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Abstract

In this paper we consider the probabilities of finite- and infinite-time absolute ruins in
the renewal risk model with constant premium rate and constant force of interest. In the
particular case of the compound Poisson model, explicit asymptotic expressions for the
finite- and infinite-time absolute ruin probabilities are given. For the general renewal risk
model, we present an asymptotic expression for the infinite-time absolute ruin probability.
Conditional distributions of Poisson processes and probabilistic techniques regarding
randomly weighted sums are employed in the course of this study.

Keywords: Absolute ruin; asymptotics; constant force of interest; convolution equiva-
lence; heavy tail; renewal risk model

2010 Mathematics Subject Classification: Primary 91B30
Secondary 60G70; 60K05

1. Introduction

In this paper we address the probabilities of finite- and infinite-time absolute ruins in the
renewal risk model with constant premium rate and constant force of interest. In this model,
the claim sizes, Xi, k = 1,2, ..., form a sequence of independent, identically distributed
(i.i.d.), nonnegative random variables with generic random variable X and common distribution
F = 1 — F. The interoccurrence times 6, k = 1,2, ..., form another sequence of i.i.d.
positive random variables with generic random variable 6. We assume that the sequences
{6,6k, k = 1,2,...} and {X, Xy, k = 1,2, ...} are mutually independent. The occurrence
times of the successive claims, T,, = ZLI O, n = 1,2, ..., constitute a renewal counting
process

N =#{T, <t:n=1,2,...}, t>0.

Therefore, the compound renewal process, C; = 21}(\];1 Xk, represents aggregate claims up to
time t > 0, with C; = 0 when N, = 0. Let x > 0 be the initial surplus of the insurance
company, let ¢ > 0 be the constant premium rate, and let § > 0 be the constant force of interest
so that after time ¢ a capital x becomes xe®’. Then the total surplus up to time ¢, denoted as

Received 21 September 2009.

* Postal address: Department of Statistics and Actuarial - Financial Mathematics, University of the Aegean, Karlovassi,
GR-83 200 Samos, Greece. Email address: konstant@aegean.gr

** Postal address: Department of Statistics and Actuarial Science, The University of Hong Kong, Pokfulam Road,
Hong Kong. Email address: kaing@hku.hk

**% Postal address: Department of Statistics and Actuarial Science, The University of Iowa, 241 Schaeffer Hall, Iowa
City, IA 52242, USA. Email address: qtang @stat.uiowa.edu

323

https://doi.org/10.1239/jap/1276784894 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1276784894

324 D. G. KONSTANTINIDES ET AL.
Ws(t), is given by

Ws(t) = xe’ + c/

t t
RGN _/ =V dc,,  r=>0. (1.D
0 0

If the interoccurrence time 6 is exponentially distributed with mean 1/A, or, equivalently,
{N;, t = 0} is aPoisson process with intensity A, then the model above reduces to the compound
Poisson risk model, also called the classical risk model.

In the actuarial literature, the probability of infinite-time ruin is defined to be the probability
that the surplus falls below 0. This probability has been extensively investigated in the
compound Poisson model with constant force of interest; see, e.g. [1], [16], [19], [20], [23],
[24], and [25].

As commented by Embrechts and Schmidli [10], the boundary zero here plays an unrealistic
role. They used the alternative boundary —c /8. Whenever the surplus process hits this boundary,
the company will not be able to repay its debts. Motivated by the work of [10], we define the
probability of infinite-time absolute ruin as

Y(x,00) = Pr<ing Ws(t) < —g ‘ Ws(0) =x), x >0, (1.2)
1>

and define the probability of finite-time absolute ruin as

Yx,t) = Pr<oinf Ws(s) < —g ‘ W5(0) = x>, x>0, 1>0. (1.3)
<s<t

Compared with the study on the ruin probabilities in the ordinary sense, the absolute ruin
probabilities have received less attention than they deserve. In the compound Poisson model and
for the general case with possibly different forces of interest for invested and borrowed money,
using the technique of piecewise deterministic Markov processes and martingales, Embrechts
and Schmidli [10, Theorem 1] showed an equality as an estimate for the infinite-time absolute
ruin probability. This estimate involves a function that can be explicitly expressed in certain
cases such as that of exponential claims, but it is not easy in general.

Absolute ruin was initially considered in [12] and further included in the book [13]. It is
to be noted that in [8] martingale methods in the context of absolute ruin were applied and
in [9] the influence of the force of interest on the negative surplus through several examples
was described.

Recently, most of the works on absolute ruin have concentrated on the compound Poisson
risk model. In [2] the Gerber—Shiu discounted penalty function was used to study the relation
between the asymptotic expressions for the infinite-time absolute ruin probability and the
ordinary infinite-time ruin probability. In [14] the compound Poisson risk model enriched
with an independent Brownian motion was considered and their analysis was based on the
jump diffusion model. There are calculations in three special examples with the corresponding
numerical applications. In [30] an asymptotic formula for the infinite-time absolute ruin
probability with different forces of interest for invested and borrowed money was established.
In [29] the multilayer model with different premium rates on different layers of the surplus
process and different forces of interest for invested and borrowed money in the framework of
the compound Poisson risk model was examined.

This paper aims to provide asymptotic estimates for the absolute ruin probabilities defined
in (1.2) and (1.3) as the initial surplus x increases for the case where the claim sizes follow
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a distribution from the class 8(y) for y > 0. In doing so, we mainly apply some standard
probabilistic arguments from [7], [15], [21], [26], [27], and [28].

The rest of this paper consists of three sections. As the starting point of the present research,
we establish in Section 2 a proposition which presents a simple structure of the probability
of absolute ruin as being the tail probability of a randomly weighted sum of nonnegative
random variables, for both cases of finite and infinite time. In Section 3 three main results are
shown, two providing explicit asymptotic estimates for the finite- and infinite-time absolute ruin
probabilities in the compound Poisson model and one providing a general asymptotic estimate
for the infinite-time absolute ruin probability in the general renewal model. In Section 4 we
prove the main results after a series of lemmas.

2. A treatment on the probabilities of absolute ruin

Atoccurrence time 7,, = Zzzl 0k, we observe the value W (T;,) which represents the surplus
immediately after paying the nth claim, n = 1,2, .... By virtue of (1.1) we can see that this
sequence satisfies the recurrence equation

86n 1 € (.56
Ws(0) = x, Ws(Ty) = Ws(Th—1)e "+3(e "= 1) — X, n=12....
Consider another sequence
c
VnZW(S(Tn)“rS, n=0,1,....

It follows that

V0=x+§7 Vn= nfleaen_xna n=1721""

and, hence, that

n n n
1% :<x+§)l!:[1689k_kX:;Xk [T ™. n=1,2,....

i=k+1

Since absolute ruin can happen only at the time of a claim occurrence, we rewrite the infinite-
time absolute ruin probability in (1.2) as

¥ (x, 00) = Pr(inf Ws(T,) < —< ' Ws(0) = x).
n>1 6
With ¥; = e %% fork = 1, 2, . .., we further rewrite this probability as

¥ (x, 00) = Pr<inf V, <0 ‘ Vo=x + 5)
n>1 )

o0 k
=Pr<ZXkl_[Yi >x+§). .1
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Relation (2.1) can be interpreted easily. Each term Xy ]_[i-‘=1 Y; is the discounted value of
claim size X according to the constant force of interest §. The sum ZZO: 1 Xk ]_[ff:l Y; denotes
the total of all discounted future claims while the threshold for absolute ruin, x 4 ¢/8, denotes
the initial surplus plus the total discounted premium.

Similarly, for the finite-time absolute ruin probability defined in (1.3), we have

Vix, 1) = Pr<1§i’?§th Ws(T,) < —g ‘ W;(0) = x>

\% +c
= X —_
0 5

N; k
C
=Pr<];Xkl_!Yi >x+§). (2.2)
= 1=

We therefore record the following proposition.

=Pr< inf V, <0

1<n<N;

Proposition 2.1. Consider the renewal risk model with constant force of interest 5 > 0. The
absolute ruin probabilities in (1.2) and (1.3) can be expressed as in (2.1) and (2.2), respectively.

Proposition 2.1, which forms the foundation of our study, rewrites the absolute ruin proba-
bilities as the tail probabilities of randomly weighted sums. This gives rise to the opportunity
of applying some techniques well developed in the study of randomly weighted sums. We
also remark that relations (2.1) and (2.2) hold most generally, since in deriving them neither
independence nor the i.i.d. assumption is used. However, in developing (2.1) and (2.2) our
assumption of the same force of interest on invested and borrowed money is essential. Therefore,
Proposition 2.1 cannot handle the case of varying force of interest.

3. Main results

Here and henceforth, all limit relationships are for x — oo unless stated otherwise and
the symbol ‘~’ means that the quotient of both sides tends to 1. Clearly, for two positive
functions f(-) and g(-), the relation f(x) ~ g(x) amounts to the conjunction of the relations
limsup f(x)/g(x) < 1 and liminf f(x)/g(x) > 1, which are denoted as f(x) < g(x) and
f(x) = g(x), respectively. For two distributions F; and F, on [0, 00), denote by Fj * F; their
convolution; that is, for every x > 0,

X

Fix Fa(x) = /0 Fi(x — y)F2(dy).

Furthermore, we write F'* = F and F™ = F®~D* s« F foreveryn = 2,3, .. ..
A distribution F on [0, 0o) is said to belong to the class 4(y) for some y > 0 if

F(x —
lim LY _ oy G.1)
xX—>00 F(x)
for every real number y and the limit
2z ©
lim ) _ 2/ e’ F(dy) (3.2)
xX—>00 F(x) 0—
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exists and is finite. A larger class, L£(y), is defined by relation (3.1) alone. For the well-
known subexponential class §(0), when y = 0, the right-hand side of (3.2) becomes 2.
For two distributions, F; € £L(y) and F» € £L(y), satisfying 0 < liminf Fj(x)/F>(x) <
lim sup Fj (x)/F>(x) < oo, it is known that F| € $(y) if and only if F> € 8(y); see, e.g. [17,
pp. 133-134].

Since it was introduced in [3], [4], and [5], the class 4(y) has been extensively investigated
by many researchers and applied to various fields. This class is often used to model claim-size
distributions; see, e.g. [11], [18], and [28].

Closely related is the class R_, of distributions with rapidly varying tails, characterized
by the relation

F
lim 20 _
xX—>00 F()C)

y>1.

Clearly, if F € L(y) for some y > 0then F € R_. A lot of distributions in the class §(0)
such as lognormal and Weibull distributions still belong to the class R_o.

For the compound Poisson model, the conditional joint distribution of the n occurrence
times given a fixed time of observation, N; = n, lends easier evaluation of the weighted sum
in (2.2). The interplay of this conditional distribution and the asymptotic approximation of
convolution-equivalent tails entails the first main result in this paper.

Theorem 3.1. In the compound Poisson model with constant force of interest § > 0, if F €
8 (y) for some y > 0 then it holds that, for every 0 < t < 00,

A y E sX_l
1//(x,t)~kexp{g/ e—ds—ﬁ}
2

et N 1)

t
/ F(xe’) ds. (3.3)

0

It is tempting to substitute ¢+ = oo into both sides of (3.3) to get an asymptotic expression
for the infinite-time absolute ruin probability. But, in general, the repeated limits with respect
to x — oo and t — oo of the ratio of both sides of (3.3) may depend on the order of the
limits, yielding different results. It turns out, however, that this intuitive substitute result in
the compound Poisson model is valid as a consequence of our next main result for the general
renewal risk model.

Theorem 3.2. In the renewal risk model with constant force of interest § > 0, if F € $(y) N
R_o for some y > 0 then

[ee) k
Ee’5 < 00, where Seo = ZXkHYi,
k=1 =l

and

¥ (x, 00) ~ Ee?S Pr(XY > X+ g) (3.4)

where Y = e =% js the generic random variable of the sequence {Yy = e %% k=1,2,.. N

The expectation Ee?5~ appearing in relation (3.4) is generally unknown for y > 0.
However, if we go back to the compound Poisson model then this quantity is explicitly available,
as shown in the following last main result of the paper.
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Theorem 3.3. In the compound Poisson model with constant force of interest § > 0, if F €
$(y) N R_o for some y > 0 then it holds that
A [YEeX —1 yc ks
¥ (x, 00) ~ Aexp 3 —ds — 5 F(xe®)ds. (3.5)
0 0

N

As remarked above, relation (3.5) corresponds to relation (3.3) with r = oo.

4. Proofs

4.1. Lemmas

Lemmad.1. Let F, F 1, and F, be three distributions on [0, 00) such that ' € $(y) and that
the limit l; = limy_, o F;(x)/F (x) exists and is finite fori = 1, 2. Then

F F oo o
fix ) =11/ eVsz(dy)—i-lz/ e’ Fi(dy).
X—>00 F(X) _ 0—

Proof. See [21, Proposition 2].

I;emma 4.2._Let F1 and F» be two distributions on [0, 00). If F1 € $(y), F>» € L(y), and
F>(x) = O(F1(x)), then Fy x F> € 8(y) and

Frx Fa(r) ~ F(x) / " F>(dy) + T () f " Fy(dy).
0— 0—

Proof. See [6, Corollary 1].

Lemma 4.3. Let {N;, t > 0} be a Poisson process with occurrence times Ty, k = 1,2, ...,
andlet {Xy, k =1, 2, ...} be a sequence of i.i.d. random variables independent of {N;, t > 0}.
Given N; = n for arbitrarily fixedt > 0andn = 1,2, ..., the sum Yy ;_, Xre Tk s equal in
distribution to the sum ZZ:] Xie %Yk where the random vector (Uy, . . ., Uy,) consists ofi.i.d.
random variables uniformly distributed on (0, 1) and is independent of the vector (X1, ..., Xy).

Proof. According to [22, Theorem 2.3.1], the conditional distribution of (77, ..., T,) given
N; = n is the same as the distribution of the random vector (tU(1 ), ..., tUwu,n)), Where
Ud.ny, -+ Un,ny denote the order statistics of the n random variables Uy, ..., U,. Further-
more, since in the sum ZZ:] Xye %Uan the vector (X1, ..., X,) consists of i.i.d. random
variables and is independent of (Ui ), ..., Uw,n)), by rearrangement, this sum is equal in
distribution to the sum Y 7 _; Xze Uk,

Lemma 4.4. For two independent nonnegative random variables X and Y, if X follows a
distribution F € 8(y) and Y follows a distribution with an upper endpoint

1 =sup{y: Pr(Y <y) <1},
then the product XY still follows a distribution in the class 8(y).
Proof. See [26, Theorem 1.1].
Lemma 4.5. Let F be a distribution on [0, 00). If F € $(y) then
(1) it holds that, for each fixedn = 1,2, ...,

00 n—1
F*(x) ~ n( / e”F(dy)) F(x);
0—
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(i1) for every e > 0, there exists some constant C; > 0 such that the inequality

W(x) /OO >n
— C, YYF(
F) <oe (@) +e

holds foralln = 1,2, ... and all x.
Proof. See [4, p. 665].
4.2. Proof of Theorem 3.1

Starting with (2.2) and conditioning on N;, we have
o0 n c

=) P Xye Tk ~ | Ny =n | Pr(N; = n).

Y (x, ) er<]; ke >x+5‘, n)r(t n)

By means of Lemma 4.3 we can have a sequence of i.i.d. random variables, {U, Uy, k =
1,2, ...}, uniformly distributed on the interval (0, 1) and independentof {X, Xy, k = 1,2, ...},
such that

oo n
Yix, 1) = ZPr(Z Xpe 2k > x4 g) Pr(N; = n).
n=1 k=1

By Lemma 4.4, the products Xke_‘”U", k =1,2,..., are i.i.d. with common distribution
belonging to the class 4(y). Therefore, by Lemma 4.5(i), it holds that, foreachn = 1,2, ...,

n
c —
PI'(Z Xke—BIUk >x+ S) ~ ne—yC/S(EeyXe 51‘U)n_1 Pr(Xe—BlU > X).
k=1

Applying the dominated convergence theorem justified by Lemma 4.5(ii), we obtain

(Ar)" oM

o
Y(x,t) ~ e*yc/é Zn(E eyxe—SzU)nq Pr(Xef‘StU > x)
n!

n=1

= rre 7% exp{it (B erXe ™ _ D} Pr(Xe "V > x)

A y E sX 1 r
=Aexp{—/ e—ds—ﬁ}/ F(xe%) ds.
é ye—at S 1) 0
This leads to (3.3).

4.3. Proof of Theorem 3.2

Our proof below is motivated by an idea in the proof of [15, Theorem 1]. Let Z be a random
variable with distribution F and independent of {(X, Y), (X, Yx), k = 1,2, ...}, and denote
the distribution of ¥ = e~%? by G, which is supported on (0, 1). Then

1
Pr((Z + X)Y > x) = / Pr(Z FX > );C)G(dy)
0

rX bo(x
~2Ee / Fl - )Gdy)
0 y

= o()F (x),
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where the second step is due to F € §(y) and the last step is due to F € R_. Therefore,
there is some x¢ > 0 large enough such that, for all x > xo,

Pr((Z + X)Y > x) < F(x). 4.1)

Construct a new conditional random variable X* = (Z | Z > xg), whose distribution still
belongs to the intersection §(y) N R_. Then, it is easy to see that

(X* + X)Y 2 X*, 4.2)
or, equivalently, for all x,
Pr(X*+ X)Y >x) <Pr(Z > x| Z > xp), “4.3)

where ‘%’ denotes ‘stochastically not larger than’. Actually, when x < xq, relation (4.3) is
trivial as the right-hand side becomes equal to 1, while, when x > xg, by (4.1),

Pr((Z+ X)Y > x, Z > xq)
Pr(Z > xg)
- Pr((Z 4+ X)Y > x)
Pr(Z > xp)
- Pr(Z > x)
— Pr(Z > xp)
=Pr(Z >x | Z > xp).

Pr((X*+ X)Y > x) =

Thus, relation (4.3) always holds. Relation (4.2) leads to

(X*+ XY £ X*,  (X*+ X)Ys = X*.

It follows that
D
(X*+ X))o + XY < X*.

D D
Hence, S, = X1Y1 < X* and St, = X1Y| + XoY»2Y) < X*. Repeating these iterations we

D
obtain S7, < X* foreveryn = 1,2, .... Letting n — oo yields

D

Sec < X*,

which implies, as a by-product, that Ee?5> < oco. Let Sy be a copy of S, independent of
{(Xk, Yr), k=1,2,...}. Then, foreveryn =1,2,...,

n
Seo Z S1, + 8o [ [ ¥
i=1

where ‘=’ denotes equality in distribution. Therefore,

n
D
Seo = 51, + X [ | .

i=1
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From this we obtain, foreachn =2, 3, ...,

n
Pr(Se > X) < Pr(ST” + X* ]_[ Y; > x>
i=1

k n

_ /1 Pr<X1 +Y X J[vi+x[]v > %)G(dy). (4.4)
0

k=2 i=2 i=2

By Lemma 4.2,

n k n
Pr(ZXkHYi +x [ >x>
k=2 =2 =2
n
< Pr((Z Xy + X*)Y2 > x)

k=2
" X
Zxk +X* > —)G(dy)
y

1
= / Pr(
0 k=2

X\n—1 1
~ (EeVX*(n —D(Ee)" 2 4 (EiL>/ Pr(X > f)G(dy)
F(x0) 0 y

= o()F (x),

where the last step is due to F € R_,. Now we apply Lemma 4.1 to continue the derivation
of (4.4) to find that

1 n k n
Pr(Ss > X) 5/ Eexp{y(z X [Tv+ X*HY,-)}Pr(Xl > f)G(dy)
0 k=2 =2 2 Y

i=

n k n
= Eexp{y(Z X [Tv+x]] Y,~> } Pr(XY > x),
k=2 i=2 i=2
or, equivalently,
Pr(Se > X) " k n
li X~ " <E X[ 1vi+x*[]v )i
o Pr(XY > 1) exp{’/(Z Jlvex]] >}
k=2 i=2 i=2

Clearly, Y }_, Xk ]_[f:2 Y; + X*[]'_, ¥; converges to S in distribution as n — oo. There-

fore, by the dominated convergence theorem, the expectation on the right-hand side above
converges to Ee?”5* as n — oo. This establishes the asymptotic upper bound as

Pr(S,
lim sup 1800 > ) <

—2 L < Ee’Sv,
r—>oo Pr(XY >x)
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It is easier to construct the corresponding asymptotic lower bound. Similarly as above,

Pr(Sec > x) > Pr(St, > x)

1 n k
:/ Pr<X1 AN f)G(dy)
0 k=2 =2 Y
n k
~ Eexp{y(z Xk ]_[ Yi)}Pr(XY > X),
k=2 i=2

or, equivalently,
k

.. Pr(Se > x) “

liminf ———— > Eexp vy Xkl_[Y,- .

x—o00 Pr(XY > x) = i

Clearly, > }_, X« HLZ Y; converges to So in distribution as n — oo. Therefore, the expec-
tation on the right-hand side above converges to E e” 5> as n — 0o too. We have

P
lim inf M >
x—o00 Pr(XY > x)
This completes the proof of Theorem 3.2.

4.4. Proof of Theorem 3.3

We first calculate the factor Ee?5* of (3.4) in the framework of the compound Poisson
model. As in the proof of Theorem 3.1, applying Lemma 4.3 to

Ny k N;
Si=Y X [[Yi=) Xpe T
k=1 i=l1 k=1

we have a sequence of i.i.d. random variables, {U, Uy, k = 1, 2, ...}, uniformly distributed on
the interval (0, 1) and independent of {X, X3, k = 1, 2, ...}, such that

00 Ny
Ee?S = ZE(eXp{V ZXke_‘ST"} ‘ Ny = n) Pr(Ny =n)
k=1

n=0
o0 n

= ZE(exp{y > Xpe U }) Pr(N, = n)
n=0 k=1

00
_ 2 (E el/xef&u)" MC—M
- n!

n=0

Ee? S,

— exp{ar(Ee? X ).
It follows that

Ee’5¢ = lim Ee?’™
11—

= tl_i)rgoexp{)ht(EeyxefatU — )t}

t
- exp{ lim A/ (Ee?Xe™ _ l)ds}
0

—0o0

A [V EeX —1
=exp{g/0 7ds}. 4.5)

https://doi.org/10.1239/jap/1276784894 Published online by Cambridge University Press


https://doi.org/10.1239/jap/1276784894

The probabilities of absolute ruin 333

We then calculate the probability Pr(XY > x + ¢/§) in (3.4). Since F € R_, by [26,
Lemma 3.1(1)], it holds that, for every ¢ > 0,

&
Pr(XY > x) ~ / F(xe®)re ™ ds
0

and that

8_ OO_
/ F(xe’)ds ~ f F(xe’)ds.
0

0

By the arbitrariness of ¢ > 0, it follows that

o0
Pr(XY > x) ~ A/ F(xe®)ds.
0

Note that the distribution of XY still belongs to the class $(y) according to Lemma 4.4. Hence,

o0
Pr(XY > x+ g) ~ eV Pr(XY > x) ~ re V/d / F(xe®)ds. (4.6)
0

Substituting (4.5) and (4.6) into (3.4) yields relation (3.5).
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