� X n , this implies

|γ σ | � X for all σ as well. We may choose a suitable fundamental domain F
such that the vector a satisfies ‖a‖ � A by Lemma 4.2. This implies that α =
(θn)−n ∑n

i=1 ai
n
√
θ i−1 has |ασ | � A for all embeddings σ , and so any β = γ /α

will then satisfy |βσ | � B for all σ . Thus, this choice of F allows us to restrict
to ai � A and bi � B for all 1 6 i 6 n.

Thus, splitting a,b into residue classes mod q̃ = (θn)nq∗N (c)(J !)J (where
J is the constant in the definition of A′ which is O(1) and will be eventually
chosen large enough in terms of n and k), recalling that q∗ 6 exp( 4

√
log X) and

letting ε0 = q̃−4n exp(− 7
√

log X), we see that it is sufficient to show that∑
a∈Zn

∩F
‖a‖�A

a≡a′′0 (mod q̃)

∑
b∈Λa

b≡b0 (mod q̃)
a�b∈RX

1R1(a/c
′)(1R2(b/c)− 1̃R2(b/c))� ε

1/2
0 An−k Bn−k (11.1)

for any a′′0,b0 with p - NK (b0) for all p 6 J .
To sidestep some minor issues associated with 1̃R2 occasionally being large if

τ(b) is large, we introduce a quantity gb, defined by

gb =

{
1R2(b/c)− 1̃R2(b/c), τ (b) 6 ε−2

0 ,

0, otherwise.

We now replace 1R2(b/c) − 1̃R2(b/c) with gb. Since 1R2(b/c) − 1̃R2(b/c) �

τ(
∑n−k

i=1 bi
n
√
θ i−1) log X , the error introduced by this change is

O
( ∑
‖a‖�A

∑
b∈Λa
‖b‖�B
τ(b)>ε−2

0

τ(b) log X
)
�

∑
‖a‖�A

∑
b∈Λa
‖b‖�B

ε2
0τ(b)

2 log X
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�

∑
‖x‖�X

x j=0 if j>n−k

ε2
0τ

( n−k∑
i=1

xi
n
√

θ i−1

)2

� ε2
0 X n−k(log X)O(1),

by Lemma 7.8. Since ε0 6 exp(− 7
√

log X), this is O(ε0 X n−k) and so negligible.
Thus, in order to show (11.1), it is sufficient to show∑

a∈Zn
∩F

‖a‖∈[A,2A]
a≡a′′0 (mod q̃)

∑
b∈Λa

b≡b0 (mod q̃)
a�b∈RX

1R1(a/c
′)gb � ε

1/2
0 An−k Bn−k . (11.2)

By Cauchy–Schwarz (dropping the constraints a ≡ a′′0 (mod q̃) and a ∈ F and
upper bounding 1R1(a/c

′) by 1), we have∑
a∈Zn

∩F
‖a‖∈[A,2A]

a≡a′′0 (mod q̃)

∑
b∈Λa

b≡b0 (mod q̃)
a�b∈RX

1R1(a/c
′)gb

�

( ∑
‖a‖�A

1
)1/2( ∑

‖a‖∈[A,2A]

∣∣∣∣ ∑
b∈Λa

b≡b0 (mod q̃)
a�b∈RX

gb

∣∣∣∣2)1/2

.

The first sum in parentheses is O(An), so it suffices to show that∑
‖b1‖,‖b2‖∈[B,2B]
b1,b2≡b0 (mod q̃)

gb1 gb2

∑
a∈Λb1,b2∩Rb1,b2

1� ε0 An−2k B2n−2k, (11.3)

where

Rb1,b2 = {a ∈ Rn
: ‖a‖ ∈ [A, 2A], a � b1 ∈ RX , a � b2 ∈ RX }.

This is precisely given by Proposition 11.1.

Thus, we are left to establish Proposition 11.1.
If ∧(b1,b2) 6= 0, then Λb1,b2 is a rank n − 2k lattice, and we expect the inner

sum in (11.3) to typically be (using Lemma 10.1)

≈
volRb1,b2

detΛb1,b2

=
Db1,b2 volRb1,b2

‖ ∧ (b1,b2)‖
≈

cAn−2k

B2k

for some suitable constant c = cb1,b2 of size ≈ 1 which varies continuously
and slowly with b1,b2. The first approximation can fail if Λb1,b2 is highly
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skewed, whilst the second approximation can fail ifΛb1,b2 has an unusually small
determinant. Λb1,b2 can have small determinant either for Archimedean reasons
(if ‖ ∧ (b1,b2)‖ is small) or for non-Archimedean reasons (if Db1,b2 is large). To
deal with these issues, we show that for most b1,b2, these complications do not
occur.

REMARK. Usually one would introduce a smooth weight on the sum over a
to allow for simpler or more precise analysis of the resulting inner sum. We
have deliberately chosen not to smooth here because we wish to emphasize the
elementary nature of the estimates we use from the geometry of numbers. In
principal, smoothing would allow one to use exponential sums to widen the
Type II ranges, but the author has not been able to get suitable control over
the resulting exponential sums. Nontrivially estimating these sums for general
n requires one to show equidistribution results for skewed lattices.

REMARK. The diagonal terms b1 = b2 contribute An−k Bn−k+o(1) to the overall
sum, and so we require Ak < Bn−k+o(1). If we do not show cancellations in the
error terms for the inner sum over a above, then we can only hope to gain an
asymptotic if An−2k > B2k (but see the remark below). Together, these conditions
force X k < B < X n−2k , and our Type II estimate applies in essentially the full
range. Similar restrictions apply to any other sequence of density 1−k/n, which
is why the initial work on Diophantine approximation by primes had equivalent
restrictions on the Type II range.

REMARK. We can obtain slightly more flexibility in our Type II estimates by
restricting b to lie in a residue class (mod Q) for a suitably sized modulus
Q before applying Cauchy–Schwarz. This has the effect of increasing the
contribution from the diagonal terms but enabling us to estimate the off-diagonal
terms in a wider range. This has the potential to give an asymptotic formula for
primes represented by an incomplete norm form of Q( n

√
θ) in the wider range

n > (2 +
√

2)k. In the interests of brevity and clarity, we will not consider this
further here, but we intend to address this in a future paper.

11.1. Archimedean estimates. We first consider complications when the
lattice Λb1,b2 is skewed or has small determinant because ‖ ∧ (b1,b2)‖ is small.

We begin with a simple lemma counting the number of times a polynomial can
be small. The key point is that this estimate is very uniform in the coefficients
of f .

LEMMA 11.2. Let f (x) = fd xd
1 + fd−1xd−1

+ · · · + f0 ∈ Z[x] with fd 6= 0. Let
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D ∈ Z be such that D/ gcd(D, fd) =
∏`

i=1 pei
i . Then we have

#{n ∈ [1, y] : f (n) ≡ 0 (mod D), | f (n)| 6 B}

6 dτd(D)
(

1+min
(

y,
B1/d

| fd |
1/d

)
1
D′

)
,

where D′ =
∏`

i=1 pdei /de
i > D1/d/ gcd(D, fd)

1/d .

Proof. Let D̃ = D/ gcd(D, fd). Let f have (not necessarily distinct) roots αp,1,

. . . , αp,d in a suitable finite extension of Qp, and let ‖ · ‖p be the extension of
the norm on Qp. Similarly, let f have roots α∞,1, . . . , α∞,d over C. If f (n) ≡
0 (mod D), then

∏d
i=1 ‖n−αp,i‖p 6 ‖D̃‖p for all primes p|D̃, so certainly there

exists a root α(p) for each p|D̃ such that ‖n − α(p)‖p 6 ‖D′‖p on recalling the
definition of D′. Similarly, if | f (n)| 6 B, then certainly there is a root α(∞) such
that |n − α(∞)| 6 (B/| fd |)

1/d .
Let us be given a root α(∞) over C and a root α(p) over Qp for each prime

p|D̃. Then integers n which satisfy ‖n − α(p)‖p 6 ‖D′‖p for each p|D′ are
simply integers in a single residue class modulo D′ (by the Chinese remainder
theorem), and those with |n − α(∞)| < (B/| fd |)

1/d and n ∈ [1, y] are integers in
an interval of length� min(y, (B/| fd |)

1/d). Thus, there are at most 1+min(y,
(B/| fd |)

1/d)/D′ integers n 6 y which satisfy ‖a−α(p)‖p 6 ‖D′‖p for each p|D′

and |n−α(∞)| 6 (B/| fd |)
1/d . But there are at most d choices of α(∞) and at most

τd(D̃) possible choices of roots α(p), so there are at most dτd(D̃)(1 + min(y,
B1/d
| fd |

−1/d)/D′) integers n 6 y such that f (n) ≡ 0 (mod D) and | f (n)| 6
B.

LEMMA 11.3. Let n > 3k. LetΛa have successive minima Z1 6 · · · 6 Zn−k and
a Minkowski-reduced basis {z1, . . . , zn−k}. Let ` 6 2k be such that κ2 = ‖∧ (z1,

z`)‖Z−k
1 Z−k

` > 0. Assume that Z1 Z` � BC. Finally, let

Sa(B,C; κ) = #{b, c ∈ Λa : ‖b‖ 6 B, ‖c‖ 6 C, ‖ ∧ (b, c)‖ 6 κBkC k
}.

Then we have

Sa(B,C; κ)�
(

Z1

B
+

Z1 Z`
BC
+min

(
1,
(
κ

κ2

)1/k) Z1

Z`

)
×

Z `
`∏`

i=1 Z i

(
BC

Z1 Z`

)n−k

log BC .

Proof. By symmetry, we may assume, without loss of generality, that B 6 C . We
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may further assume that Z1 � B since otherwise there are no vectors b ∈ Λa
with ‖b‖ 6 B and so Sa(B,C; κ) = 0.

We recall from Lemma 4.1 that we can write b =
∑n−k

i=1 bi zi , c =
∑n−k

i=1 ci zi

for integers bi � B/Z i and ci � C/Z i . We have that ‖ ∧ (b, c)‖2 is given by an
integer polynomial of degree 4k in the coefficients bi , ci , which is a polynomial
of degree 2k in the bi and degree 2k in the ci . Since the coefficient of b2k

1 c2k
` is

‖ ∧ (z1, z`)‖2
6= 0, we have that this polynomial takes the form

b2k
1 (c

2k
` ‖ ∧ (z1, z`)‖2

+ f2)+ f3,

where f2 is a polynomial independent of b1 and degree at most 2k − 1 in c`, and
f3 is a polynomial of degree at most 2k − 1 in b1.

Let us be given a choice of b2, . . . , bn−k, c1, . . . , c`−1, c`+1, . . . , cn−k and a
quantity U = 2 j

� C2k B2k . By Lemma 11.2, there are

� 1+U 1/2k
‖ ∧ (z1, z`)‖−1/k

possible values of c` such that c2k
` ‖∧ (z1, z`)‖2

+ f2 ∈ [U, 2U ]. Here the implied
constant does not depend on our choice of the other bi , ci or on U . For each such
choice of c`, there are O(1 + κ1/k BCU−1/2k) possible choices of b1 such that
‖ ∧ (b, c)‖2

� κ2 B2kC2k by Lemma 11.2 again. Thus, combining these bounds
with the trivial bounds B/Z1 and 1+ C/Z` for the number of choices of b1 and
c`, respectively, we find that there are

� min
(

1+
C
Z`
, 1+

U 1/2k

‖ ∧ (z1, z`)‖1/k

)
min

(
B
Z1
, 1+

κ1/k BC
U 1/2k

)
� 1+

B
Z1
+

C
Z`
+

κ1/k BC
‖ ∧ (z1, z`)‖1/k

�
B
Z1
+

C
Z`
+

κ1/k BC

κ
1/k
2 Z1 Z`

possible choices of b1, c` for this value of U . Since this bound does not depend
on U , we can sum over all possible values of U = 2 j with 1 6 U � BkC k at
the cost of a factor O(log BC). We also have the trivial bound where κ/κ2 is
replaced by 1. Thus, for any choice of b2, . . . , bn−k, c1, . . . , c`−1, c`+1, . . . , cn−k ,
we have

�

(
Z1

B
+

Z`
C
+min

(
1,
(
κ

κ2

)1/k)) BC log BC
Z1 Z`

(11.4)

choices of b1, c` such that ‖ ∧ (b, c)‖ 6 κBkC k .
Let jB, jC 6 n − k be chosen maximally such that Z jB 6 B and Z jC 6 C .

Then, since the number of choices of bi is O(1 + B/Z i) (and similarly for ci ),
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the number of choices of b2, . . . , bn−k, c1, . . . , c`−1, c`+1, . . . , cn−k is

�

∏
16i6 jB

i 6=1

B
Z i

∏
16i6 jC

i 6=`

C
Z i
. (11.5)

We recall that we assume B 6 C so jB 6 jC . Thus, splitting into the three cases
jC > jB > `, jC > ` > jB and ` > jC > jB and pulling out a factor Z `

`/
∏`

i=1 Z i ,
we see that (11.5) is

� Y =
Z `
`∏`

i=1 Z i

×



B jB−1C jC−1

Z `−2
1 Z jB+ jC−`

`

, jC > jB > `,

B jB−1C jC−1

Z jB−1
1 Z jC−1

`

, jC > ` > jB,

B jB−1C jC

Z jB−1
1 Z jC

`

, ` > jC > jB .

Define a quantity F by

F =



(
BC

Z1 Z`

)n−k− jC( Z`
Z1

) jB−`
(

B
Z1

) jC− jB

, jC > jB > `,(
BC

Z1 Z`

)n−k− jC( B
Z1

) jC− jB−1

, jC > ` > jB,(
BC

Z1 Z`

)n−k− jC−1( B
Z1

) jC− jB

, ` > jC > jB .

Since BC/Z1 Z`, Z`/Z1, B/Z1 � 1 and we have the bounds ` 6 2k < n − k
and jC 6 n − k, we see that F > 1. Thus, we find that for all cases, we have

Y 6 Y F 6
Z `
`∏`

i=1 Z i

Bn−k−1Cn−k−1

Z n−k−1
1 Z n−k−1

`

(
Z1

B
+

Z1

Z`

)
.

Combining this with our bound (11.4) on the number of choices of b1, c`, we
obtain that the total number of b, c is

�

(
Z1

B
+

Z`
C
+min

(
1,
(
κ

κ2

)1/k))( Z1

B
+

Z1

Z`

)
Z `
`Bn−kCn−k log BC

Z n−k
1 Z n−k

`

∏`

i=1 Z i

.

Finally, we note that since Z1 6 B,

Z1

B

(
Z1

B
+

Z`
C
+min

(
1,
(
κ

κ2

)1/k))
�

Z1 Z`
BC
+

Z1

B
,
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and since Z1 6 Z`, B 6 C ,

Z1

Z`

(
Z1

B
+

Z`
C
+min

(
1,
(
κ

κ2

)1/k))
�

Z1

B
+min

(
1,
(
κ

κ2

)1/k) Z1

Z`
.

These bounds give the result.

LEMMA 11.4 (Determinant rarely small for Archimedean reasons). Let n > 3k.
Let

S(A; B,C) = {(a,b, c) ∈ (Zn)3 : ‖a‖ ∈ [A, 2A], ‖b‖ ∈ [B,2B],‖c‖ ∈ [C, 2C],
∧ (b, c) 6= 0, a ∈ Λb,c}

S(A; B,C; κ) = {(a,b, c) ∈ S(A; B,C) : ‖ ∧ (b, c)‖ 6 κBkC k
}.

Then there is a constant δ = δ(n, k) > 0 and G = G(n, k) such that

#S(A; B,C; κ)

�

(
κδ/k
+min

(
1,
(BC)1/2−δ

B

))
An−2k Bn−kCn−k exp(G(log log BC)2).

In particular, taking κ = ε8k/δ
0 = q̃32kn/δ exp(−8k 7

√
log X/δ) and B = C � X δ,

we have

#{(a,b1,b2) ∈ S(A; B, B) : 0 < ‖ ∧ (b1,b2)‖ � ε
8k/δ
0 B2k

} � ε7
0 An−2k B2n−2k .

Proof. We prove the result by induction on the size of BC . The lemma trivially
holds if BC � 1. Assume that there is a constant G such that whenever U V < 2J

with U 6 V , we have

#S(A;U, V ; κ)

6 G
(
κδ/k
+min

(
1,
(U V )1/2−δ

U

))
An−2kU n−k V n−k exp(G(log log U V )2).

We now wish to bound #S(A; B,C; κ) using the same constant G for BC 6
2J+δ J .

Given b, c with ∧(b, c) 6= 0 and ‖b‖ ∈ [B, 2B] and ‖c‖ ∈ [C, 2C], we have
that any a such that (a,b, c) is in S(A; B,C, κ) satisfies ‖a‖ ∈ [A, 2A] and
a ∈ Λb,c. Since ∧(b, c) 6= 0, Λb,c is a lattice of rank n − 2k and determinant
� BkC k . If v = v(b, c) is the shortest vector in Λb,c, then ‖v‖n−2k

� BkC k

and the number of a ∈ Λb,c with ‖a‖ ∈ [A, 2A] is O(An−2k/‖v‖n−2k). We recall
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that v ∈ Λb,c implies b, c ∈ Λv. Thus, putting ‖v‖ in one of O(log BC) dyadic
ranges [V, 2V ], we have

S(A; B,C; κ)� An−2k
∑

‖b‖∈[B,2B]
‖c‖∈[C,2C]
‖∧(b,c)‖6κBC

1
‖v(b, c)‖n−2k

� An−2k(log BC) sup
V n−2k�Bk Ck

∑
‖v‖∈[V,2V ]

1
V n−2k

∑
b,c∈Λv
‖b‖∈[B,2B]
‖c‖∈[C,2C]
‖∧(b,c)‖6κBC

1. (11.6)

Since v 6= 0, Λv is a lattice of rank n − k. Let this have successive minima
Z1 6 · · · 6 Zn−k . We note that since n > 3k and V n−2k

� BkC k , we have

Z k
1 Z k

k+1 � Z k
1 Z n−2k

k+1 �

n−k∏
i=1

Z i � det(Λv)� V k
� (BC)k

2/(n−2k). (11.7)

Thus, Z1 Zk+1 � (BC)1−2δ where δ = (n− 3k)/(2n− 4k) > 0. By Lemma 11.3
(taking ` = k + 1), the inner sum in (11.6) is

�

(
Z1

B
+

Z1 Zk+1

BC
+min

(
1,
(
κ

κ2

)δ/k) Z1

Zk+1

)
Z k

k+1∏k
i=1 Z i

(
BC

Z1 Zk+1

)n−k

log BC,

(11.8)
where κ2 = supz1,zk+1

Z−k
1 Z−k

k+1‖ ∧ (z1, zk+1)‖ and the supremum is over all z1,

zk+1 ∈ Λa which can be extended to a basis z1, . . . , zn−k with ‖
∑n−k

i=1 λi zi‖ �∑n−k
i=1 |λi |Z i . We see that κ2 > 0 by Lemma 10.5.
We note that there are

�
Z k

k+1∏k
i=1 Z i

different vectors y ∈ Λv with Zk+1 � ‖y‖ � Zk+1 such that 0 < ‖ ∧ (z1,

y)‖ � κ2 Z k
1 Z k

k+1 since, given a basis z1, . . . , zn−k satisfying the properties of
Lemma 10.5, all choices y = zk+1 +

∑k
i=1 λi zi with ‖ ∧ (y, z1)‖ 6= 0 and λi �

Zk+1/Z i satisfy this by the maximality of κ2. Thus, we may replace the factor
Z k

k+1/
∏k

i=1 Z i of (11.8) with a sum over all such y. Putting ‖z1‖, ‖y‖, κ2 each in
one of O(log BC) dyadic ranges [Z , 2Z ], [Y, 2Y ] and [K , 2K ], respectively, we
have

S(A; B,C; κ)� An−2k Bn−kCn−k(log BC)5
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× sup
V n−2k

�Bk Ck

Z�Y
Z k Y n−2k

�V k

(ZY )−k
�K�1

∑
‖v‖∈[V,2V ]

TZ ,Y ;B,C;κ,K

Z n−kY n−k V n−2k

∑
z1,y∈Λv
‖z1‖∈[Z ,2Z ]
‖y‖∈[Y,2Y ]

0<‖∧(z1,y)‖�K (ZY )k

1

� An−2k Bn−kCn−k(log BC)5 sup
V,Z ,Y,K

TZ ,Y ;B,C;κ,K S(V ; Z , Y ; K )
Z n−kY n−k V n−2k

,

(11.9)

where

TZ ,Y ;B,C;κ,K =

(
Z
B
+

ZY
BC
+

Z
Y

min
(

1,
(
κ

K

)δ/k))
,

and where the supremum in the final line is over all V, Z , Y, K satisfying the
constraints V n−2k

� BkC k , Z � Y , Z kY n−2k
� V k and (ZY )−k

� K � 1.
If BC < 2J+δ J , then, since ZY � (BC)1−2δ, we have ZY < 2J if J is

sufficiently large in terms of n, k. We can then apply the assumption of the
lemma, giving

S(A; B,C; κ)
An−2k Bn−kCn−k(log BC)5

� G sup
V,Z ,Y,K

TZ ,Y ;B,C;κ,K

(
K δ/k
+min

(
1,
(ZY )1/2−δ

Z

))
exp(G(log log ZY )2).

(11.10)

Since Z � Y and K � (ZY )−k , we have

Z
Y

min
(

1,
(
κ

K

)δ/k)(
K δ/k
+
(ZY )1/2−δ

Z

)
� κδ/k

(
1+

(ZY )δ(ZY )1/2−δ

Y

)
� κδ/k .

Since K � 1, Z � B, ZY � (BC)1−2δ and Z � (ZY )1/2 � (BC)1/2−δ, we
have (

Z
B
+

ZY
BC

)(
K δ/k
+ 1

)
�

Z
B
+

ZY
BC

� min
(

1,
(BC)1/2−δ

B

)
+

1
(BC)2δ

� min
(

1,
(BC)1/2−δ

B

)
.
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Thus,

TZ ,Y ;B,C;κ,K

(
K δ/k
+min

(
1,
(ZY )1/2−δ

Z

))
� κδ/k

+min
(

1,
(BC)1/2−δ

B

)
.

Since ZY � (BC)1−2δ, we have log log ZY < log log BC − 2δ. Substituting
these bounds into (11.10) gives

S(A; B,C; κ)
An−2k Bn−kCn−k(log BC)5

� G
(
κδ/k
+min

(
1,
(BC)1/2−δ

B

))
exp(G(log log BC − 2δ)2).

Finally, exp(G(log log BC−2δ)2)� (log BC)−6 exp(G(log log BC)2) for G >

2δ−1, and so we obtain the claimed bound for S(A; B,C; κ) if BC is large
enough.

LEMMA 11.5. Let n > 3k and G ′ be sufficiently large in terms of n and k. Let
Z i(a) be the i th successive minimum of Λa. Then we have∑

0<‖a‖�A

Zk+1(a)k

Z1(a)n−k Zk+1(a)n−k
∏k

i=1 Z i(a)
� An−2k exp(G ′(log log A)2).

Proof. We already established a similar estimate in the course of the proof of
Lemma 11.4. Let Λa have a basis z1, . . . , zn−k with ‖ ∧ (z1, zk+1)‖ 6= 0 and
‖
∑n−k

i=1 λi zi‖ �
∑n−k

i=1 |λi |Z i(a) for all λ ∈ R. This basis exists by Lemma 10.5.
There are

�
Z k

k+1(a)∏k
i=1 Z i(a)

choices of y = zk+1 +
∑k

i=1 λi zi with ‖y‖ � Zk+1(a) and ∧(z1, y) 6= 0. Thus,
using Lemma 11.4, we find∑

0<‖a‖�A

Zk+1(a)k

Z1(a)n−k Zk+1(a)n−k
∏k

i=1 Z i(a)

�

∑
0<‖a‖�A

∑
z,y∈Λa
‖z‖�Z1(a)
‖y‖�Zk+1(a)
∧(z,y)6=0

1
‖z‖n−k‖y‖n−k

� (log A)3 sup
0<Z ,Y,A′�A

∑
‖y‖�Y

∑
‖z‖�Z
∧(y,z)6=0

∑
a∈Λz,y
‖a‖�A′

1
Y n−k Z n−k
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� (log A)3 sup
0<Z ,Y,A′�A

S(A′, Y, Z)
Y n−k Z n−k

� (log A)3 An−2k exp(G(log log A2)2).

The result follows on taking G ′ = 2G.

LEMMA 11.6. Let n > 3k, and let δ > 0 be sufficiently small in terms of n and
k. Given a vector a ∈ Zn

\{0}, let Zn−k(a) be the n − kth successive minima of
Λa. Then if Ak/(1−δ) < Bn−k , we have

#{(a,b1,b2) ∈ S(A; B, B) : Zn−k(a) > B1−δ/2
} � An−2k B2n−2k−δ/2.

Proof. Let Z1, . . . , Zn−k be the successive minima ofΛa. Since Ak/(1−δ) < Bn−k,

n > 3k and Z k
1 Z n−2k

k+1 � det(Λa) � Ak , we have Z1 Zk+1 � B2−2δ. Let j be
chosen maximally such that Z j 6 B. Then the number of b1,b2 ∈ Λa is

�
B2 j∏ j
i=1 Z 2

i

�
Z k

k+1∏k
i=1 Z i

×



B2 j

Z j
1 Z j

k+1

, j 6 k,

B2 j

Z k
1 Z 2 j−k

k+1

, k + 1 6 j < n − k,

B2n−2k

Z k
1 Z 2n−3k−2

k+1 Z 2
n−k

, j = n − k.

Since Zn−k > B1−δ/2 and Z1 Zk+1 � B2−2δ and n > 3k, we have that in each
case, this is

�
Z k

k+1∏k
i=1 Z i

B2n−2k−δ

Z n−k
1 Z n−k

k+1

.

Thus, the number of triples (a,b1,b2) counted in the lemma is

� B2n−2k−δ
∑

‖a‖∈[A,2A]

Z k
k+1∏k

i=1 Z i

1
Z n−k

1 Z n−k
2

.

But by Lemma 11.5, this is� An−2k B2n−2k−δ/2, as required.

LEMMA 11.7 (Diagonal terms). Let n > 3k and let δ > 0 be sufficiently small
in terms of n and k. Then if Ak/(1−δ) < Bn−k , we have

#{(a,b1,b2) ∈ S(A; B, B) : ∧(b1,b2) = 0} � An−2k B2n−2k−δ/3.
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Proof. Let a be given; so we wish to count b1,b2 ∈ Λa with ∧(b1,b2) = 0.
Let Λa have a basis z1, . . . , zn−k satisfying the properties of Lemma 10.5, and
let b1 =

∑n−k
i=1 λi zi , b2 =

∑n−k
i=1 γi zi , with γi , λi � B/Z i , where Z i = Z i(a)

are the successive minima of Λa. By Lemma 11.6, we only need to count the
contribution from a with Zn−k(a) � B1−δ/2. Since ∧(z1, zk+1) 6= 0, we have
that ∧(b1,b2) = 0 only if a nonzero polynomial (of degree O(1)) in the λi , γi

vanishes. Thus, the number of choices of λi , γi � B/Z i such that ∧(b1,b2) = 0
is

�

(
1+

B
Zn−k

) n−k−1∏
i=1

(
1+

B
Z i

)2

.

Since Zn−k � B1−δ/2 and n > 3k, this is

� Zn−k
B2n−2k−1∏n−k

i=1 Z 2
i

�
B2n−2k−δ/2

Z n−k
1 Z n−k

k+1

.

But then by Lemma 11.5, this means the size of the set in the lemma is of size

�

∑
‖a‖∈[A,2A]

Z k
k+1∏k

i=1 Z i

B2n−2k−δ/2

Z n−k
1 Z n−k

k+1

� An−2k B2n−2k−δ/3.

11.2. Non-Archimedean estimates. We now consider b1,b2 for which the
determinant of Λb1,b2 is small because Db1,b2 is large. We first establish a couple
of lemmas bounding the number of times a given polynomial f ∈ Z[X ] can
vanish (mod D). The key point of these lemmas is that there is only a very weak
dependence on the size of the coefficients of f .

LEMMA 11.8. Let ε > 0. Let f = ( f1, . . . , f`) ∈ Z[x1, . . . , xn]
` be a vector of

` > 2 homogeneous polynomials of degree d with coefficients of size at most
F > 2 in absolute value and no nonconstant common factor in Z[X1, . . . , Xn]

amongst all of them. For each prime p, let ep ∈ N be such that not all the fi take
only the value 0 (mod pep) on (Z/pepZ)n but that all the fi only take the value
0 (mod pep−1) on (Z/pep−1Z)n . Let E =

∏
p: ep>1 pep .

Then for any reals D0 > 1 and 1 6 Xmin 6 X1, . . . , Xn 6 Xmax, we have

#{(x, D) ∈ Zn
× Z, |xi | 6 X i , D > D0, f(x) ≡ 0 (mod D), f(x) 6= 0}

�

(
1

D1/2d
0

+
1

Xmin

)
(D0 F Xmax)

εEn
n∏

i=1

X i .

Here the implied constant depends only on `, n, d, ε.
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Proof. For this proof, we let all implied constants depend on `, n, d and ε.
Without loss of generality, we assume that Xmax = X1 > · · · > Xn = Xmin.
We first want to show the existence of short vectors u, v ∈ Zn such that f(u) and
f(v) have a small common divisor.

We choose u ∈ Zn such that ‖u‖ � E , un 6= 0 and f(u) 6≡ 0 (mod pep) for
any p 6 d or any p|E . This is possible since f does not vanish on (Z/pepZ)n .

We now choose v such that any integer dividing all components of f(u) and
f(v) must divide E . For any prime p with ep = 1, the fact that f does not vanish
on Fn

p means that there is a polynomial f p,1 ∈ { f1, . . . , f`} such that f p,1 has a
nonzero coefficient over Fp. Viewing f p,1(x) as a polynomial in x1 and selecting
a nonzero coefficient, we find a nonzero polynomial f p,2 in x2, . . . , xn such that
f p,1 is a nonzero polynomial in x1 if f p,2 6≡ 0 (mod p). Repeating this, we obtain

(possible constant) polynomials f p,2, . . . , f p,n with f p, j a nonzero polynomial in
x j , . . . xn , and f p, j is a nonzero polynomial in x j if f p, j+1 6≡ 0 (mod p). We
then choose nonzero integers vn, . . . , v1 in turn as small as possible such that
f p, j(v j , . . . , vn) 6≡ 0 (mod p) for all j ∈ {1, . . . , n} and for any prime p > d

which divides all components of f(u) and has ep = 1. This is possible since any
nonzero polynomial of degree at most d can vanish at most d points over Fp, and
we only consider p > d .

Since f has coefficients of size O(F) and ‖u‖ � E , we have ‖f(u)‖ �
(F E)O(1). Thus, there are O(log F E) primes p which divide all components
of f(u), and these must all satisfy p > d if ep = 1. Each of the polynomials
can have at most d roots modulo any prime p under consideration. Therefore,
each v j is the least integer which avoids one of O(1) residue classes mod p for
O(log F E) different primes p. By the fundamental lemma of sieve methods, we
have that v j � (log F E)O(1).

Thus, we have found u, v � E(log F)O(1) such that any integer dividing all
components of f(u) and f(v) must divide E . In particular, for any integer D, we
have either D/ gcd(D, f(u)) > (D/E)1/2 or D/ gcd(D, f(v)) > (D/E)1/2. Thus,
without loss of generality, it is sufficient to count pairs (x, D) as in the lemma
with the extra condition that D/ gcd(D, f(w)) > (D/E)1/2 where w ∈ Zn is a
fixed vector with ‖w‖ � E(log F)O(1), wn 6= 0 and f(w) 6= 0. By replacing f j

with a suitable integral linear combination of the fi we may moreover assume
that f j(w) is the same for all j .

We now change variables. Sincewn 6= 0, |wi | � E(log F)O(1) and X1 > · · · >
Xn , we can write any vector x ∈ Zn with |xi | 6 X i as

wnx =
n−1∑
i=1

yi ei + ynw,

with |yi | � Yi = X i E(log F)O(1) for i < n and yn � Yn = Xn , where ei are
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the standard basis vectors of Zn . Since the polynomials fi are homogeneous, we
have f(wnx) = wd

n f(x). Thus, it is sufficient to count pairs (y, D) with D > D0,
D/ gcd(D, f(w)) > (D/E)1/2, |yi | � Yi and f̃(y) ≡ 0 (mod D) but f̃(y) 6= 0,
where f̃(y) = f(

∑n−1
i=1 yi ei + ynw).

By the Euclidean algorithm (or calculating a suitable resultant), D|f̃(y) only
if D|g(y1, . . . , yn−1) for some nonzero polynomial g independent of yn and
of degree at most d2 and with coefficients of size at most F O(1) since the
components of f̃ have no nonconstant polynomial common factor. We consider
separately the cases when g(y1, . . . , yn−1) = 0 and when it is nonzero.

There are�
∏n−2

i=1 Yi � X−1
min En−2(log F)O(1)∏n−1

i=1 X i choices of y1, . . . , yn−1

such that g(y1, . . . , yn−1) = 0. For any such choice, there are� Yn = Xn choices
of yn such that f̃(y) 6= 0 and then O((Xmax F)ε) choices of D|f̃(y). This gives the
result in the case g(y1, . . . , yn−1) = 0.

There are�
∏n−1

i=1 Yi = En−1(log F)O(1)∏n−1
i=1 X i choices of y1, . . . , yn−1 such

that g(y1, . . . , yn−1) 6= 0. Given such a choice, there are then O((F Xmax)
ε)

choices of D|g(y1, . . . , yn−1). We now wish to count the number of choices
of yn such that f̃(y) ≡ 0 (mod D). We recall that f j(w) is the same nonzero
integer for all j , so f1 is a polynomial of degree d in yn with lead coefficient
f1(w). Moreover, we only consider D with D/ gcd(D, f(w)) = D/ gcd(D,
f1(w)) > (D/E)1/2. In this case, using Lemma 11.2, we find that the number
of choices of yn such that f1(y1, . . . , yn) ≡ 0 (mod D) is

�

(
1+ Xn

(
D

gcd(D, f1(w))

)−1/d)
Dε
� Dε

0 E1/2d Xn

(
1

Xmin
+

1

D1/2d
0

)
.

This gives the result.

LEMMA 11.9. We have

#{b ∈ Fn
p : ∧(b) = 0} � pk−1.

Proof. We may assume that p is sufficiently large, so θ 6≡ 0 (mod p) and p > n.
We recall that if ∧(b) = 0 ∈ Fp, then there exist constants c0, . . . , ck−1 not all 0
such that

k−1∑
i=0

ci T i(b) = 0.

We argue in the case when this is the shortest linear relation of this type (so, in
particular, c0, ck−1 6= 0); the other cases are entirely analogous. By inverting c0,
we have b = T 0(b) =

∑k−1
i=1 c′i T

i(b) for constants c′i with c′k−1 6= 0. Thus, letting
bn+ j = b j/θ , we have b j =

∑k−1
i=1 c′i b j−i for all j ∈ Z. Moreover, we may assume
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that b does not satisfy any other recurrence equation of this type because in that
case, we may take a linear combination and have c′k−1 = 0. This is a difference
equation, and so b j =

∑k−1
i=1 Pi( j)λ j

i for some polynomials P1, . . . , P` with total
degree at most k − 1 and constants λi in a finite extension of Fp. Moreover,
the monomials jm1λ j

m2
uniquely determine c′1, . . . , c′k−1 as the coefficients of the

monic polynomial X k−1
−
∑k−1

i=1 c′i X k−i−1
∈ Fp[X ] of least degree which has λi

as a root with multiplicity at least deg Pi .
But then

∑
i Pi(n + j)λn+ j

i = bn+ j = b j/θ = θ
−1 ∑

i Pi( j)λ j
i for all j . This

gives a fixed linear combination of the monomials jm1λ j
m2

which vanishes for all
j , and so as in Lemma 10.4, the coefficients of all monomials must be zero. Thus,
on comparing the coefficient of j `λ j

i and letting p`,i be the coefficient of x` in
Pi(x), we have p`,i = θλn

i

∑
m>` pm,i nm−`

(m
`

)
. By considering the coefficients in

turn from the highest degree coefficients to the lowest degree, we see that either
Pi(x) = 0 or λn

i = θ
−1 and pm,i = 0 for all m > 2.

Thus, we have b j =
∑

i pi,1λ
j
i where for each i , we have λn

i = θ
−1. But then

there are O(1) possibilities for the monomials appearing in b j , and so O(1)
possible choices for the coefficients c′1, . . . , c′k−1. Since b is uniquely determined
by c′1, . . . , c′k−1 and b1, . . . , bk−1, there are O(pk−1) different possible choices
of b.

REMARK. We expect the bound of Lemma 11.9 to be sharp for infinitely many
p since it involves n equations in n + k − 1 variables.

LEMMA 11.10. Let n > 3k and a ∈ Zn
\{0} and p a prime. Then there exists

b1,b2 ∈ Λa such that ∧(b1,b2) 6= 0 (mod p).

Proof. Let z1, . . . , zn−k be a basis of Λa. From the definition of Λa, any x ∈
Zn which is in the Q-span of z1, . . . , zn−k is in Λa and so must actually be in
the Z-span. Therefore, for any prime p, z1, . . . , zn−k are linearly independent
(mod p). After rearranging the coordinates, this means that the (n− k)× (n− k)
matrix formed by taking the first n − k components of z1, . . . , zn−k has nonzero
determinant (mod p), and so is invertible. But this means that given integers
b1, . . . bn−k , there exists x ∈ Λa such that x j ≡ b j (mod p). In particular, there
exists x(1), x(2) ∈ Λa such that

x(1)j ≡

{
1 (mod p), j = k,
0 (mod p), 1 6 j < 2k or 2k < j 6 n − k,

x(2)j ≡

{
1 (mod p), j = k,
0 (mod p), 1 6 j < 2k or 2k < j 6 n − k.
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We now consider the component of ∧(x(1), x(2)) which is the determinant of the
2k × 2k matrix formed by taking first 2k components of x(1), . . . , T k−1(x(1)),
and x(2), . . . , T k−1(x(2)). We see that this matrix is a lower triangular with 1’s on
the diagonal and so has determinant 1. Therefore, ∧(x(1), x(2)) 6= 0 (mod p), as
required.

LEMMA 11.11. Let f = ( f1, . . . , f`) ∈ Z[x1, . . . , xn]
` be such that

#{(a1, . . . , an) ∈ [1, p]n : f(a) ≡ 0 (mod p)} � pn−2

for all primes p. Then f has no nonconstant common factor.

Proof. Imagine for a contradiction that there is a nonconstant polynomial
g ∈ Z[x1, . . . xn] dividing all the fi . Then there is a nonconstant polynomial
g1 dividing g defined over a finite extension of Q which is absolutely (that
is, geometrically) irreducible (g1 = g if g is absolutely irreducible). By the
Chebotarev density theorem, there are infinitely many primes p such that
g (mod p) has a factor g1 corresponding to g1 which is defined over Fp. It
follows from the Hilbert Nullstellensatz (see, for example, [18, Proposition 7,
page 157]) that g1 is absolutely irreducible over Fp for all but finitely many
primes p. But the Lang–Weil bound implies that there are (1+ o(1))pn−1 values
a ∈ Fn

p such that g1(a) = 0 for any prime p for which g1 is defined over Fp and
is absolutely irreducible over Fp. In particular, there are� pn−1 zeros of g over
Fp for infinitely many primes p. This contradicts the assumption of the lemma,
and so no such nonconstant polynomial g can exist.

LEMMA 11.12 (Determinant rarely small for non-Archimedean reasons). Let
n > 3k, δ > 0 and Ak/(1−δ) < Bn−k . Then we have for any constant C > 0

#{(a,b1,b2) ∈ S(A; B, B) : Db1,b2 > ε−C
0 ,b1 ≡ b2 ≡ b0 (mod q̃)}

�C ε
C/20k
0 An−2k B2n−2k .

Proof. By Lemma 11.6, we can restrict our attention to a such that Λa has all
successive minima Z1, . . . , Zn−k � B1−δ/2, and by Lemma 11.7, to b1,b2 with
∧(b1,b2) 6= 0. By Lemma 11.5 (since ε−C/20k

0 � exp(G ′(log log A)2)), it suffices
to show for each such a that∑

D>ε−C
0

∑
b1,b2∈Λa

‖b1‖,‖b2‖∈[B,2B]
D|∧(b,c) 6=0

1�
ε

C/10k
0 B2n−2k∏n−k

i=1 Z 2
i

. (11.11)

We split our argument into different cases, depending on whether D 6 Bδ/2 or
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D > Bδ/2. We first consider D 6 Bδ/2. We recall that ∧(b1,b2) is a vector of
homogeneous integer polynomials in the coefficients of b1,b2 with coefficients
of size O(1) and degree at most 2k. If ∧(b1,b2) ≡ 0 (mod p), then there exists
constants c0, . . . , ck−1, d0, . . . , dk−1 ∈ Z at least one of which is 1 such that

k−1∑
i=0

ci T i(b1) ≡

k−1∑
i=0

di T i(b2) (mod p).

By symmetry, we may assume that one of the ci is equal to 1. Given a choice of
c0, . . . , ck−1, d0, . . . , dk−1 and b2, we see that we are counting solutions b1 ∈ Λa
to a linear equation Mb1 ≡ v (mod p) for some given v ∈ Fn

p depending on
b2 and d0, . . . , dk−1 and some given matrix M depending on c0, . . . , ck−1. The
number of such solutions in Fn

p is at most the number of solutions of Mb1 ≡

0 (mod p) by linearity (it is the same if v is in the image of M). But the number
of choices of b1, c0, . . . , ck−1 with one of the ci equal to 1 and Mb1 ≡ 0 (mod p)
is the number of b1 ∈ Fn

p such that ∧(b1) ≡ 0 (mod p). Thus, by Lemma 11.9,
there are O(pk−1) choices of b1 (mod p) and c0, . . . , ck−1, given a choice of b2

and d0, . . . , dk−1.
Let z1, . . . , zn−k be a basis ofΛa andΛa be the reduction ofΛa (mod p). Since

the integer vectors in the Q-span of z1, . . . , zn−k are in Λa from the definition of
Λa, they must, in fact, lie in the Z-span of z1, . . . , zn−k . Thus, any basis z1, . . . ,

zn−k is linearly independent (mod p), and so Λa contains pn−k points. Thus,
there are O(pk) choices of d0, . . . , dk−1 (mod p) and O(pn−k) choices of b2 ∈

Λa. Hence, in total, there are O(pn+k−1) � p2n−2k−2 choices of b1,b2 ∈ Λa
such that ∧(b1,b2) ≡ 0 (mod p). But there are p2n−2k choices of b1,b2 ∈ Λa.
Thus, by Lemma 11.11, ∧(

∑n−k
i=1 ai zi ,

∑k
i=1 bi zi) is a vector of polynomials in

a,b with no nonconstant common factor, and ∧(b1,b2) does not vanish on Λa
for p sufficiently large. If p is bounded by a constant, then by Lemma 11.10, we
also have that ∧(b1,b2) does not vanish on Λa.

Let D =
∏`

i=1 pei
i = D1 D2 with D1 =

∏`

i=1 pi , D2 =
∏`

i=1 pei−1 be
factorized into square-free and remaining parts. By the above discussion, there
are O(p2n−2k−2

i ) choices of b1,b2 (mod pi) with ∧(b1,b2) ≡ 0 (mod pi) and
b1,b2 ∈ Λa, and so certainly O(pei (2n−2k)−2

i ) choices (mod pei
i ). Alternatively,

by Lemma 11.2, there are O(pei (2n−2k)−dei /2ke+o(ei )

i ) choices of b1,b2 (mod pei
i ).

(After a change of variable, one can assume that a homogeneous polynomial of
degree d has a monomial cxd

1 , and so Lemma 11.2 applies for each choice of x2,

. . . , xn .) Thus, by the Chinese remainder theorem, the total number of choices
of possible residue classes for b1,b2 (mod D) is

�
D2n−2k∏

i pmax(2,dei /2ke+o(ei ))

i

�
D2n−2k∏

i(p
2
i )

3/4(pei /2k−1+o(ei )

i )1/4
�

D2n−2k−1/10k

D1+1/50k
1 D1/50k+o(1)

2

.
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Since we are considering D 6 Bδ/2 < B/Zn−k , the number of choices
of b1,b2 ∈ Λa with ‖b1‖, ‖b2‖ in any given residue class (mod D) is
O(B2n−2k D−(2n−2k)/

∏n−k
i=1 Z 2

i ). Thus, the total contribution from ε−C
0 < D <

Bδ/2 is

�

∑
D>ε−C

0
p|D2⇒p|D1

D2n−2k−1/10k

D1+1/50k
1 D1/50k+o(1)

2

·
B2n−2k

D2n−2k
∏n−k

i=1 Z 2
i

�
ε

C/10k
0 B2n−2k∏n−k

i=1 Z 2
i

∑
D1,D2>1

p|D2⇒p|D1

1

D1+1/50k
1 D1/50k+o(1)

2

�
ε

C/10k
0 B2n−2k∏n−k

i=1 Z 2
i

∑
D1>1

τ(D1)

D1+1/50k
1

�
ε

C/10k
0 B2n−2k∏n−k

i=1 Z 2
i

. (11.12)

This is sufficient to give (11.11) when D 6 Bδ/2.
Thus, we are left to consider the contributions when D > Bδ/2. Let z1, . . . ,

zn−k be a basis for Λa so that b1 =
∑n−k

i=1 λi zi , b2 =
∑n−k

i=1 γi zi for some integers
λi , γi � B/Z i . From our above discussion, ∧(

∑n−k
i=1 λi zi ,

∑n−k
i=1 γi zi) is a vector

of homogeneous polynomials of degree 2k in λ1, . . . , λn−k, γ1, . . . , γn−k , with
coefficients of size O(B) and which does not vanish identically (mod p) for p
sufficiently large or (mod p J ) for some fixed J for all other primes. Therefore,
by Lemma 11.8, the number of triples (b1,b2, D)with D > Bδ/2 such that ∧(b1,

b2) ≡ 0 (mod D) but ∧(b1,b2) 6= 0 is

� B−δ/8k
n−k∏
i=1

B2

Z 2
i

. (11.13)

Recalling that ε0 = q̃−4n exp(− 7
√

log X) > exp(− 3
√

log X) and B � X δ, we see
that (11.13) gives (11.11) in the remaining range D > Bδ/2.

11.3. Separation of variables and proof of Proposition 11.1. Finally, we
are in a position to prove Proposition 11.1. We assume that n > 3k.

Proof of Proposition 11.1. We recall that we wish to show∑
‖b1‖,‖b2‖∈[B,2B]
b1,b2≡b0 (mod q̃)

gb1 gb2

∑
a∈Λb1,b2∩Rb1,b2

1� ε0 An−2k B2n−2k
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for any choice of b0, where A, B satisfy X � AB � X and X k+ε/2
� B �

X n−2k−ε/2. For δ sufficiently small in terms of ε, we see that this implies that
B2(1+δ)k/(n−2k) < A < B(1−δ)(n−k)/k .

Combining Lemmas 11.4, 11.7 and 11.12 and recalling that gb � ε−2
0 , we

have ∑
‖b1‖,‖b2‖∈[B,2B]

‖∧(b1,b2)‖6ε
8k/δ
0 B2k or Db1,b2>ε

−24k
0

|gb1 gb2 |

∑
a∈Λb1,b2∩Rb1,b2

1� ε2
0 An−2k B2n−2k .

Thus, we may restrict our attention to b1,b2 such that ‖ ∧ (b1,b2)‖ > ε
8k/δ
0 B2k

and Db1,b2 6 ε−30k
0 .

We first deal with the Db1,b2 factor. We note that

∑
D<ε−30k

0
D|Db1,b2

∑
d<ε−60k

0
d|Db1,b2 /D

µ(d) =


1, Db1,b2 < ε−30k

0 ,

0, ε−30k
0 6 Db1,b2 < ε−60k

0 ,

O(τ (Db1,b2)
2) = ε

−o(1)
0 , ε−60k

0 6 Db1,b2 < ε
−(100k)2

0 ,

O(ε−90k
0 ), ε

−(100k)2

0 6 Db1,b2 .

Thus, using Lemma 11.12, we see that we may replace the condition Db1,b2 <

ε−30k
0 by the double sum on the left-hand side at the cost of a negligible error

term coming from when Db1,b2 > ε−60k
0 .

We are left with∑
d<ε−60k

0 , D<ε−30k
0

µ(d)
∑∗

‖b1‖,‖b2‖∈[B,2B]
b1≡b2≡b0 (mod q̃)

d D|Db1,b2

gb1 gb2

∑
a∈Λb1,b2∩Rb1,b2

1,

where
∑
∗ indicates that we have the condition that ‖ ∧ (b1,b2)‖ > ε

8k/δ
0 B2k .

Splitting the sum over b1,b2 into residue classes modulo D1 = lcm(d D, q̃)
and recalling q̃ = (θn)nq∗N (c) 6 ε−1

0 = q̃4n exp( 7
√

log X), it suffices to show
that

sup
D1�ε

−100k
0

d1,d2∈Zn

∑∗

‖b1‖,‖b2‖∈[B,2B]
(b1,b2)≡(d1,d2) (mod D1)

gb1 gb2

∑
a∈Λb1,b2∩Rb1,b2

1� ε400k2

0 An−2k B2n−2k .

By Lemmas 7.1 and 10.1, we have that the inner sum is

Db1,b2 volRA

‖ ∧ (b1,b2)‖
+ O

(
1+

An−2k−1

V n−2k−1

)
,
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where V is the length of the shortest vector in Λb1,b2 . By Lemma 11.4, since
V n−2k

� detΛb1,b2 � B2k , this error term contributes

� B2nε−4
0 + An−2k−1(log B)ε−4

0 sup
V n−2k�B2k

S(V ; B, B)
V n−2k−1

� B2n+o(1)
+ An−2k−1 B2n−2k+2k/(n−2k)+o(1).

Here we used the fact that gb � ε−2
0 and that there are O(log B) choices

of dyadic interval for V � B2k/(n−2k). This is � An−2k−δ/2 B2n−2k since A �
B2(1+δ)k/(n−2k) by assumption. Thus, we may restrict our attention to the main
term.

We split the sum over b1,b2 into O(δ−2n
0 ) nonoverlapping hypercubes C1, . . . ,

C` of side length δ0 B, for some suitable δ0. There are O(δ−2n+1
0 ) hypercubes

which do not have all points with norm either in [B0, 2B0] or outside of this
interval. Thus, on choosing

δ0 = ε
2000k2/δ

0 , (11.14)

we see that these contribute a negligible amount. Thus, we are left to show∑
16i, j6r

∑∗

(b1,b2)∈Ci×C j
(b1,b2)≡(d1,d2) (mod D)

gb1 gb2 volRb1,b2

‖ ∧ (b1,b2)‖
� δ

1/3
0 An−2k B2n−2k,

where (Ci)16i6r are the O(δ−n
0 ) hypercubes with all points in Ci having norm in

[B, 2B] (since gb = 0 if N (b) /∈ [B, 2B]).
Since the hypercubes have side length δ0 B and ‖ ∧ (b1,b2)‖ is a continuous

function in the components of b1,b2, with the derivative with respect to any
component O(B2k−1), we have that ‖ ∧ (b1,b2)‖ is almost constant on Ci × C j .
Specifically, if ‖∧(b′1,b′2)‖ > δ

1/2
0 B2k for some b′1 ∈ Ci and b′2 ∈ C j , then ‖∧(b1,

b2)‖ = ‖ ∧ (b′1,b′2)‖(1+ O(δ1/2
0 )) for any b1 ∈ Ci , b2 ∈ C j . Let ci be the vector

in the centre of Ci . We now extend the sum to all pairs (b1,b2) ∈ Ci × C j for
which ‖ ∧ (ci , c j)‖ > ε

−8k/δ
0 B2k/2. These additional terms can be shown to be

negligible in an identical way to how we removed them originally. We are left to
bound ∑

16i, j6r

1

ε
8k/δ
0 B2k

∣∣∣∣ ∑
(b1,b2)∈Ci×C j

(b1,b2)≡(d1,d2) (mod D)

gb1 gb2 volRb1,b2

∣∣∣∣.
Similarly, volRb1,b2 is the volume of a region whose dependence on b1,b2 is
through constraints which are linear in the coefficients, and so volRb1,b2 �

An−2k can vary by at most O(δ0 An−2k) on Ci × C j . This error contributes
O(δ0ε

−8k/δ
0 An−2k B2n−2k) in total and so is negligible. Thus, we may replace
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volRA with the volume evaluated at ci , c j , which we bound by O(An−2k). Thus,
it suffices to show for any choice of D < δ

−1/2
0 and any i, j , d1, d2∑

(b1,b2)∈Ci×C j
(b1,b2)≡(d1,d2) (mod D)

gb1 gb2 � δ
2n+1/2
0 B2n.

This sum factorizes as( ∑
b1∈Ci

b1≡d1 (mod D)

gb1

)( ∑
b2∈C j

b1≡d2 (mod D)

gb2

)
.

We now replace gb with the original coefficients 1R2(b) − 1̃R2(b). As in
Lemma 7.8, the error introduced by making this change is

�

∑
b∈C

τ(b)>ε−2
0

τ(b) log X � ε
2000k2/δ

0

∑
b∈C

τ(b)1000k2/δ+2

� δ0

∑
N (d)<B1/2

τ(N (d))O(1)
∑

d∈(Z/N (d)Z)n
d|
∑n

i=1 di
n√
θ i−1

∑
b∈C

b≡d (mod N (d))

1

� δn+1
0 Bn

∑
N (d)<B1/2

τ(d)O(1)

N (d)

� δn+1
0 (log B)O(1)Bn.

Since the trivial bound for either sum is δn
0 Bnε−2

0 , this makes a negligible
contribution. Thus, we are left to show that∑

b1∈Ci
b1≡d1 (mod D)

(1R2(b)− 1̃R2(b))� δ
n+1/2
0 B2n.

We recall that δ0 = q∗−O(1) exp(−O( 7
√

log X)) > q∗−log log B exp(− 6
√

log B) and
that D < δ

1/2
0 � q∗ log log B exp( 6

√
log B). Thus, we may apply Proposition 9.7,

which gives the desired result. This completes our proof of Proposition 11.1.

Thus, we have established Theorem 1.2, and Theorem 1.1 in the case K =
Q( n
√
θ).
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12. General K = Q(ω)

In this section, we sketch the changes in the argument required to generalize
the above result to K = Q(ω) for ω a root of a monic irreducible polynomial in
Z[X ] instead of K = Q( n

√
θ). Most of the arguments work with any occurrence

of n
√
θ i−1 simply replaced by ωi−1, but in a few places, we require some small

modifications to the argument. We have used throughout the paper the fact that
an element of OK can be written as an element of (θn)−nZ[ n

√
θ ]. For K = Q(ω),

we note that Z[ω] is a finite index lattice in OK , and so D−1
K Z[ω] ⊆ OK ⊆ Z[ω]

for a suitable constant DK . Thus, we can simply replace (θn)n by DK throughout.
We now consider the argument of Sections 8–11 which establishes the Type

II estimate Proposition 6.1, where a couple of other changes are required. The
argument of Section 8 is essentially unchanged as in no place did we use the
explicit structure of K being of the form Q( n

√
θ).

In Section 10, we make use of the explicit multiplication rules in Z[ n
√
θ ], and

so we need to modify this for Z[ω]. We see that( n∑
i=1

biω
i−1

)( n∑
i=1

aiω
i−1

)
=

( n∑
i=1

ciω
i−1

)
with

c` =
( `∑

i=1

b`+1−i ai +
∑

i+ j>n+2

εi, j,`bi a j

)
= Tn−`(b) · a,

where εi, j,` ∈ Z are some constants depending on the coefficients of the minimal
polynomial f of ω. Here T0, . . . , Tn−1 are linear maps with the property that
T j(b)` is equal to bn+1− j−` (or 0 if n 6 j + `) plus some integral linear
combination of bn−`+2, . . . , bn (if ` > 2). Again, we let � denote the above
operation so that c = b � a. We then have the corresponding definition of the
lattices Λv and Λv1,v2

Λv = {x ∈ Zn
: (x � v)i = 0, n − k < i 6 n}

= {x ∈ Zn
: x · Ti(v) = 0, 0 6 i 6 k − 1},

Λv1,v2 = {x ∈ Zn
: (x � v1)i = (x � v2)i = 0, n − k < i 6 n}

= {x ∈ Zn
: x · Ti(v1) = x · Ti(v2) = 0, 0 6 i 6 k − 1},

and Lemmas 10.1 and 11.10 then hold in an identical way with T i replaced by Ti .
In place of Lemmas 10.4 and 11.9, we have the following two simple lemmas.

LEMMA 12.1. Given b ∈ Zn
\{0}, let L be a linear subspace of Rn such that

∧(x,b) = 0 for all x ∈ L. Then L has dimension at most 2k − 1.
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Proof. We note that for x ∈ Zn
\{0}, we have N (

∑n
i=1 xiω

i−1) 6= 0, so the
columns T0(x), . . . , Tn−1(x) in the multiplication-by-

∑n
i=1 xiω

i−1 matrix are
linearly independent. Thus, there are no constants c0, . . . , ck−1 not all zero such
that

∑k−1
i=0 ci Ti(x) = 0. Thus , by linearity of the Ti , we see that given c0, . . . , ck−1

not all zero and given d0, . . . , dk−1, there is at most one x ∈ Zn such that

k−1∑
i=0

ci Ti(x) =
k−1∑
i=0

di Ti(b).

Hence, if ∧(x,b) = 0, then x is given by vector of rational polynomial
expressions in c0, . . . , ck−1, d0, . . . , dk−1. Since one of c0, . . . , ck−1, d0, . . . , dk−1

may be assumed to be 1, we see that x lies in a variety of dimension at most
2k − 1, and so any linear subspace containing only x of this form must have
dimension at most 2k − 1.

LEMMA 12.2. We have

#{b ∈ Fn
p : ∧(b) = 0} � p2k−2.

Proof. If ∧(b) = 0 ∈ Fn
p, then there are constants c0, . . . , ck−1 one of which is 1

such that
∑k−1

i=0 ci Ti(b) = 0. We argue in the case ck−1 = 1; the other cases are
analogous. Looking at the `th component for ` 6 n−k+1, we see that this gives
bn−k+2−` in terms of bn+3−k−`, . . . , bn . In particular, b is uniquely determined by
bn−k+2, . . . , bn and c1, . . . , ck−2. Hence, there are at most p2k−2 choices of b.

Since we have a bound 2k − 1 in Lemma 12.1 instead of k of Lemma 10.4,
we can only ensure that Λv has a basis satisfying the first and third conditions
of Lemma 10.5 with ∧(z1, z2k) 6= 0 instead of ∧(z1, zk+1) 6= 0. This requires a
number of small modifications throughout Section 11 with each instance of zk+1

replaced by z2k (and some corresponding minor adjustments replacing k+1 with
2k). This affects the argument when we establish (11.7) since, instead, we have

Z 2k
1 Z n−3k

2k � det(Λv)� V k
� (BC)k

2/(n−2k),

and so to deduce that Z1 Z2k � (BC)1−2δ for some δ > 0, we require that
n > (5 +

√
5)k/2. Similarly, for Lemma 11.6, to ensure that Z1 Z2k � B2−2δ

using Z 2k
1 Z n−3k

2k � det(Λa) � Ak , we require that Ak/(1−δ)
� B2n−6k as well as

Ak/(1−δ)
� Bn−k . The rest of the Archimedean estimates go through as before.

For the non-Archimedean estimates, we use the bound of Lemma 12.2 instead
of Lemma 11.9 in Lemma 11.12. In order to conclude that for b1,b2 ∈ Λa, we
have ∧(b1,b2) = 0 (mod p) only if at least two nonzero polynomials with no
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common factor vanish (mod p), we require that n−k > 2k−2+k+2 instead of
n−k > k−1+k+2; that is, we require n > 4k. We note that 4k > (5+

√
5)k/2.

With this restriction, the rest of the proof of the Type II estimate goes through as
before.

Combining the above restrictions, we see that we have the Type II estimate,
provided n > 4k, and any polytope R ⊆ [ε2, 2n]` has

(ξ1, . . . , ξ`) ∈ R⇒ max
(

k + ε,
kn + ε

2n − 5k

)
<

`′∑
j=1

ξ j < n − 2k − ε

for some `′ 6 ` (in addition to the assumptions already contained in
Proposition 6.1). For n < 5k, this has reduced the range of our Type II
estimate, and so we require a slightly different decomposition of S(A, r2).

When n > 4k, we see that we can handle Type II terms if there is a factor
with norm in the interval [X n/3+ε, X n/2−ε

]. An identical argument then shows
that we have an equivalent of Proposition 6.2 for sums

∑
d S(Ad, r

′

1) instead
of
∑

d S(Ad, r1), where r′1 is any ideal with N (r′1) < X n/6−2ε (since this is the
length X n/2−ε/X n/3+ε of our new Type II range). We let r′1, r

′

2, r
′

3, r
′

4, r
′

5, r
′

6 be
chosen maximally (with respect to the ordering of ideals from Section 6) subject
to N (r′1) < X n/6−2ε , N (r′2) < X n/3+ε , N (r′3) < X n/2−ε , N (r′4) < X n/2+ε , N (r′5) <
X 2n/3−ε , N (r′6) < X 2n/3+2ε . By applying Buchstab’s identity twice and splitting
up some of the summations which appear, we have

S(A, r′4) = S(Ap, r
′

1)−
∑

r′1<p6r′4

S(Ap, p)

= S(A, r′1)−
∑

r′1<p16r′2

S(Ap1, r
′

1)−
∑

r′2<p6r′3

S(Ap, p)−
∑

r′3<p6r′4

S(Ap, p)

+

∑
r′1<p26p16r′2

S(Ap1p2, p2)

= S(A, r′1)−
∑

r′1<p16r′2

S(Ap1, r
′

1)−
∑

r′2<p6r′3

S(Ap, p)−
∑

r′3<p6r′4

S(Ap, p)

+

∑
r′1<p26p16r′2

r′2<p1p26r′3 or r′4<p1p26r′5

S(Ap1p2, p2)+
∑

r′1<p26p16r′2
r′21 <p1p26r′2 or r′3<p1p26r′4 or r′5<p1p26r′6

S(Ap1p2, p2).

The first three and the fifth terms in the decomposition above can be evaluated
asymptotically by the equivalents of Propositions 6.1 and 6.2. The fourth
and the final terms can be bounded in magnitude by replacing S(Ap, p) and
S(Ap1p2, p2) with S(Ap, r1) and S(Ap1p2, r1), respectively, and the equivalent of
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Proposition 6.2 then shows that these terms contribute O(ε) to the final estimate
since the range of norms in the sums is of length O(ε) in the logarithmic scale.
Thus, we have a decomposition where all terms can be evaluated asymptotically
or contribute a negligible amount.

The final minor change is in the proof of Lemma 6.4. In establishing (7.7), we
used the multiplicative structure of Z[ n

√
θ ]. However, recalling that (a � b)n =

a · T0(b) and T0(b)` is equal to bn+1−`, we see that∑
a∈[1,q]n

a j=0 if j>n−k

e(a · T0(b)/q) =

{
qn−k, if bn = · · · = bk+1 = 0,
0, otherwise.

Thus, the proof goes through exactly as before.
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Appendix A. Explicit sieve decomposition

In our appendix, we give a description of an adequate sieve decomposition
used in Section 6 in the case n < 4k. As mentioned previously, the work of
Harman [10], in principle, gives a decomposition which is adequate for us, but
in the interests of clarity, we give a different explicit decomposition here.

We recall that we have an ordering on ideals which respects the partial
ordering by norm and that r2 is maximal with N (r2) < X n(1/2+ε). We recall the
notation Cd to denote the set of ideals c such that cd lies in the set C and the
notation S(C, z) to denote ideals in the set C with all ideal factors larger than z.

We wish to obtain a decomposition of S(C, r2) of the type given by
Proposition 6.6, which then allows us to obtain a lower bound for the number of
primes in A by performing the same decomposition to B, giving a lower bound
of the form (6.5).

Rather than directly produce a decomposition of the form of Proposition 6.6
for a general set C, it is more convenient and more conceptual for us to deal
with A and B at the same time so that we can pay attention only to those terms
which cannot be shown to be negligible by Propositions 6.1 and 6.2 since then
the motivation for our decomposition is clear. With this in mind, we define

T (d, z) = S(Ad, z)− S̃
#A
#B S(Bd, z),
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and we wish to make a decomposition of T ((1), r2) into terms that can be
shown to be negligible by Propositions 6.2 (giving the sets S1 and S2) and 6.1
(giving the sets S3 and S4) and some remaining terms for which we can produce
an adequate lower bound (giving the set S5). It will be obvious from our
construction that once we have obtained suitable decomposition of T (d, z), this
immediately gives a suitable decomposition of the type in Proposition 6.6.

We see that Propositions 6.1 and 6.2 show that various averages of T (d, z)
are negligible. Similarly, although the decomposition of Proposition 6.6 is given
in terms of polytopes, we will deal just with sums of terms of T (d, z). Since
all these expressions will be involving ideals with at most 1/(3$ − 1) prime
factors with constraints only on the number and size of the prime factors, we see
that they can be re-written in terms of polytopes to give a decomposition of the
originally desired form.

We assume throughout that 0.25 < k/n + 4ε < $ := 0.3182 and note
that 7/22 < 0.3182. We will only use our Type II estimate of Proposition 6.1
to evaluate terms involving an ideal factor with norm in the interval [X n$ ,

X n(1−2$)
] or [X 2n$ , X n(1−$)

], and we will only use Proposition 6.2 for sums∑
d 1R(d)S(Ad, r1) where the d in the summation satisfies N (d) < X n(1−$).

(This corresponds to restricting to the conditions $n 6
∑`′

i=1 ei 6 n(1 − 2$)
and

∑`

i=1 ei < n(1 − $) in Propositions 6.1 and 6.2, respectively.) We note
that the restriction to k/n + 4ε < $ implies that N (r1) < X n−3k−4ε , as required
by Proposition 6.2. Thus, our decomposition will be valid for all k, n satisfying
k/n < $ − 4ε.

We fix ideals z1 6 · · · 6 z6 chosen maximally (with respect to our ordering)
subject to

N (z1) 6 X n(1−3$), N (z2) 6 X n$ , N (z3) 6 X n(1−2$),

N (z4) 6 X n(1/2+ε), N (z5) 6 X 2n$ , N (z6) 6 X n(1−$).

The quantities r1, r2 from Section 6 are equal to z1 and z4, respectively.
Since we can estimate S(B, z4) by the prime ideal theorem (Lemma 4.3), we

see that it suffices to get a suitable lower bound for T ((1), z4) to produce the
desired lower bound for S(A, z4).

By Buchstab’s identity,

T ((1), z4) = T ((1), z1)−
∑

z1<p6z4

T (p, p)

= T ((1), z1)−
∑

z1<p6z2

T (p, z1)+
∑

z1<p26p16z2

T (p1p2, p2)
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−

∑
z2<p6z3

T (p, p)−
∑

z3<p6z4

T (p, z1)+
∑

z3<p16z4
z1<p26p1

T (p1p2, p2)

=: T1 − T2 + T3 − T4 − T5 + T6. (A.1)

By Proposition 6.2, the T1, T2 and T5 terms are O(ε#A/ log X), which is
acceptable. By Proposition 6.1, T4 = o(#A/ log X) and so is also negligible.
Thus, we are left to consider T3 and T6.

We first split T3 and T6 into subsums T3,1, T3,2 and T6,1, T6,2 depending on
whether p1p

2
2 6 z6 or not. First we consider T6,1, the terms from T6 with p1p

2
2 6 z6,

where we can apply further Buchstab iterations. This gives

T6,1 :=
∑

z3<p16z4
z1<p26p1
p2

2p16z6

T (p1p2, p2) =
∑

z3<p16z4
z1<p26p1
p2

2p16z6

T (p1p2, z1)−
∑

z3<p16z4
z1<p36p26p1

p2
2p16z6

N (p1p2p
2
3)�Xn

T (p1p2p3, z1)

+

∑
z3<p16z4

z1<p46···6p1
p2

2p16z6

N (p1p2p
2
3)�Xn

T (p1 . . . p4, p4).

Here we have the additional restriction N (p1p2p
2
3)� X n since T (p1p2p3, p3)= 0

otherwise. Since p1p2, p1p2p3 6 z6, Proposition 6.2 shows that the first two terms
are negligible. This leaves

S1 =
∑

z3<p16z4
z1<p46···6p1

p2
2p16z6

N (p1p2p
2
3)�Xn

T (p1 . . . p4, p4). (A.2)

Similarly, for T3,1, the terms from T3 with p1p
2
2 6 z6, we find∑

z1<p26p16z2
p2

2p16z6

T (p1p2, p2) =
∑

z1<p26p16z2
p2

2p16z6

T (p1p2, z1)−
∑

z1<p36p26p16z2
p2

2p16z6

T (p1p2p3, z1)

+

∑
z1<p46···6p16z2

p2
2p16z6

T (p1 . . . p4, p4).

Since p1p2, p1p2p3 6 z6, by Proposition 6.2, the first two terms are negligible. If
z2 < p1p2 6 z3, then the contribution is also negligible. Thus, the final term splits
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as S2 + S3 + o(#A/ log X), where

S2 =
∑

z1<p46···6p16z2
p2

2p16z5
p1p26z2

T (p1 . . . p4, p4) =
∑

z1<p46···6p16z1,1
p2p16z2

T (p1 . . . p4, p4), (A.3)

S3 =
∑

z1<p46···6p16z2
p2

2p16z5
p1p2>z3

T (p1 . . . p4, p4) =
∑

z1,2<p16z2
z1<p46···6p1

p2p1>z3

T (p1 . . . p4, p4). (A.4)

Here z1,1 and z1,2 are chosen maximally such that N (z1,1) 6 X n(4$−1) and
N (z1,2) 6 X n(1/2−$). We are left to consider S1, S2, S3, T3,2 and T6,2.

We now consider T6,2 and split it into T6,2,1 and T6,2,2 depending on whether
p1p2 6 z6 or not. We first consider T6,2,1, where we are dealing with terms with
p1p

2
2 > z6 and p1p2 6 z6 and p1 > z3. Here we apply a reversal of roles. Over

the collection of such p1, p2, we note that T (p1p2, p2) is counting products p1p2q
with p|q⇒ p > p2, with the size constraints on (p1, p2)

p1p
2
2 > z6, p1p2 6 z6, z3 < p1 6 z4, z1 < p2 6 p1, N (p2

2p1)� X n.

(A.5)
Since the contribution with a factor a satisfying N (a) ∈ [Y, Y 1+o(1)

] is negligible
and N (p1p2q) � X n , we see that we can translate these size constraints into
constraints on the size of q and p2 at the cost of a negligible error. Therefore,
letting z(q, p2) be maximal with norm at most (X n+ε/N (qp2))

1/2+ε , we find∑
p1,p2

T (p1p2, p2) =
∑
q,p2

T (qp2, z(q, p2))

=

∑
q,p2

T (qp2, z1)−
∑
q,p2

∑
z1<p36z(q,p2)

T (qp2p3, p3).

Here the summation over p1, p2 is constrained by (A.5), and the summation over
q, p2 is constrained by ((X)/qp2, p2) satisfying (A.5) in place of (p1, p2) as well
as p|q⇒ p > p2. The first term is negligible since p1 > z2 and so qp2 6 z6. The
second term is counting products qp2p3q2 with p|q⇒ p > p2 and p|q2⇒ p > p3.
Thus, we may rewrite this term as

−

∑
q2,p2,p3

T (q2p2p3, p2),

which is constrained by the conditions that (q2p3, p2) satisfies (A.5), z1 < p3 and
p|q2 ⇒ p > p3. Applying another Buchstab iteration gives

−

∑
q2,p2,p3

T (q2p2p3, p2)=−
∑

q2,p2,p3

T (q2p2p3, z1)+
∑

q2,p2,p3

∑
z1<p46p2

T (q2p2p3p4, p4).
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The first term is negligible since p1p2 6 z6 implies q2p2p3 6 z6. Thus, apart from
an error term O(ε#A/ log X), we are left with

S4 =
∑

q,p2,p3,p4
z1<p46p2
p|q⇒p>p3

(qp3,p2) satisfy (A.5)

T (qp2p3p4, p4). (A.6)

Finally, we wish to consider T3,2 and T6,2,2, which is the terms with p1p
2
2 > z6

and either p1p2 > z6 or p1 6 z2 (note that these cannot simultaneously occur as
3$ < 1). These contribute S5 and S6, respectively, where

S5 =
∑

z3<p16z4
z6<p1p2

N (p2
2p1)�Xn

T (p1p2, p2), (A.7)

S6 =
∑

p26p16z2
p2

2p1>z6

T (p1p2, p2). (A.8)

Thus, to get a lower bound for T ((1), z4), it suffices to get lower bounds for the
sums S1, . . . , S6. Recalling the definition of T (d, z), we see that we have the
lower bound (valid for N (dz) 6 X n(1−ε))

T (d, z) = S(Ad, z)− S̃
#A
#B S(Bd, z)

> −S̃
#A
#B S(Bd, z)

= −(1+ o(1))
S#A

N (d) log N (z)
ω

(
log(X n/N (d)

log N (z)

)
,

where ω(·) is the Buchstab function defined by

ω(u) =
1
u
, 1 6 u 6 2,

u
∂ω

∂u
(u) = ω(u − 1)− ω(u), 2 6 u.

This lower bound allows us to obtain an explicit integral expression as a lower
bound for T ((1), z4). Moreover, we can restrict the summation in each of the Si

so that no subproduct of p1, . . . , p4 lies between z2 and z3 or between z5 and z6

since these parts are negligible by our Type II estimate. For example,

S1 =
∑

z3<p16z4
z1<p46p36p26p1

p2
2p16z6

T (p1 . . . p4, p4)
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>
′∑

z3<p16z4
z1<p46p36p26p1

p2
2p16z6

T (p1 . . . p4, p4)+ o(#A/ log X)

> (−1+ o(1))S#A
′∑

z3<p1<z4
z1<p46p36p26p1

p2
2p16z6

ω

(
log(Xn/N (p1p2p3p4))

log N (p4)

)
N (p1p2p3p4) log N (p4)

= (−1+ o(1))
S#A

n log X

∫
· · ·

∫
′

ω

(
1− α1 − α2 − α3 − α4

α4

)
dα1 dα2 dα3 dα4

α1α2α3α
2
4

.

Here
∑
′ indicates that we have restricted the summation so that no subproduct

of p1, . . . , p4 lies between z2 and z3 or between z5 and z6, and in the final line,
we used partial summation with the change of variables N (pi) = X nαi , and the
integration is over the region defined by

1− 2$ 6 α1 6 1/2+ ε, 1− 3$ 6 α4 6 α3 6 α2 6 α1,∑
i∈J

αi /∈ [$, 1− 2$ ] ∪ [2$, 1−$ ] ∀J ⊆ {1, 2, 3, 4},

α1 + · · · + α j−1 + 2α j 6 1∀ j ∈ {2, 3, 4}.

In principle, this should already give us a reasonable lower bound for T ((1),
z4). Unfortunately, it appears difficult to get a good numerical approximation to
integrals over regions similar to the above one, presenting a practical difficulty.
To get around this difficulty, we split the sums S1, . . . , S6 further into various
subsums, and on these subsums, we relax some of the constraints (corresponding
to obtaining an upper bound for the integrals appearing) so that we have explicit
integrals which are amenable to numerical integration. The remainder of the
appendix is spent performing such a decomposition explicitly and obtaining the
corresponding numerical estimates.

From now on, we use the notation
∑
∗ and

∫
·· ·
∫
∗ to denote the fact that we

are summing or integrating over variables with various size constraints, which
we only explicitly write down later. The constraints implied by the asterisk will
remain the same within each display but may be different in different displays.

A.1. The sum S1. We first split the summation according to whether
p1p2p3p4 6 z5 or p1p2p3p4 > z6 or z5 < p1p2p3p4 6 z6. The final range makes a
negligible contribution by our Type II estimate. This gives

S1 = S1,1 + S1,2 + o(#A/ log X).
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We first concentrate on S1,1 where p1p2p3p4 6 z5. We split this into two further
sums S1,1,1 and S1,1,2 depending on whether p1p2p3p

2
4 6 z6 or not. If p1p2p3p

2
4 6

z6, then we can perform two further Buchstab decompositions. Thus, we find

S1,1,1 =

∗∑
p1,p2,p3,p4

T (p1 . . . p4, p4)

=

∗∑
p1,...,p4

T (p1 . . . p4, z1)−

∗∑
p1,...,p4

∑
z1<p56p4

T (p1, . . . , p5, z1)

+

∗∑
p1,...,p4

∑
z1<p66p56p4

T (p1 . . . p6, p6).

By Proposition 6.2, the first two terms make a negligible contribution, and lower
bounding the final term, we find that S1,1,1 is

> −(1+ o(1))
S#A

n log X

∗∑
p1,...,p4

1
N (p1 . . . p4)

×

∫ α5

1−3$

∫ α4

1−3$
ω

(
1− α1 − · · · − α6

α6

)
dα5 dα6

α5α
2
6

+ O(ε#A/ log X)

> −(1+ O(ε))
S#A

n log X

×

∫
· · ·

∫
∗ dα1 . . . dα4

α1 . . . α4

(
1

1− 3$

(
log
(

α4

1− 3$

)
− 1

)
+

1
α4

)
=: −(1+ O(ε))

S#A
n log X

I1,1,1.

Here we trivially bounded the Buchstab function by 1, and the integral I1,1,1 is
over the region defined by

1− 2$ 6 α1 6 1/2+ ε, 1− 3$ 6 α4 6 α3 6 α2 6 α1,

α1 + α2 + α3 + 2α4 6 1−$, α1 + 2α2 6 1−$,
α1 + α2 + 2α3 6 1,

and this can be evaluated numerically in a feasible manner.
We will not perform further decompositions for the remaining parts of S1,

simply splitting the summation according to size conditions. The remaining part
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S1,1,2 of S1,1 with p1p2p3p
2
4 > z6 we lower bound directly, giving

S1,1,2 > −(1+ o(1))
S#A

n log X

∫
· · ·

∫
∗

ω

(
1− α1 − · · · − α4

α4

)
dα1 . . . dα4

α1 . . . α
2
4

,

> −(1+ o(1))
S#A

n log X

∫
· · ·

∫
∗ 4

7
dα1 . . . dα4

α1 . . . α
2
4

,

=: −(1+ o(1))
S#A

n log X
I1,1,2.

Here we used the fact that α1 + α2 + α3 + α4 < 2$ so 1− α1 − α2 − α3 − α4 >

2α4 to note that the value of the Buchstab function is always at most 4/7 since
supu>7/4 ω(u) = 4/7. The integration in I1,1,2 is over the region defined by the
conditions

1− 2$ 6 α1 6 1/2+ ε, 1− 3$ 6 α4 6 α3 6 α2 6 α1,

α1 + α2 + α3 + 2α4 > 1−$, α1 + 2α2 6 1−$,
α1 + α2 + α3 + α4 6 2$, α1 + α2 + α3 + 2α4 6 1,
α1 + α2 + 2α3 6 1.

This gives our lower bound for S1,1. We now consider S1,2. We note that we have
the constraints p1p

2
2 6 z6 and p3 6 p2 so p1p2p3 6 z6. Thus, by our Type II

estimate, we can restrict to p1p2p3 6 z5 at the cost of a negligible error term. We
now split the summation depending on whether p2p3p4 6 z2 or p2p3p4 > z3 (the
intermediate range being negligible by our Type II estimate). This gives

S1,2 =

∗∑
p1,...,p4

T (p1 . . . p4, p4)

=

∗∑
p1,...,p4

p2p3p46z2

T (p1 . . . p4, p4)+

∗∑
p1,...,p4

p2p3p4>z3

T (p1 . . . p4, p4)+ o(#A/ log X)

=: S1,2,1 + S1,2,2 + o(#A/ log X).

We first consider S1,2,1. Here we have the constraints p1p2p3 6 z5 and p2p3p4 6 z2,
so we see that N (p1p2p3p

3
4) 6 N (z5z2) < X n for all terms in consideration. We

then obtain the lower bound for S1,2,1

S1,2,1 > −(1+ o(1))
#A

n log X

∫
· · ·

∫
∗

ω

(
1− α1 − · · · − α4

α4

)
dα1 . . . dα4

α1 . . . α
2
4

> −(1+ o(1))
S#A

n log X

∫
· · ·

∫
∗ 4

7
dα1 . . . dα4

α1 . . . α
2
4

,
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=: −(1+ o(1))
S#A

n log X
I1,2,1.

We bounded the Buchstab function above by 4/7 since N (p1p2p3p
3
4) 6 X n and

so 1−α1− · · ·−α4 > 2α4. The integration in I1,2,1 is over the region defined by

1− 2$ 6 α1 6 1/2+ ε, 1− 3$ 6 α4 6 α3 6 α2 6 α1,

α2 + α3 + α4 6 $, α1 + 2α2 6 1−$,
α1 + α2 + α3 + α4 > 1−$, α1 + α2 + α3 + 2α4 6 1,
α1 + α2 + 2α3 6 1, α1 + α2 + α3 6 2$.

For S1,2,2, we obtain the lower bound

S1,2,2 > −(1+ o(1))
#A

n log X

∫
· · ·

∫
∗

ω

(
1− α1 − · · · − α4

α4

)
dα1 . . . dα4

α1 . . . α
2
4

> −(1+ o(1))
S#A

n log X

∫
· · ·

∫
∗ dα1 . . . dα4

α1 . . . α
2
4

,

=: −(1+ o(1))
S#A

n log X
I1,2,2.

Here we bounded the Buchstab function above by 1 and the integration in I1,2,2

is over the region defined by

1− 2$ 6 α1 6 1/2+ ε, 1− 3$ 6 α4 6 α3 6 α2 6 α1,

α2 + α3 + α4 > 1− 2$, α1 + 2α2 6 1−$,
α1 + α2 + α3 + α4 > 1−$, α1 + α2 + α3 + 2α4 6 1,
α1 + α2 + 2α3 6 1, α1 + α2 + α3 6 2$.

This completes our lower bound for S1.

A.2. The sum S2. We now consider the sum S2. There is a negligible
contribution whenever any product of three of p1, p2, p3, p4 lies between z2 and
z3. We therefore split the summation according to the range of each of these triple
products.

S2 =

∗∑
p1,...,p4

T (p1 . . . p4, p4)

=

∗∑
p1,...,p4

p1p2p36z2

T (p1 . . . p4, p4)+

∗∑
p1,...,p4

p1p2p3>z3
p1p2p46z2

T (p1 . . . p4, p4)
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+

∗∑
p1,...,p4

p1p2p4>z3
p1p3p46z2

T (p1 . . . p4, p4)

+

∗∑
p1,...,p4

p1p3p4>z3
p2p3p46z2

T (p1 . . . p4, p4)+

∗∑
p1,...,p4

p2p3p4>z3

T (p1 . . . p4, p4)+ o(#A/ log X)

=: S2,1 + S2,2 + S2,3 + S2,4 + S2,5 + o(#A/ log X).

We decompose S2,1 once more, depending on the size of p1p2p3p4, giving

S2,1 =

∗∑
p1,...,p4

T (p1 . . . p4, p4)

=

∗∑
p1,...,p4

p1p2p3p46z2

T (p1 . . . p4, p4)+

∗∑
p1,...,p4

p1p2p3p4>z3

T (p1 . . . p4, p4)+ o(#A/ log X)

=: S2,1,1 + S2,1,2 + o(#A/ log X).

We also split S2,5 according to the size of p1p2p3p
2
4 and N (p1p2p3)N (p4)

19/4.

S2,5 =

∗∑
p1,...,p4

T (p1 . . . p4, p4)

=

∗∑
p1,...,p4

p1p2p3p
2
46z6

N (p1p2p3)N (p4)
19/46Xn

T (p1 . . . p4, p4)+

∗∑
p1,...,p4

p1p2p3p
2
46z6

N (p1p2p3)N (p4)
19/4>Xn

T (p1 . . . p4, p4)

+

∗∑
p1,...,p4

p1p2p3p
2
4>z6

T (p1 . . . p4, p4)

=: S2,5,1 + S2,5,2 + S2,5,3.

For each of S2,1,1, S2,1,2, S2,2, S2,3, S2,4, S2,5,1 and S2,5,2, we obtain lower bounds
in an analogous manner to S1,1,1. We have p1p2p3p

2
4 6 z6, and so we can perform

two further Buchstab iterations. We have

S2,1,1 =

∗∑
p1,...,p4

T (p1 . . . p4, z1)−

∗∑
p1,...,p4

∑
z1<p56p4

T (p1, . . . , p5, z1)

+

∗∑
p1,...,p4

∑
z1<p66p56p4

T (p1 . . . p6, p6)
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> −(1+ O(ε))
S#A

n log X

×

∫
· · ·

∫
∗ dα1 . . . dα4

α1 . . . α4

4
7

(
1

1− 3$

(
log
(

α4

1− 3$

)
− 1

)
+

1
α4

)
=: −(1+ o(1))

S#A
n log X

I2,1,1.

Here we used the fact that N (p1p2p3)N (p4)
19/4 < X n to bound the Buchstab

function by 4/7 since it is only ever evaluated at arguments larger than 7/4. The
integral I2,1,1 is over the region defined by

α1 + α2 + α3 + α4 < $, 1− 3$ < α4 < α3 < α2 < α1 < 4$ − 1,
α2 + α1 < $.

In an entirely analogous manner, we obtain

S2,1,2 > −(1+ O(ε))
S#A

n log X
I2,1,2,

S2,2 > −(1+ O(ε))
S#A

n log X
I2,2,

S2,3 > −(1+ O(ε))
S#A

n log X
I2,3,

S2,4 > −(1+ O(ε))
S#A

n log X
I2,4,

S2,5,1 > −(1+ O(ε))
S#A

n log X
I2,5,1,

where the integrals I2,1,2, I2,2, I2,3, I2,4, I2,5,1 are all of the form∫
· · ·

∫
∗ dα1 . . . dα4

α1 . . . α4

4
7

(
1

1− 3$

(
log
(

α4

1− 3$

)
− 1

)
+

1
α4

)
for some constrained region in R4. Explicitly, I2,1,2 is over the region defined by

α1 + α2 + α3 + α4 > 1− 2$, 1− 3$ 6 α4 6 α3 6 α2 6 α1 6 4$ − 1,
α2 + α1 6 $, α1 + α2 + α3 6 $.

The integral I2,2 is over the region defined by

α1 + α2 + α3 > 1− 2$, 1− 3$ 6 α4 6 α3 6 α2 6 α1 6 4$ − 1,
α2 + α1 6 $, α1 + α2 + α4 6 $.
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The integral I2,3 is over the region defined by

α1 + α2 + α4 > 1− 2$, 1− 3$ 6 α4 6 α3 6 α2 6 α1 6 4$ − 1,
α2 + α1 6 $, α1 + α3 + α4 6 $.

The integral I2,4 is over the region defined by

α1 + α3 + α4 > 1− 2$, 1− 3$ 6 α4 6 α3 6 α2 6 α1 6 4$ − 1,
α2 + α1 6 $, α2 + α3 + α4 6 $.

The integral I2,5,1 is over the region defined by

α1 + α2 + α3 + 2α4 6 1−$, 1− 3$ 6 α4 6 α3 6 α2 6 α1 6 4$ − 1,
α2 + α1 6 $, α2 + α3 + α4 > 1− 2$,
α1 + α2 + α3 + 19α4/4 6 1.

When dealing with the sum S2,5,2, we cannot bound the Buchstab function by
4/7, so instead we bound it by 1. In this way, we obtain

S2,5,2 > −(1+ O(ε))
S#A

n log X
I2,5,2,

I2,5,2 =

∫
· · ·

∫
∗ dα1 . . . dα4

α1 . . . α4

(
1

1− 3$

(
log
(

α4

1− 3$

)
− 1

)
+

1
α4

)
,

with the integral I2,5,2 over the region defined by

α1 + α2 + α3 + 2α4 6 1−$, 1− 3$ 6 α4 6 α3 6 α2 6 α1 6 4$ − 1,
α2 + α1 6 $, α2 + α3 + α4 > 1− 2$,
α1 + α2 + α3 + 19α4/4 > 1.

Finally, for the sum S2,5,3, we cannot perform further Buchstab iterations, so we
just bound it directly. This gives

S2,5,3 > −(1+ o(1))
S#A

n log X
I2,5,3,

I2,5,3 =

∫
· · ·

∫
∗ dα1 . . . dα4

α1 . . . α
2
4

,

with the integral I2,5,3 over the region defined by

α1 + α2 + α3 + 2α4 > 1−$, 1− 3$ 6 α4 6 α3 6 α2 6 α1 6 4$ − 1,
α2 + α1 6 $, α2 + α3 + α4 > 1− 2$.

This completes our decomposition of S2.
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A.3. The sum S3. We now consider the sum S3. By our Type II estimate,
there is a negligible contribution when any product of two of p1, p2, p3, p4 lies
between z2 and z3. We now split the summation according to the size of the
pairwise products, noting that in all cases, we have p1p2 > z3. This gives

S3 =

∗∑
p1,p2,p3,p4

T (p1 . . . p4, p4)

=

∗∑
p1,p2,p3,p4
p1p36z2

T (p1 . . . p4, p4)+

∗∑
p1,p2,p3,p4
p1p3>z3

p1p4,p2p36z2

T (p1 . . . p4, p4)

+

∗∑
p1,p2,p3,p4
p1p4>z3
p2p36z2

T (p1 . . . p4, p4)+

∗∑
p1,p2,p3,p4
p2p3>z3
p1p46z2

T (p1 . . . p4, p4)

+

∗∑
p1,p2,p3,p4

p1p4,p2p3>z3
p2p46z2

T (p1 . . . p4, p4)+

∗∑
p1,p2,p3,p4
p2p4>z3
p3p46z2

T (p1 . . . p4, p4)

+

∗∑
p1,p2,p3,p4
p3p4>z3

T (p1 . . . p4, p4)+ o(#A/ log X)

= S3,1 + S3,2 + S3,3 + S3,4 + S3,5 + S3,6 + S3,7 + o(#A/ log X).

The final three sums we obtain lower bounds without further decompositions,
giving

S3,5 > −(1+ o(1))
S#A

n log X
I3,5,

S3,6 > −(1+ o(1))
S#A

n log X
I3,6,

S3,7 > −(1+ o(1))
S#A

n log X
I3,7,

where I3,5, I3,6, I3,7 are all integrals of the form∫
· · ·

∫
∗ dα1 . . . dα4

α1 . . . α
2
4

over some region in R4. Explicitly, I3,5 is over the region defined by

1/2−$ 6 α1 6 $, 1− 2$ − α1 6 α2 6 (1−$ − α1)/2,
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1− 3$ 6 α4 6 α3 6 α2 6 α1, α1 + α2 + 2α3 6 1,
α1 + α2 + α3 + 2α4 6 1, α1 + α4 > 1− 2$,
α2 + α3 > 1− 2$, α2 + α4 6 $.

The integral I3,6 is over the region defined by

1/2−$ 6 α1 6 $, 1− 2$ − α1 6 α2 6 (1−$ − α1)/2,
1− 3$ 6 α4 6 α3 6 α2 6 α1, α1 + α2 + 2α3 6 1,
α1 + α2 + α3 + 2α4 6 1, α2 + α4 > 1− 2$,
α3 + α4 6 $.

The integral I3,7 is over the region defined by

1/2−$ 6 α1 6 $, 1− 2$ − α1 6 α2 6 (1−$ − α1)/2,
1− 3$ 6 α4 6 α3 6 α2 6 α1, α1 + α2 + 2α3 6 1,
α1 + α2 + α3 + 2α4 6 1, α3 + α4 > 1− 2$.

We now consider S3,4. Since p1p
2
2 6 z6, we have p1p2p3 6 z6, and so we

can restrict to p1p2p3 6 z5 at the cost of a negligible error term. We split the
summation according to the size of p1p2p3p4.

S3,4 =

∗∑
p1,p2,p3,p4

T (p1 . . . p4, p4)

=

∗∑
p1,p2,p3,p4
p1p2p3p46z5

T (p1 . . . p4, p4)+

∗∑
p1,p2,p3,p4
p1p2p3p4>z6

T (p1 . . . p4, p4)+ o(#A/ log X)

= S3,4,1 + S3,4,2 + o(#A/ log X).

Since p2p3 6 p2
1 and p1p4 6 z2, we have N (p1p2p3p

3
4) 6 N (z2)

3 6 X n , and
so N (log(X n/N (p1p2p3p4))/ log(N (p4))) > 3 > 7/4. Thus, we obtain lower
bounds

S3,4,1 > −(1+ o(1))
S#A

n log X
I3,4,1,

S3,4,2 > −(1+ o(1))
S#A

n log X
I3,4,2,

where I3,4,1, I3,4,2 are integrals of the form∫
· · ·

∫
∗ 4dα1 . . . dα4

7α1 . . . α
2
4
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over some region in R4. Explicitly, I3,4,1 is over the region defined by

1/2−$ 6 α1 6 $, 1− 2$ − α1 6 α2 6 (1−$ − α1)/2,
1− 3$ 6 α4 6 α3 6 α2 6 α1, α1 + α2 + α3 6 2$,
α1 + α2 + α3 + 2α4 6 1, α1 + α4 6 $,

α2 + α3 > 1− 2$, α1 + α2 + α3 + α4 6 2$.

The integral I3,4,2 is over the region defined by

1/2−$ 6 α1 6 $, 1− 2$ − α1 6 α2 6 (1−$ − α1)/2,
1− 3$ 6 α4 6 α3 6 α2 6 α1, α1 + α2 + α3 6 2$,
α1 + α2 + α3 + 2α4 6 1, α1 + α4 6 $,

α2 + α3 > 1− 2$, α1 + α2 + α3 + α4 > 1−$.

We now consider S3,3. We split the summation according to whether we can
perform further Buchstab iterations and according to the size p1p2p3p4, noting
that terms with p1p2p3p4 between z5 and z6 make a negligible contribution.

S3,3 =

∗∑
p1,p2,p3,p4

T (p1 . . . p4, p4)

=

∗∑
p1,p2,p3,p4
p1p2p3p46z5
p1p2p3p

2
46z6

T (p1 . . . p4, p4)+

∗∑
p1,p2,p3,p4
p1p2p3p46z5
p1p2p3p

2
4>z6

T (p1 . . . p4, p4)

+

∗∑
p1,p2,p3,p4
p1p2p3p4>z6

T (p1 . . . p4, p4)+ o(#A/ log X)

=: S3,3,1 + S3,3,2 + S3,3,3 + o(#A/ log X).

With S3,3,1, we can decompose using two further Buchstab iterations, as we did
with S1,1,1. This results in the lower bound

S3,3,1 > −(1+ O(ε))
S#A

n log X
I3,3,1,

I3,3,1 =

∫
· · ·

∫
∗ dα1 . . . dα4

α1 . . . α4

(
1

1− 3$

(
log
(

α4

1− 3$

)
− 1

)
+

1
α4

)
,

with the integral I3,3,1 over the region defined by

1/2−$ 6 α1 6 $, 1− 2$ − α1 6 α2 6 (1−$ − α1)/2,
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1− 3$ 6 α4 6 α3 6 α2 6 α1, α1 + α2 + 2α3 6 1,
α1 + α2 + α3 + 2α4 6 1−$, α1 + α4 > 1− 2$,
α2 + α3 6 $, α1 + α2 + α3 + α4 6 2$.

With S3,3,2, we split further depending on the size of p2p3p4, giving

S3,3,2 =

∗∑
p1,p2,p3,p4

T (p1 . . . p4, p4)

=

∗∑
p1,p2,p3,p4
p2p3p46z2

T (p1 . . . p4, p4)+

∗∑
p1,p2,p3,p4
p2p3p4>z3

T (p1 . . . p4, p4)+ o(#A/ log X)

=: S3,3,2,1 + S3,3,2,2 + o(#A/ log X).

We directly lower bound S3,3,2,1 and S3,3,2,2, noting that N (p1p2p3p
3
4) < X 3$n

(since p1p2p3p4 6 z5), so occurrences of the Buchstab function can be bounded
by 4/7. This gives

S3,3,2,1 > −(1+ o(1))
S#A

n log X
I3,3,2,1,

S3,3,2,2 > −(1+ o(1))
S#A

n log X
I3,3,2,2,

where both I3,3,2,1 and I3,3,2,2 are of the form∫
· · ·

∫
∗ 4

7
dα1 dα2 dα3 dα4

α1α2α3α
2
4

.

The integral I3,3,2,1 is over the region defined by

1/2−$ 6 α1 6 $, 1− 2$ − α1 6 α2 6 (1−$ − α1)/2,
1− 3$ 6 α4 6 α3 6 α2 6 α1, α1 + α2 + 2α3 6 1,
1−$ 6 α1 + α2 + α3 + 2α4 6 1, α1 + α4 > 1− 2$,
α2 + α3 6 $, α2 + α3 + α4 6 $.

The integral I3,3,2,2 is over the region defined by

1/2−$ 6 α1 6 $, 1− 2$ − α1 6 α2 6 (1−$ − α1)/2,
1− 3$ 6 α4 6 α3 6 α2 6 α1, α1 + α2 + 2α3 6 1,
1−$ 6 α1 + α2 + α3 + 2α4 6 1, α1 + α4 > 1− 2$,
α2 + α3 6 $, α1 + α2 + α3 + α4 6 2$,
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α2 + α3 + α4 > 1− 2$.

The sum S3,3,3 we lower bound directly, after splitting according to whether we
can bound the Buchstab function by 4/7 or not. We obtain

S3,3,3 > −(1+ o(1))
S#A

n log X
(I3,3,3,1 + I3,3,3,2),

I3,3,3,1 =

∫
· · ·

∫
∗ 4

7
dα1 dα2 dα3 dα4

α1α2α3α
2
4

,

I3,3,3,2 =

∫
· · ·

∫
∗ dα1 dα2 dα3 dα4

α1α2α3α
2
4

,

where the integral I3,3,3,1 is over the region defined by

1/2−$ 6 α1 6 $, 1− 2$ − α1 6 α2 6 (1−$ − α1)/2,
1− 3$ 6 α4 6 α3 6 α2 6 α1, α1 + α2 + 2α3 6 1,
α1 + α2 + α3 + 2α4 6 1, α1 + α4 > 1− 2$,
α2 + α3 6 $, α1 + α2 + α3 + α4 > 1−$,
α1 + α2 + α3 + 11α4/4 6 1.

The integral I3,3,3,2 is over the region defined by

1/2−$ 6 α1 6 $, 1− 2$ − α1 6 α2 6 (1−$ − α1)/2,
1− 3$ 6 α4 6 α3 6 α2 6 α1, α1 + α2 + 2α3 6 1,
α1 + α2 + α3 + 2α4 6 1, α1 + α4 > 1− 2$,
α2 + α3 6 $, α1 + α2 + α3 + α4 > 1−$,
α1 + α2 + α3 + 11α4/4 > 1.

We now consider the sum S3,2. We split the sum according to whether we can do
further Buchstab iterations or not. This gives

S3,2 =

∗∑
p1,p2,p3,p4

T (p1 . . . p4, p4)

=

∗∑
p1,p2,p3,p4
p1p2p3p

2
46z6

T (p1 . . . p4, p4)+

∗∑
p1,p2,p3,p4
p1p2p3p

2
4>z6

T (p1 . . . p4, p4)

=: S3,2,1 + S3,2,2.
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The terms in S3,2,1 can undergo two more Buchstab iterations. As with S1,1,1, we
obtain

S3,2,1 > −(1+ O(ε))
S#A

n log X
I3,2,1,

I3,2,1 =

∫
· · ·

∫
∗ dα1 . . . dα4

α1 . . . α4

(
1

1− 3$

(
log
(

α4

1− 3$

)
− 1

)
+

1
α4

)
,

with the integral I3,2,1 over the region defined by

1/2−$ 6 α1 6 $, 1− 2$ − α1 6 α2 6 (1−$ − α1)/2,
1− 3$ 6 α4 6 α3 6 α2 6 α1, α1 + α2 + 2α3 6 1,
α1 + α2 + α3 + 2α4 6 1, α1 + α3 > 1− 2$,
α2 + α3 6 $, α1 + α4 6 $,

α1 + α2 + α3 + 2α4 6 1−$.

We apply a direct bound to S3,2,2, and note that since p1p4, p2p3 6 z2, we can
bound occurrences of the Buchstab function by 4/7. This gives

S3,2,2 > −(1+ o(1))
S#A

n log X
I3,2,2,

I3,2,2 =

∫
· · ·

∫
∗ 4dα1 . . . dα4

7α1 . . . α
2
4

,

with the integral I3,2,1 over the region defined by

1/2−$ 6 α1 6 $, 1− 2$ − α1 6 α2 6 (1−$ − α1)/2,
1− 3$ 6 α4 6 α3 6 α2 6 α1, α1 + α2 + 2α3 6 1,
α1 + α2 + α3 + 2α4 6 1, α1 + α3 > 1− 2$,
α2 + α3 6 $, α1 + α4 6 $,

α1 + α2 + α3 + 2α4 > 1−$.

Finally, we consider S3,1. We split the summation according to whether we can
perform further Buchstab iterations

S3,1 =

∗∑
p1,p2,p3,p4

T (p1 . . . p4, p4)

=

∗∑
p1,p2,p3,p4
p1p2p3p

2
46z6

T (p1 . . . p4, p4)+

∗∑
p1,p2,p3,p4
p1p2p3p

2
4>z6

T (p1 . . . p4, p4)
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=: S3,1,1 + S3,1,2.

We split S3,1,1 further depending on the size of p2p3p4.

S3,1,1 =

∗∑
p1,p2,p3,p4

T (p2 . . . p4, p4)

=

∗∑
p1,p2,p3,p4
p2p3p46z2

T (p1 . . . p4, p4)+

∗∑
p1,p2,p3,p4
p2p3p4>z3

T (p1 . . . p4, p4)+ o(#A/ log X)

=: S3,1,1,1 + S3,1,1,2 + o(#A/ log X).

In both S3,1,1,1 and S3,1,1,2, we can perform two further Buchstab iterations. In
S3,1,1,1, we have p1p2p3p

2
4 6 z6 and p2p3p4 6 z2, so N (p1p2p3p

5
4) 6 X n , and

it follows that we can bound occurrences of the Buchstab function by 4/7. In
S3,1,1,2, we just bound the Buchstab function by 1. This gives

S3,1,1,1 > −(1+ O(ε))
S#A

n log X
I3,1,1,1,

S3,1,1,2 > −(1+ O(ε))
S#A

n log X
I3,1,1,2,

I3,1,1,1 =

∫
· · ·

∫
∗ dα1 . . . dα4

α1 . . . α4

4
7

(
1

1− 3$

(
log
(

α4

1− 3$

)
− 1

)
+

1
α4

)
,

I3,1,1,2 =

∫
· · ·

∫
∗ dα1 . . . dα4

α1 . . . α4

(
1

1− 3$

(
log
(

α4

1− 3$

)
− 1

)
+

1
α4

)
.

Here the integral I3,1,1,1 is over the region defined by

1/2−$ 6 α1 6 $, 1− 2$ − α1 6 α2 6 (1−$ − α1)/2,
1− 3$ 6 α4 6 α3 6 α2 6 α1, α1 + α2 + 2α3 6 1,
α1 + α2 + α3 + 2α4 6 1−$, α1 + α3 6 $,

α2 + α3 + α4 6 $.

The integral I3,1,1,2 is over the region defined by

1/2−$ 6 α1 6 $, 1− 2$ − α1 6 α2 6 (1−$ − α1)/2,
1− 3$ 6 α4 6 α3 6 α2 6 α1, α1 + α2 + 2α3 6 1,
α1 + α2 + α3 + 2α4 6 1−$, α1 + α3 6 $,

α2 + α3 + α4 > 1− 2$.
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The sum S3,1,2 we lower bound directly, noting that p2p4 6 p1p3 6 z2, so
N (p1p2p3p

3
4) < X 3$n and we can bound occurrences of the Buchstab function

by 4/7. This gives

S3,1,2 > −(1+ o(1))
S#A

n log X
I3,1,2,

I3,1,2 =

∫
· · ·

∫
∗ 4dα1 . . . dα4

7α1 . . . α
2
4

,

with the integral I3,1,2 over the region defined by

1/2−$ 6 α1 6 $, 1− 2$ − α1 6 α2 6 (1−$ − α1)/2,
1− 3$ 6 α4 6 α3 6 α2 6 α1, α1 + α2 + 2α3 6 1,
1−$ 6 α1 + α2 + α3 + 2α4 6 1, α1 + α3 6 $.

This completes our lower bound for S3.

A.4. The sum S4. We split the sum S4 first according to the size of p2p3p4,
then according to the size of qp2p4 or p2p4. This gives

S4 =

∗∑
q,p2,p3,p4

T (qp2p3p4, p4)

=

∗∑
q,p2,p3,p4
p2p3p46z2

T (qp2p3p4, p4)+

∗∑
q,p2,p3,p4
p2p3p4>z3

T (qp2p3p4, p4)+ o(#A/ log X)

=

∗∑
q,p2,p3,p4
p2p3p46z2
qp2p46z5

T (qp2p3p4, p4)+

∗∑
q,p2,p3,p4
p2p3p46z2
qp2p4>z6

T (qp2p3p4, p4)

+

∗∑
q,p2,p3,p4
p2p3p4>z3
p2p46z2

T (qp2p3p4, p4)+

∗∑
q,p2,p3,p4
p2p3p4>z3
p2p4>z3

T (qp2p3p4, p4)+ o(#A/ log X)

=: S4,1 + S4,2 + S4,3 + S4,4 + o(#A/ log X).

We perform no further decompositions and directly obtain a lower bound for the
sums S4,1 and S4,2. This gives

S4,1 > −(1+ o(1))
S#A

n log X
I4,1
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S4,2 > −(1+ o(1))
S#A

n log X
I4,2,

where I4,1 and I4,2 are integrals of the form∫
· · ·

∫
∗

ω

(
β − α3

α3

)
ω

(
1− β − α2 − α4

α4

)
dβ dα2 dα3 dα4

α2α
2
3α

2
4

. (A.9)

(This arises from putting N (q) = X nβ−nα3 , N (pi) = X nαi .) The integral I4,1 is
over the region defined by

1− 2$ 6 β 6 1/2+ ε, 1− 3$ 6 α3 6 β/2,
β − α3 + α2 + α4 6 2$, 1− 3$ 6 α4 6 (1− β − α2)/2,
α2 + α3 + α4 6 $, 1−$ − β 6 α2 6 (1− β)/2.

The integral I4,2 is over the region defined by

1− 2$ 6 β 6 1/2+ ε, 1− 3$ 6 α3 6 β/2,
β − α3 + α2 + α4 > 1−$, 1− 3$ 6 α4 6 (1− β − α2)/2,
α2 + α3 + α4 6 $, 1−$ − β 6 α2 6 (1− β)/2.

We split S4,3 up further depending on the size of p2p3 and qp2p4. This gives

S4,3 =

∗∑
q,p2,p3,p4

T (qp2p3p4, p4)

=

∗∑
q,p2,p3,p4
p2p36z2

T (qp2p3p4, p4)+

∗∑
q,p2,p3,p4
p2p3>z3

T (qp2p3p4, p4)+ o(#A/ log X)

=

∗∑
q,p2,p3,p4
p2p36z2
qp2p46z5

T (qp2p3p4, p4)+

∗∑
q,p2,p3,p4
p2p36z2
qp2p4>z6

T (qp2p3p4, p4)

+

∗∑
q,p2,p3,p4
p2p3>z3
qp2p46z5

T (qp2p3p4, p4)+

∗∑
q,p2,p3,p4
p2p3>z3
qp2p4>z6

T (qp2p3p4, p4)+ o(#A/ log X)

=: S4,3,1 + S4,3,2 + S4,3,3 + S4,3,4 + o(#A/ log X).

We now obtain lower bounds for S4,3,1, . . . , S4,3,4 exactly as before. This gives

S4,3,1 > −(1+ o(1))
S#A

n log X
I4,3,1,
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S4,3,2 > −(1+ o(1))
S#A

n log X
I4,3,2,

S4,3,3 > −(1+ o(1))
S#A

n log X
I4,3,3,

S4,3,4 > −(1+ o(1))
S#A

n log X
I4,3,4.

Here the integrals I4,3,1, . . . , I4,3,4 are of the form (A.9). The integral I4,3,1 is over
the region defined by

1− 2$ 6 β 6 1/2+ ε, 1− 3$ 6 α3 6 β/2,
β − α3 + α2 + α4 6 2$, 1− 3$ 6 α4 6 (1− β − α2)/2,
1−$ − β 6 α2 6 (1− β)/2, α2 + α3 6 $,

α2 + α3 + α4 > 1− 2$.

The integral I4,3,2 is over the region defined by

1− 2$ 6 β 6 1/2+ ε, 1− 3$ 6 α3 6 β/2,
β − α3 + α2 + α4 > 1−$, 1− 3$ 6 α4 6 (1− β − α2)/2,
1−$ − β 6 α2 6 (1− β)/2, α2 + α3 6 $,

α2 + α3 + α4 > 1− 2$.

The integral I4,3,3 is over the region defined by

1− 2$ 6 β 6 1/2+ ε, 1− 3$ 6 α3 6 β/2,
β − α3 + α2 + α4 6 2$, 1− 3$ 6 α4 6 (1− β − α2)/2,
1−$ − β 6 α2 6 (1− β)/2, α2 + α3 > 1− 2$,
α2 + α4 6 $.

The integral I4,3,4 is over the region defined by

1− 2$ 6 β 6 1/2+ ε, 1− 3$ 6 α3 6 β/2,
β − α3 + α2 + α4 > 1−$, 1− 3$ 6 α4 6 (1− β − α2)/2,
1−$ − β 6 α2 6 (1− β)/2, α2 + α3 > 1− 2$,
α2 + α4 6 $.

Finally, we consider S4,4. We split S4,4 according to the size of p2p3, and then qp4

and qp2p4. This gives

S4,4 =

∗∑
q,p2,p3,p4

T (qp2p3p4, p4)
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=

∗∑
q,p2,p3,p4
p2p36z2

T (qp2p3p4, p4)+

∗∑
q,p2,p3,p4
p2p3>z3

T (qp2p3p4, p4)+ o(#A/ log X)

=

∗∑
q,p2,p3,p4
p2p36z2

T (qp2p3p4, p4)+

∗∑
q,p2,p3,p4
p2p3>z3
qp46z2

T (qp2p3p4, p4)

+

∗∑
q,p2,p3,p4
p2p3>z3
qp4>z3

qp2p46z5

T (qp2p3p4, p4)+

∗∑
q,p2,p3,p4
p2p3>z3
qp4>z3

qp2p4>z6

T (qp2p3p4, p4)+ o(#A/ log X)

=: S4,4,1 + S4,4,2 + S4,4,3 + S4,4,4 + o(#A/ log X).

We then obtain lower bounds of S4,4,i exactly as before. This gives for each i ∈
{1, 2, 3, 4}

S4,4,i > −(1+ o(1))
S#A

n log X
I4,4,i ,

where I4,4,i is an integral of the form (A.9). Explicitly, I4,4,1 is over the region

1− 2$ 6 β 6 1/2+ ε, 1− 3$ 6 α3 6 β/2,
α2 + α4 > 1− 2$, 1− 3$ 6 α4 6 (1− β − α2)/2,
1−$ − β 6 α2 6 (1− β)/2, α2 + α3 6 $.

The integral I4,4,2 is over the region

1− 2$ 6 β 6 1/2+ ε, 1− 3$ 6 α3 6 β/2,
α2 + α4 > 1− 2$, 1− 3$ 6 α4 6 (1− β − α2)/2,
1−$ − β 6 α2 6 (1− β)/2, α2 + α3 > 1− 2$,
β − α3 + α4 6 $.

The integral I4,4,3 is over the region

1− 2$ 6 β 6 1/2+ ε, 1− 3$ 6 α3 6 β/2,
α2 + α4 > 1− 2$, 1− 3$ 6 α4 6 (1− β − α2)/2,
1−$ − β 6 α2 6 (1− β)/2, α2 + α3 > 1− 2$,
β − α3 + α4 > 1− 2$, β − α3 + α2 + α4 6 2$.

The integral I4,4,4 is over the region

1− 2$ 6 β 6 1/2+ ε, 1− 3$ 6 α3 6 β/2,
α2 + α4 > 1− 2$, 1− 3$ 6 α4 6 (1− β − α2)/2,
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1−$ − β 6 α2 6 (1− β)/2, α2 + α3 > 1− 2$,
β − α3 + α4 > 1− 2$, β − α3 + α2 + α4 > 1−$.

This completes our decomposition of the sum S4.

A.5. The sums S5 and S6. The sums S5 and S6 require no further
decompositions, and we obtain the lower bounds

S5 > −(1+ o(1))
S#A

n log X
I5,

S6 > −(1+ o(1))
S#A

n log X
I6,

where

I5 =

∫ 1/2+ε

1−2$

∫ (1−α1)/2

1−$−α1

dα1 dα2

α1α2(1− α1 − α2)
, (A.10)

I6 =

∫ $

(1−$)/3

∫ α1

(1−$−α1)/2
ω

(
1− α1 − α2

α2

)
dα1 dα2

α1α
2
2

. (A.11)

A.6. Numerical conclusion. Putting everything together, we find that the
above manipulations give a decomposition of the form of Proposition 6.6,
namely

S(A, z4) =
∑
R∈S1

∑
d

1R(d)S(Ad, z1)−
∑
R∈S2

∑
d

1R(d)S(Ad, z1)

+

∑
R∈S3

∑
a∈A

1R(a)−
∑
R∈S4

∑
a∈A

1R(a)+
∑
R∈S5

∑
a∈A

1R(a),

for certain sets of polytopes S1, . . . ,S5 satisfying the properties claimed in the
proposition. Specifically, all terms coming from S1 and S2 can be evaluated using
Proposition 6.2, and all terms coming from S3 and S4 can be evaluated using
Proposition 6.1. All the terms corresponding to S5 are terms which we discard
for a lower bound by positivity, corresponding to the lower bounds we obtained
for the subsums of S1, . . . , S5. All the terms we have considered throughout
the appendix (including those we discard or deal with using Propositions 6.1
and 6.2) can be viewed as sums of the form 1R(a) (potentially summing over
O(1) polytopes) since all terms are sums of integers with at most 1/(3$ − 1)
prime factors, with the only restrictions being on the size of these prime factors.

We are left to check the final estimate, namely that∑
R∈S5

IR < 0.99.
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From our previous work, we see that∑
R∈S5

IR = I1 + I2 + I3 + I4 + I5,

where

I1 = I1,1,1 + I1,1,2 + I1,2,1 + I1,2,2,

I2 = I2,1,1 + I2,1,2 + I2,2 + I2,3 + I2,4 + I2,5,1 + I2,5,2 + I2,5,3,

I3 = I3,1,1,1 + I3,1,1,2 + I3,1,2 + I3,2,1 + I3,2,2 + I3,3,1 + I3,3,2,1 + I3,3,2,2

+ I3,3,3,1 + I3,3,3,2 + I3,4,1 + I3,4,2 + I3,5 + I3,6 + I3,7,

I4 = I4,1 + I4,2 + I4,3,1 + I4,3,2 + I4,3,3 + I4,3,4 + I4,4,1 + I4,4,2 + I4,4,3 + I4,4,4,

and I5, I6 are given by (A.10) and (A.11). In particular, we obtain the required
result, provided I1 + I2 + I3 + I4 + I5 + I6 < 1. All the integrals appearing
are in a suitably explicit form that they can be calculated numerically. The
following table gives the result of these numerical estimates. A Mathematica
c© file performing these computations is available along with this article at

https://arxiv.org/abs/1507.05080.

Integral Numerical upper bound Integral Numerical upper bound
I1,1,1 0.00393 I3,3,3,1 0.02824
I1,1,2 0.03341 I3,3,3,2 0.00045
I1,2,1 0.05488 I3,4,1 0.00350
I1,2,2 0.00098 I3,4,2 0.01194
I2,1,1 0.00370 I3,5 0.00615
I2,1,2 0.00769 I3,6 0.00038
I2,2 0.00011 I3,7 0.00158
I2,3 0.00147 I4,1 0.00001
I2,4 0.00623 I4,2 0.02744

I2,5,1 0.00614 I4,3,1 0.00161
I2,5,2 0.00118 I4,3,2 0.09657
I2,5,3 0.00289 I4,3,3 0.14092

I3,1,1,1 0.00388 I4,3,4 0.00054
I3,1,1,2 0.00546 I4,4,1 0.05416
I3,1,2 0.00437 I4,4,2 0.00736
I3,2,1 0.00277 I4,4,3 0.00499
I3,2,2 0.00578 I4,4,4 0.06736
I3,3,1 0.01363 I5 0.14018

I3,3,2,1 0.01524 I6 0.22180
I3,3,2,2 0.00085

This gives a total bound of 0.98977 for I1 + · · · + I6 which is less than 0.99,
as desired.
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